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Preparation

First, based on the definitions of A;, Y, Zt and Z;, we can write
gt = G(sta Tty Xt) = pg,lp;,l (I - XtX;I—)(ESf © A)(ETf © X) - (I - XtX:)Ath

Then from (6), we have

2
o
Xit1 = X¢ + g Wi — EtthtTgth

Since
af T 1 0‘% T 4
Wi =T+ 90 9)" =1- 9, g0+ O0c),
we get

2
«
Xt-‘,—l = Xt —|— OétAth — OétXtX:Ath — ?tthtTgt — 0(0{?)
Let F; be the set of all the random variables seen thus far! (i.e., from 0 to t).

Proof of Lemma 4.4

Proof. The proof technique follows (Balsubramani et al., 2013) and (Xie et al., 2015). Note that for two square matrices
Q;, ¢ = 1,2, their products Q;Q2 and Q2Q; have the same spectrum. The spectral norm (i.e., matrix 2-norm) is
orthogonal invariant. Hence, we can write

VTZuyl3 VTZuyl3
Ain(ZLVVTZ) = Auin(V 2,2 V)zminwz i M
v20  lyll3 v#0 || Zeyl[3

— min [VT(X: + arAYy)yll3
v#0  [[(Xy + A Y)yll3

"Mathematically, it’s known as a filtration, i.e., sub-sigma algebras such that F; C Fy11.
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First, we have the following two inequalities:

IVI(Xe+ o AYyls > [V Xeyll3 +200(V Xy, VI A Y )
[(Xe + A Y )yll3 = [1Xewlls + 200(Xey, ArY1y) + of || A Y ey3
= [lyll3 + 200 (Xey, At Yy) + of | ALY 15
< |yl3 + 206 (Xey, AcYey) + oF | AY 3 ]lyll3-

Letting z = y/||y||2 then ||z||2 = 1 and we get

VT (Xt 4+ e AX)yll5/1(Xe + e Ay Y1) y3

VT Xeyll3 + 200 (VT Xey, VI ALY y) /([Y]13 + 200 (Xey, ArYy) + oF | ALY 3]ly]13)

IVTX,2]12 + 200 (VT X2, VT ALY, 2) /(1 + 204 (X2, At Y 2) 4 02| ALY ||2)

(VT Xz||2 + 20 (VT X2, VI A Y 2)) (1 — 20 (X2, A Y 2) — 02| A Y )2)

[VTX,2]12 + 200 (V X2, VT ALY 2) — 204 ||[ VT X2 ||2(Xi2, Ay Y 2) — 502 || ALY |2 — 203 | A Y3
[VTX,2]|2 + 2002 "X (VVT — [VTX 2|21 A Y2 — 502 || ALY |2 — 203 A Y43,

(A\VARAYS

Since [V X213 + [V X:2[3 = [Xe2]13 = [[2]13 = 1, we have
VVT - [VTXz|2T = VVI — [V Xz|2(VVT + V. V])
= [[VIXez[3VVT = [V X253V V]
Then
IVT(Xs + A Yo)yll5/ (X + e A Y )yl
IVTXez)3 + 20,2 T X[ (IVIXez[3VVT = [[VIXz[5V V)AL Y2
=507 [| A Y [|5 — 20| A Y3

v

Suppose i makes
Amin(VTZZ) V) = |[VT (X + o Ay Y )75/ (Xe + 0 A Y )73

and accordingly let Z = §j/||§||2. Further denote b, = 507 || A, Y||3 + 2a3||A;Y,||3. Then

Amin(VTZ,Z] V)
> |[VTX 23+ 2002 "X (VX 2|2V — |[VIXZBVLIV DAY Z — by

Let a; = E[b4|F;—1]. Then we have
Emin (VT ZZ] V)| Fi—i]

> |[VTX2)3 + 2002 "X | VI X Z|3VV T — |[VIX VLIV E[A Y| Fio1)Z — a
IVIX2]3 + 20,2 T X[ [[VIXZ|3VVT = [VIXZSVIVIAX,Z - g
= IVTXZ|2 4 20| VX 2||22T X VEV T X, 2 — 20| VT X 2|22 T X[ VIS, VX2 — a4
> [VIXe2|3 + 20\ | VI X232 TX] VV I X2 — 20001 |V Xe 2227 X[ VLIV X2 — a
= [IVIXZ[S + 20:(Ag = M) IV T X ZIBIVIXe2]3 — ar
VX Z[3(1 + 2ae7(1 — ||V X4 2]|2)) — as.
When oy < -, the function f(z) = z[1 4+ a(1 — 2)] = —a(z — %1)2 + % is monotonically increasing on (—o0, 1]

where a = 20;7. Since 1 > ||V X Z[|12 > Anin(V T X X[ V), we get

[VTXZ)5(1 + 20 7(1 — [V TX2]3)) — a
> Amin (VI X X V(14 2067(1 = Mnin (VI X X[ V) = ay.
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Hence, we obtain
EAmin (VT Z:Z] V)| Fo1] > Amin (VT XX V(1 + 200 7(1 — Ain (VT X X[ V) — a.

By the assumption cos?(Xy, V) = Apnin (VT X X[ V) > 1/2, we get

1 —EDuin(VTZZI V) Fii1] < 1= Amin (VXX V(14 2047(1 = Anin (VT X X[ V) + a4
(1 = Anin (VXX V(1 = 200 Amin (VT X X[ V) + a4
< (1= Apin(VIX X V)1 = aer) + ay,
and thus
E[l — EDmin(V ' ZZ] V)| Fi_1]] < (1 — ay)E[1 = Ain (VT X, X[ V)] + Elay],
where

Ela)] = 5o E[[| A Y, 3] + O(af) < 5a7E[| A¢|BE[[Y[|3] + O(a).

Therefore, we arrive at
1= EAmin (VT ZeZ, V)] < (1= ay7) (1 = Enin (VT XX V)]) + 507 E[[| A SIE[| Y¢[[3] + O(a),
ie.,

1 —Efcos*(Zs, V)] < (1 — a;7)(1 — E[cos® (X, V)]) + 5802 + O(a?).

Proof of Lemma 4.5

Proof. Let ®(oy) = (2] Z,)~'. Then Z,Z; = Z,®(c,)Z; and

1
P(a;) = ®(0)+ @' (0)o + 5@”(0)0@
d®(oy) d® ()

dO[t - @(Oét) dO[t @(Oét)
d2<I>(at) d‘I’(at) d(I)_l(Oét) d2®_1(04t) d(I)_l(O[t) d‘I’(at)
Rl Vi 7 B(oy) — B(ay)—— L B(ay) — B

da? doy doy (ae) (ae) da? (a) (o) doy doy
<I>_1(at) = ijt =1 + Oti;rAth + OéthTAtTXt + OétQY;rA;rAth

Hence, we can get

®0) = I
?'(0) = —(X/AY, +Y{A/X))
®"(0) = 2[®'(0)]*-2Y]A[AY,

= 2X/AY XA Y, + XA Y, YA X, + YA X XA Y, +
Y/ A X, YA X, Y/ ATAY))

and

th;r (Xt + OltAth)(Xt + OZtAth)T + Oét(Xt + atAth)'iI)/(O)(Xt + O[tAth)T —+

(1/2)0[? (Xt + OétAth)@”(O) (Xt + OétAth)T

1
é Al—i—at AQ +§Oé? Ag.
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Expanding each item above, we have

Ay = XX+ X YA + ALY X + A Y, YA
Ny = —(Xi4+ A Y)XAY, +Y, A X)X, + oA Y,) T
= X, X/A Y X -X, YA XX/
—a X X ALY YA - X YA X YA — ALY XA Y X - o ALY Y ATX X
—?A Y XTAY YA - 2A Y Y ATX YA
Ny = 2XX]AY XA Y X! + XX A Y YA XX + X, YA X XA Y X
+X, Y AT XY AT X X - X YTATA Y, X)) + O(ay).

Accordingly,

7.7 = XX +a(X YA +A Y X - X, XA Y. X - X, YA X X])

+o2(AY, YA - X XA Y YA - X YA X YA - A Y XA Y X —AY, Y ATX, X/

+X, XA Y XA Y X FXGXTAY YA XX X YA XX ALY X
+X YA X YA XX - XY ATA Y X]) +0(a).

On the other hand for X}, 1, we have

-
X1 X4

a? . a?
= (Xy+aAY, — OétXtX;rAth — éthtTgt - O(af))(Xt + o AyY, — OétXtX;rAth — éxtg:gt o UC

2
(07
= XX/ + X, YA —a, X, YA X, X[ — ?tth;r aX/] +

OétAthX;r + O(?AthYtTA;r - O(tQAthYtTA;rXtXtT -
X X A Y X! - 2X, XA Y, YA +

2
(07
af XX MY YA XX - T Xegl g X[ £ 0(af).
Note that gt = (I — X_fX_;r)AfYt and th;rthT = }(,LYV;F.A;r (I — XfoT)AfoX;r ThllS,

XX = XX + (XY, A - X YA XX +AY X - XX A Y X))+
ALY YA —AY Y AT XX - X XA Y YA - XX ALY, YA X X -
X YA AY X + X YA XX ALY X)) +0(o).

We find that
X1 X[ = ZZ) — aiM,; £ 0(af),

where M; = M, and

M, = X, Y/A'X, YA - AY X A Y X + XX A Y XA Y X! + X, YA/ X, YA XX/

Hence, we can write

Amin(VIXe 1 X V)] = Auin(VIZZ]V — o VIM,V) £ 0(af)
> Anin(V Z:Z] V) = a2 Anax (VM V) £ O(0).

By the Poincare separation theorem, Ayax (VI M;V) < Apax(My). Also note that Aoy (M) < [|[Mg||2 and |[M;||2 <

4]|A+Y¢||3. Then we get

Amax(V M V) < 4| ArY L[5 < 4| Ac3]Y]13

3
t

)T
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and finally arrive at

Amin (VT Xe1 X V)] 2 Ain (VT ZeZ] V) = 407 [ A 3] Y]l + O(af),

ie.,

cos* (X1, V) > cos?(Zy, V) — dai | A3 ][5 = O(a).

O

Proof of Lemma 4.6

Proof. By Lemma 4.5 and 4.6, we have

1 —E[cos*(Xy41, V)] < 1—Elcos*(Z, V)] + 4602 £ 0(ad)
< (1 —oy7)(1 = E[cos*(X;, V)]) + 9802 £ O(a?).
Thus, we can write
Or1 < (1 —u7)Or + 807,

for some constant y > 9.

O

Remark From the proof of Lemma 4.4, given cos?(X;, V) > 1/2, we have that
1 —cos®(Zy, V) < (1 — ay7)(1 — cos*(Xy, V) + 5bia? + O(a),
which combined with Lemma 4.5 yields
1 —cos?(Xip1, V) < (1 — au7)(1 — cos®(Xy, V) + Bbsa? + O(a).

Then with oy = % where ¢ > 0, we have

1 cT 5b;c 1
2 ¢
1—cos’(Xyp1, V) < S(1=—)+ =5 +0(3)
1 ¢, 7 bbe 1
=5 i o)

Thus, when ¢ is sufficiently large, we get 1 — cos?(Xy41, V) < 3, i.e., cos?(Xy41, V) > L. This says that for ¢ > s where

s is sufficiently large, cos®(Xy, V) > 1/2 implies cos?(X;41, V) > 1/2.

Proof of Theorem 4.2

Proof. We only need to prove that there exists a sufficiently large constant o > 0 such that ©; < %. Induction is employed.
It’s clear that O satisfies the inequality. Suppose it holds for ¢ > s. Then by Lemma 4.6 as well as assumptions that c7 > 2
and o is sufficiently large,

2
Or1 < (1 %T)% +75t%2
= 5ol —er) + B
= t%(a(t — 1)+ 0o(1 —er) +vBic?)
< lolt=1) = (0~ 8%)
< 0(t71)<0(t71): o_
- 12 - t2-1 t+1
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Performance on Dense Matrices

citeseer p=10

citeseer p=10

(g) pubmed - feasbility

(h) pubmed - objective function

R citeseer p=10 10% 12
w
107
she
10° {W b *
109 —#— DSRG-EIGS = 3.0 10°
—%— DSRG-EIGS =32
= T Donacicayoss s
o < %06 EIGS
ftod = EIGS 2 —6—RG-EIGS
X gt —&—RG-EIGS ° —— DSRG-EIGS =3.0
1012 102 DSRG-EIGS 5 =3.2 0.4 —%— DSRG-EIGS =33
1013 558630009
FFRRR ok or ko 02
10 *
Time (sec.) Time (sec.) Time (sec.)
(a) citeseer - feasbility (b) citeseer - objective function (c) citeseer - cosine value
usps p=10 usps p=10
N usps p=10 104 12
1010F ! ”
10 E 08
= ) Eics
< g 4 : Zos —&—RGEIGS
= DSRG-EIGS 5= 10
= — 4 DSRG-EIGS 5= 11
1013 10 04
104, 02
T s 4 s s 7 & 5w
Time (sec.) Time (sec.) Time (sec.)
(d) usps - feasbility (e) usps - objective function (f) usps - cosine value
pubmed p=10 pubmed p=10
o pubmed p=10 10° 12
—%— DSRG-EIGS 7 = 10.0 10° Y
5 eREE ¢ Zool |
12 = Saaas g F
X IR EGS g |
= ks |
4 DSRG-EIGS =80 0
e 102 peRoies 1=00, 0 — Seeries o110
104, 02
0 w ® m % w s w s v B w B W m I
Time (sec.) Time (sec.) Time (sec.)

(i) pubmed - cosine value

Figure 1. Performance on dense matrices.
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