Scalable Greedy Feature Selection via Weak Submodularity

A  Proofs

In this section, we provide detailed proofs of all the results
used in this manuscript. For lemma and theorem statements
repeated from the main text, we add an apostrophe to indi-
cate that it is not a new lemma/theorem being introduced.

‘We make use of the following result that provides an approx-
imation bound for greedy selections for weakly submodular
functions.

Lemma 10. [Das and Kempe, 2011]) Let S* be the opti-
mal k-sized set that maximizes f(-) under the k-sparsity
constraint (see (2)). Let Sg be the set returned by greedy
forward selection (Algorithm 1), then

f(Sa) = (1= exp(—7s¢.k) f(S7)-
A.1 Distributed Greedy
Lemma’ 2. f(G;) > (1 — exp(—g,,x))f(T;)

Proof. From Lemma 1, we know that running greedy on
A; UT; instead of A; will still return the set G,

Lemma 10

f(Gy) (1 —exp(—v6;.x)) s S
SCA,;UT;
> (1 — exp(—v6,;.1)) f(T;).

O

For proving Lemma 3, we require another auxillary result.

%ij(l‘e

Lemma 11. Forany v € A,P(z € U;G;) =
S;)

Proof. We have

P(I S U]‘Gj)
- ZP(J; € A; Nz € GREEDY(A;, k))

- Z]P’(z € A;)P(z € GREEDY(A;, k)|z € A;)
- Z]P’ r€A)P(zeS)
(x €5S;)

We now prove Lemma 3.

Lemma’ 3. 3j € [I], E[f(G)] > (1 — —5) £(S;).

Proof. Fori € [k],let B; : GREEDY (U, G, ), so that B, =
G in step 3 of Algorithm 2. Then,

E[f(Bit1) — f(By)]
> 1 3" Blr € UG)E[/(B: Ux) — f(B1)]
TEA*
empal 2 ZIP’ v €S) | E(f(B; Uz) — f(By))
mEA* J=1
(13)
l
-y YE ~ /(B.)

Jj=1 IES]'

l
=" 6,58 E(/(B: US;) ~ f(B1)
j=1

!
% Y 858 E(f(S5) = £(B1))
j=1

> 5 minE(f(S;) - /(B).

V

Using vB, .k > 76,k, and proceeding now as in the proof of
Theorem 2, we get the desired result.

O

A.2 Stochastic Greedy

Lemma’4. Let A, B C [n], with |B| < k. Consider another

set C drawn randomly from [n]\A with |C| = ["IOTgl/‘W
Then

1-946
Emax f(v UA) = f(A)] 2 ()%(f(s) — f(A).

Proof. To relate the best possible marginal gain from C to
the total gain of including the set B\A into A, we must
upper bound the probability of overlap between C and B\ A
as follows:

P(CN (B\A) # 0) =

IC]
[B\A|
H]\\)

n log 1/5

=

1_( |ﬁ@0

nlogl B\A
> 1o (- )
> 1—exp (—7|B\A|;iog 1/5)
> (1—exp(—logl/s)) BMAL (14)

B\A
(1_6)| l\c la

where (14) is because % < 1.LetS = CnN(B\A). Since
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flwUA) — f(A) is nonnegative,
Elmax /(v UA) — f(A)
B(S # 0)Efmax f(vUA) — F(A)[S # 0
> (1) 2 gmax f0 UB) — (B £ 0
> (1- ) B8R max swum) - sA)is 20
HIEAL S~ fUR) = 18
= (1= 2 A
> L0 pg)  pa).

- k

A.3 Linear regression

Lemma’ 6. For the maximization of the R? (7) vs >
’;"L((SS)), where Cs is the submatrix of C with rows and

max(Cg
columns indexed by S.

Proof. Say A, B is an arbitrary partition of S. Consider,

IPayll3 = y'Pay (15)
= y Xa(XaXa) 'Xay
> I XAY]3Amin (XAXA)™)
1
= IxX'viZe—e——
H Ay||2)\max(X—ArXA)
1
> XAyl

Amax (XSTXS) .

where (15) results from the fact that all orthogonal projec-
tion matrices are symmetric and idempotent. Repeating a
similar analysis for B instead of A, we get

IXAyl3 + X vl3
/\max (X XS)

IXdyl3 '
Amax (XS XS)

\%

IPayll3 + [Psyl3 >

IXsyll3

A similar analysis also gives ||Psy||3 < S (XI X3 which
s Xs

gives the desired result. O

A.4 RSC implies weak subadditivity

Let ﬂ(s) '= MaXgupp(x)€S g(x).

Lemma’ 8. For a support set S C [d], f(S) >

3211V (0)s]3.

Proof. For any v with support in S,
9(8%) = g(0) = g(v) — 9(0)

> <v9(0)7 V> -

L
SIviE.

Using v = +Vg(0)s, we get the desired result.
O

Lemma’ 9. For any support set S, f(S) < 5= Vg(0)s]|3.

Proof. By strong concavity,

9(8) — 9(0) < (Vg(0),8%) - T8I

m
< max(Vyg(0),v)) — 5”"”%7

where v is an arbitrary vector that has support only on S.
Optimizing the RHS over v gives the desired result. O

B Additional experiments

Figures 4,5 shows the performance of all algorithms on the
following metrics: log likelihood (normalized with respect
to a null model), generalization to new test measurements
from the same true support parameter, area under ROC, and
percentage of the true support recovered for [ = 2. Recall
that Figure 1 presents the results from the same experiment
with [ = 10. Clearly, the greedy algorithms benefit more
from increased number of partitions.
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Figure 4: Distributed linear regression, [ = 2 partitions, n =
800 training and test samples, a = 0.5. Training/testing
performance
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Figure 5: Distributed linear regression, | = 2 partitions,
n = 800 training and test samples, & = 0.5. Support
Recovery Performance



