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1. The L-BFGS Algorithm

In this section, we illustrate the two-loop recursion of the L-BFGS algorithm in Algorithm 1. The pseudo-code is based on
(Nocedal & Wright, 2006).

Algorithm 1: L-BFGS two loop recursion.
1 input : g, = VUq, (6;), M, H} =~I
2 output: £ = H,g;
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2 return £
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2. Proof of the Main Theorem

In this section, we provide the proof of the main theorem. For completeness, let us first introduce certain definitions and
theorems that will be used in our proof. Note that we have translated the following theorems to our notation and framework.

2.1. Preliminaries

Definition 1 (Holder Continuity, (Duan, 2015)(p. 22)).
A real valued function f on RP is called uniformly Holder continuous, if there exist K, o > 0 such that

If(z) = f(y)| < K|z —y|* (1)



Stochastic Quasi-Newton Langevin Monte Carlo - Supplementary Document

Sfor z,y € B = dom(f). We use C*(B) for denoting the space of functions that are locally Holder continuous in B with
exponent . We also use C*%(B) for denoting the space of continuous functions in B whose kth-order derivatives are
locally Holder continuous in B with exponent .

Theorem 1 (Fokker-Planck Equation, (Duan, 2015)(p. 105)).
Let us consider an Ito diffusion that is described by the following stochastic differential equation (SDE):

where 6 € RP, b(-) is a D dimensional vector function, o(-) is a D x D dimensional matrix function, and Wy is a D
dimensional Brownian motion. Assume that 0, has the conditional probability density p(0,t). Then, the time evolution of
p(0,t) is described by the following partial differential equation:

where A* is the adjoint of the generator of the SDE given in Equation 2 and known as the Fokker-Planck operator, defined
as follows:

A*h = —V - (bh) + %tr[VQ(UUTh)]. )

Here x -y denotes x "y and V? denotes the Hessian matrix.

Theorem 2 (Existence and Uniqueness for Fokker-Planck Equation, (Duan, 2015) Theorem 5.8).
Consider the SDE in Equation 2 and the following system:

atp(ev t) = A*p(e, t)’ p(97 0) = po (9) &)

where A* is the Fokker-Planck operator defined in Equation 4, B C RP. Assume that A* is uniformly elliptic on B, i.e.
there is a positive constant k such that

D

> [e0)aT (0] = KIES (6)

ij=1

for 0 € Band all ¢ € RP. Ifb(-) and o(-), the first-order derivatives of b(-), the second-order derivatives of o(-), and
po(-) are all uniformly Holder continuous with exponent « in B and are all bounded in C*(B), then the unique solution
p(-) to Equation 5 exists and is in C**(B).

Theorem 3 (Stationary Distribution of SDEs, (Ma et al., 2015) Theorem 1).

Assume 0 € RP is a random variable and v = {x,}N_, denotes observed data points where x,, € REF. We have
p(0|z) o< exp(—U(0)), where U(0) = —[log p(x|0) + log p(0)]. Let us consider the SDE given in Equation 2 with the
following form:

b(0) = —[H(0) + QO)VU(©O) +T(0),  o(0) = 2H(0) ()

where T';(0) = Zle Op,; [Hij(0) + Qi;(0)], H(0) is a positive semi-definite matrix and Q(0) is a skew-symmetric matrix.
Then p(0|x) is a stationary distribution of the dynamics given in Equations 2 and 7. If H(0) is positive definite, then the
stationary distribution is unique.

Remark 1. Positive definiteness of H(0) implies uniform ellipticity of the Fokker-Planck operator A*. However, we also
need Holder continuity for uniqueness as described in Theorem 2.

Theorem 4 (Bias and MSE of SG-MCMC, (Chen et al., 2015) Theorem 5).
Consider the SDE given in Equation 2 with the following form:

b(9t) = —HtVU(et), O'(et) = 2Ht (8)
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where Hy is a positive definite matrix that does not depend on 0. Let {0,}1_, be a sequence that is obtained by discretizing
this SDE via the Euler-Maruyama integrator:

0r =0, 1 — e H;VU(0r_1) +ns, 1 ~ N(0, 2e, Hy) 9)

where the full gradients are replaced with stochastic gradients, that are defined as follows:

- N
VWMZ—WbM@%WEE:W%M%%H (10)
ne
Here, } C {1,2,...,N}, and No = |Q| > 1. Also consider an ergodic Ito diffusion with invariant measure ™ and a

smooth test function h(0). The posterior expectation is defined as

h:/mmﬂww. (11)

Assume that {0;}: is generated by using Equation 9, where the step-sizes satisfy the following conditions: (i) {€}+ is

decreasing, (ii) Zfi 1 €& = 00, and (iii) limp_, o % = 0. Then, the sample average is defined as:
t=1 €t
1 I
h=——>"eh(b), 12)
Wy &= (6:)

t=1

where W = Zle €;. Let us define the function 1) that solves the following Poisson equation:

Lp(0;) = h(0:) — h, (13)

where L is the generator of the SDE given in Equations 2 and 8. Assume that 1 and its up to third-order derivatives D*)
are bounded by a function V), i.e., | D*1| < CpVP* for k = (0,1,2,3), Cx,px > 0. Furthermore, sup, EVP(6;) < oo
and sup ¢ o 1 VP(sz+ (1 —s)y) < C(VP(z) + VP(y)),Vz,y,p < 2maxy, py for some C > 0. Then, the bias and the
mean squared-error (MSE) of an SG-MCMC algorithm can be bounded as follows:

7 7| 1 Z?:l 6% .
‘E[h} — h‘ - O(WT n TT) (Bias) (14)
. T 2 1 (ZT €2)?
E[(h— 1) = O(S" <L |AV;|? + — 4 &=Lt/ MSE 15
(= 1) = O (X Gl AVIF + - + =) (MSE) (15)

where AV, is defined as AV; £ (VU (6;) — VU (6,)) " H,V, and ||AV;|| denotes the operator norm.

Remark 2. The original version of Theorem 4 is more general in the sense that it also covers Hamiltonian dynamics
and other integrators besides the Euler-Maruyama scheme. Moreover, in the original theorem, Hy is taken as the identity
matrix. However, it is straightforward to extend this theorem to positive definite Hy, as exemplified in (Li et al., 2016).

2.2. The Main Result

In this section we provide a formal proof for our theorem. Before proceeding to the theorem, let us first state our assump-
tions.

Condition 1.

The step-sizes satisfy the following properties: Y-, €, = 00, > oy €2 < 00 and €, = €y for t and t' such that |1} | =
|57

Condition 2.

The trust region parameter is chosen such that A > max{0, —1/X""} for all t, where N"" is the smallest eigenvalue of the
L-BFGS approximation to (V2U (0;)) L.
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Condition 3.
VU (0) is Lipschitz continuous, so that VU (0) — VU(0")| < L|§ — 0’|, V6,0’ € RP.

Condition 4.

Let L be an operator defined as follows: Lf(6;) & —[H,VU (6,)]"V f(0;) + t[H, V2 f(6;)]. Consider the functional
that solves the following Poisson equation: L1)(0;) = h(0;) — h. Assume that 1 and its up to third-order derivatives D¥1)
are bounded by a function V), i.e. |D¥y| < CL VP, for Ci.,pr > 0 and k = 0,1,2,3 where D* denotes the derivative of
order k. Also assume sup, EV?(0;) < oo and sup¢ o 1) VP (s + (1 — s)y) < C(VP(x) +VP(y)), V2, y,p < 2maxy pi
for some C' > 0.

Theorem 5 (Convergence of HAMCMC).
Assume the number of iterations is chosen as T = K M where K € Ny, M is the memory size, and {0,}1_, are obtained
by HAMCMC that has the following update equation:

S Ve fth(e;(gzvfﬂ 0o)VU (Br—n1) + 10t ne ~ N(0, QEth(a;_(tQRﬁ)lzt—J)v (16)
where 0, (t2MZ\i[k)1 i1 ={0—anr1s - Ot ni—1,0t—nig1s - -, 001} and Hy(-) is computed via stochastic L-BFGS. Then,

under Conditions 1— 4, the following holds:
T Y,
(a) |E[h] —h| = O(£- + 7<)

. _ K
() B[(h—1)?) = 0( 3 BB AV

1 Y2
&+ )
+ I T2

where h, and h are defined in Equations 11, and 12, respectively, for a smooth function h(-). Furthermore, we define Ly =

’

ZkK:1 e, Y = Zszl €xap and the operator AVis = AVix i jar, where mj; = argmax; <, < pr B AVpqar|?
AV, & (VU(0,) — VU(0,)) T H,V, and | AV;|| denotes the operator norm.

Proof. The usual way of analyzing Langevin and Hamiltonian MC algorithms is to first analyze the underlying continuous
dynamics, then consider the algorithm as a discrete-time approximation. This approach is not directly applicable in our
case. Therefore, we follow a different approach by exploiting the conditional independence structure of HAMCMC given

e

Figure 1. Illustration of HAMCMC with M = 2. The circle nodes represent the generated samples and the diamond nodes represent a
deterministic function of the particular samples. The arrows illustrates the conditional independence structure.

An important property that is revealed by Figure 1 is that H; is conditionally independent of 8;_j,, given 9;(2;\4]\?1”571.

This property will be useful in the analysis. By using this structure, we can convert Equation 16 to a first-order Markov
chain on a product space, such that

Oy = {Oi—2n42, ..., 0} (17)

where ©; € . With this construction, we can see that Equation 16 is a Markov chain that uses one of M different
transition kernels at each iteration, where the kernels have the following structure:

RD(2M71)

Tn (01,0 (H 8O 0) ) K Ormirt 150 inr 11O mins ) [[ 00w, ©) (8)

m/=1 m'e{M...,2M—1}
m’#m
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Figure 2. First-order Markov chain representation of HAMCMC. The memory variable is selected as M = 2. The shaded nodes
represent the variables that are used in L-BFGS computations.

form =1,..., M. Here, O, ,, denotes the mth element of ©;, ©; _,, denotes O \ O ,,, and C:)t,m denotes the (m + 1)th
oldest element of ©; (i.e. ét,m = 6,_onr+2+m)- At each iteration, the kernel 7,, modifies ©; ,,4 71 by using a base
kernel K that is conditioned on ©; _(y,41/—1), and rearranges the samples that will be used in the L-BFGS computations.
By using the intermediate kernels 7,,, we can represent the kernel of the whole HAMCMC algorithm as the composition
of these kernels, given as follows:

T(0:,0")=[Tio-oTu|(6,0). (19)

Therefore, if K targets the correct distribution, so does 7. We illustrate this construction in Figure 2.

Now, let us investigate the base kernel /C, that has the following form:
K(et,m’ ®;7m|@t,—m) = N(®:€,m; M, 2)7 (20)

where j1 = €H(©;,_,,)VU(Oy,), and X = 2¢H (O, _,,,). The key property of K is that, since the L-BFGS computations
only involve ©; _,,, H(-) is independent of ©; ,,,. Therefore, perhaps not surprisingly, /C appears to be the transition kernel
of the SGLD algorithm with a preconditioning matrix H(©; _,,). Henceforth, we can analyze /C as an approximation to
the continuous-time diffusion, with the following form:

Firstly, we need to show that there exists a unique stationary distribution for this SDE and this distribution is the posterior
distribution that we are interested in. By Condition 2, we know that the lowest eigenvalue of H; is strictly greater than
0, hence, H, is positive definite. Therefore, the Fokker-Planck operator of this SDE is uniformly elliptic. Then, by
Condition 3, we know that VU is Holder continuous with exponent o = 1. Under these conditions, Theorem 2 states that
the unique stationary distribution for this SDE exists.

Next, we investigate the stationary distribution of this SDE. Since H,; is independent of #;, we have a%th = 0 for
i = 1,..., D, therefore the correction term I'(#) = 0 (see Equation 7). After choosing Q)(#) = 0, we observe that
Equation 21 is in the same form as Equation 7. Therefore, by Theorem 3, the unique stationary distribution of Equation 21
is the Bayesian posterior.

The rest of the proof is built on the fact that HAMCMC can be decomposed into M different but related SGLD algorithms
whose (state independent) preconditioning matrices are computed via stochastic L-BFGS. More formally, we can group
the samples {0}, into M different series as {0, 1xar}i—y for m = 1,..., M, where each {0,k }1—p can be
considered as being obtained from a different SGLD algorithm.
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Part (a):

By Condition 1, we can rewrite the sample average as the average of M different sample averages that are obtained via
different SGLD algorithms, given as follows:

~ 1 1 ~
h=— eh(0;) = — hom 22
WT; th(6:) M,,; (22)
where
R =
hn & 2= D empnarh(Omnar). (23)
K =0
Then, we can bound the bias as follows:
M
. 1 . _
[l = B| = |(57 D Elhn]) - 24)
m=1
M
1 . _
- 135 ()
m=1
M
1 . _
< — SB[, - h’ 2
< 37 2 [Elh] 26)
M
1 1 Y
< — o — + = 2
_Mmz_:lcm<LK+LK) @7

for some C),, > 0 for all m. Equation 27 uses Conditions 1, 4, and the first part of Theorem 4. Define C* £ max,, C,,,
then we obtain the desired bound as:
_ 1 Y

B[R = < C* (7= + 7~ ) = [El] - A =0(

1 ve
Ik "Ik + )

e In (28)
This completes part (a).

Part (b):

For bounding the MSE, we follow a similar strategy to the one presented for part (b). We start by bounding (iz —h)?, as
follows:

. 1 Mo N2
(=1 = (57 3 Fu) =) 29)
1 &L . \2
= (3 G = 1) (30)
m=1
1 M
<27 (hum — h)? 31)
m=1

. 1 Mo _
E[(h—h)?] < M}E[mgl(hm —h)? (32)
1 o
= = > B[ — b (33)
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Then, by using Conditions 1, 4, and the second part of Theorem 4 we obtain
1 & 5 e 1 Y2
P72 Z Z kM 2

for some C,, > 0, Vm. Define C* = max,, Cp,, m} = argmax,, E||AV,, x|, and AV = AVins 4k, and we
obtain the desired bound as:

K K
P 1 Y2 P € 1 Y
E[(h— 0] < (3 FME|AV. |2+ -1 £) = E[h-102 = 0(} BLE|AV |2+ — + 75)
[(h—Ry?] < (glj AVl o+ g3) = Bl -1 = O(3 TarEIavie i + o+
This completes part (b) and concludes the proof.
O

Remark 3. Condition 4 is a special case of the assumption given in Theorem 4. Here, we have customized this condition
within HAMCMC framework.

Remark 4. Note that a similar construction that uses Markov chains on product spaces has been presented in (Zhang
& Sutton, 2011), where the authors consider a different context in which they aim to obtain separable Hamiltonians, that
would avoid costly numerical integration steps. Also note that PSGLD cannot be redefined by using Markov chains on
product spaces, since the volatility in PSGLD depends on the full history of the samples.

3. Algorithm Parameters Used in the Experiments

Linear Gaussian Model:

Table 1. The list of algorithm parameters that are used in the experiments on the linear Gaussian model.

| SGLD | PSGLD | SGRLD |  HAMCMC

| e | e || X | e | a7y ]A
D=2 1x107° | 5x1072 09| 1x103|5%x1072|1x107%|50]1
D=10 |1x10%|1x1071]09|1x102%|5x1071|1x10"® |50 1
D=100 | 8x107% | 1x1071 |09 | 1x1073 |5x107*|1x10°8 |50 |1

Alpha-Stable Matrix Factorization:

Table 2. The list of algorithm parameters that are used in the experiments on aMF.

SGLD | PSGLD | HAMCMC
Qe ‘ Qe ‘ « ‘ A ‘ Qe ‘ vy ‘ A
1x107% | 2x107% | 0.9 | 1x107% | 1 x 1078 | 0.01 | 1000

Distributed Matrix Factorization:

Table 3. The list of algorithm parameters that are used in the experiments on the distributed matrix factorization problem.
SGLD | PSGLD | HAMCMC

€ ‘ € ‘ o) ‘)\‘ € ‘7‘)\
1x107* [ 2x107* [ 099 | 2 [5x107* | 0.1 | 0.5
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