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A Proofs of technical results

A.1 Proof of Proposition 3.1

Lemma A.1 There exists a finite family of polytopes
(Xz)geﬁ such that

(Z) A(I) = Uze,c X

(ii) For each £ € L and f € F, r(-
Xt

, f) is affine on

Proof. Let 1 < n < dand b € B. Let us first prove
that r™( -, b) is piecewise affine. The map f being affine
and defined on A(J), the set £71(b) is a polytope.
Denote yp 1, ..., Ybq its vertices. Let x € A(Z). By
linearity of g(z, ), r™(z,b) can then be written
r"(z,b) = maxg" (z,f !

(b)) = max g"(z, ypp)-

r"(-,b) now appears as the maximum of a finite fam-
ily (8™(-,Yb,p))1<p<q Of linear functions. It is therefore
piecewise affine and so is r(-,b). Therefore, for each
b € B there exists a decomposition of A(Z) into poly-
topes on each of which r(-,b) is affine. B being finite,
we can consider the decomposition (X*)sc, which re-
fines all of them. r(-,b) is therefore affine on each
polytope X¢ for all b € B. Let us now prove that
r(-, f) is affine on each polytope X* for all f € F.

Let f e F, 0 €L, x1,20 € X and X € [0,1]. We
consider the unique decomposition f =3, uP-band
k € K such that supp u C F*. Using the definition of
r and the affinity of r(-,b) on X*, we have

r(Azy + (1 — ANae, f)

s

r(Az1 + (1 — A)ze,b)

beB
= Z,ub (Ar(z1,b) + (1 — M)r(xe,b))
beB
=A Z 2 1'17 Z 12 .'1/'2,
beB beB

= Ar(2q, ) + (1 = Nr(22, f),

where the last equality stands because of the unique-
ness of the decomposition of f lets us recognize the
definitions of r(z1,b) and r(x9,b) from Equation (4).
O

Proof. of Proposition 3.1 (i) Let x € A(Z) and
y € A(J). Denote f = f(y). We consider the unique
decomposition f = >, .zu” - b and k € K such that

supp it C F*. £=1 being affine on F*, we have
g(z,y) € gz, £7(f))

=g |z f!

>

besupp p

=g (%Zub : fl(b)>
beB

= > gl ).

bEsupp p

Then for each 1 < n < d,

g"(x,y) <max Y p’-glx, (b))
bEsupp p
= Zub . maxg"(m7f_1(b))
beB
=> ur r"(z, f),
beB

where for the second equality, we recognized the def-
inition of r"(z,b) from Equation (3) on page 5, and
the the last equality, the definition of r"(z, f) from
Equation (4).

(ii) Let f € F. Thanks to the characterization of
approachability from Proposition 1, there exists = €
A(Z) such that m(z, f) e R%. Let f =3, .5u’ b be
the unique decomposition of f given by Lemma 3.1.
With the same arguments as above, we have for each
1< n<d,

:Zub.rn(

beB

= Z,ub -max g" (z, f (b))

beB

— max > 4 - g (, £ (1))

beB

= maxg" (:U,fl (Z ub - b>>
beB

= maxg"(z,f ' (f)) = maxm"(z, f) <0

Therefore, r(x, f) € RY.

(iii) Let 2 € A(Z), k € K, f1, fo € F¥ and X € [0,1].
We write fi =Y el -band fo =3, cppb - b with
supp p1 C F* and supp po C F*. The unique decom-

position of Af; + (1 — ) f2 given by Lemma 3.1 is then

> b+ (-

beB

AMi+ (1 =Nfo= A)) - b.
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Therefore, using the definition of r and the affinity of
r(z, -) on FFk,

r(z, \f1 + (1= A)f2)
S OSIREIR)

beB
> b+ (-

beB

= )‘ZN? -r(z,b)
beB
SN x(a)

beB
r(z, f2).

A)pf) -

r(z,b)

(iv) is already proved in Lemma A.1. O

A.2 Existence of rl¥!

Proposition A.2 For every k € K, there exists a
map ¥ . A(Z) x RS*T — R? such that

(i) for allz € A(Z), the map ¥ (z,

1s linear;

) i RS 5 R

(ii) for allz € A(T) and f € F*, vlfl(z, f) = r(z, f).

Proof. Let k € K and z € A(Z). Let us consider
span(F*) C RS*Z the linear span of F*. There exists
a basis (f1,..., f;) of span(F¥) such that f, belongs
to F* for each 1 < p < ¢. We now define r*/(z, -) on
span(F*) by setting

r¥(z, f,) :==r(z, f,), for each element f, of the basis,

and extending linearly. r*/(z, -) can then be further
extended to the whole space RS*Z by setting its value
to zero on some complementary subspace of span(F*).

Let us now prove that rl*/(z, -) coincides with r(z, -)
on Fk. Let f € F*. In particular, f belongs to
span(F*) and can be uniquely written

q
F=Y Apfp, where \,...,\ E€R.
p=1

The application r*l (z
have

, - ) being linear by definition, we

q
k]xf :Z/\prmfp
p=1

We now aim at proving that the above sum is equal to
r(x, f). This cannot be done by directly applying the
affinity of r(z, -) (property (iii) in Lemma 3.1) because

some of the above coefficients A, may be negative. To
overcome this, we first separate the terms according to
the signs of the coefficients \,. We denote A™ (resp.
A7) the sum of all positive (resp. negative) coefficients
Ap and write

r[k] l‘ f Z )\ I' x, fp Z )\pr(x7fp)
Ap>0 Ap<0
Ap
Y () ey
Ap>0
+ A” Z( ) r(z, fp)-

Ap<0

Since each of the above sum is now a convex combina-
tion, we can apply the affinity of r(z, - ):

s
HASL

P

>‘>/
+ S

rl(z, f)=At 1 (
Ap>0

Let us prove that
I‘(Q?7 f) -

=At.r x,Z(;\i)fp . (5)

Ap>0

This will prove that rl*l(z, f) = r(z, f).

I'(J,‘,f) -

= (1= 1) (e




Joon Kwon, Vianney Perchet

For relation (5) to be true, it is now enough to prove
that AT + A~ = 1. Since F* C F C A(S)*, for any
fo = (f§)ses € F*, we have

i€Z

Zfis:ZZfiszzlzlz|.

seS i€Z seS €L
€T

By applying the above to f and the f,, we get

ZED BN AED DN DR R PR i

sES SES Ap>0 Ap<0
i€ i€l
S IEDIED B -
Ap>0 seS Ap<0 seS
i€L i€l
=ATZ]+ AT |T],

and we indeed get AT + A~ = 1 by dividing by |Z|,
which concludes the proof. O

A.3 A lemma on L,

Recall that L, was defined as the maximal Lipschitz
constant of mappings r(z,-). Then it is also the max-
imal operator norm of the linear maps rl*(a, - ):

[ (a. D],
'

L, := max max
kEK feRrS*T
acA f#£0

Lemma A.3 L, is a common Lipschitz constant to
r(a, ) and v™(a, ) (k € K and a € A). In other
words, for all k € KL and a € A, we have

(i) for all f, f' € RS*T, ||r¥(a, f) — xl)(a, f1)]], <
Lellf = F'llys

(i) for all f,f'
L |l = fll5-

€ F, lkr(a, f) —r(a, fl, <

Proof. Property (i) follows from the definition of L,
and the linearity of the map rl*l(a, -).

(ii) Let k € K, a € A and f,f € F. (.Fk)kelc
being a finite decomposition of F into convex poly-
topes, there exists a finite sequence (k1, ko, ..., k) in
KC such that the k,’s are all different and a sequence
(fo=1f, f1, f2,..., fg = f') in the affine segment [f, f’]
such that [f,_1, f,] C F* for each 1 < p < g, see Fig-

ure 1. Therefore, using the fact that rl*1(a, -) and

Figure 1: An illustrative figure of the sequence (fy =

faflaf27~--7fq:f/) .

________ \/

r(a, - ) coincide on F*' for all k' € K, we can write

Fhams

Joor o £,

Ir(a, f) = r(a, /')l

q
= 1> (x(a, fp—1) — x(a, £,))
p=1 2
> kel (a, £, 1) = xl*l(a, £,)
p=1 2

q
<X [ @, £om0) =xa, £,

q

LrZ”fp 1= fp”g
fLrllf Fllas

where the last equality holds because the points
fos- .., fq are aligned and ordered. O

A.4 Proof of Proposition 3.2

Proof. Using the definition of R,

= Z Z rll(a, L ipg=t3 A" - f)

keK acA

= Z A - plRol (g
acA

= Z A?-r(a, f) =r(x, f),
acA

where the second equality holds because by linear-
ity of rl¥l(a, -) (Proposition A.2), the fourth because
rlkol(z, ) and r(x, -) coincide on F*o (property (ii) in
Proposition A.2, and the last by affinity of r(-, f) on
X* (property (iv) in Proposition 3.1). O
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A.5 Proof of Proposition 3.3
(i) Let k € K. R '(R%) is a closed convex cone as the
inverse image via a linear application of the closed con-
vex cone R? (Proposition C.5). F¥ is a closed convex
cone by definition, and (F¥)4 is thus a closed convex
cone as a Cartesian product of closed convex cones.
Therefore, C¥ = R, *(R%) N (FF)A is also a closed
convex cone as the intersection of two closed convex
cones. Then, C is also a closed convex cone as a Carte-

sian product of closed convex cones.
(i) Let § = (§**)rex € C. By definition of C, for each
acA

ke K, (g
Therefore, g € er;g(]:f)A

SR

ke

Jaca belongs to C*¥ and thus to (FF4,
. Moreover,

aE.A)

belongs to R%. Indeed, each term of the above sum
belongs to R? because for all k € K, (§**),e4 € C* C
R, '(R%).

(iii) This full information game has convex compact
decision sets and a bilinear payoff function. Thanks
to the characterization of approachable closed convex
cones in full information, the statement of the propo-
sition is then equivalent to Blackwell condition:

gz, f)ecC

which we now aim at proving. Let f € F and kg €
K such that f € F*o. According to property (ii) in
Proposition 3.1, there exists x € A(Z) such that such
that r(z, f) € RZ. By Proposition 3.1, there exists
¢ € L such that 2 € X’ and we can write = as a
convex combination of the vertices of X

{(A%A € A(A)

VfeF, 3 e A(K x A),

x:Z)\a-a where

= supp(A*)een C X

Now consider the random decision

T = (]l{k=k0})\a)];§§ A(’C X .A)

and let us prove that g(z, f) € C. We have by defini-
tion of g:

8(7, f) = (Tip=p} A 'f)l;§§7

and since C = [rex C*, we only have to check that
(A?f) 4 belongs to Cro = R,:()l (RL) N (Fho)A, First,
because f € F¥ A*f belongs to the closed convex
cone FFo = R, F* and we have indeed (A\*f),ec4 €
(Fko)A. Then, let us prove that Ry, (A\*f)aca) € RY.

Using Proposition 3.2,

Ry, (A" flaca) =R ((]1{k_k0})\a . f)’;é’i)
=r(z, f) € R? .

Therefore, We have proved that (A*f).eca belongs to
Cho = R_ (R%) N (Fko)A and thus, that g(%, f) € C,
which concludes the proof O

A.6 Properties of the estimate ft.

Lemma A.4 Forallt > 1

(i) E[fi| 6] =Elf1G1;
(ii) E [HftHz‘gt} < IV'Q
III
72

Proof. (i) Let ¢ € Z. Using the conditional expecta-
tion with respect to event {i; =i}, we have

_ Lyi,—iy
gt] —E {Mt_”gt] . gt}
s

P

E [, | Gt, {ir = i}]

E[ [6St |yt7gt7 {Zt = Z}] |gta {Zt = Z}]
E

=E

E|f:

lic = i1 G E ‘ Gr, {ic = z}}

[s(i,y¢) | Ge, {ir = i}]
[s(i,y¢) | Gi

=E[f; ]G],
hence the result.

(ii) We write

E Al ]l{lt—z} 2
[HftH2 ‘ Qt] Z H Pl =100, |9
[Zt =1| Gy
6,
XEl; W gu{zt—z}]
1 ) . '
e [18.,12] 6o, tie = Y]
1
z?
< ]
Y

inequality  stands  because
~v/|Z| by definition of the algorithm.

where the last

Plic=14|G] >
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(iii) We have

ZH L
_Z|gt
||5st\|
=2 Y=g o o
1€T Z|gt]
|I| sy = |I\
72 1€T “2

B Proof of Theorem 4.1

B.1 Average auxiliary payoff gr is close to
auxiliary target set C

Lemma B.1
E[ds (3, €)] < 5o + 0

Proof. For t > 1, we can write
2

t—1 i—1
=Pz (1) g. | =argmin||z—n> g
s= zez s=1 2

= Ty
z _§||Z||2 :

Then, Theorem D.1 together with the fact that
|2l = ez, <
2 2

1 gives

T
Z 115 -

By taking the expectation and dividing by T', we get
1
7> (G |ét>]
t=1
T
_ 2

1]

t=1

We first analyze the first sum of the right-hand side.
Let us prove that each scalar product (g:|Z;) is non-
positive in expectation. For all 1 <t < T, we replace
gi by its definition:

E[(g:2)] = E Kg((kt,at)vft)‘gtﬂ .

da 1
Z gt|2t S ?

t=1

max Z Jt|2

zeZ

1\3\3

zeZ

- 1
B max (3rl2)| < 517+

n
—E
T

We then consider the conditional expectation with re-
spect to G;. The application g((k¢, a;), - ) being linear,
and the variables k;, a; and Z; being measurable with

respect to Gy, we can make E [ ft

gt} appear as fol-

folz) ]
[ft\gtD\ /)]

((kt,at) [fe1Ge])|Ze)]
8((ke, ar), fo)|z0)]
where we used Lemma A.4 to replace the conditional

expectation of ft by the conditional expectation of f;.
Now consider the sigma-algebra H; generated by

lows:

(kl,al,zl,sl, .. .,kt_l,at_l,zt_l, St—l)-

By definition of the algorithm, the law of random vari-
able (k¢, a;) knowing H; is Z;. We now resume the
above computation by introducing the conditional ex-
pectation with respect to H; and f;:

E [(g:|20)] = E [(&((kt, ar), fe)[24)]

E [(&((ke, ar), fe)|Ze) | He, fil]
(& (E[(Ke, ar) | He, fe] s fr)]20)]
(g (E
(

(
& (E [(kt, ar) | Hel, f2)]2)]
g(Zt, f1)|2e)] -

By definition of the algorithm, Z; = %X(%;). In other
words (see Proposition 3.3), for all f € F, the scalar
product (g(Z¢, f)|Z:) is nonpositive. This is in partic-
ular true for f = f;. Therefore, E [(g:]Z:)] < 0.

E[
E[
E[
E[
E[

We now turn to the second sum that involves the
squared norms ||§t|\§ For 1 < t < T, using the defini-
tion of g,

13012 = &(Ckeae). ).

= Z H]l{k=kt}]l{a=at}ft z
ke

acA

2

(ﬂ{k:kt}]l{a:at}ft) ek
ac

2
2

t .
2
Using (ii) from Lemma B.1, we have

2 (18] = |} - e o] < 2

Putting everything together, we obtain in expectation
the following bound on the distance from gr to C:

2
< Lo e
2nT 2y

E [d2 (3r. €)] = E max Grl2)
€2
where the above equality comes from the expression of
the Euclidean distance to C given by Proposition C.6.
O
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B.2 From g7 in the auxiliary space to R(jr)
in the initial space

Lemma B.2

dz (R(gr), RZ) <

(LeVIKTIAD - s (37, €).

Proof. It follows from property (ii) in Proposition 3.3
that C € R™!(R%). Therefore, we can write

d2(R(gr), RY) = min [R(Gr) — o',

/eRd

N

min R(gr) —
geR_l(Ri)H (97)

R(9)ll,
R(9)ll,

<R[ - min [lgr — gl
gec

< min ||R(gr) -
geC

= IR| - d; (1, C),

where ||R| is the operator norm of R. To conclude
the proof, let us prove that the latter is bounded from
above by Ly\/|K|]A]. Let g € (RS*T)AXA. By defi-
nition of R, and using the Lipschitz constant L, from
Lemma A.3 which is common to the linear applications
rl¥l(a, -), we have

IR@I, = |3 ¥, g)| <3 [

ke ke
acA 9 acA

<Y Le|[g, < Le | IKIALY llgkells

kex ke
acA acA

= LeV/IKI Al 1131l

which concludes the proof. O

B.3 Decomposition of R(jr)

We have the following expression of the image by R of
the average auxiliary payoff grp.

Lemma B.3

Proof. Using the definitions of R, g¢, g, and the lin-
earity of R and rl¥l(a, -), we can write

T T
R(;z@ - Y RG) = EY Y e

(a, ]l{kzkt}]l{a=’“}ft>

= t=1
T

a) -t (a, fr(k, a)).

B.4 Average estimator fT(k,a) is close to
average flag fr(k,a)

Lemma B.4

Z Ar(k,a) HfT(k7a) - fT(k’a)Hz
kEK

acA

8 8
< |z —+—].
2111141 (= + 37 )

Proof. Let k € K and a € A. Consider the random
process (X(k,a))i>1 defined by

Xu(k,@) 1= gk, amay (fi = i)

and to which we are aiming at applying Corol-
lary E4. (Xi(k,a))i>1 is a martingale difference se-
quence with respect to filtration (G;);>1. Indeed, since
Lfr,=k, ay—a) is measurable with respect to Gy,

E[8ibemt, amay (0= 11) | G1]
=1ik,=k, a=a} B [ft — ft ‘ gt] =0.

where the last equality follows from (i) in Lemma A 4.
Moreover, using (iii) from Lemma A.4, we bound each
Xt(k,a) as follows.

+ H(S(ivyt))iesz

2l > lIsCiyo)ll3
i€l

II\ 217
ST VIS

IXe(ks0)lly < £ = 1|, < ||

i

L+ 15l
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where we used the fact that v > 1 for the last inequal-
ity. As far as the conditional variances are concerned,
we have

E (1601 6] =& |20k i [ £ |0
<E _ ftftHi‘gt]
< [Ji[]o] + ]

Iz)*

2|72
<—+|I|<L.

where the first term of the second line has been
bounded using property (ii) from Lemma A.4, whereas
the second term is bounded by |Z| since

. 2
> lIsCiyolls < 171

i€l

102 = |86, )izl =

Therefore we have

T 2
LY e [Ixka3] 6] < 2L
t=1

We can now apply Corollary E.4 with M = 2|Z| /v
and V = 2|Z|? /7 to get:

T
1 8|7 8T
E||=> Xk P R e
th_l « ] VT~ ' 3Ty

Besides, it follows from the definition of X;(k,a) that

HMH

W(k,a) = Ar(k, a) (fT(k,a) —fT(k,a)).

Finally, by summing over k and a, we obtain:

> Atk o) | (Frth o)~ Fr(k )
ke
acA
<A (e + 57 )

O

B.5 Average estimator ]?T(k, a) is close to FF

Lemma B.5

ZdQ gT7 c

kex
acA

1 7)?
< VIKTA <M+”">

2y

Proof. Consider the set Z, defined by

Zy = H ((

ke

Fhen BQ)A

and let us assume for the moment that the following
inclusion holds:

Zo C VK] A - 2. (6)
For each k € K and a € A, F¥ being a closed convex
cone, Proposition C.6 gives the following expression of
the distance of gk® to F*:

~ka kY __ J
d2 (gT ’ JT..C) - Ekaer(r]l:%%(oﬁBz <g

éc_'a|§ka> )

By summing over k and a, we have:

ZdQ gT7 c

ke

_ § max < ka|~k:a>
ska k)o
ek ” e(Fk)°enB2
acA acA

—max ¥ (3r12)

Ze2y ke
acA

< VIKTIA] - ma (3r12)
= VK[ : (3r, €),

where for the inequality we used inclusion (6), and for
the last equality Proposition C.6 together with the fact
that Z = C°NB, by definition. Taking the expectation
and substituting distance ds(gz, C) by the bound from
Lemma B.1 yields the result.

Let us now prove inclusion (6). Let Z = (2%%),cxc €
acA

Z,. First, let us prove that z € C°. Let g€ C. We can

write
<§‘2> _ Z < ka|~ka>
kex
a€A

But for each k € K and a € A, by definition of Zo,

we have zF¢ € (FF)°, and since C C [],cxc(FF)A

by definition, we also have k¢ € FF. Therefore,

(g"*|z¥*) < 0 and consequently, (j[Z) < 0. This
proves Z, C C°.
Let 2 € Zy. By definition of Z,, we have ||§’m||2 <

for all k € K and a € A. Thus

> ks <

keK
acA

VKA

121l =

and therefore 2y C /|K||A] - By. Finally, we have

20Céoﬂ\/“C||A"82:

IKIIAl- 2
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B.6 rl¥l (a,fT(kz,a)) is close to r(a, fr(k,a))

Lemma B.6

5 Ar (k) e(e, Frth, o) ~ ¥, fr (k)

keEX
acA

8 8
< Lo TIIKTAI (<= + 7

+ L, \/W<+n|f|>.

Proof. Let (k,a) € K x A and denote f := fr(k,a)
and f := fr(k,a) to alleviate notation. Denote PI¥!
the Euclidean projection onto F*. Then of course
P (f) belongs to F¥, and since r(a, -) and rl*l(q, -)
coincide on F* by Proposition A.2, we can write

v(a, ) —r"(a, f) =
—waP“<»

(aﬂ r(a, f) +r(a, f)
"(a, PM(f)) = e (a, f).
Thus, by taking the norm and using the triangle in-

equality and the Lipschitz constant L, which is com-
mon to r(a, -) and r¥l(a, -) to get

ra.s) =¥ a5,

el 12 a0 7).

We now multiply by Ar(k,a). The last term in the
above right-hand side is transformed as

2r(k,a) - ds (ﬁ .7-"0’“) —2.d, (AT(k,a)f, Ff)

:2'd2(§§“a7 ]:f)v

where used the fact that F* is a convex cone to push

the factor Ar(k,a) into the distance. Therefore,

Ar(k, a) Hr(a, £) -, f)H2

< Lo de(k,o)| £ = 7|+ 220 da (38, 7).

Finally, we get the result by taking the expectation,
summing over k and a, and plugging Lemmas B.4
and B.5. |

B.7 g is closer to R? than r

Lemma B.7

dy | > Ar(k,a)- gl

a7gT(k7a))7 Ri

kex
acA
2 | Do Ar(k,a) - x(a, fr(k,a)), RY
kek
acA
Proof. Let £k € K and a € A. First note that

f(gr(k,a)) = fr(k,a).

)

Indeed, using the affinity of

_ 1
f(yr(k,a)) =f W Z Yt

teENT (k,a)

1
= INg(k, a)] 2

teNT(k,a)

> =

tENT (k,a)

£(yt)

1

= fr(k,a).

N (v Jrth
For each component n € {l,...,d}, we have
g"(a,yr(k,a)) < r"(a, fr(k,a)) by property (i) in
Proposition 3.1. Finally, using the explicit expression

of the Euclidean distance to R%, we have

ang(kva))v Rci

Z )\T(kva) : g(

ke
acA
2
d
= Z Z)\Tka "(a, yr(k,a))
n=1 \ kek
acA +

d
< Z Z)‘T(kaa) 'rn(aafT(kaa))
n=1 \ kek
acA +
=dy | Y Ar(k,a)-r(a, fr(k,a)), R
keK
acA

O

B.8 Decomposition of g(a,y:) with respect to
the realized auxiliary decision (k:,a:)

Lemma B.8

=) = 3 Arlha) s

t=1 kex
acA

S

a,yr(k, a))
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Proof. Using the definitions of N7 (k, a) and Ar(k, a),
and the linearity of g(a, - ), we have

DYDY

kE/CtEN ka
ghrenr(ka)

T

1

ng at, Yt) g(a, yt)
t=1

_y ekl

> gla,w)

keK T |NT(k’a)| teNT(k,a)
a€A
= Ar(k,a) - ga, r(k, a)).
ke
acA

B.9 From g(i;,j;) to glas,y:)
Lemma B.9
T T

1
Z g(it, jit) ng(atuyt) 1
= t=1 2
_ 27 llgl,
X \/T

+27|gll, -

Proof. Consider the process (X¢);>1 defined by

Xt = g(itajt) - (1 - V)g(a’tayt) - ’Yg(uﬂyt)a

and the filtration (G;):>1 where G, is generated by

(klaalay17i1asl7"'7

kt—1,0i—1,Yt—1,%t—1,5¢—1, ktvatvyt)'

(Xt)¢>1 i1s martingale difference sequence with respect
to filtration (G;);>1. Indeed, knowing Gj, the law of 4,
s (1 — y)as + yu by definition of the algorithm, and
thus the law of (i, j;) is ((1 —v)as +yu) @ y;. We can
then write, by bilinearity of g:

E[g(it, 4¢) | Gi] = (1 = v)g(as, yi) + v8(u, yi).

Moreover, || X¢|, is always bounded by 2 ||g||,:

1 Xelly = 11 =) (g(ie, ji) — &(at, yr))
+ (8 (it, 3t) — g(u, yt)) |2
< (1 =)lglic, ji) — glat, ye)l2
+ Mg, ji) — 8w, yo)ll2
<2|glly-

We can thus apply Corollary E.2 with M = 2|g||, to

get
T

o

t=1

" JT

] < 2/ llgls
2

Therefore,

T T
Tz:: it, Jt TZ:: atayt

2

(Xi +(g(u, yt) — glas, y)))

Il
N
MH

~
Il
—

2

T
%Z U ?Jt amyt))

A
N =
MH

~
Il
-

2 2

< Xy

N[ -
[M]=

+ 278l
2

t=1

And taking the expectation:

1 & 1 &
E = E g(it, ji) — = § g(at, yt)
T T
t=1 t=1 2
27 gl
< ———=+2 .
T v llgll2

B.10 Final bound

We now combine the above lemmas in the order spec-
ified at the beginning of the section to get:

2V I8l
VT

T L7 IK] 1Al (

E [ds (37, R%)] < + 27 lgll;

8 L8 8

VI 3T~

3L n|Z|
KA | —=+—|.
T |<nT : )

Injecting the values of 7 and -~y yields the result.

C Closed Convex Cones

Throughout the section, W will be a finite-dimensional
vector space and W* its dual.

Definition C.1 A nonempty subset C of W is a closed
convez cone if it is closed and if for all w,w’ € C and
A€ Ry, we have w+w' € C and Aw € C.

The following proposition gathers a few immediate
properties.

Proposition C.2
VEL.

(i) A closed convex cone is con-

(i) An intersection of closed convex cones is a closed
convex cone.
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(iii) A Cartesian product of closed convex cones is a
closed convex cone.

(iv) A half-space of the form {w € W | (z|w)
some z € W*) is a closed convex cone.

< 0} (for

Definition C.3 Let A be a subset of W. The polar
cone of A is a subset of the dual space W* defined by

A° ={zeW"|Vw e A, (w|z) <0}.

The following proposition is an immediate consequence
of the Bipolar theorem — see e.g. Theorem 3.3.14
in Borwein and Lewis [2010].

Proposition C.4 Let A be a subset of W.

(i) A°° is the smallest closed convex cone containing

A.
(i) If A is closed and convez, then A°° =R A.
(i1i) If A is a closed convex cone, then A°° = A.

Proposition C.5 Let p : W — W be a linear appli-
cation between two finite-dimensional vector spaces W
and W, p* its transpose, C and C closed convex cones
in W and W respectively.

(i) ¢(C) is a closed convex cone.

(i) Then o= '(C) = ©*(C°)°.
18 a closed convex cone.

In particular, o=(C)

Proof. Property (i) is obvious. We prove property

(ii) as follows. For w € W,

wep ) = ¢w) el < ¢w)eC>
— Viel® (fp(w)) <0
— Vzel° (p*(®)|w) <0
=  wep*(C°) .

Therefore, p~1(C) is a closed convex cone because it
is a polar cone. O

Proposition C.6 Let C be a closed convex cone in
R™. For all point w € R™, its Euclidean distance to C
can be written

d2 (’LU, C) ==

max_ (wlz) .
z€C°NB3

where By denotes the closed unit FEuclidean ball.

D A regret minimization bound

The following statement is classic in the regret min-
imization literature—see e.g. Shalev-Shwartz [2011,
Theorem 2.4].

Theorem D.1 Let n > 1, R™ endowed with its
canonical Euclidean structure, Z a nonempty convex
compact subset of R?, (u4)i>1 a sequence in R™, n > 0,

and
1 2
>—2||z||2}, >

2 = argmax { <nZus
||Z||2

Then, for all T > 1

T

T
max Y (u|z) Z (ug]ze)
z€EZ
t=1 t=1

T
n 2
33 Il

E Concentration inequalities

The following result is a generalization to vector-
valued martingale differences of Hoeffding—Azuma’s
inequality and is due to Kallenberg and Sztencel
[1991].

Proposition E.1 Let (U;)i>1 be a sequence of mar-

tingale differences in R?, bounded almost-surely by
M > 0:
vt > 1,

Then, for every e >0 and T ,
T
1 Te?
T tEZI U, 2 > 6] < 2exp (_4M2) .

Corollary E.2 Under the assumptions of Proposi-

tion F.1, we have:
[T
M,/ =.
T

Proof. The result follows from Proposition E.1 by
integrating the tail of the distribution:

Bllorl = [ F

+OO 2 2
</ 9e—Te*/4M? 4.
0
—+oo
:2/ e*EQ(T/4M2)ds:M1/E.
0 T

The following Bernstein-like inequality is proved
in Pinelis [1994]—see also [Tarres and Yao, 2014,
Corollary A.2].

10l < M, as.
>1

T

1
72U

[[Uzll, > ] de
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Proposition E.3 Let (X;);>1 be a martingale differ-
ence sequence in a Hilbert space with respect to a filtra-
tion (Gi)i>0. Suppose that || X;|| < M almost-surely,
and

T
= B[ 6] < V.
t=1

Then,

t
P [ max Z Xy
=1

LIS |

52
S PR Yo ) (——
6] P ( oTV + 2Ms/3>

Corollary E.4 Under the assumptions of Proposi-

tion E.3,
V. 4aM
< =4+ —.
] 4\&\/T+3T

Proof. Let A > 0 to be chosen later.

E

1 T
72X

Blel) = [ (%] > ] ae

<2 "o (Sorr v
(A + /A - (‘M) ds)
:”@f[%mamiMm%@
([ G
oozt
|4

4 M
<2442 MY
+T(A+3>

Choosing A = /2V/T gives:

_ \% M
B (1% ] < avEy %+



