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Abstract

In this paper we provide improved guarantees for streaming principal component analysis (PCA).
Given A4, ..., A, € R¥? sampled independently from distributions satisfying E[A;] = 3 for
3 > 0, we present an O(d)-space linear-time single-pass streaming algorithm for estimating the
top eigenvector of 3. The algorithm nearly matches (and in certain cases improves upon) the
accuracy obtained by the standard batch method that computes top eigenvector of the empirical
covariance %Zie[n] A; as analyzed by the matrix Bernstein inequality. Moreover, to achieve
constant accuracy, our algorithm improves upon the best previous known sample complexities of
streaming algorithms by either a multiplicative factor of O(d) or 1/gap where gap is the relative
distance between the top two eigenvalues of 3.

We achieve these results through a novel analysis of the classic Oja’s algorithm, one of the
oldest and perhaps, most popular algorithms for streaming PCA. We show that simply picking a
random initial point w( and applying the natural update rule w;; = w; + n;A;w; suffices for
suitable choice of 77;. We believe our result sheds light on how to efficiently perform streaming PCA
both in theory and in practice and we hope that our analysis may serve as the basis for analyzing
many variants and extensions of streaming PCA.

1. Introduction

Principal component analysis (PCA) is one of the most fundamental problems in machine learning,
numerical linear algebra, and data analysis. It is commonly used for data compression, image
processing, and visualization (Jolliffe, 2002) etc.

However, when run on large data sets it may be the case that we cannot afford more than single
pass over the data (or worse to even store the data in the first place) (Hall et al., 1998; Weng et al.,
2003; Ross et al., 2008). To alleviate this issue, a popular line of research over the past several
decades has been to consider streaming algorithms for PCA under the assumption that the data has
reasonable statistical properties (Krasulina, 1970; Oja, 1982; Balsubramani et al., 2013; Mitliagkas
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et al., 2013; Sa et al., 2015). There have been significant breakthroughs in getting near-optimal
streaming PCA algorithms under fairly specialized models, e.g. spiked covariance (Sa et al., 2015).
In this paper we consider one of the most fundamental and natural variants of PCA, estimating
the top eigenvector of a symmetric matrix, under one of the mildest set of assumptions for which
we can prove concentration using the matrix Bernstein inequality (Vershynin, 2010; Tropp, 2012):

Definition 1 (Streaming PCA) Ler A1, Ao, ..., A, € RI*d pe g sequence of (not necessarily
symmetric) matrices sampled independently from distributions that satisfy the following:

1. E[A;] = X for symmetric positive semidefinite (PSD) matrix ¥ € R4,

2. ||A; — X||y < M with probability 1, and
3, max{HE [(Ai ~ YA, — 2)1 H2 , HE [(Ai (A - 2)} H2} <.

Let v, ..., vqdenote the eigenvectors of X and \1 > ... > \q denote the corresponding eigenvalues.
Our goal is to compute an e-approximation to v, that is a unit vector w such that sin?(w,vy) =
1-— (WTV1)2 < ¢, in a single pass while minimizing space, time, and error (i.e. €).

A special case of Streaming PCA is to estimate the top eigenvector of the covariance matrix of a
distribution D over R?, i.e. given independent samples aj, ..., a,, € R? estimate the top eigenvector
of Exp [aaT]. This encompasses the popular ”spiked covariance model” (Johnstone, 2001).

It is well known that to solve the Streaming PCA problem we could simply compute the em-
pirical covariance matrix % Zie[n] A; and compute the right singular vector of this matrix. Using
matrix Bernstein inequality (Vershynin, 2010; Tropp, 2012) and Wedin’s theorem (Wedin, 1972) we
get the following standard sample complexity bound for the Streaming PCA problem:

Theorem 2 (Eigenvector Concentration using matrix Bernstein and Wedin’s theorem) Under
the assumptions of Definition 1, the top right singular vector Vv of ¥ = %Z A, is an -
approximation to the top eigenvector v of 3 with probability 1 — J, where

1€[n]

sin?(v,vy) < e < 3

d a\?
16V log § 1 4Mlog § 1
()\1—)\2)2 n ()\1—)\2 )

Theorem 2 is essentially the previous best sample complexity we know for solving the Streaming
PCA problem'. Unfortunately, there are severe issues with applying the result algorithmically.
First, computing the empirical covariance matrix S = %Zie[n] A naively requires O(d?) time
and space, and second, computing the top eigenvector of the empirical covariance matrix in general
may require super linear time (Golub and Van Loan, 2012). While there have been many attempts
to produce streaming algorithms that use only O(d) space to solve the streaming PCA problem, as
far as we are aware all previous methods either lose a multiplicative factor of either ﬁ or d in
the analysis in order to achieve constant accuracy when applied in our setting (Balsubramani et al.,
2013; Mitliagkas et al., 2013; Hardt and Price, 2014; Sa et al., 2015; Jin et al., 2015).

In an attempt to overcome this limitation and improve the guarantees for solving the streaming

PCA problem we address the fundamental question:

1. In recent work in (Jin et al., 2015) it was shown that the log(d/¢) factor in the first term could be removed asymptot-
ically for small enough ¢ if only constant success probability is required.
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Can we match the sample complexity of matrix Bernstein + Wedin’s theorem with an
algorithm that uses O(d) space only and takes a single linear-time pass over the input?

We answer the question in the affirmative, showing that we can succeed with constant prob-
ability matching the sample complexity of Theorem 2 up to logarithmic terms and small additive
factors. Interestingly, we achieve this result by providing a novel analysis of the classical Oja’s
algorithm, which is perhaps, the most popular algorithm for Streaming PCA (QOja, 1982).

Algorithm 1 Oja’s algorithm for computing top eigenvector
Input: A;,--- A,
Choose wq uniformly at random from the unit sphere
fort=1,--- ,ndo
Wi < Wi_1 + 7, A;wi_1
wi < wi/ |[wi|,
end for
Output: wy,

Oja’s algorithm is one of the simplest algorithms one would imagine for the streaming PCA
problem (See Algorithm 1). In the case that each A; come from the same distribution D it cor-
responds to simply performing projected stochastic gradient descent on the objective function of
maximizing the Rayleigh Quotient over the distribution max -1 E A~pW ' Aw. Itis well known
that under very mild conditions on the stepsize sequence, Oja’s algorithm asymptotically converges
to the top eigenvector of the covariance matrix 3 (Oja, 1982). However, obtaining optimal rates
of convergence, let alone finite sample guarantees, for Streaming PCA has been quite challenging.
The best known results are off from Theorem 2 by a factor of O (d) (Sa et al., 2015).

In this paper we show that for proper choice of learning rates 7; Oja’s algorithm in fact can
improve the best known results for streaming PCA and answer our question in the affirmative. In
particular we show the following:

Theorem 3 Let the assumptions of Definition 1 hold. Suppose the step size sequence for Algo-
log d

rithm 1 is chosen to be 1; = i) (BH) where
A Mlogd Vleg?d (A\)*log?d
= 40 max , , .
’ ((Al “3)" (a2 (= Ag)?

Then the output wy, of Algorithm 1 is an e-approximation to the top eigenvector v of X satisfying

| Viegd 1 (282"
2 <e<(C|+—"7="% — "
S (WTMVI) €= (()\1 — )\2)2 n - ( n ) ’

with probability greater than 3/4. Here C'is an absolute numerical constant.
The error above should be interpreted as being the sum of a higher order @(%) term and another

O <(2ﬁ/n)210g d) term that decays atleast as o (@) (‘as soon as n > 2(3%). In particular, this
result says that up to an additive lower order term, we can match Theorem 2 with an asymptotic
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error of O (M) with constant probability. The lower order term has § which is the max of

(AM—X2)?n
Mlogd Vleg?d )\% log? d
(A1—A2)?"

M—A2)’ (A—A2)2
as what appe(arls in221"h(eolreni )2. The second one, depending on V has an additional log d factor over
the first order term and is irrelevant once, say n > 103. The third part, depending on \?, does
not appear in Theorem 2, but arises here completely due to computational reasons: we are allowed
only a single linear-time pass over the matrices, while Theorem 2 makes no such assumption. For
instance, consider the case V = 0 which means A; = 3. Matrix Bernstein tells us that one sample
is sufficient to compute v;. However, we still do not know how to compute it using a single pass
over A. Note however, that the rate at which we decrease the lower order terms i.e., o (nTlgd), is
much better than O (1/n?) guaranteed by Theorem 2.

In fact we also improve the asymptotic error rate obtained by Theorem 2. In particular, we prove

)%
(A1—X2)%n

three parts: and The first part, depending on M, is exactly the same

the following result that Oja’s algorithm gets an asymptotic rate of O ( ) which is better

than that of matrix Bernstein by a factor of O (log d).?

Theorem 4 Let the assumptions of Definition 1 hold. Suppose the step size sequence for Algo-
rithm [ is chosen to be n; = m, where

2
/Bémomax( M VEA >

(A1 —A2)" (A1 — A2)?

Suppose n > B12d%1. Then the output wy, of Algorithm 1 is an e-approximation to the top eigen-
vector vi of X satisfying

)% 1 1
.2
sin®(wp,vy) <e < C<(}\1_)\2)2 'n+n2>’

with probability greater than 3/4. Here C' is an absolute numerical constant.

Note that Theorems 3 and 4 guarantee success probability of 3/4. One way to boost the proba-
bility to 1 — 9, for some § > 0, is to run O (log 1/6) copies of the algorithm, each with 3/4 success
probability and then output the geometric median of the solutions, which can be done in nearly
linear time (Cohen et al., 2010). We omit the details here.

Beyond the improved sample complexities we believe our analysis sheds light on the type of
step sizes for which Oja’s algorithm converges quickly and therefore illuminates how to efficiently
perform streaming PCA. Moreover, we believe that our analysis is fairly general and we hope that it
may be extended to make progress on analyzing the many variants of PCA that occur in both theory
and in practice.

1.1. Comparison with Existing Results

Here we compare our sample complexity bounds with existing analyses of various methods. Recall
that we measure the error of estimate w by sin?(w,v;) = 1 — (wvy)2

We consider three popular methods used for computing v;. The first one is the batch method
which computes largest eigenvector of empirical covariance and uses Wedin’s theorem with matrix

2. A similar asymptotic result was recently obtained by (Jin et al., 2015). However, their result requires an initial vector
that is constant close to v1, which itself is a difficult problem.
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Algorithm Error O (d) space?
Oja’s (our result, Theorem 8) O (( /\1_1’)\2)2 . %) Yes
Matrix Bernstein + Wedin’s o ( Viegd 1 ) No
theorem (Theorem 2) (AM1—A2)? m
Alecton (Sa et al., 2015) o ( N %) Yes
Block Power Method (Hardt o ( VAilogd logn ) Yes
and Price, 2014) (A=A2)%  m

Table 1: Asymptotic error guaranteed by various methods under assumptions of Definition 1 with
at least constant probability, and ignoring constant factors. Recall that we define the error to be
sin?(w,v1) = 1 — (w'v1)2 Our analysis provides the optimal 1/n error decay rate as compared
to Alecton and Block power method which obtain 10%. Moreover, our bound is O(d) tighter than
that of Alecton (Sa et al., 2015) and O( A1/\—1A2) tighter bound than that of Block Power Method
(Hardt and Price, 2014). The assumptions made in (Sa et al., 2015) for Alecton are different from
ours (which are much more standard) so we optimized their bounds for our setting. See Section 1.1
for a concrete example where our analysis provides these improvements over (Sa et al., 2015; Hardt

and Price, 2014).

Bernstein inequality (cf. Theorem 2). The second method is Alecton, which is very similar to Oja’s
algorithm (Sa et al., 2015). Finally, we also consider a block-power method (BPM) (Hardt and
Price, 2014; Mitliagkas et al., 2013) which divides samples into different blocks and applies power
iteration to the empirical estimate from each block. See Table 1 for the comparison.

We would like to stress that some of the results we compare to make different assumptions than
Definition 1. The bounds we give for them are our best attempt to adapt their bounds in the setting
of Definition 1 (which is quite standard). In the next paragraph, we give a simple example, which
demonstrates the improvement in our result as compared to existing work.

Let A; = xix;r, where x; € R? and x; = e; with probability 1/d and x; = ce;,1 < j < d
with probability 1/d where e; denotes the 4™ standard basis vector and ¢ < 1. Note that 3 =
E[A;] = (l_oz)elelT + 1071, ||Asll2 < 1 for all i, and ||[E [A;A] || < L. Even for constant

d
accuracy € = (1), Theorem 3 tells us that n = O ( gi"ii;ﬁ) is sufficient. On the other hand,

Theorem 1 of (Sa et al., 2015) requires n = O (%), while Theorem 2.4 of (Hardt and

Price, 2014) requires n = O ( (‘ilfgz)cé > Asymptotically, as n becomes larger, our error scales as

@) <(¢ : l) while that of (Sa et al., 2015) scales as O (L)2 . 10%) and that of (Hardt

1-02)2 n (1—02

and Price, 2014) scales as O (ﬁ . 107% ") Combining matrix Bernstein and Wedin’s theorems

. . dlogd 1
gives an asymptotic error of O ((17 0%)2 : 5).

1.2. Additional Related Work

Existing results for computing largest eigenvector of a data covariance matrix using streaming sam-
ples can be divided into three broad settings: a) stochastic data, b) arbitrary sequence of data, c)
regret bounds for arbitrary sequence of data.
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Stochastic data: Here, the data is assumed to be sampled i.i.d. from a fixed distribution. Our
analysis of Oja’s algorithm as well as those of block power method and Alecton mentioned earlier
are in this setting. (Mitliagkas et al., 2013) also obtained a result in the restricted spiked covariance
model. (Balsubramani et al., 2013) provides an analysis of a modification of Oja’s algorithm but
with an extra O(d®) multiplicative factor compared to ours. (Jin et al., 2015) provides an algorithm
based on shift and invert framework that obtains the same asymptotic error as ours. However, their
algorithm requires warm start with a vector that is already constant close to the top eigenvector,
which itself is a hard problem. For gap free results, the recent paper (Shamir, 2015b) achieves the
optimal asymptotic rate although it loses poly (d) factors with random initialization.

Arbitrary data: In this setting, each row of the data matrix is provided in an arbitrary order.
Most of the existing methods here first compute a sketch of the matrix and use that to compute an
estimate of the top eigenvector (Clarkson and Woodruff, 2009; Liberty, 2013; Nelson and Nguyén,
2013; Cohen et al., 2015; Ghashami et al., 2015; Boutsidis et al., 2015). However, a direct appli-
cation of such techniques to the stochastic setting leads to sample complexity bounds which are
larger by a multiplicative factor of O(d) (ignoring other factors like variance etc). Finally, (Shamir,
2015a; Garber and Hazan, 2015; Jin et al., 2015) also provide methods for eigenvector computation,
but they require multiple passes over the data and hence do not apply to the streaming setting.

Regret bounds: Here, at each step the algorithm has to output an estimate w of v; for which
we get reward of w’ A;w and the goal is to minimize the regret w.r.t. vi. The algorithms in this
regime are mostly based on online convex optimization and applying them in our setting would
again result in a loss of multiplicative O(d). Moreover, typical algorithms in this setting are not
memory efficient (Warmuth and Kuzmin, 2006; Garber et al., 2015).

1.3. Notation

We use bold lowercase letters such as u, v, w to denote vectors and bold uppercase letters such
as A, B, C to denote matrices. For symmetric matrices A and B we use A < B to denote the
condition that x" Az < x'Bx for all x and define B = A analogously. We call a symmetric
matrix A positive semidefinite if A < 0. For symmetric matrices A, B we define the inner product

(A,B) £ Tr (ATB).

1.4. Paper Organization

The rest of this paper is organized as follows. Section 2 introduces basic mathematical facts we
use throughout the paper and also provides a proof of the error bound of the standard batch method
(Theorem 2). Section 3 provides an overview of our approach to analyzing Oja’s algorithm and
provides the main technical result of the paper. We use this technical result in Section 4 to prove our
running time for Oja’s algorithm and justify our choice of step size. Section 5 presents the proof
of our main technical result and we conclude in Section 6 and mention a few interesting future
directions.

2. Preliminaries

Throughout this paper we make frequent use of several basic inequalities regarding power series,
the exponential, and PSD matrices. We summarize the facts here
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Lemma 5 (Basic Inequalities) The following are true:
o 1+ <exp(zx)foral x

. 1+m2exp(m—m2)forallx20

¢ L <X (a:-ii)2 <3z
e (A,B) < (A, C) for PSD matrices A,B,C with B < C
o Tr (ATB) < %Tr (ATA + BTB) for all matrices A, B € R™*",

Proof The first inequality follows from the Taylor expansion of exp(z). The second comes from
1+0 = exp(0—0%) and (1 +2) > L exp(z — 2?) for x > 0. The third follows by considering
upper and lower Riemann sums of fyoil 1/(x + y). The fourth from the fact that since A is PSD
there is a matrix D with DD = A and therefore

(A,B) = Tr (ATB) =Ty (DBDT> < Tr (DCDT) = (A,C) .

The final follows from Cauchy Schwarz and Young’s inequality, i.e. x -y < %(.%'2 +y?) as

1
Tr(BTA) = Y LBTAL < > AL, [BLl, < 5 > (IALI3 +BL3)
i€[n]

i€[n] i€(n]

We next present a matrix Bernstein based proof of the error bound of the batch method.
Proof [Proof of Theorem 2] Using Theorem 1.4 of (Tropp, 2012), we have (w.p. > 1 — d):

lZ:AZ-—ZJ < 2-max wzlogg,ﬂlogcj . (D)
n ) n ' n )

Let Vv be the top eigenvector of s = % >, A,;. Then, using Wedin’s theorem (Wedin, 1972), we
have:

2
< H% Z?:l A — EHQ
- A1 —Aof?
Theorem now follows by combining (1) and (2). |

2

sin?(vy, V)

3. Approach

Let us now describe the approach to analyze Oja’s algorithm. We provide our main theorem regard-
ing the convergence rate of Oja’s algorithm and discuss how it is proved. The details of the proof
are deferred to Section 5 and the use of the theorem to choose step sizes is in Section 4.

One of the primary difficulties in analyzing Oja’s algorithm, or more broadly any algorithm
for streaming PCA, is choosing a suitable potential function to analyze the method. If we try to
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analyze the progress of Oja’s algorithm in every iteration ¢, by measuring the quality of w;, we
run the risk that during the first few iterations of Oja’s algorithm a step may actually yield a w4
that is orthogonal to v;. If this happens, even in the typical best case, where all future samples are
3 itself, we would still fail to converge. In short, if we do not account for the randomness of w
in our potential function then it is difficult to show that a rapidly convergent algorithm does not
catastrophically fail.

Rather than analyzing the convergence of w; directly we instead analyze the convergence of
Oja’s algorithm as an operator on wg. Oja’s algorithm simply considers the matrix

A
n =

B T+ An) T+ np-1An-1) - (T+mA1) 3)

and outputs the normalized result of applying this matrix, B,,, to the random initial vector, i.e.

BnWO
Wy = 70— . 4
" [Bawoll2
Rather than analyze the improvement of w,,; over w,, we analyze B,,;1’s improvement over B,,.
Another interpretation of (3) and (4) is that Oja’s algorithm simply approximates v,, by per-
forming 1 step of the power method on the matrix B,,. Fortunately, analyzing when 1 step of the
power method succeeds is fairly straightforward as we show below:

Lemma 6 (One Step Power Method) Let B € R4 et v € R? be a unit vector, and let V | be
a matrix whose columns form an orthonormal basis of the subspace orthogonal to V. If w € R® is
chosen uniformly at random from the surface of the unit sphere then with probability at least 1 — §

DOy
sin? (v _Bw_ —1_ v Bw )’ < C'log (1/9) Tr (VJ_BB VJ_>
" Bwl| IBw|,/ — 52 STBBTY

where C' is an absolute constant.

Proof As w is distributed uniformly over the sphere, we have: w = g/||g||2 where g ~ N(0, I).
Consequently, with probability at least 1 — §

- (GTBW>2 _g'BT(I-%W)Bg & C1g'BT(I-v)Bg

IBw]l, g'B'Bg - 52 vIBBTv
¢ Clog(1/6) Tr (BT(I—vv')B)
< ~ ~ )
- 52 viBB'v

where C and C' are absolute constants. (; follows as g' B'Bg > (v'Bg)? > %VTBBTV
where the second inequality follows from the fact that v Bg is a Gaussian random variable with
variance HBTG‘E and Pr(]g| < 0) < C§ for a normal random variable g ~ N (0, 1). Similarly, (o
follows from the fact thatg ' BT (I — vv ' )Bg is a x? random variable with Tr (BT (I — vv")B)-
degrees of freedom. [ ]

This lemma makes our goal clear. To show that Oja’s algorithm succeeds we simply need to
show that with constant probability v{ B, B, v1 is relatively large and Tr (V B, B,} V| ) is rel-
atively small, where V| is a matrix whose columns form an orthonormal basis of the subspace
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orthogonal to v;. This immediately alleviates the issues of catastrophic failure that plagued analyz-
ing w,,. So long as we pick n; sufficiently small, i.e. n; = O(1/ max{M,A;}) then I + n;A; is
invertible. In this case B,,B,! is invertible and v{ B,,B,) v > 0. In short, so long as we pick 7;
sufficiently small the quantity we wish to bound Tr (V 1B,B!V J_) /v{B,B, v is always finite.
To actually bound v{ B,,B,) vi and Tr (V[ B,,B,] V | ) we split the analysis into several parts
in Section 5. First, we show that [E [Tr (VIBnBTTL \% l)] is small, which implies by Markov’s in-
equality that Tr (VIBHB;r v L) is small with constant probability. Then, we show that EvlTBnBI Vi
is large and that Var [vlTBnB,TL vl] is small. By Chebyshev’s inequality this implies that vlTBnBIvl
is large with constant probability. Putting these together we achieve the main technical result regard-
ing the analysis of Oja’s method. Once we devise this roadmap, the proof is fairly straightforward.

Theorem 7 (Oja’s Algorithm Convergence Rate) Let 6 > 0 and step sizes n; < m.
The output wy, of Algorithm 1 is an e-approximation to vi with probability at least 1 — § where

1 . n n
€< ) exp | BV Z n? d-exp | —=2(\1 — A2) Z n; | + VZWZZ exp | — Z 2nj(A1 — A2)
i€n] i€[n] i=1 j=it1
where () = ﬁilﬂs) (1 — % exp (18? Z?Zl 7722) — 1), Vv = V + )\%, and C' is an absolute
constant.

Theorem 7 is proved in Section 5. Theorem 7 serves as the basis for our results regarding Oja’s
algorithm. In the next section we show how to use this theorem to choose step sizes and achieve the
main results of this paper.

4. Our Results

Here we show how to use Theorem 7 presented in the previous section to prove the main result of our
paper. The theorem and proof are below and essentially consist of choosing appropriate parameters
to efficiently apply Theorem 7. Once we have this theorem, Theorems 3 and 4 follow by choosing
a = log d and o = 6 respectively.

Theorem 8 Fix any § > 0 and suppose the stepsizes are set to 1, = m for a > % and

Mo (V + ()\1)2> a?
(A1 = A2)" (A1 — A2)2log (1 + 125)

I3 2 20 max

Suppose the number of samples n > 3. Then the output wy, of Algorithm 1 satisfies:

C'log(1/6) B2 a2y 1
L (wn ' va)* < == <d <n> T a1 - n) ’

with probability at least 1 — §. Here C' is an absolute numerical constant.
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Proof Recall that Theorem 7 gives a bound of

n
C3exp 5?2773 d-exp 2(A1 — A2) Zm +VZnZexp —Zan()\l—)\g)

i€[n] 1€[n] j=i+1

(&)

52

A : o
where () = CTog(1/3) <1 f exp (18V S 1171) — 1>. Since n; = o) (B We have

2
Zie[n} 771-2 < ﬁ and by our assumption that m < % log (1 + %), we have:

52
i€[n]
Moreover, since » ;1 i = 525, 108 (1 4+ n/B3), we have
ﬁ 2a
exp [ —2(A1 = A2) ) i §<5+n) : @

i€[n]

Note that Z?:H_l n; < /\13\2 log 71551—11 Moreover, as « > 1/2, we have:

> miexp (=200 —X) Y m
i=1

j=i+1

a? i+p+1
< 2 log —— "~ —
= - A22; 6+ exp<aogn+5+1>
_(B+1)? o’ -

; 2a—2
32 '()\1—>\2)2(n+5+1)2a'Z(z+ﬁ+1) ,

=1
< 20/
- (2a — 1)()\1 — )\2)2(7”& + 5 + 1)

n
(since @« > 1/2 and Zfﬂ < (y+1)Vy > -1).
i=1

3
Substituting (6), (7) and (8) into (5) proves the theorem. |

5. Bounding the Convergence of Qja’s Algorithm

In this section, we present a detailed proof of Theorem 7. The proof follows the approach outlined
in Section 3 and uses the notation of that section, i.e.

o Welet B, 2 (I+ Ay (I+mA;) with By 2 T

o Welet V2V 4 A2

10
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e We let V| € R¥4-1 denote a matrix whose columns form an orthonormal basis for the
subspace orthogonal to vy .

We first provide several technical lemmas bounding the expected behavior of B,, and ultimately use
these lemmas to prove Theorem 7. We begin with a straightforward lemma bounding the rate of
increase of [BtBtT ] in spectral norm.
Lemma9 Forallt > 0andn; > 0 we have
| [BB7]|, < exp | 3 2man +nv
i€[t]
Proof Let oy = |[E [B,B/] ||2, i, E [BB]] < oI Forall t > 0,
E[BB]| = E[(T+nA)B 1Bl (T+nA)T| < arE [(T+nA) T+ nAl),
= B [T mA; + mA] + i AA! | < i [T+ 20+ 0f (32 + VD], ©)
where the last inequality follows from E [4;] = X and,
E [AtAtT] —2|E [(At ~B)(A, - E)T} <%24 VI,
Using (9) along with ||E [BtBtT] |2 = ay, < M1, and X2 < )\%I, we have for V¢ > 0:
ap < (1 + 27715)\1 + 77752()\% + V))Oétfl.

The result follows by using induction along with ag = 1 and 1 4+ z < e”. |

Using Lemma 9 we next bound the expected value of Tr (VJT_BTLB;Lr \% L). Ultimately this will
allow us to bound the value Tr (V | B, B, V| ) with by Markov’s inequality.

Lemma 10 Forallt > 0 and n; < /\% the following holds

¢
E {Tl“ (VIBtB:VLH < exp jez[:t] 2n; X2 + 77]2-9 Ad+ V;nf exp g{l] 2n;(M — A2)

Proof Leta; = IE [Tr (VBB V1 )]. We first simplify o as follows:

= <E [BtBﬂ ,VLVI> - <]E [Bt_lBtT,l} E [(I S pA) VIV <I + mAj)D . (10)

11



JAIN JIN KAKADE NETRAPALLI SIDFORD

Recall that E [A;] = X. Now, the second term on the right hand side can be bounded as follows:
E|I+mA)V.V] (I + UtA;)} ;

=V V] + IV V] + VI VIS B [A VI VIA] ],

=V.V]+pEV. V] + 3V V]S +p/EV, V|Z 4+ /R [(At ~ )V, V(A - E)T} :
2VLVT 4 2000V VT 4 VAT 4 2B (A - 3) (A - 3]

% (L4 2mA +m7A3) VAV +72VI = (1+ 2000 + 0f A3 + 07 V) VIV ] + 07V - vivy

where (; follows from the fact that V | is orthogonal to v, and (5 follows from defintion of V.
Plugging the above into (10), we get for all ¢ > 1,

ar < (14 2mdo + 07 (A3 +V)) <E [Bt—lBtT—l} vVLVI> + 07V <E [Bt—lBL} 7V1V1T> :

)

< (14 2mAe + 77t2v) a1+ 7Y HE [Btle;,r—l} ‘

<exp (2pde +m7V) crr +pVexp [ D midi+ 0V |,
1€t—1]

where the last inequality follows from 1 4+ x < e* and using Lemma 9.
Recursing the above inequality, we obtain

t
o < Z n?V exp Z 20\ + 77?? exp Z 2\ + 7732? + exp Z 20 Ao + ?7]2-V g,
iclt] j=it1 J€li] Jjelt]

t
<exp Z 2n; 2 + 77?? ag+V Z n? exp Z 2n(A1 — A2) + 77?9
Jelt] =1 Jeli]

Since By = I we see that ag = d — 1 < d. Using that n; < /\1—1 < )\% completes the proof. |

Next we provide the lemmas that will allow us to lower bound v{ B;B; v1. In Lemma 11 we
lower bound E [vlTB,gB,;r vl] and in Lemma 12 we upper bound Var [vlTBtBtT vl]. Ultimately,
the lower bound follows using Chebyshev’s inequality.

Lemma 11 Forallt > 0 and n; > 0 we have
E[v/ BB/ vi| > exp | 30 200 — 49223
i€(t]

If we further assume that n; < then E [VIBth—Vl] > exp(A Zie[t] 7)-

1
4-max{A,M}

12
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2

Proof Let 8; = E [v{ B;B/ v1]. Since B; = (I + 1;A;) B;_1, we can bound j3; as

< B, B/ 1} [(I +neAt) vivy (I + A, )D

(e

< Bt_lBt,J ,VlvlT + )\mtvlvlT + )\mtvlvlT> .

[ _ } V1V1 + nt2V1V1 + mvivy s+ nt [Atvlvl *TAT]>
B

v

Consequently 3; > (14 21:\1)B:_1. Furthermore, By = I and hence 8y = ||v1]|3 = 1. Proceeding
by induction and using that 1 + 2 > exp(x — x2) for all z > 0 finishes the proof. |

Lemma 12 Fort > 0 suppose that n; < yforalli € [t] then.

1

4-max{A\1,M
2

E [(vIBtBZ v1) } < exp %4%1 102V

A A 2
Proof Let W, = I+ nA¢) - (T4 m—s41A¢—s41) and y5 = E [(VIWnSW;’rSvl) } Note
that Wt,t =B;andy =E [VIBtBtTvl] . Now,

v =Tr (E [WZ Vv W, W, tvlvlTWt7tD
_ T T T T T T
=Tr (E [ IT+mA )Wy vivy Wi a(T+mA) T+ mA] )Wy vivy W (T+ 771A1)D

(
=Tr (B [(T+ mA])Ga(T+m AN+ A )G (T+mA] ), (11

AN .
where G;_1 = Wg— 1V1 VIWM,L In order to bound the above quantity, we first bound the above

expression for an arbitrary G;_; = G. We then take an expectation over only A; and then finally
take an expectation over G;_1. That is, for an arbitrary fixed symmetric matrix G, we have:

Tr <E [(I + mAlT) G (I+mAy) (I + mAI) G(I+ mAl)D

— Tr (E [(G +mATG +mGA; + anIGA1)2D

~Tr (G2 +mE [AH G? + 1 G2E[A] + G (E A +E [AID G
+1°E [Al GAlG] +n3E [ATGAIG} +72E[GA1GA] + 72°E [GATGAJ
+1RGE [A1AT] G+ nfE [A]G2A | + iE[ATG (A1 + AT) GA |
+n3E [AITGAlAlTG} +13E [GAlAIGAl} +iE {ATGAlATGAlD

= Tr (G?) +4mTr (BG?) + 203Tr (E |A1A] | G?) +0iTr (E[A] GAIG )
42T (E [ATGAIGD + 2T (E[GAGA4)) + 72T (E [GATGA@)

+ 23T ( [ATG (Al n AI) GA1D Ty (E [AIGAlAIGAl}) (12)

13
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‘We now bound the various terms above as follows. Each of the second order terms can be bounded
using Lemma 5 as follows:

s [[are] ez

2
_ % (Tr (GE [AlAlT] G + GE [AlTAl} G)) <(V+ AT (G?).
(13)

IN

E [Tr (AIGAle)}

The third order terms can be bounded as follows:
E [Tr (AIGAleAl)} <E [||A1||2Tr (AIGGAl)]
< (M+A) T (GE[AIAT] G) < (M+A) VT (GY). (14)

where we used the assumption that ||A; |, < ||[A; — X, + || 2], < M + A with probability 1.
Finally the fourth order term can be bounded as

Tr (E [AIGAlAlTGAlb < (M+M\)>Tr (GQE [AlAID < (M+M)?V-Tr (G?).
(15)
Plugging (13), (14) and (15) into (12) tells us that

Tr (E[(T+mA]) G T+ mA) (T+mA] ) G (T+nA1)])
< Tr (G?) + 4m A Tr (G?) + 5niV - Tr (G?)
4 (MAA) V- Tr (G2) +pf (M + M)V - Tr (G?)
= (1 4mds + 572V + i (M 20) V4t (M+ 20)* V) T (G2)
< exp (4mA + 10n7V) Tr (G?)

where in the last line we used that 1; < m and that 1 + = < exp(z)

Using the value G = G;_1 = W;t_lvlvlTth_l and plugging the above into (11), we have

w="Tr (E[(T+mAT) Gy T+ mA) (T+mAT) Gy 1+ mA)] )
< exp (4171)\1 + 107]%?) E [Tr (Gt,12)] = exp (4771)\1 + 107)%?) V-1,

where we used the fact that 1 = E [Tr (Gt_lz)] . Since 9 = 1, induction proves the lemma. H

We now have everything to prove Theorem 7.
Proof [Proof of Theorem 7] As discussed in Section 3 the main idea of this proof to use that Algo-
rithm 1 is essentially one step of power method for the matrix B,, and use Lemma 6 to bound the
error. To this end, we lower and upper bound v, B,,B,) v and Tr (VIBTLB;Lr A% L), respectively.
First, using Chebyshev’s inequality, we have:

1
P leTBnBZVI —E [VlTBnBIvl} ‘ > \/g\/Var [viB,B]vi]| <4

14
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So with probability greater than 1 — §, the following holds:

1
VIBnBIVl >E |:V1anB;|L—V1:| - \/g\/Var [VIBnBZvd

1
—E [v]B.B,vi| - Z\E (\TB.BIvI)’] ~E[v[B.B]v)]’

c n n 1 n o
21 exp (2)\1 Zni —4x2 Zn?) x| 1-— % exp (18217?1/) -1
i=1 i=1

=1

(16)

where (; follows from Lemma 11 and 12.
Furthermore, using Lemma 10 and Markov’s inequality, we have with probability at least 1 — 9,

i 212 + 02V n
- (VIBtB;FVJ_> - exp (ZzE[H] 57] 271 ) Ad+ VZUZQ exp Z 27,]]()\1 . )\2)
=1 Jjeli]

17)

Consequently with probability at least 1 —2¢ both (16) and (17) hold and therefore the result follows
by Lemma 6 and choosing a § that is smaller by a constant. |

6. Conclusion and Future Work

In this paper we presented finite sample complexity and asymptotic convergence rates for the classic
Oja’s algorithm for top-1 component streaming PCA that match well known matrix concentration
and perturbation results for computing the top eigenvector. In fact, asymptotically our bound im-
proves upon standard matrix Bernstein bounds by a factor of O (log d). Our results are tighter than
existing streaming PCA results by a factor of either O (d) or O (1/gap).

Our analysis relied on a novel view of the algorithm and is technically fairly simple. We hope
that our analysis opens a way to make progress on the many variants of PCA that occur in both
theory and practice. In particular, we believe the following directions should be of wide interest:

e Multiple components: Currently, our result holds only for estimating the top eigenvector of
3. Extension of our technique to compute top-k eigenvectors is an important future direction.

e Rayleigh quotient: Another standard metric to measure optimality of w,, is Rayleigh quo-
tient: w,, ' Xwy,. Converting our bounds on sin?(wy, v1) to Rayleigh quotient loses a mul-
tiplicative factor of O (1/gap) compared to the optimal rate. A direct analysis that does not
lose this factor is an interesting open problem. Results on Rayleigh quotient may also help in
obtaining sample complexity guarantees that are independent of eigenvalue gap.

o High Probability: In this work, we focused on obtaining tight bounds on the error. However,
the dependence of our results on success probability is quite suboptimal. One way to fix this
is to run many copies of the algorithm, each with say 3/4 success probability and then output

15
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the geometric median of the solutions, which can be done in nearly linear time (Cohen et al.,
2010). However, we conjecture that a tighter analysis using our techniques might directly
lead to improved dependency on success probability and possibly help solve some of the
other problems we mention above.
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