Mixing Rates for Gibbs Sampling

Appendix: Proof Details
Proofs from Section 3

Theorem 3. Let c1,co > 0 such that cico < 1, PW) is ¢1-contractive, and P™ is co-contractive. Then the mixing rate of

the Gibbs sampler is bounded as
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Taking ¢ > 1+ log(ilcz) log ( min(vhy(.mf) To )) makes the above less than e. Applying Lemma 2 completes the proof. [

Lemmad. P}, and P, are WL and |\W2T||1

-contractive, respectively.

Proof. Let x,y € §2 be two configurations. We will prove the claim for the visible conditional distributions. The proof for
the hidden conditional distributions will follow symmetrically.

For each visible node v;, let (X (v;), Y (v;)) be the maximal coupling of P(*) (X (v;) | z(h)) and P")(Y (v ) | (h)) guar-
anteed in Lemma 1. By doing this independently for all visible nodes, we have a valid coupling (X,Y") of P(*)(-|z(h))
and P(")(-|y(h)). Then we can work out the expected Hamming distance of X and Y as
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Lemma 7. P{" and P"

L(5)IW ||1-contractive, respectively.

Proof. We will first show that Péh) is 3||W7||;-contractive. To do so, let 2,y € £ be two configurations. Our coupling

(X,Y) of P ( | z(v)) and Péh) (-] y(v)) is exactly the same as the coupling given in the proof of Lemma 4. Then, from
the proof of Lemma 4, we have

E[dn(X,Y)| 2(v), y(v)] = Z P& (X (h) = 112(0) = PV () = 1] y(v)|

1 - exp (ZH S WP (W) = K] = La(e:) = K)))
1 exp (S0 60 WP (Uy(vs) = K] = 1fe(v:) = K)))
_ tanh<zz L0 W () = K~ 1) = K) |

IA

2
1| E
k
i=1 k=1
1 m
=3 > Wy
irz(vy)#Ay(vi) =1
1
< §HWTH1dv(x,y).

To prove Pév) is %(12( )||W [|1-contractive, we will again use Lemma 1 to construct independent couplings (X (v;), Y (v;))
of Pév) (v; |z(h)) and Pé(fj) (vi | y(h)) for each visible node v;. Then by Lemma 1, we have
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Proofs from Section 4

Lemma 10. Let ¢y, ca, €9, 00, M > 0 such that ¢yco < 1, P is ¢i-contractive, P\") is cy-contractive and (€0, 00, M)-
gamble admissible, then there exists a Markovian coupling (X,Y;) s.t. if E[d,(Xo,Y0)] < M, then for any 6 > 0,

if
log(2/4) log (201M ~ log(2/6) )
~ log(1/c1c2) log(1/60) deg  log(1/d0)
we have Pr(X;(v) # Yy (v)) < 0.

Proof. Let (X;,Y;) be the interleaved coupling whose initial state is (Xg, Yy) and is evolved according to the following
rule.

1. Draw (X1 1(h), Ysy1(h)) according to the c;-contractive coupling of P(")(-| X (v)) and P (- | Y5 (v)).

2. If dp(Xs41,Ys41) < €, draw (Xs11(v),Ys41(v)) according to the (eg,dp, M)-gamble coupling of
PW (.| Xey1(h)) and P™)(-|Y,41(R)). Otherwise, draw (X, 1(v),Ys;1(v)) according to the cy-contractive cou-
pling of PV)(-| X1 (h)) and P (- | Yo ().

It is not too hard to see that (X, Y;) is a Markovian coupling of the alternating Gibbs sampler.

Let us define two stochastic processes Z; = dp(Xsy1, Ysy1), and S; = inf{s > S;_1 : Zs < eg} where Sy = 0. Due
to the definition of the interleaved coupling, it is not hard to see that for any finite ¢ > 1, .S; < oo with probability one.
Moreover, because of the Markovian nature of S;, we know that given S;_1, S; is independent of Sy, S1,. .., S;—2.

Now let T', K > 1 be given. Then we can work out the following
PT(XKT(U) 7& YKT(U)) = P’/‘(XKT(’U) 7é YKT(’U) ISl Z T)PT(Sl Z T) + P’/‘(XKT(’U) 7é YKT(U) ‘ Sl S T — 1)P7"(S1 S T)

SPT‘(SlZT)+PT(XKT7£YKT|51§T—1)
ng(SlZT)+PT(SQZ2T|51ST—].)-I-PT(XKT#YKT‘SlST—l,SQSQT—l)
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= Pr(Sk > kT|Sp-1 < (k—1)T — 1)+ Pr(Xgr # Yer | S1 <T —1,... Sk < KT — 1)
k=1

We can bound the above two terms separately. To bound (a), note that forany 1 < k£ < K,
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To bound (b) we make use of the fact that at each random time Sy, we have at least a 1 — dy chance of setting Xg, (v) =
Ys, (v). Therefore,

Pr(Xgr(v) # Yer(v)|S1 <T —1,...8x < KT —1) < 6.

log(2/6 1 2c0 KM
Then for K = logg((l//éo)) and T = D) log ( Seo )
TKM
Pr(Xgr(v) # Yir(v)) < % +oK <.
0
The lemma follows by our choice of K and 7. O

Lemma 20. (a) There exists a coupling (X,Y) of N'(ux,0%) and N (py , 0% ) such that
E[(X -Y)?] = (ux — py)* + (ox —oy)*.
(b) There exists a coupling (X,Y) of N'(x,0?) and N (py , 0%) such that

Pr(X £Y) < “‘)(2;’”‘ and
g

lnx — pyl <MXHY|)2
1+ + .
Voo 20

E[(X -Y)’| X #Y] <40”

Proof. Part (a) follows from a more general result Ruschendorf and Rachev (1990). To prove part (b), we introduce some
notation. Let ji = W Assume w.l.o.g. i =0, ux = —u, and puy = p for some p > 0. Let fx and fy denote the
p.d.f’s of N'(ux,0?) and N (uuy, 02), respectively. Now define three more p.d.f.’s:

min (fx (), fy (v))

fs(z) = Zs forz € R
fU(x):M forx >0

U
fL(x):%Lfy(x) forz <0

Here Zg, Zi7, and Z, are chosen so that their respective distributions integrate to 1. It is not too hard to work out that

252(1q>(g))1erf(ai‘ﬁ> and ZUZL@(ZL)(I)(Z)erf(UiLE).

Here ®(+) denotes cumulative distribution function for the standard normal distribution and erf(-) denotes the error function.
Figure 3 helps explain the picture.

Then our coupling is the following.

1. Draw S ~ fs,U ~ fy, L = —U.
2. With probability Zg,set X = S =Y.

3. With probability 1 — Zg,set X = LandY =U.
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Ly Ly

Figure 3. Illustration of the unnormalized densities fs, fu, fr.

It is not hard to see that (X, Y") is a valid coupling of fx and fy-. We now turn to the two claims of this coupling. The first
is easy:

I |MX—MY|> lnx — py|
PriX#Y)=1—Zg=erf| —= | =erf < .
(X #Y) s (0‘\/5) ( 202 - 20

Now we turn to the second claim. To handle this, we will first introduce two more random variables.

e Let Ux be distributed according to fy, () = 1’: ’fp((w ) 3-
e Let Uy be distributed according to fy, () = l_f 3 ((f)u)

Then we can rewrite our objective to bound as

E[(X —Y)?| X #Y] =E[(U — L)?] = 4E[U?] = Zi [(1 ) (—ﬁ)) E[U2] - (1 ) <§)> E[U)z(]] .

U g

It is easy to see that Ux and Uy follow truncated normal distributions. Their moments can be worked out according to

formulas given by Jawitz (2004), in particular we have for ¢ = %

(M2 + 0'2)ZU +

r 2
BIX - )| X £Y] = o e (1)
[ 2¢
=402 -1+€2+m:|

< 40? 1+e2+\/§(e+\/f>]
T 2

/2
=45% |2+ €1/ = + €2
T

where the inequality in the third line comes from the inequality m <z+4+ \/g . O

Lemma 12. The following holds.
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(c) ng and PC(;X, are (g, 60, M )-gamble admissible for ey = m, do = 1/4, and

M=ol + /2] ”2’1+( Ll )
PV I oy \2IW/o)

where W/o and W o denote n x m matrices whose entries are W;; /o; and W;;0;, respectively

Proof. To prove part (a), we need only show the result for Pc(:c):’ the bounds for P C; and P(”) will follow symmetrically.

Recall that our distance is ¢3-distance d, (z,y) := >, (z(v;) — y(v;))?. To see that PC(,UC); is contractive, let z,y € Q be
given. We will construct our contractive coupling (X, Y) by coupling each visible node X (v;) independently. In particular,
we will use the coupling from Lemma 20(a) to couple together the marginal distributions A (a; + Z;"Zl Wijz(hj), o2)
and N (a; + Z;nzl Wiiy(h;), 0?). By Lemma 20(a), we have

Eld,(X,Y)] = > B [(X(v:) = Y (1))’]

=1
2
S Z ZWU (l‘(h]) - y(hj))
i=1 \j=1
< Wi | D (alhy) —y(hy)®
=1 j=1 Jj=1
= W% d (2,9)

To prove part (b), we will couple each unit »; independently as follows.

1. Let (Z;,Z;) be the coupling from Lemma 20(a) of N (i, Wija(vi), o (3252, Wija(v;)))  and
Ny Wigy(vi), o (3212, Wijy(vi)))-
2. Let X (h;) = max(0, Z;) and Y (h;) = max(0, Z7).

Then by the definition of NReLU, X and Y have the correct marginal distributions. To see that they are contractive, note
first that for each h;,

E [(X(h;) =Y (h;))?] <E [(Z - 7)) } (Z Wij (z(vi) — y(vi) ) +<a (Z Wijx(vi)> —0 (Z Wijy(vi)>>

where the second equality comes from Lemma 20(a). Thus,

Efdy (X, V) zm: <¥ Wi, (a(vs) — (ui))>2 + i <a (zn: Wijx(m)> —0 <zn: Wijy(w)>>2

< W% dy (2, y) +Z< ZWw (Ui)—y(vi))>

i=1
< |Wl%dy (z,y) + ZHWH% dy (z,y)

5
= 2IWI o ().
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To prove part (c), it will suffice to prove that PéG is gamble admissible; the gamble admissibility of PC(;R, will follow
by symmetry. To do this, we will construct a gamble coupling (X, Y’) by independently coupling the visible nodes v;
according to the coupling from Lemma 20(b). The probability that we set X (v) # Y (v) is bounded as

Pr(X(v) #Y(v)) = Pr (3% st X(vi) # Y (vi))

= 20,

§12 2@?) > ) (i)
wW/o\T

oy o

Similarly we can bound the expected visible distance given X (v) # Y (v) as

Eld. (X, ¥) | X (0 <ZE Y () | X(0) # Y (0)]
" \2;%u@www] [ Wi (o) — wh)] |
< ; 40? |1+ Nor + 20

2

—240 +2\[Z > oWy (w(hy) — y(h +Z ZWW —y(hy))

=1 |j=1

2
<> ot 2|2 WoT|,, VG + W (2.0,
=1

Plugging in dj, (z,y) < g = finishes the proof.

1
4W/o) T3,

Proofs from Section 5

Theorem 15. Pick any T > 0 and n, m € N even positive integers. Then there is a weight matrix W € R™ ™ satisfying
(W || max < m In (4T (n + m)) such that the Gibbs sampler over the RBM with zero bias and weight matrix W has
mixing rate bounded as Ty > T.

Proof. Letr = W In (4T (n 4+ m)). Choose a canonical configuration x such that exactly half of the z(v;)’s are 1

and exactly half of the z(h;)’s are 1. Now let W € R™*™ such that W;; = r if z(v;) = x(h;) and —r otherwise. Let
m(+) denote the Gibbs distribution for the RBM with weight matrix W and zero bias and let S = {z} be the singleton
set containing only the canonical configuration. Note that if Z satisfies that Z(v;) = 1 iff x(v;) = 0 and Z(h;) = 1 iff
x(h;) = 0, then w(z) = m(Z). Thus, 7(S) < 1/2.

Itis not hard to see Pr(X (h;) # z(h;) |z(v)) = o (=) forall j € [m], where o(2) = 1/(1+exp(—x)) is the logistic
sigmoid as before. Similarly, for any i € [n], Pr(X (v;) # z(v;) | z(h)) = o (= %) . Thus,

m n 1
Pr(leave state z) < < —

T l4exp (%) Jr1—|—exp(%) ~ 4T
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Thus the conductance of .S (and therefore ®*) is upper bounded as

1 1
o(S) = =9 Z m(x) Pr(we transition from z to y) = Pr(leave state z) < T
z€S,yese
Theorem 14 completes the proof. O

Lemma21. ®(z) <1—4/1—exp (—%z)fora: <0.

Proof. We begin by writing ®(-) in terms of the error function:

b(x) = % (1 + erf (\%)) .

Thus it suffices to prove

By calculus, we have
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where the inequality comes from the fact that e=(*+") > 0 and the quarter circle of radius x centered at the origin and
lying in the first quadrant is a subset of the square [0, z]%. O

Theorem 16. Let T, B > 0 and n, m € N be even positive integers. Then there exists weight matrix W € R™*™ s.t.

1
[W{max < 1+ E\/S log(4T max(n, m))>

st

such that the B-truncated chain of the Gibbs sampler for the Gaussian-Gaussian RBM with no biases and unit variances
mixes in time Ty > 1.

Proof. Letr = —+ (1 + £+/8log(4T max(n,m))). Let Z_,Z, be an even partition of [n], i.e. |Z_| = n/2 =

min(n,m)

|Z+|. Similarly, let J_, J. be an even partition of [m]. Define

{r if (i,5) €T x J_ ULy x Ty
Wij =
—r else

Sy ={z(v) € [-B,B]" : z(v;) > B/2ifi € T and z(v;) < —B/2 else}
Sy =A{x(h) € [-B,B|"™ : z(h;) > B/2if j € J; and z(h;) < —B/2else}

Then our low conductance set of configurations is S = S, X Sj. Note that the c.d.f.’s of the conditional distributions for
the B-thresholded chain are exactly the same as the regular normal distribution for points within [—B, B]. That is, given
xz € Qand p € (—B, B), for any hidden node h; and visible node v;
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P(X(h;) <plz(v)) =@ <p =Y Wy w(w)) and  P(X(v;) <pla(h) =2 |p—Y Wia(h)
i=1 j=1
Forz € S and j € J,, we have by Lemma 21,

P(X(hy) < B/2|o(@) =& [ 2 —r | 3 a(o) = 3 a(wr)

2 _ ;
i€+ 1€EL_

<P (123(1 — m))
<1- \/1 — exp (—lz;(l - rn)2>.

Symmetric inequalities also hold for P(X (h;) > —B/2|z(v)) when j € J_. Additionally, fori € Z, and i’ € Z_,

P(X(v;) < B/2|z(h)), P(X (vy) > —B/2|x(h)) < 1 — \/1 — exp (382(1 - rm)2).

Therefore, given that the current state of our chain Y; is in .S, we can bound the probability that we transition out of S in
the next step as

P(Yi1 €S|V €8) gm<1—\/1—exp (—382(1—m)2)> +n<1—\/1—exp <—B82(1—rm)2>>.

Plugging in our value for r gives us an upperbound of ﬁ. Theorem 14 completes the proof. O

Proofs from Section 6

The works of Jerrum and Sinclair (1993), Long and Servedio (2010), and Goldberg and Jerrum (2007) technically deal
with Ising (or spin glass) models as opposed to Boltzmann machines. As the following lemma demonstrates, however, the
partition functions of these models differs only by an easily computable constant. Thus, they are approximation-preserving
interreducible in the sense of Dyer et al. (Dyer et al., 2004).

Lemma 22. Let G = (V, E) be a graph, W;; € R for all (i,j) € E, b; € R foralli € V, and define

ZI.ving(Ga VV? b) = Z exp Z lel'(l)‘r(]) + Z bZZL'(’L)

z:V—={-1,1}V (i,j)EE i€V
as the Ising partition function and
ZBoltzmarm(Ga VV7 b) = Z exXp Z lel'(l).’lf(]) + Z bzx(l)
z:V—={0,1}V (i,J)EE eV

as the Boltzmann partition function then C Zjsing(G, W, b) = Zgoizmanm (G, W', b") where

W' =AW and b, =2b; — 2 Z Wi and C =exp Z b; — Z W,
jst(i,j)EE icV (i,J)EE

Proof. The key idea is to identify every Ising configuration z : V — {—1,1}V with a Boltzmann configurations y :

V — {0,1}V. The convention we will take is (i) = $(z(i) + 1), which has the effect of identifying the spin —1 with 0
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and 1 with 1. Then for any Ising/Boltzmann corresponding pair z, y, we have

exp [ Y Wiyy(G) + D byl) | =exp | D AWiy(iy()+ > y(i) (26 -2 > Wy

(i.9)€E i€V (i.j)EE i€V jst(ig)eE

=exp | Y Wi@)+ DG +D+> (@@ +1) [bi— > Wy

(i.j)€EE i€V jst(ij)eE

—exp | > WyG@+a()+1) -3 @@+ [ S Wy |+ b

(i,J)EE i€V jst(i,j)EE iev

exp | Y Wya(i)z(j) + > bix(i)

(i.4)€E iev

=Cexp | Y Wia(i)z(j)+ Y bix(i)

(i,75)eE eV

Because the mapping from Ising to Boltzmann configurations is bijective, it then holds that

ZBoltzmann(Ga W/a b/) = Z exp Z W’L/jy(l)y(j) + Z b;y(l)

y:V—{0,1}V (i,J)EE i€V
= > Cexp| Y Wiz@)z(j)+ Y bix(i)
z: Vo {-1,1}V (i,5)EE i€V
= Cleing(G, VV, b)



