Optimal Recovery of Tensor Slices

A Notation

Here we state the notation that will be used throughout this appendix. For n € Z™, [n] denotes the set {1,...,n}.
If X is a matrix, then || X||,, || X||z, and || X||, are respectively the operator, frobenius, and nuclear norms of X.
0;(X) is the i'h largest singular value of X. For a matrix U € R™*" with orthonormal columns, we will refer to
U as a matriz and subspace interchangeably, where the subspace is the space in R™ spanned by the columns of
U; Py = UU" is the projection operator onto the subspace U. We use d(U, U) = ||PU — PUHF as a metric for
subspaces.

B Comparison of slice rank to existing tensor ranks

There are already many definitions of rank for tensors that have been studied. The two most common, on which
the tensor recovery literature has focused, are referred to here as CP rank and Tucker rank. We review the
canonical definitions of these ranks here. See |Kolda and Bader| (2009) for a more thorough treatment of these
concepts.

CP rank The CP rank of a tensor relates to its orthogonal decompositions. A rank-one tensor is any tensor
M € R™*™X™ that is the tensor product of three vectors, i.e. M = u ® v ® w for some u € R™, v € R™, and
w € R™, or equivalently, Mz iy = Ui Ui, w;. For any tensor M, we denote its CP rank as CP(M), which is the
minimum number r such that M can be expressed as the sum of r rank-one tensors.

Tucker rank The Tucker rank of a tensor M, denoted Tucker(M), is the vector (ry,ra,r3), where r4 is the
rank of its mode-d unfolding. This relates to its higher order singular value decomposition: given a tensor of
Tucker rank (ry,rs,73), there exist vectors u!,...,u™ € R™, o' ..., v™ € R™ and w!,...,w"™ € R", and a
smaller tensor S € R™*"2%"s, such that M = 7' >7)% 3% Ef7k2uk1 ® v*2 ® wks

The following Proposition establishes the equivalent definitions for the CP rank and Tucker rank that were
referred to in in the main text.

Proposition 2. (a) M € R™*™*" has CP rank at most r if and only if there exist matrices U € R™*" and

V € R™X" such that each slice of M, M7 can be decomposed as M7 = USIV' ", where each S7 is a diagonal
matrix.

(b) M € R™*™*" has Tucker rank component-wise at most (r,r,l) if and only if there exist matrices
U € R™" and V € R™" such that each slice of M, M7 can be decomposed as M7 = US'V'T, wherein

rank (Span (51, 2., s")) =1 where s € R" is a vectorization of §7.

Proof. We first prove part (a). By definition, M has CP rank at most r if and only if there exist vectors

ul,..um € R™, ol 0" € R™, and w!, ..., w" € R", such that each entry of M can be expressed as
11,12 Zull 22
Let U and V be the matrices with columns u',...,u" and v',...,v", respectively. Then we can equivalently

write the above expression for slices as
T
M’ = wa(ukvk—r) =USVT,
k=1

r

where S7 is the diagonal matrix, whose diagonal elements of wjl, N

Now we prove part (b). By deﬁnition, M has Tucker rank component-wise at most (r,r,1) if and only if there
exist vectors u!,...,u" € R™, ;0" € R™, and w',...,w' € R", and a tensor S € R™*"*! such that
M = Zkl Zkz de S U b ® vkz ® wk3 Equivalently, each entry of M can be expressed as

ks kq ko
1122 E:Z:Z:Sklkzullv w
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Let U and V be the matrices with columns u',...,u" and v',...,v", respectively. Then we can equivalently

write the above expression for slices as

l roor : l
A — Z wfd Z Z Sllzikz (u;ﬂvkz'l') _ Z wfs(USksvT) =U (Z w;“'ﬁ'Sks) vT.

}{)3:1 k1:1 k}2:1 k?3:1 k?3:1
Let W7 = ZkFl wf‘”’ S*3 for each j. Then each W7 is a linear combination of some matrices S*,...,S!, or
. . . 2 . .
equivalently, W1, ..., W", when viewed as vectors in R", span an I-dimensional subspace. O]

C Proof of Proposition 1

Our proof follows a standard Bayesian argument for minimax lower bounds; for example, see the proof of Theorem
1.2 in (Chatterjee| (2014). We will separately show that MSE(M) > C(r2/m?) and MSE(M) > C(r/mn). We first
give a detailed proof that MSE(M) > C(r2/m?). For each ground truth slice M*, let the elements sitting in the
first  rows and first r columns be drawn independently from a uniform distribution, and the remaining elements
set equal to 0:

Uniform([0,1] ifi<randj<r
k )
(5) M5 ~ { .

0 ifi>rorj>r

Note that all slices of M share the same column and row spaces, both with dimension at most r. Finally,
conditional on M, each entry XZ-’fj of X is drawn from the following two point distribution:

(6) X} ~ Ber(M})).
Then for each ¢ < r and j < r, we have
E [Var (M[5|X)] = Var (M];) — Var (E
= Var (11%) — Var (E [115]X5))

1+ X5
= Var (MZE) — Var <+3”>

25/ X])

1 1 1

@) EERETRE

The first equality is the law of total variance. For the second equality, observe that Mi]} is independent of
all entries of X except for its corresponding entry ij The third equality comes from the fact that, having
defined M; to be distributed as Uniform[0, 1] (or equivalently Beta(1,1)), its distribution conditional on X}; is
Beta(1+ XF,2 — X[5).

Then for any estimator M , the definition of variance implies that
2
ok k k
E {(Mij — ) ‘X} > Var (M |X) .
Taking expectations of both sides, and applying @, we have
~ 2 1
k E
E [(Mij ~ ) ] > =

The proof concludes by summing both sides over all entries of M in the first r rows and first r columns (i.e. nr
entries in total) and dividing by m?n.

2

A nearly identical argument shows that MSE(M) > C(r/mn). For the first slice M*, let the elements in the first
r rows be drawn independently from a uniform distribution, and the remaining elements set equal to 0:

Uniform([0,1] ifi <~
0 ifi>r

® AQN{
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Set the entries of the remaining slices equal to the corresponding entries in the first slice, i.e. Mg = Milj for all k.
Once again, conditional on M, each entry X fj is drawn independently from the distribution in @, so while the
slices of M are copies of each other, the slices of X are not. Then for each i < r, we have

E [Var (M| X)] = Var (M) — Var (E [M};|X])
= Var (M};) — Var (E [M}5|X};,... X]])
L+ X5+ 4+ X
n+2

= Var (MZIE) — Var (

1 n 1

©) T 12 12n+2) 6(n+2)

Again, the first equality is the law of total variance, and for the second equality, observe that Mi’} is independent
of all entries of X except for the (i,7)™ entry of each slice. For the third equality, the distribution of MZ
conditional on X},..., X7 is Beta(l 4+ X}; +--- + XJ,n+ 1 — (X + -+ XJ})).

Therefore, for any estimator M we have

[(1-0)] 2 gt

The proof concludes by summing both sides over all entries of M in the first r rows (i.e. nmr entries in total)
and dividing by m?n. O

D Proof of Theorem 1

We will present a more general version of Theorem [1| that relaxes the balanced noise assumption and reflects the
recovery error caused by ‘unbalanced’ noise.

To proceed, we need to precisely quantify the concept of ‘unbalanced’ noise. Recall that if v is the tensor whose
entries are the variances of the corresponding entries of €, i.e. vfj = E[(efj)g], then e is balanced if the row-sums of
v(1) are equal and the row-sums of v(5) are equal. An equivalent way to state this assumption is E[e(l)e(Tl)] =p1ln
and E[e(g)eé)] = pol,, for some constants p; and ps, where I, is the m x m identity matrix. To see this, note
that the off-diagonal elements of E[€(1)€2—1)] and E[G(Q)GE;)] are always equal to zero when the noise terms are
independent, and the diagonal elements are exactly the row sums of v(;) and v(3), so the balanced noise assumption
states that E[e(l)ea)] and E[€(2)62—2)] are multiples of the identity matrix.

For general, possibly unbalanced noise, it turns out that the appropriate quantities to measure the level of
‘unbalance’ in the noise are

1 - 2 1 2
min — ||Eleyeqy] — pI H and min—HEe ein] — pI H .
pmH[(l)(l)} Pimi| g P om [e@ee)] Pim|
These quantities measure how far E[e(l)ez—l)] and E[e(g)eé)] are from a multiple of the identity matrix. One nice
interpretation is that the quantities correspond to population variances, one each for the row-sums of v(;) and the

row-sums of v(). We denote the maximum of these two quantities as 0%, and can now state our more general
result. We will in fact prove Theorem 2 below. Theorem 1 is just the special case where § = 0.

Theorem 2. Assume the entries of M lie in [—1,1]. Suppose the entries of € are independent, mean-zero, and
E[efj] < KS. Then there exists a universal constant ¢ such that for the slice learning algorithm (without trimming),

K22 n K?(K*+1)r? N (K2 +1)r262

SMSE(M) <
(M)<e m? 2, mn 2, mn?

The proof of Theorem [2] involves two steps, corresponding to the two stages of the algorithm: learning subspaces
and projection. In the first step, we show that we are able to closely estimate the column and row spaces, and in
the second step, we show that if our estimates of the ‘true’ column and row spaces are close, then our estimate of
each slice is close.
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D.1 Step 1: Column and Row Space Estimation

To estimate the column space (and similarly the row space), we take the top column singular vectors of
X1y = M) + €@y, so it is important to understand the extent to which €(;) changes the singular vectors of

M(1). Lemma 1 bounds the error of this step. The first result in Lemma is an upper bound on E [d(U7 U)z},
which is the expected error of our subspace estimate. Because of the decomposition we make later on, we

also need to bound E {HekHi d(U, U)Q} for any slice of the noise tensor €*. It would be tempting to say that,

since E [Hekni} < K?m?, we can multiply the first result by K?m?, but unfortunately e* and d(U, U) are not
independent. The second result in Lemma [I] states that this bound still holds.

Lemma 1. Let M € R™ ™" be a matriz with column space U € R™*". Suppose ¢ € R™*™" 4s a random
matriz with independent elements, where each element €;; is mean-zero and E[efj] <KS. Let X =M +¢, and

let U € R™*" be the column singular vectors of X corresponding to its largest r singular values. Then taking
expectation over €, we have

. 4K2m || M]3 + K*m3n + min, ||Elee "] — pI,n, 2
E[d(U,U)2}<24 | M| pH lee ] —p HF’

< (M) and

E [Heluid(mﬁ)z} S24[(277124[( m ||M|p + K mgz(Lr;uanE[ee ] p[mHF’

1

where €' is any m X m submatriz of €.

The proof of Lemma |1 relies on the Davis-Kahan Theorem (Davis and Kahan| (1970))), via a recent extension by
Yu et al.| (2015), which we reproduce as Lemma [2| Note that Lemma [2|is a statement about symmetric matrices,
which we adapt to our setting where the matrices are not symmetric or even square; [Yu et al.| (2015) also show a
version of Lemma [2f for rectangular matrices that is a similar modification to Wedin’s Theorem (Wedin| (1972)),
but applying that directly would not yield as strong a bound as Lemma [I} However, this stronger bound requires
the noise to be balanced.

Lemma 2 (Davis-Kahan Variant; [Yu et al| (2015), Theorem 2). Suppose S and SA'Aare symmetric matrices, and
let U and U be the eigenvectors corresponding to the r largest eigenvalues of S and S, respectively. Let \.(S) and
Ari1(S) be the vt and r + 1% largest eigenvalues of S. Then assuming \.(S) # A\r11(S) , we have

Ol i
A= 56 Ay

Proof. First note that the column singular vectors of M and X are identical to the eigenvectors of MM T and
XX, respectively, and further, the eigenvectors of XX T — pI,, are the same for any p € R. Thus, Lemma
can be applied directly with S = MM, and § = XX — pI,, for any p € R, and A (MM ) = Ay (MM T) =
o (M)? —0,41(M)? = 0,.(M)%

2
o 8min, |[MMT — (XXT — pLy)||5
(10) d(U,U)* < S100) .

To upper bound the numerator, we make the following decomposition:
min [T — (XXT — )| < 2 M+ minlee” L],

< 20T |+ e — Elee] -+ min [Elec”] = pl
and since (a + b + ¢)? < 3(a® + b* + ¢?) for any a,b, ¢ € R, we have

. 2 2 2 . 2
min HMMT —(XXT - pIm)HF <3 (4 HMGTHF + HeeT — E[eeT]HF + min HE[eeT] — pImHF) .
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We have decomposed the numerator of into three terms. The last term is a deterministic quantity. The
proof concludes by bounding the expectation of the first two terms. All of the following calculations proceed in
the same manner: the first equality is a rewriting of expressions in expanded form, the second equality comes
from setting any summands with a lone E[e;;] to zero, and the inequality applies the fact that E[e) } < KS.

2

(11) EMER] = > B[ X Museis

i1 €[m],iz €[m] j€[mn]

= > Y MEE[E,] < KPmM|IE

i1€[m],iz€[m] j€[mn]

(12) E [[Je!]1% [1neeT 3]

HGIH; j{: ZE: M, jé€iy5

i1,i2€[m] \j€[mn]

= > Y MEEld ]

i1,i2E€[m] jE€[mn]

< K*'m® | M|}

2
(13) B[l Bl = Yo var| 3T )+ X Ef| Y e
i€[m] J€[mn] i1 €[m], iz €[m],i1#i2 Jj€[mn]
= Z Z Var [¢})] Z Z E[e,] Ele]
i€[m] j€[mn] 116[ l,i2 €[m],i1#i2 j€[mn]
< K*m’n+ K*m?(m — 1)n = K'm?n
(14)
2 2
A=A SN I SIS ) I ST A SR (D SR
i€[m] \j€[mn] i1,i2€[m],i1#£ia \JE[mn]
=E |l€1||F SO @-e@D I Y Y ey
i€[m] j€[mn] i1,i2€[m],i1#£i2 jE[mn)]

< Kﬁm n+ K°m*(m — 1)n = K%m®n
Combining and completes the first result, and combining and , along with the fact that
E [Helnﬂ < K?m?2, completes the second.

O

D.2 Step 2: Projection onto Estimated Spaces

Lemma [3] decomposes the error of the projection step in terms of the error of our column and row space estimates.
For any slice M*, our estimate of this slice is the projection of X* onto the estimated subspaces U and V i.e.
Py MF Py + Pge P . If U and V are close to U and V, then P Mk Py ~ PyMFPy = M*. Furthermore, since
U and ‘7 are low-dimensional subspaces, PUekPV will be small (this argument needs to be made carefully as U
and V depend on €*).

Lemma 3. Let M' € R™*™ be a matriz with column and row spaces U,V € R™*7. Let ! € R™*™ be a random

matriz, and let U V e R™%" be random subspaces, where none of these variables are required to be independent.
If M* = P 7 (MY + )Py, then taking expectation over €' U, and V:

E MMl - MlM < 9 [||Pue Py 3] +3 |00 | E [44(U, 0) + d(v, V)] +9 [ [[€!][5. (4d(U, 0)* + (v, 7)?)] .
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Proof. We begin by making the following decomposition, where the first two inequalities rely on the sub-
multiplicative and sub-additive properties of the frobenius norm, and the first inequality also relies on the fact
that || Py — PVH2 < 1. The final inequality comes from (a + b+ ¢)? < 3(a® + b% + ¢?).

2
| = 1Pou + )Py = |

— [Py + (Py = PO)IM [Py + (Py — Py)] = M" + Py Py ||,
= ||M"(P; — Py) + (Py — Py) [M' + M' (P, — Py)] + Pye' Py 2

I
1M Py = Po)l| e+ 211(Py = Po)M* |+ [| Pyt Py )

IA

I

IN

(
(2] (24, 0) + (v, 7)) + || Pye' Py | )2
3

IN

22 (44U, 002 + (V. V)?) + 3 | Pye' Py |-

The last term is decomposed further in a similar way:

| Pre' P,

o5 = [P0 + (Py — Po)le' [Py + (Py — Pv)]|[3,

(1Boe Pyl + e (Py = Pv) | +2[[(Py = Po)e']] )

(||PU€1P\/| + €l (Qd(U, U) + d(V, V)))2

A

N

<3| Puet Py} + 3! [ (00,07 +d(v,V)2)

We conclude the proof by taking expectations. O

D.3 Final Steps

We are now ready to conclude the proof. Fix any k € [n]. Lemma 3| first gives us:
~ 2 2 2 ~ A 2 ~ N
E MM’c - MkHF} < 9 [||Pue" Py ||| +3 || M* [ E [4d(U, 0)? + a(v, 1)?| +9E [||e"]|}. (44U, 0)2 + (v, V)?) |

The first term is bounded as follows:
3 R e AR AT I (AR B S
i1E€[r],i2€[r]
The remaining terms are bounded by applying Lemma [1| directly:
4K*m || My ||§J + K*m3n + md?
ot (M) ’
4K%m ||M(1) ||i. + K*m3n + mé?
or (M) ’

E [d(U, 0)2} <24

E [l [3 dw,0)?] < 24K3m?

and similarly for E [d(V, V)Q] and E [HekHi7 (v, V)Q}

Putting all of this together, and replacing running constants with ¢, we have
. 2 [ K22 ME|)? K2m | My || % + K*m®n + ms?
LE HMk_MkH <ec K=r n I ||F+K2 m| '(1)||F monm
F m? m? min;—y o {0} (M)}

K2 2 K2 3 K4 3 52
R e ]

| m? yirmAn?/r
[ K22 K2(K? +1)%m3n + (K? 4+ 1)mé?

+ ~2 mAn2 Jr?

L M
[ K2p2 N K?(K* 4 1)r? n (K% +1)r262
| m?2 Y2 mn yam3n? |’
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In the second step, we plug in our definition of vy, minizlyg{af(M(i))} > yym?n/r, and use the facts that

||MkHi < m? and HM(l)Hi < m?2n. The last two steps are a rearrangement of terms. Note that this entire
analysis holds for any k € [n], so

K2r? N K2(K* +1)r? N (K2 +1)r?s52

A 1 A 2
SMSE(M) = max —E U’M’CM’“H ] < c{ : ; -
F m yirmn v

ke[n] m2

E Additional Numerical Results

Tables [2] and [3] summarize the results of the experiments using data from Xiami.com, in terms of recovering the
Download and Listen slices. See Section for a detailed description of the experiment.

Users  Songs Sparsity Naive Matrix Slice
2,412 1,541 9.6 0.84 (11) 0.87(7)  0.91 (12)
4,951 2,049 7.9 0.83 (14) 0.85(9) 0.91 (12)
27,411 3,472 3.2 0.83 (11) 0.86 (8)  0.91 (14)
23,300 10,106 14.2 0.94 (18) 0.93 (13) 0.94 (18)
53,713 10,199 8.2 0.93 (10) 0.93 (7)  0.94 (20)

Table 2: Summary of experiments on Xiami data for recovering the Download slice. Each row corresponds to an
experiment on a subset of the data. Columns ‘Users’ and ‘Songs’ show the number of users and songs in each
experiment, and ‘Sparsity’ gives the average number of downloads per user in the data. Results for the naive
benchmark, the matrix-based benchmark, and the slice learning algorithm are shown in the last three columns.
The average AUC over 10 replications is reported, along with the rank in parentheses.

Users  Songs  Sparsity Naive Matrix Slice
2,412 1,541 14.8 0.88 (6) 0.88(7) 0.91 (11)
4,951 2,049 12.6 0.88 (7) 0.87 (11) 0.91 (11)
27,411 3,472 7.5 0.87 (6) 0.87(3) 0.90 (9)
23,300 10,106 21.3 0.94 (7) 0.92(8) 0.94 (15)
53,713 10,199 14.1 0.92 (5) 0.92 (12) 0.93 (7)

Table 3: Summary of experiments on Xiami data for recovering the Listen slice. Each row corresponds to
an experiment on a subset of the data. Columns ‘Users’ and ‘Songs’ show the number of users and songs in
each experiment, and ‘Sparsity’ gives the average number of listens per user in the data. Results for the naive
benchmark, the matrix-based benchmark, and the slice learning algorithm are shown in the last three columns.
The average AUC over 10 replications is reported, along with the rank in parentheses.
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