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A. Proof of Propositions 1, 2, 3 and 4

Proposition.

d\) =0,  V¥Ael[0,\],
0, VA e 0,1].

Proof. The second equality is obvious and follows from convexity of Cg and that both (;5(1:"\ ) and ¢(H) are in Cg.

The first statement is due to the following. Let A € [0, A*], then we have that,

d(A) = inf [AG(F) + (1 = No(H) — wlln

= ng: %(/\*qb(F) + (1= A")o(H)) + (1 - ;) o(H) - “’HH
_ Iluréfc %(QS(G)) + <1 - ;) o(H) — wHH
=0.

Proposition. d(.) and d(.) are non-decreasing convex functions.

Proof. Let0 < A1 < Ag. Lete > 0. Let wy, wo € C be such that

d(A1) > [[(AM)@(F) + (1 = A)o(H) —wily — €,
d(A2) = [[(A2)d(F) + (1 — A2)p(H) — wa[3 — €.

By definition of d(.) such wy, we exist for all € > 0.
Lety € [0,1], Ay = (1 —¥)A1 + vA2 and wy = (1 — y)wy + ywz. We then have that

d(Ay) < [(A)e(F) + (1 = Ay)o(H) — wy |l
= [[(T = M)A +7A2)d(F) 4+ (1 = (1 = 7)A1 = yA2)0(H) — wy|[n
= [[((T = MA1 +7A2)d(F) + (1 = )1 = A1) +7(1 = A2))o(H) — wy|[n
(1 AMo(F ) (1—X)o(H
)

=T =) ( ) —wi) + 7 (A2d(F) + (1 — A2)d(H) — w2 |
S (=) NAd(F) + (1 = A)o(H) — wi)|| + 7 [[(A2d(F) + (1 = A2)p(H) — wa) ||
<(1- 7)(d()\)+6)+7( (A2) +€)
=1 —=7v)d(A)+vd(X2) + €.

As the above holds for all € > 0 and d(\,) is independent of €, we have
d(Ay) = d((1 —7)A1 +7A2) < (1 —7)d(A1) +vd(A2).

Thus we have that d(.) is convex.

As C is convex and ¢(H), ¢(F) € C, we have that d(\) = 0 for A € [0, A*], and hence Vd(A\) = 0 for A € [0, \*]. By
convexity, we then have that for all A > 0, all elements of the sub-differential dd(\) are non-negative and hence d(.) is a
non-decreasing function.

By very similar arguments, we can also show that d(.) is convex and non-decreasing. O
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Proposition. Forall >0

d(A" + p) = nf [|¢(G) + u(¢(F) — ¢(H)) — wlix.

Proof.
A + ) = inf (A + @)8(F) + (1= X" = w)o(H) — wl
= inf [\¢(F) + (1 = A")o(H) + p(o(F) = ¢(H)) — wll
= inf 9N F + (1 = A)H) + p(é(F) — ¢(H)) — wll -

O
Proposition. Forall A\, u > 0,
d(A) = M[¢(F) — ¢(H)| ~ Sup lo(H) — wl, (5)
A"+ p) < pllo(F) — o(H)],.- (6)
Proof. The proof of the first inequality above follows from applying triangle inequality to d(.) from Equation (1).
The proof of the second inequality above follows from Proposition 3 by setting h = ¢(G). O

B. Proof of Lemma 5

Lemma. Let the kernel k be such that k(x,x) < 1 forall x € X. Let 6 € (0,1/4]. We have that, the following holds with
probability 1 — 46 (over the sample x1, . .., Tpym) if n > 2(A*)? log (%)

o) = o(F )l < L),

o) - 9() e < 2L,
N 34/log(1/9)

16(6) - 0@l < B,

The proof for the first two statements is a direct application of Theorem 2 of Smola et al. (Smola et al., 2007), along with
bounds on the Rademacher complexity. The proof of the third statement also uses Hoeffding’s inequality to show that out
of the n samples drawn from F, at least n/(2A*) samples are drawn from G.

Lemma 14. Let the kernel k be such that k(x,x) < 1 for all v € X. Then we have the following

1. Forall h € H such that ||h||y < 1 we have that sup ¢y |h(x)] < 1.

2. For all distributions P over X, the Rademacher complexity of H is bounded above as follows:

|<

Proof. The first item simply follows from Cauchy-Schwarz and the reproducing property of H
()] = [y k2, )] < [Allallk(, )l < 1.

i=1

-

1
Ry(H,P)=~Es,  2,~PEos o, sup
n hif| bl <1

The second item is also a standard result and follows from the reproducing property and Jensen’s inequality.

1
] = *Eal,...,on, [ sup ]
n hif[h|l3 <1

n n

O oik(xi,.), h)

i=1

aih(zi)

1
ﬁEal,...,an [ sup
1=1

hi|lhll# <1
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1 n
= EEUI,...,% l ;aik(xi,.)m

1 N n 2
< E\ Eo,.....on _ ;ozk(o:l,.)
:% Eoy,om ;k@wi)]
S
SN

O

Theorem 15. (Smola et al., 2007) Let 6 € (0,1/4]. Let all h € H with ||h||y < 1 be such that sup ¢ » |h(x)| < R. Let p
be the empirical distribution induced by n i.i.d. samples from a distribution. Then with probability at least 1 — §

16(P) — 6(P)|| < 2R, (M, P) + R logn(%) .

Lemma 16. Let § € (0,1/4]. Let n > 2(\*)?log (%) Then with at least probability 1 — § the following holds. At least

s Of the n samples x1, . .., x, drawn from F' (which is a mixture of G and H ) are drawn from G.

Proof. Forall1 <13 < nlet

1 if x; is drawn from G
0 otherwise

From the definition of F', we have that z; are i.i.d. Bernoulli random variables with a bias of /\i Therefore by Hoeffding’s
inequality we have that,

- n 1 — 1 -1
pr<zzi>2k*>:pr<nzzi_xg>w>
=1 i=1
1 — 1 -1
=1-Pr| = - — <
(15w o)

__2n
>1l—e @92 >1-94.

O
Proof. (Proof of Lemma 5) From Theorem 15 and Lemma 14, we have that with probability 1 — §
~ 1 log (3)
F)—¢(F <2— —e
[6(F) = 6(F)ln < 27+ =]
We also have that with probability 1 — §
~ 1 log (%)
H)—-¢(H <2— —0s
I6(H) = o)l < 2 [
Let n’ be the number of samples in z1, . .., 2, drawn from G. From Lemma 16, we have that with probability 1 — ¢ the

li n
n 22)\*.
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We also have that with probability 1 — ¢

(&) — <27+ ‘5

Putting the above four 1 — § probability events together completes the proof.

C. Proofs of Lemmas 6 and 7

Lemma. Let k(z,x) <1 forall v € X. Assume Es. For all A € [1, \*] we have that

o V2 3y/1og(1/9)
d(A) < (2—A*+ W)A- i)

Proof. Forany A € [1,\], letwy = 2 6(G) + (1 — &)o(H) € Cs.

d\) = it IAG(F) + (1= No(H) — wl

< 1 INGCP) + (1= Nl — i + (22 1) - LD
= 01 16(G) + (A= X )(G(F) = () — uif + (2 1) LB
= int 061+ 255 010 - st | -1y HLELD
wECs A ” min(m, n)
< 6@+ 2256(0) — s —wn| +r-1) 3@
H min(m,n
A . A . Tog(1/9)
= |fetete —o@n+ (1= 5 ) wirn ety +i2r-n)- SLELD
< 100(6) = 6@+ (1= 5 ) 1) o)+ (22 = 1) - SPELEL
A 34y/log(1/0) A log(1/4) .y 3/log(1/6)
= A* n/(2)\*) i (1 A*) vm @B min(m, n)
i - 34/log(1/9) n (1 ) 3/log( 1/5 (2r—1 - 3y/log(1/0)
)\ mln(m,n) y/min(m,n) \/min(m, n)
( A+1—i+2x >3V1°g1/5
A* A* min(m, n)
_(o_ 1 n V2 3\/10g 1/96)
B AV min(m, n)

Lemma. Let k(x,z) < 1forallx € X. Assume Es. For all A > 1, we have

3/log(1/6)

d(N) > d(N) — (2A— 1) - o

Proof.
dN) = inf [AS(F) + (1 — N(H) — w|n

weCs
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> inf [AG(F) + (1= No(H) — wl — MSE) ~ 6(F) e — (3 = DIIg(H) = o() e

oy 3log(1/6) o 34/log(1/6)
>d(A) — A —n (A=1) —
zdu)—(n—l)-g“f’g(“/‘”).

D. Proof of Theorem 10

Theorem. Let the kernel k, and distributions G, H satisfy the separability condition with margin « > 0 and tolerance (3.
Then¥u > 0
@
AN +p) > S5 -
A
Proof. Let g € H be the witness to the separability condition — (i.e.) ||g]lx < 1and Ex.gg(X) < inf, g(z) + 8 <
Exng(X) + a. Let Ay denote the set of all probability distributions over X'. One can show that

AN+ 1) = inf [$(G) + u(¢(F) — 6(H)) ~ wl
: p
= inf 6(G) + £2(6(G) — 8(H)) — 9(P)

= inf s {(6(P)+ 1 (6(H) - 6(G)) — 6(G), h)

PEAX pe:|h) <1 A*
= uf sup  Eelh(X)] - Bgla(X)] + = (Balh(X0)] - Ec[h(X)])
> inf Eplg(X)]+ 4-Ealg(X)] - (1+ 42) Ealy(X))
> inf g(x) + 1= (a) — (inf g(x) + )
- i“ — 3.

E. Proof of Theorem 11

Theorem. Ler the kernel k : X x X — [0, 00) be universal. Let the distributions G, H be such that they satisfy the anchor
set condition with margin vy > 0 for some family of subsets of X. Then, for all @ > 0, there exists a > 0 such that the
kernel k, and distributions G, H satisfy the separability condition with margin 36 and tolerance (3, i.e.

Excgh(X) < igf hz)+p <Ex~gh(X)— 6

Proof. Fix some 6 > 0. Let A C X be the witness to the anchor set condition, i.e., A is a compact set such that
A C supp(H) \ supp(G) and H(A) > ~. A is a compact (and hence closed) set that is disjoint from supp(G) (which is a
closed, compact set), hence there exists a continuous function f : X — R such that,

flx)>0,Ve e X,
f(x) = 0,vx € supp(G),
flx) > 1,Vz € A.

By universality of the kernel k, we have that

Ve > 0,3h. € H, s.t. sup |f(z) — he(z)| <e.
TEX
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We then have the following:

Eghe(X) <e, (M
Inf he(z) <, (®)
mlg)fy he(z) > —e, )
;relg he(z) > 1—ck, (10)
Egh (X) > (—e)(1 — H(A)) + (1 —e)H(A)

> —c (11

From Equations (7), (8), (9) and (11), we have that

Eche(X) < e <infh.(z) +2¢ <3¢ <Egh(X) — (v — 4e).
Let he = he/||hel|2 be the normalized version of h.. We then have that
_ - 2¢ v — 4e
Eche(X) < infhe(z) + ——— S
@ [[Pell [1Frell

we get that there exists i € H such that ||| < 1 and

1 - 0 = 2’)’
Setting € = 557 and 5 = o G T

Ech(X) < infh(z) + 3 < Exh(X) - 86.

F. Proof of Theorem 12

Theorem. Let § € (0, i] Let k(x,x) < 1forall x € X. Let the kernel k, and distributions G, H satisfy the separability

condition with tolerance B and margin o« > 0. Let the number of samples be large enough such that min(m,n) >

w. Let the threshold T be such that Ay log(l\//é)(_z(_l//\;Jr V2/27) <7< 027y log(l\//é)(?(_l/)\;r v 2/>\*). We
g min(m,n min(m,n

then have with probability 1 — 4§
A=Y <o,
~ 2
A< % + ¢+ \/log(1/5) - (min(m, n)) Y2,

6a(A)2(2— 1/ X" +1/2/ X )+2X* (3a-+6)1" (2+a+5)) >
a? .

for constant ¢ = <

Lemma 17. Let k(z,x) < 1forall x € X. Let the kernel k, and distributions G, H satisfy the separability condition with
margin « and tolerance 3. Assume Es. Then

o) < <2— %Jr g) A Hj;g(i/i)) VA € [1, M),
) zw—ﬁ_(m_n.?’lf’g((l/‘”), VA € [A*, 00) .

Proof. The proof follows from Lemmas 7, 6 and Theorem 10. The upper bound forms the line (A, U(A)) and the lower
bound forms the line (A, L(\)) in Figure la. O

Lemma 18. Let k(z,x) < 1forall x € X. Let the kernel k, and distributions G, H satisfy the separability condition with
margin « and tolerance 3. Assume Es. We then have

~v _ . T+/min(m,n)
Ar 2 min (A '3 /log(1/0)(2 — 1/A" + 2/A*)> ’ (12
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:\\V<)\*‘(T+ﬁ+a)\/m+3 log(1/6)
T ay/min(m, n) — 6X*y/log(1/5)

Proof. As d is a continuous function, we have that cT(:\Y y=7.1f XY < A*, we have from Lemma 17 that

N s 3/1os1/5)
VST min(m, n)

A > min [ A* ™/ min(m, n)
T "3/1og(1/6)(2 — 1/X* + /2/3*) )

13)

and hence

If X‘T/ > \*, we have

M 2 oV _ .My
A* —A= @A D) min(m, n)
_3v <a 6 1og(1/5)> Cw— B 34/1og(1/9)
A* '

5
T min(m, n) min(m, n)
Rearranging terms, we have that if X > \*, then

34/log(1/96)
\/min(m,n)
. 64/log(1/9) '

min(m,n)

THa+ B+

N%
A

IN

o
N

And thus

ay/min(m,n) — 6A*4/log(1/0)
(T+B8+a) \/mln (m,n) + 3y/log(1/5)

ay/min(m,n) — 6A*/log(1/4)

AV < max ()\* 3\ (1 + B+ a)y/min(m, n) + 3+/log 1/6))

=\

Proof. (Proof of Theorem 12)

As min(m,n) > (12"\*)2+g(1/6) > 2(A\*)?1og(1/d), we have that E5 is 1 — 46 probability event. Assume Fj.

As T > 3A"4/log(1/8)(2—1/X"++/2/A*)
- \/min(m,n)

, we have from Equation (12)
Ao ar

From Equation (13), we have

NI (7 4+ a + B)y/min(m, n) + 31/log(1/6)
T ay/min(m,n) — 61*/log(1/5)
A*<T+ﬁ+a+ @+““”“@>l%uw>>
o a/min(mn) — 6Aylog(1/0)

/3) LT 2B S (rtat By, /log(1/6)
(6]

<A1+
( o ay/min(m,n)
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. (1 .\ 5) . 6(»)%/1og((%1/5rl(jl (—ml/n/\) V2N | 2V (30t 6:;‘(7 r:ij(r: ﬁn))) Tog(1/9)

<\ (1+§> n (60&(){“) (2—1/)\*+ 2/)\*)+2)\*(3a+6/\*(2+a+5))> . log(l/é)-(min(m,n))_l/z.

o

The third line above follows, because min(m,n) > mi%

6A"(/log(1/8)(2—1/X"4++/2/X*)
\/min(m,n)

The last two lines follow, because 7 <

, which in turn is upper bounded by 2 under the conditions on min(m,n).

G. Proof of Theorem 13

Theorem. Let k(x,z) < 1 forall x € X. Let the kernel k, and distributions G, H satisfy the separability condition with
tolerance 5 and margin o > 0. Let v € [4)\* , ixr ] and \/min(m, n) 30ylos(1/0) log 1/6 . We then have with probability 1 — 46,

N —AG < e /log(1/9) - (mm(m,n))*/?,

~ 4B\*

P s 48X + ¢ - \/log(1/8) - (min(m,n))~1/2,
«

Sor constants ¢ = (2A\* — 1 + \/W) 12X d e — w'

[e3

Lemma 19. Let k(z,z) < 1forall x € X . Let the kernel k, and distributions G, H satisfy the separability condition with
margin « and tolerance 3. Assume Es. We then have

iy 1 * * 3\/m *
sup{g € 0d(\)} < 1 (2A —1+\/K)-\/W, VA e [1, 7],

inf{g € 0d(\)} > (A_ . p___6r | 3V10g(1/5)>, VA € [\, 00).

—AT AN min(m, n)

Proof. As d(.) is convex, we have that for all A € [1,A\*], and all g € 8d()\)

Applying Lemma 6 to c?()\*), we get VA € [1, \*]

sup{g € 6&\(/\)} <

1 )\.(2)\*_14_@).37%(1/5)

A* — min(m, n)

Once again by convexity of c?(), we have that forall A > A* and all g € 83()\)

d(\) —d(\*)

>
="

~

Applying Lemma 7 and Theorem 10 to d(\) and Lemma 6 to d()\*) we get VA € [A*, 00)

inf{ €3d a 22420 -2+ V2N 3\/10g 1/9)
g A* - A—A* min(m, n)
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Lemma 20. Let k(xz,x) < 1forall x € X. Let the kernel k, and distributions G, H satisfy the separability condition with
margin « and tolerance 3. Assume Es. We then have

~ 3+/log(1/6
3G > A7 — (20 — 14 vVaar) . SY10s1/9) (14)
vy/min(m,n)
3G 5 —v
<A - .
Ay s A o, 184/1og(1/6) {as)
A* v/ min(m,n)
Proof. By definition of the gradient thresholding estimator Xf we have
inf{g € 0d(XS)} < v < sup{g € dd(\G)}.
Firstly, note that Xf > 1, because v > ;5% > 0. By Lemma 19 we have that if Xf € [1, \*] then
~~ 1 3+/log(1/6
v <sup{g € dd(\)} < ——— - (2A\* — 1+ V2)\7)- 3ylos(1/d) . (16)
A — NG min(m,n)
Once again by Lemma 19, we have that if Xf > \* then
B 67 3y/log(1/3
v >inf{geadoy > (Lo B O 3vIes(1/d) ) 17)
ACOXG X\ NG - ) min(m, n)

Rearranging Equation (16), we get that if Xf € [1, A*] then

-3 log(1/6)

2G> (207 — 1+ V20%)
Hence

X§>min<)\*7)\*_(2)\*_1+m),;@)ZA*_(ZA*_1+¢W)_3\/%.

Rearranging Equation (17), we get that if A& > A\*, then

18+/log(1/3)

NG
o< AG)\” 3 log(l/é)_i_A J6]
A* AG — A+ y/min(m,n) G — \*
26 _ar) (L 36 . 3vlog(1/d)
()\” A ) (A* V) = (6)\”) min(m, n) v
50) (&, _ 18Vlos(1/d) ) _ .o
() (52—~ B ) < () <0
* (a+B
£G < ! ( s V) :
YT 4 o 184/1og(1/4)
A* min(m,n)
Thus we have
R A atﬁ_y A* atﬁ_y
AS < max | A, ( A ) = ( .

a 184/log(1/4) a

* v - 14
A \/min(m,n) A min(m,n)
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Proof. (Proof of Theorem 13)
As (5% — v)y/min(m,n) > 36+/log(1/6), we have that

(361%)%1og(1/9)

min(m,n) > 5 > 2(\*)%log(1/6),

«
and hence Fs is a 1 — 44 probability event. Assume Fs.

Equation (14) immediately gives
X =88 < (20 — 1+ V2Xe) - > /log(1/0) - (min(m, n))~Y/2
14
122*
< (20 —1+V2X) - -\/log(1/8) - (min(m,n)~"/.

(07

The second inequality above is due to v > 5.
Letw = % <1+ %. Equation (15) gives
a+B
~ Z—v
o ” 184/log(1/6)

A* \/min(m,n)
" (Aa L 18,/1og(1/a)> oy (18,/1og(1/5)>
A*

v/ min(m,n)
o, 184/log(1/6)
A* v/ min(m,n)
18wA*+/log(1/9)
(& — v)y/min(m, n) — 18,/log(1/6)
< x4 36wA*+/log(1/6)
(= — v)y/min(m,n)
4pA* 36(1 + 28)\*\/log(1/9)

« (155 )+/min(m,n)

min(m,n)

= w\" +

<A+

<A 4B8N* N 144()\*)2(a+4ﬂ) . \/m. (min(m,n))il/z.

o o?

The second inequality above is due to (3% — v)y/min(m,n) > 364/log(1/d). The third inequality above is due to

3o
VS g

H. Experimental Results in Table Format

O
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KM1 KM2 | alphamax | ROC EN
waveform(400) 0.042 | 0.032 0.089* 0.117* | 0.127*
waveform(800) 0.034 | 0.027 0.06* 0.072* | 0.112*
waveform(1600) 0.021 | 0.017 0.048* 0.051* | 0.115*
wave form(3200) 0.015 | 0.012 0.079* 0.045* | 0.102*
mushroom(400) 0.193* | 0.123* 0.084 0.148* | 0.125
mushroom(800) 0.096* | 0.129* 0.041 0.074* | 0.066*
mushroom(1600) 0.042 | 0.096* 0.039 0.053* | 0.055*
mushroom(3200) 0.039* | 0.067* 0.023 0.024 | 0.035*
pageblocks(400) | 0.098 0.16 0.218 0.193* | 0.078
pageblocks(800) | 0.038 | 0.088* 0.203* 0.139* | 0.081*
pageblocks(1600) | 0.034 | 0.056* 0.083* 0.091* | 0.055*
pageblocks(3200) | 0.02 | 0.033* 0.166* 0.084* | 0.047*
shuttle(400) 0.072 | 0.129 0.122 0.107* | 0.062
shuttle(800) 0.065 | 0.091 0.054 0.057 0.046
shuttle(1600) 0.035 0.03 0.03 0.049* | 0.027
shutt1e(3200) 0.023* | 0.014 0.02 0.041* | 0.025*
spambase(400) 0.086 | 0.111 0.097 0.229* | 0.186*
spambase(800) 0.079 | 0.067 0.096* 0.166* | 0.171*
spambase(1600) 0.059 | 0.043 0.07* 0.092* | 0.139*
spambase(3200) 0.032 | 0.028 0.063* 0.067* | 0.129*
digits(400) 0.24* 0.091 0.115 0.186* | 0.136
digits(800) 0.127* | 0.071 0.073 0.113* | 0.114*
digits(1600) 0.083* | 0.034 0.03 0.071* | 0.111*
digits(3200) 0.055* | 0.025 0.031 0.046* | 0.085*

Table 2. Average absolute error incurred in predicting the mixture proportion x*. The first column gives the dataset and the total number
of samples used (mixture and component) in parantheses. The best performing algorithm for each dataset and sample size is highlighted
in bold. Algorithms whose performances have been identified as significantly inferior to the best algorithm, by the Wilcoxon signed rank
test (at significance level p = 0.05), are marked with a star.



