Supplementary Material for "Non-Count Symmetries in
Boolean & Multi-Valued Prob. Graphical Models"

1. Proof of Theorem 5.1:

Let the transition probability from s; to sy, in NEC-Orbital MCMC be given by TV (s, —
St+1)- And, let To(s; — s¢+1) denote the transition probability because of the last 2 steps
given in Section-5. Then, we can write TNFC as:

TNEC(sy — 5441) = Z TM(sy — s}) - To(sh — 5¢41)
sy€ls(se41)
where I'¢(s¢41) denotes the orbit of s;11 with respect to the original domain

Obeying the notation in Section 5, uj = rep(s}) and u} = rep(s¢11). Also, since the last step
(given in Section 5) is equivalent to sampling s;41 uniformly at random from the sub-orbit
uy, and, if we represent T™H as transition probability for the second step, we get:

To(sy — se1) = T (uy = uff) - P(sea|uy)

=TMH(y) — ).

1
c(uf)
Therefore, we get:
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Lemma: Vs;Vsy such that uy = rep(sy),us = rep(sa2) and Tgr(u1) = Tgr(usz), we have:
T2(81 — 32) = TQ(SQ — 81)

This lemma basically shows that T5 obeys detailed balance with respect to the uniform
distribution over states in the (original) orbit of s; and ss.

Proof of Lemma:
Case 1: uj # ugy

Ty(s1 = 53) = (1 Ay — u2)> -

Case 2: u; = uq
It trivially holds for this case because the expression of 75 doesn’t depend on the states s;



and sg but just their sub-orbit (which is the same in this case).
Now, let 7 denote the unique stationary distribution of the Markov Chain M. We show that
TNEC also has 7 as its stationary distribution, i.e. for any state s € S, we show that:

w(s) =Y m(s0) - TN"(s0 = s)

SpES
Proof:
RHS =Y w(so) - TN"(s0 — 5)
SoES
= Z m(s0) - Z TM (59 — sp) - Ta(sy — s)
S0ES 50€F<1>( s)

Z Z )-TM(sg = sp) - To(sh — s)

$0€ES s{€lg (s)

Z Z )-TM(s}y = so) - Ta(sh — s); because of detailed balance of T™
80€S s{ €T (s)
= Z Z )-TM (s — s0) - To(s), — s); because s) and s are in same orbit

S0€ES s{ €T (s)

S)Z Z TM (s, — s0) - Ta(s}y — 5)

S0€ES s( €T (s)

= 7(s) - Z ZTM(36—>50) -To(sy — )
su€Ta(s) Lso€ES

=m(s)- Z To(sy — )
s(Ele(s)

=m(s)- Z Ty (s — s;); because of the lemma
so€ETa (s)

=m(s)-1

=LHS

Hence, proved.



