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A. Appendix: Additional numerical results
A.1. Handwritten digit classification

For the handwritten digit classification experiment de-
scribed in Section 6.1, Table 1 shows the classification error
for Daubechies wavelets with 2 vanishing moments (DB2).

DB2
abs ReLU tanh LogSig
np. [0.54 051 129 140
sub. |0.60 058 1.16 1.34
max. | 0.57 0.57 0.75 0.67
avg. [0.52 0.61 1.16 1.27

Table 1. Classification errors in percent for handwritten digit
classification using DB2 wavelet filters, different non-linearities,
and different pooling operators (sub.: sub-sampling; max.: max-
pooling; avg.: average-pooling; n.p.: no pooling).

A.2. Feature importance evaluation

For the feature importance experiment described in Section
6.2, Figure 1 shows the cumulative feature importance (per
triplet of layer index, wavelet scale, and direction, averaged
over all trees in the respective RF) in facial landmark de-
tection (right eye and mouth).

B. Appendix: Lipschitz continuity of pooling
operators
We verify the Lipschitz property
I1P(f) = P(h)ll2 < Rl f = hll2,  Vf,h € Hny,

for the pooling operators in Section 2.3.1.

Sub-sampling: Pooling by sub-sampling is defined as

P:Hyx — Hyys, P(f)[n] = fISn], n€lnys,
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Figure 1. Average cumulative feature importance and standard er-
ror for facial landmark detection. The labels on the horizontal axis
indicate layer index d/wavelet direction (0: horizontal, 1: vertical,
2: diagonal).
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where N/S € N. Lipschitz continuity with R = 1 follows
from

IP(f) = Ph)3= > |f[Sn] - hlsn]?
n€ln,s
< Y Ifln) = k0] = |f — kI3, Vf.h € Hy.

neln

Averaging: Pooling by averaging is defined as

Sn+S—1

Z akrfsnf[k]

k=Sn

P:Hy —)HN/S,

forn € I/, where N/S € N. We start by setting o/ :=

Inaxke{(),“.,s—1}|0zk\.Then,
|P(f) — P(h)|3
Sn+S—1 )
S Y asul/IK - k)|
n€ln/s  k=Sn
Sn+S—1 )
< 3| X ok - nlk)|
”EIN/S k=5Sn
Sn+S—1

(B.1)

<a”?s Y ‘f ]

nGIN/S k=Sn

= a8 Y |1 -

neln

2
K| = o801 = nl3,

where weused Y-, ;| f[k]—h[K]| < SY2||f=hl|2. f,h €
Hg, to get (B.1), see, e.g., (Golub & Van Loan, 2013).

Maximization: Pooling by maximization is defined as

P:Hy — Hyis, P(f)[n] = [ FIE]l,

max
ke{Sn,...,Sn+S—-1}

forn € Iy;g, where N/S € N. We have

1P(f) = P(W)]3

k
D . L

’ﬂEIN/S
- max IR [k)||”
ke{Sn,...,Sn+S—1}

S—1

S > IfISn+ k] -

’I’LGIN/S k=0
= |f —nl3,

where we employed the reverse triangle inequality
1£loe = I1Blloc] < IIf = hllocs .1 € Hs, to get (B2),
and in (B.3) we used || f|loc < ||fll2, f € Hs, see, e.g.,
(Golub & Van Loan, 2013).

h[Sn + k]2

C. Appendix: Proof of Theorem 1

We start by proving i). The key idea of the proof is—
similarly to the proof of Proposition 4 in (Wiatowski &
Bolcskei, 2015)—to employ telescoping series arguments.
For ease of notation, we let f, := Ulq]f and h, := Ulqlh,
for f,h € Hy,, q € A{. With (9) we have

12 (f) — @a(h)]|]* =

> Y,

d=0 qud

*Xde

=iaqg

The key step is then to show that a4 can be upper-bounded
according to

g <bg—bar1, d=0,....,D—1, (C.1)
with by 1= 35 cpe [1fg — hgll3, for d = 0,..., D, and to
note that

D—1 D-1

aqg < (bg — bat1) =bo — bp < by

>0

1£a = Raqll3 = 11 = hlI3,

eA

2
o

which then yields (8). Writing out (C.1), it follows that we
need to establish

Do e =ha) *xalls < Y7 11y = hall3

qEAY qEAY

— 3" e hgl3,  d=0,...,D—1.

d+1
qEA]

(C2)

We start by examining the second sum on the right-hand
side (RHS) in (C.2). Every path

q’eAcli"'_l:Alx...

=Ad

X Ad XAd—H

of length d + 1 can be decomposed into a path ¢ € A¢
of length d and an index A\g41 € Ag41 according to ¢ =
(¢, Ad+1). Thanks to (5) we have U[g] = U[(q, Aa+1)] =
Ud+1[Aa+1]U][q], which yields

Soolfa=nalz=> >

geadtt qEAY Aa+1€Aa4+1

— Uas1[Aa11)hqll3-

Uds1[Nav1]fq

(C.3)
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Substituting (C.3) into (C.2) and rearranging terms, we ob-
tain

> (10 = o) % xall} (C4)

qeAS

+ > Wananlfy = UaniPanlhgl) ©3)
Aat1€AG41

<Y lfa—hel3, d=0,...,D-1 (C.6)
qeA?

We next note that the sum over the index set A4y inside
the brackets in (C.4)-(C.5) satisfies

> WWUas a1l fy — User[Nasa]hgll3

Ad+1€AG+1
= Z 1Pas1(pas1(fq * grapn))
Ad+1€Aa41
- Pd-‘rl (pd+1 (hq * g)\d+1)) ||§
< R?[+1 Z de+1(fq * g>\d+1> (C7)
Ad+1€Ad+1
= a1 (g * gr,p) I3 (C8)
<SRiLi Y Ife—ho)*gaunll (€9)

Aa+1€AG41

where we employed the Lipschitz continuity of Py, in
(C.7)-(C.8) and the Lipschitz continuity of pg41 in (C.9).
Substituting the sum over the index set Ay4; inside the
brackets in (C.4)-(C.5) by the upper bound (C.9) yields

> (s = ha) % xall}

qeNd

+ Y WUanPasalfe = UasaPasalhal3)

Ad+1€Aa11

< 3 max{L, Ry L0} (1 = ha) # xall3 (€.10)
qeng

LD DI (PR PRV}

Ad+1€Aa+1

(C.11)

ford =0,...,D — 1. As {g)\d+1})\d+1e/\d+1 U {Xd} are
atoms of the convolutional set ¥q, 1, and f,, hqy € Hy, 41s
we have

(e =ha)xxalls+ D I1(fa = ha) * graps 3

Ad+1€MNG+1
< Bd+1||fq - hq||g>

which, when used in (C.10)-(C.11) yields

> (I = hy) < xall

geAY
> Vs DPailfy = UasaParalhgll)
Ad+1€MNG+1
< Y max{Bay1, Bas1 Rap 1 Ly Iy — hall3,
qeNy

(C.12)

ford = 0,...,D — 1. Finally, invoking (7) in (C.12) we
get (C.4)-(C.6) and hence (C.1). This completes the proof
of i).

We continue with ii). The key step in establishing (10)
is to show that for ps(0) = 0 and Py4(0) = 0, for
d € {1,...,D — 1}, the feature extractor P satisfies
®(0) = 0, and to employ (8) with h = 0 which yields

He(HI <111,

for f € Hpy,. It remains to prove that ®(h) = 0 for
h = 0. For h = 0, the operator Uy, d € {1,2,...,D},
defined in (4) satisfies

(Ua[Aalh) = Pa(pa(h*gx,) ),

for Ay € Ay, by assumption. With the definition of Ulqg] in
(5) this then yields (U[g]h) = 0 for h = 0 and all ¢ € A{.
®q(0) = 0 finally follows from

D—-1

®a(h) = dL:JO { Ulalh) * xa } yepa = O-

(C.13)
=0

We proceed to iii). The proof of the deformation sensitivity
bound (12) is based on two key ingredients. The first one
is the Lipschitz continuity result stated in (8). The second
ingredient, stated in Proposition D.1 in Appendix D, is an
upper bound on the deformation error || f — F f||2 given
by

If — Frfll2 < AKN?|171 12, (C.14)

where f € C&é?. We now show how (8) and (C.14) can
be combined to establish (12). To this end, we first apply
(8) with h := (F. f) to get

|| @a(f) — Pa(F-I <IIf — Frfll2,

for f € C&é? C Hy,, N1 € N,and K > 0, and then re-
place the RHS of (C.15) by the RHS of (C.14). This com-
pletes the proof of iii).

(C.15)
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D. Appendix: Proposition D.1

Proposition D.1. For every N € N, every K > 0, and
every T : R — [—1, 1], we have

If — Frfll2 < 4KNY2||7|| 12, (D.1)

forall f € CéVAIF({T.

Remark D.1. As already mentioned at the end of Section 4,
excluding the interval boundary points a, b in the definition
of sampled cartoon functions Cév AII({T (see Definition 4) is
necessary for technical reasons. Specifically, without im-
posing this exclusion, we can not expect to get deformation
sensitivity results of the form (D.1). This can be seen as
follows. Let us assume that we seek a bound of the form
lf = Frfllz2 < Cnkll7||%, for some Cn x > 0 and
some o > 0, that applies to all f[n] = ¢(n/N), n € Iy,
with ¢ € C8s\gp. Take T(z) = 1/N, in which case the
deformation (F;f)[n] = c¢(n/N — 1/N) amounts to a
simple translation by 1/N and ||7||coc = 1/N < 1. Let
c(x) = Lo ni(x). Then ¢ € Clpy for K = 1 and
Ilf — Frfll2 = /2, which obviously does not decay with
71| = N~ for some o > 0. We note that this phe-
nomenon occurs only in the discrete case.

Proof. The proof of (D.1) is based on judiciously combi-
ning deformation sensitivity bounds for the sampled com-
ponents ¢1(n/N),ca(n/N), n € Iy, in (c; + Ljqpc2) €
CErgr» and the sampled indicator function 1y, j(n/N),
n € Iyn. The first bound, stated in Lemma D.1 below,
reads

If = Frfll2 < ON'2|17|oo. (D.2)

and applies to discrete-time signals f[n] = f(n/N), n €
In, with f : R — C satisfying the Lipschitz property with
Lipschitz constant C'. The second bound we need, stated in
Lemma D.2 below, is given by

105 4 — FAAf ylla < 2NV2|17)| 22, (D.3)

and applies to sampled indicator functions ]lfv b [n] =
1

L0 (n/N), n € Iy, witha,b ¢ {0,%,..., 52} We

now show how (D.2) and (D.3) can be combined to estab-
lish (D.1). For a sampled cartoon function f € Cg AIET,

fln] = ci(n/N) 4 1q5(n/N)ca(n/N)
=: filn] + 1{) [0l f2[n], n € Iy,

we have

If = Erflla < Ifr = Frfallz + 105 5y (f2 = Frf2)lla
+ (A = BN o) (Fr o)l (D.4)
< v = F-fillz + (12 = Frfoll2

10 5 = FAf yll2ll Fr falloos

where in (D.4) we used

(F-(1f, 4 f2))[n] = (Mg pyc2) (n/N = 7(n/N))
=15 (n/N = 7(n/N))c2((n/N — 7(n/N)))
= (FAf ) (Fr f2)[n].

With the uﬁper bounds (D.2) and (D.3), invoking proper-
ties of Cg Ary (namely, (i) c1, co satisfy the Lipschitz pro-
perty with Lipschitz constant C = K and hence fi[n] =
c1(n/N), fa[n] = ca(n/N), n € Iy, satisfy (D.2) with
C = K. and () |F fallow = sup,er, [(Frfo)lnl| =
Suppery [ea(n/N = T(n/N))| < Subgeq[eala)] =
le2]loo < K), this yields

If = Fefllo < 2KNY2 |rloo + 2K N2 32

<SAKN'?||7| 27,
where in the last step we used [|7]|o0 < ||T||<1>é2, which is
thanks to the assumption ||7||oc < 1. This completes the
proof of (D.1). L]

It remains to establish (D.2) and (D.3).

Lemma D.1. Let ¢ : R — C be Lipschitz-continuous with
Lipschitz constant C. Let further f[n] := c¢(n/N), n € I.
Then,

If = Frflla < ON'Y2|7 .

Proof. Invoking the Lipschitz property of ¢ according to

If = Foflls = > 1fln] = (F )l
neln
= > le(n/N) = e(n/N = 7(n/N))?
neln
<C* Y |r(n/N)] < C°N|7||Z%
neln
completes the proof. O

We continue with a deformation sensitivity result for sam-
pled indicator functions 1, 5 ().

Lemma D.2. Let [a,b] C [0,1] and set ]lfl\;b] [n] :=

L) (n/N), n € In, witha,b ¢ {0, %, ..., 52} Then,
we have

1L — Frlfyyll2 < 2N'2||7|1 322,

Proof. In order to upper-bound

103y = FAf 13 = Y {5 5] = (P )]
neln

=Y iy (n/N) = Ligy(n/N = 7(n/N))[%,

neln
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we first note that the summand h(n) := |1, (n/N) —
L) (n/N — 7(n/N))|? satisfies h(n) = 1, forn € S,
where

S = {neIN’%e [a,b] and %—T(%) ¢ [a,b]}
U{nEIN‘% ¢ [a,b] and %77(%) € [a,b]},

and h(n) = 0, for n € Iy\S. Thanks to a,b ¢
{0, %,..., %1}, we have S C X, where

n
Y= {neZ‘ ‘N—a‘ < ||THOO}
U{nEZH%—b’ < ||7'||oo}

The cardinality of the set X can be upper-bounded by

2 2[7l=, which then yields

||]1[ab Fﬂlfﬁ,bﬂl% = Z |h(n)[?
nelyn
=) 1<) 1 <4AN|7]o (D.5)
nes nex

This completes the proof.

Remark D.2. For general a, b € [0,1], i.e., when we drop

the assumption a,b ¢ {0,%,..., Y=L}, it follows that
S C Y/, where

- {neZ‘ ’——a‘ < \|T||Oc}
U{nGZ‘ ‘N fb‘ < ||T||oo}.

Noting that the cardinality of ¥’ can be upper-bounded by
2 (2!/9\;‘ +1) = AN||7||o0 + 2, this then yields (similarly
to (D.5))

I3y — FrAfl ll3 < D 1< 4AN|Ir]lo +2,
nex

which shows that the deformation error—for general a,b €
[0, 1]—does not decay with |||, for some o > 0 (see also
the example in Remark D.1). 0

E. Appendix: Theorem 2

We start by establishing i). For ease of notation, again, we
let f, := Ulq]f and hy := Ulqg|h, for f,h € Hy,, q € AS.
We have

119E(f) = @EMI1P = D I(f4 = hg) * xall3 (E.D)
qEAY
<lixall? D 11(fa = ha)ll3, (E.2)
qeEA?

=iaq

where (E.2) follows by Young’s inequality (Folland, 2015).

Remark E.1. We emphasize that (E.1) can also be upper-
bounded by By11 qu/\f ||(fy—hq)||3, which follows from
the fact that {gx,., }rqi1ehap, U {xa} are atoms of the
convolutional set W ;.1 with Bessel bound By, ,. Hence,
one can substitute ||xq||1 in (15) by Bgy1.

The key step is then to show that a4 can be upper-bounded
according to

ap < (ByLiR}ap_1, k=1,...,d, (E.3)
and to note that
d
1 < (BaL3R)aq < -+ < ([ BeLiR2)ao
k=1
- (H BLERE) S Mo = hll

q€eA?

d
= (TI BeL2R2)Is - i3,

which yields (16). We now establish (E.3). Every path

tjGA’f:Al X o X A1 XA
—_———
=AFT?

of length k& can be decomposed into a path ¢ € A’f’l
of length £k — 1 and an index Ay € Aj according to
G = (¢, \r;). Thanks to (5) we have U[q] = Ul(q, \x)] =
Uk [Ae])U]q], which yields

Slfa=nalz= > D UM
GeAf qeAF =1 Ak€AL

— Ug[Melhg I3 (E.4)

We next note that the term inside the sums on the RHS in
(E.4) satisfies

Uk M) fg — UrMelhgll3
= 1P (ox (fq * 9x.)) = P (pr(hg x ax)) 3

< LER\(fq — hg) * gx. 13, (E.5)

where we used the Lipschitz continuity of Py and p; with
Lipschitz constants R, > 0 and Lj > 0, respectively. As
{9 Frren, U {xx—1} are the atoms of the convolutional
set Wy, and fq, hy € Hy,, by (5), we have

Z H(fq_

A EAg

hQ) * g/\ng < Bk”fq - hq”%’

which, when used in (E.5) together with (E.4), yields

Y Ifa—hal3 < BeLiRE Y- Ify — hall3,

GeAT qenf™!
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and hence establishes (E.3), thereby completing the proof
of i).

We now turn to ii). The proof of (17) follows—as in the
proof of ii) in Theorem 1 in Appendix C—from (16) to-
gether with ®¢ (h) = {(U[g]h) * Xa}qena = 0for h =0,
see (C.13).

We continue with iii). The proof of the deformation sen-
sitivity bound (18) is based on two key ingredients. The
first one is the Lipschitz continuity result in (16). The sec-
ond ingredient is, again, the deformation sensitivity bound
(D.1) stated in Proposition D.1 in Appendix D. Combining
(16) and (D.1)—as in the proof of iii) in Theorem 1 in Ap-
pendix C—then establishes (18) and completes the proof
of iii).

We proceed to iv). For ease of notation, again, we let f, :=
Ulqglf, for f € Hy,, ¢ € A{. Thanks to (5), we have
fq € Hy, . forq € A¢. The key step in establishing (19)

is to show that the operator Uy, k € {1,2,...,d}, defined
in (4) satisfies the relation
(UkM)Ton f) = Trnys,, (U M) f), (E.6)

for f € Hy,, m € Z with Sﬂk € Z,and A\ € Ay. With the
definition of U[g] in (5) this then yields

(U[q]Tmf) = TWL/(Sl‘"Sd)(U[Q]f)?

for f € Hy,, m € Z with 3 S € 7Z,and q € A{. The
identity (19) is then a d1rect consequence of (E.7) and the
translation-covariance of the circular convolution operator
(which holds thanks to ﬁ € 7).

®(Tm f) = {(Ula)Ton ) # Xa} jens
= {(Toys,--sUldlf) * Xd}quf
= {Tm/(sl Sa) ((U[Q]f) * Xd) }qu({z

=T y(5--50 28 (f),

E.7)

for f € Hy, and m € Z with 55 € Z. It remains to
establish (E.6):

(UMITnf) = (Pelpi(Tnf) % 930)) )
= (Pk (o (T (f *gxk))»
— (Pk(Tm(Pk(f *gxk))))v

where in (E.8) we used the translation covariance of the cir-
cular convolution operator (which holds thanks to m € Z),
and in (E.9) we used the fact that point-wise non-linearities
commute with the translation operator thanks to

(pkTn f)[n] = pe((Tin f)[n])
= pr(fln —ml) = (Tmpr.f) [0,

(E.8)

(E.9)

for f € Hn,, n € Iy,, and m € Z. Next, we note
that the pooling operators P}, in Section 2.3.1 (namely,
sub-sampling, average pooling, and max-pooling) can all
be written as (P f)[n] = (P} f)[Skn|, for some P; that
commutes with the translation operator, namely, for (i)

sub-sampling (P[f)[n] = f[n], with (P[T,,f)n] =
(T f)In] = fln—m] = (Tn P f)[n], (ii) average pooling
(Pef)ln) = 327" i f11] with
n+SE—1
(FTnhnl = > crnfll—m]
l=n
(n—m)+Sk—1
= Z alf(nfm)f[ll]
I’'=(n—m)
= (TmPrf)In],
and for (i) max-pooling  (P[f)[n] =
maxle{n7...,n+5k71} |f[l]‘ with
(BTnfn = max L= m]]
B <zfm>e{nfm1fl.?f<n7m>+sk—1} 1t = ml]
— l/
l’e{(n ’rn)7 (n m)+Sk— 1}‘f[ ”
= (T Pf)In,

in all three cases for f € Hy,,n € Iy,, and m € Z. This
then yields

(PeT f)n] = (P T f)[Skn] =
= P, (f)[Skn —m]
= PL()[Sk(n — S 'm)]
= Pu(f)ln -5, 'm]
= (Tonys, Pef)n],

for f € Hy, and n € I, ,. Here, we used m/Sj, €
Z, which is by assumption. Substituting (E.10) into (E.9)
finally yields

(UkMe)Ton f) = Tonys,, Uil f,

for f € Hy,, m € Z with g~ € Z, and A\, € Ag. This
completes the proof of (E.6) and hence establishes (19).

(Ton Pr.f)[Skr]

(E.10)
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