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1. Proof of Lemma 3.1

Proof. Let the eigen-decomposition of the second-order
moment ofE[f(X)|Y ] be E[E[f(X)|Y ]E[f(X)|Y ]⊤] =
ADA⊤ and defineU = A⊤

E[f(X)|Y ] and g̃(Y ) =
A⊤g(Y ). Then the objective in (3) can be writ-
ten as E[f(X)⊤g(Y )] = E[E[f(X)|Y ]⊤g(Y )] =
E[(A⊤

E[f(X)|Y ])⊤(A⊤g(Y ))] = E[U⊤g̃(Y )]. Sim-
ilarly, the constraintI = E[g(Y )g(Y )⊤] can be ex-
pressed asI = A⊤A = E[(A⊤g(Y ))(A⊤g(Y ))⊤] =
E[g̃(Y )g̃(Y )⊤]. Therefore, the optimization problem (3)
can be written in terms of̃g as

max
g̃

E
[

U⊤g̃(Y )
]

s.t. E
[

g̃(Y )g̃(Y )⊤
]

= I. (1)

Our objective is the sum of correlations in allL dimensions.
Let us consider the correlation in thejth dimension. From
the Cauchy-Schwartz inequality, we have

E[Uj g̃j(Y )] ≤
√

E
[

U2

j

]

E[g̃j(Y )2] =
√

E
[

U2

j

]

with equality if and only if g̃j(Y ) = cjUj for
some scalarcj with probability 1. Note that choos-
ing eachg̃j(Y ) to be proportional toUj is valid, since
the dimensions ofU are uncorrelated (asE[UU⊤] =
A⊤

E
[

E[f(X)|Y ]E[f(X)|Y ]T
]

A = D). In order for
each g̃j(Y ) to have unit second order moment, we

must havecj = 1/
√

E[U2

j ] = 1/
√

Djj . Therefore,

g̃(Y ) = D−1/2U so that g(Y ) = AD−
1

2A⊤U =
(E[E[f(X)|Y ]E[f(X)|Y ]⊤])−1/2

E[f(X)|Y ], proving the
lemma.


