Supplementary Material of “Less than a Single Pass:
Stochastically Controlled Stochastic Gradient”

A Comparison to Existing Methods

A.1 Computation Complexity

Table 1 summarizes the characteristics of 11 existing popular algorithms as well as SCSG. The
table includes the computation cost of optimizing non-strongly-convex functions (column 1) and
strongly convex functions (column 2). Here strong convexity is only assumed on f instead of
individual f;. In practice, the amount of tuning is of major concern. For this reason, a fixed stepsize
is usually preferred to a complicated stepsize scheme and it is better that the tuning parameter does
not depend on unknown quantities; e.g., Dy. These issues are documented in column 3 and column 4.
Moreover, many algorithms requires ||V f;|| to be bounded or at least f; to be Lipschitz. However,
this assumption is not realistic in many cases and it is better to discard it. To address this issue, we
document it in column 5. For all existing method, the complexity depends on € through ¢/ Dy L,
which is a scale-free quantity. For convenience, we denote it by €.

General Convex Strongly Convex Constant 7? Depend on Dy?  f; Lipschitz?
SCSG O((nAS=)1) O((nAnL+r)logt) Yes No No
SGD[4, 12]' 0 (%) 0 (Zlog 1) Yes/No No/Yes? Yes
SAGA[3]? 0 (%) O ((n+ r)log %) Yes No No
SVRG[6]* - O ((n+ k) log 5) Yes No No
APSDCA[13] O(nnA%) O ((n+ r)log %) Yes No No
APCG[9]® () O (ny/rlog L) Yes No No
SPDCJ[16]’ - o ((n + v/nk)log ;,) Yes No No
Catalyst[8]® 0] j?) O ((n+ v/nk)log %) No No No
SVRG++[2]° O (nlog L + 1) O((n+r*)log L+ 1) Yes No No
MSVRG[11]'° O (n+ Jx) - No Yes Yes
AMSVRG[I0]' O ((nA/Z)logd) O((n+rAnym)logt)  Yes No No
Katyusha[1]'2 O(n+.%) O ((n+ v/nk)log %) No No No

Table 1: Comparison of the computation cost of SCSG and other algorithms. The third column
indicates whether the algorithm uses a fixed stepsize 7n; the fourth column indicates whether the
tuning parameter depends on Dy; the last column indicates whether f; is required to be Lipschitz or
(almost) equivalently |V f;|| is required to be bounded. €’ denotes €/ Dg L.

!Corollary 2.2 of [4] for the general convex case and Corollary 1 of [12] for the strongly convex case. The
former is stated for E||V f () ||* instead of Ef (1) — f(=*) to adapt to non-convex problems, but the latter has
the same rate if f is convex. The latter is proved only for SVM but is potentially extended to more general cases.

*For the general convex case, the stepsize is set to be Do/ /T for given number of total steps 7', which is a
constant but rely on Dy and T'; for the strongly convex case, the stepsize at step ¢ is set to be proportional to 1/¢.

3Section 2 of [3] for both cases.

*No result for the general convex case and Theorem 1 of [6] for the strongly convex case.



A.2 Communication Complexity

Note that CoCoA has an additional factor H [5] determining the iteration complexity 7" and hence
the tradeoff between computation and communication. We discuss the details in Appendix B.1).
These methods are considered in the datacenter/workers model in which there are m worker machines
with an (almost) equal number of data stored in each. In contrast to SCSG, instead of sub-sampling,
these methods save on communication cost by performing updates locally. Specifically, the iterate
is updated in each node in parallel and sent to the datacenter; then the datacenter sums or averages
the updates and broadcasts the result to each node. As a consequence, under our computational
model, the communication cost is the product of the number of nodes and the iteration complexity,
namely O(mT'). Among these methods, DANE and DiSCO are second-order methods while SCSG
and CoCoA are first-order methods. We record this in column 3 to emphasize the dependence on
dimension. (Another first-order method which is similar to SVRG has been developed by [7]; we
do not consider this method in our comparison due to the lack of theoretical results.) In addition,
we show the computation cost in column 4. As seen from Table 2, SCSG is the only method whose
communication cost is free of the number of nodes. This suggests that SCSG is more scalable
in the distributed setting where a large number of worker machines exist; e.g., the mobile device
system. Comparing SCSG with CoCoA, we find that with the same amount of computation, SCSG

is more communication-efficient when ¢ >> —L—_ in which case the former has a cost I log %

while the latter has a cost at least m? log % (see Appendix B.1 for details). Further, if the problem
is well-conditioned in the sense that K ~ %, then the communication cost of CoCoA is m?ne log %

which could be much larger than that of SCSG once € >> ﬁ On the other hand, both DANE and
DiSCO depend on the condition number in terms of communication and depend on sample size in
terms of computation if m << n. We notice that the computation cost of DANE and DiSCO match
that of SCSG only when m = (ne), in which case the communication cost depends on the sample

size. In contrast, this tradeoff does not appear in SCSG.

General Convex Strongly Convex Dim. Dependence Comp. Cost
SCSG O ((nA %’g)log 1) O ((nA %) log &) O(d) O((n/\%—i—m) log &)
CoCoA[5]" - 0 (m2 : ﬁ log 5) O(d) O((nAS§=+k)log L)
DANE[14]'¢ - O (mrlog %) O(d?) O (%2 log &)
DiSCO[15]" - @) (m\/ﬁlog klog 6%) O(d?) 0] (%\/Elog klog 617)

Table 2: Comparison of communication cost between SCSG and other algorithms. The third column
shows the dimension dependence and the fourth column shows the additional assumptions required
other than smoothness and strong convexity. €' denotes €/ Dg L.

3Section 4.4 of [13] for Lasso and and Theorem 1 of [13] for the strongly convex case.

%Theorem 1 of [9] for both cases.

"No results for the general convex case and Section 1 of [16] for Empirical Risk Minimization.

8Table 1 of [8] for both cases

“Theorem 7.1 of [2] for the general convex case and Theorem 5.1 of [2] for the strongly convex case.

0Corollary 13 of [11] for the general convex case and no result for the strongly convex case.

"Theorem 2 of [10] for the general convex case and Theorem 3 of [10] for the strongly convex case.

2Theorem 5.1 of [1] for the general convex case and Theorem 3.1 for the strongly convex case.

"*No result for the general convex case and Theorem 2 of [5] for the strongly convex case.

"4No results for the general convex case (the results in [14] only hold for quadratic programming) and Theorem
4 of [14] for the strongly convex case.

15No results for the general convex case and Theorem 3 of [15] for the strongly convex case. For the latter
we do not take the pre-conditioning step into consideration for fair comparison and hence p = L; see [15] for
details.



B Technical Proofs

B.1 Lemmas

Proof [Lemma 1] Let W; = I(i € 7), then it is easy to see that

EW? =EW; = E, EW, W, = BB-1) (1)
n nin—1)
Then g can be reformulated as
1 « .
= EZWini(x ).
i=1
Since x* is the optimum of f, we have
ZEWVfl Zwl Vf(z*) =0,
and
1 - * * *
Elgl* = 55 D EWR|V i)+ Y BW WiV fi(a*), V fu ( )>)
i=1 i/
1 B-1 i .
=52 —ZHWZ )II* + HZWW ), Vfirle >>)
i/
1 B B - ’
~ B (n )levfz I+ )
1 (B B
-z (2- )an 2
__n=B 1 oz (= B)Ga
i=1
|

Lemma 3 Under Assumption A1 and A2 with i possibly equal to 0,
IV fi(z) = VEI? < 2L(fi(x) = fily) — (Vfi(y), = — y))
#20 (10) — 50) ~ (Vh(ehoy =)~ e —ol?)
The same bound holds if we interchange x and y on right-hand side. In particular, when p = 0,
IV fi(2) =V fi@)lI* < 2L min{fi(x) — fi(y) —(Vfi(y), 2 —y), fiy) = fi(x) = (V fi(z),y —2)}.

Proof [Lemma 3] By Lemma A1 of [3], for any z,y € R?,

@) = 110 > (V)2 =) + 5=V h(e) = VEG)IP + g e = ol

- %_ﬂ(sz(fC) - Vfi(y),z —y)

L A - IV fi(z) — VS, ML
= T2V =9+ g s V@) VAW + g sl ol
I
“I-a —(Vfi(z),z —y),
which proves the lemma. [ ]



Proof [Lemma 2] We prove that for any z,

Gy
Or < 2SIV A + 4ldo 2P

In fact, by Lemma 3,

File®) = Ji(@) 2 (Vfi(@), 2" = 2) + S IV - V@)

Summing the above inequality for all ¢ results in
* * 1 . * 2
fl@®) 2 fl@) +{Vf(z), 2" —2) + o Do IVEia) = V@) 2)
i=1
Since x* is a minimizer, we know that f(z*) < f(x) and thus
1 - * 2 * * * * (|2
Y D oIVEi@) = Vi(@)|® < (Vf(x),x —a*) = (Vf(z) = Vf@@*),z —a*) < Lo — 2|
i=1

On the other hand, note that for any a, b € RP,

[t

1 1
la = b* = llall* + BlI* — 2(a, ) = S llall® = [Ib]I* + S lla = 2611* = Sllall” = [1B]*,

Thus,
4LZIIV1} )P — ZIIsz P < Ljw—z*|*.

The first part of the lemma is then proved by settlng x = Zy. For the second part, we exchange x and
z* in equation (2) and obtain that

1 — 1 —
f(x) > f(a*) + 5L Z IV fi(z*) = Vfi(z)|* > B+ 3L Z IV fi(z*) = V fi(z)]]?.
=1 1=1

Apply the same argument as above we prove the second inequality of the lemma.

|
Lemmad LetZ € {1,--- ,n} be a random subset with size B, i be a random element of T and
v=Vfilz) - Vfi(z)+ ZVfZ
161'

thus for any 8 > 1, under Assumption A1 and A2 with p possibly equal to 0, it holds that
Bllv|* < 2L(1+ B){{Vf(x),x —a*) — (f(z) — f(2")} +2L(L + B)(f(Z) — f(z"))

+20+ (- D EEEL S u149) (10 - 560 - Sla—at). @)

(n—1)B L
In particular when p = 0,
E|v|* <2L(1 + B){(Vf(x),x — x*) = (f(x) = f(2*))} + 2L(1 + B)(f (&) — f(«*))

+L(1+(5—1)—1)M.%.

(n—1)B @

Proof [Lemma 4] Notice that for any 5 > 0,

lz+yl* < L+ 87 ll* + (1 + B)llyll?
then for 5 > 1 we have

E|v|? = E[(Vfi(z) = Vfi(a")) = (Vfi(Z) = Vfilz vaz (@)

zEI



< (L4 BE(VSi(z) = Vi(a)IIP + A+ BTHEN(Vfi(@) = Vil ZVfl )|

zEI
= (1 +B)E|V fi(x) - Vfi(z *)||2 (1 +BTHEIN(V fi(@) - V fi(a™)
L SVAE) - VAE) + 5 Y V)
i€l zGI
< (L+ B)EIVfi(z) = VEi(a")|IP + 1+ DE|(V fi(&) - V fi(z™)) — % Y (V@) = Vi)
€L
+(1+ (- EH*ZVL )|I?
i€L
< (1+ B)EVfi(z) = VFi(a")* + 1+ BE[V fi(&) - V fi(a")]*
+(1+ (- EH*ZVJZ %,
i€

where the last inequality uses the fact that

B Z Vfi(x) = Vfi(z")) = E(Vfi(2) = V fi(27)|T)

1€L

and the trivial inequality F(X — E(X|Z))? < EX?2. For the first term, by Lemma 3 we obtain that
E|[Vfi(z) = Vfi(a")|]* < 2LE(fi(z*) — fi(z) = (Vfi(z),2" —))
208 (i) = o)~ (V") = %) = Fllo =)
Note that Ef;(x) = f(z) and EV f;(z) = V f(z), the above expression can be simplified as
||V fi(z) = Vfi(z")||* < 2LE(f(2*) — f(z) = (Vf(z), 2" — 2))
2k () - 1) = Gl "] )
For the second term, we simply use Lemma 3 with ¢ = 0 and obtain that

E|Vfi(7) = Vfi(a")|* < 2LE(fi(Z) - fi(2") = (Vfi(2"), % — 27)) = 2L(f(2) — f(z")).

Combining the above results and Lemma 1, we conclude that
Elv|l> <2L(1+ B){(Vf(z),2 — ) — (f(x) — f(z")} + 2L(1 + B)(f(Z) — f(*))

L= ) EEEL S u149) (1) - 5 - Fla -t ).

B.2 Convergence Analysis of Non-Strongly Convex Case

Proof [Theorem 1] We prove Theorem 1 with
1 O — 1
WT—0T—0-V0) ° 26/T—0-0)2

It is easy to show C7,Cy < 2.5 when 6 < % via numerical calculation.

C =

Now we state the main proof. In stage j, xo = Z;_1, and we have 0 < £ < N;. In the following
argument, we omit the subscript j for brevity.

I1? = Ellzk — o — nl® = Ellay, — 2*||* — 20B(vg, 21, — @) + n°E||ve]|®
= Ella — "|1* = 20B(9 £ @), 25 — 27) + 1P B

< Ellog — 2*||* = 2n{1 — Ly(1 + B)}E(V f (zx), 2x — 27)

E||lag+1 — x



= 2L(1 + B)’E(f (zx) — f(2™)) + 2L(1 + B)n°E(f (o) — f(27))
FLE+ (- 1)) G

(n—1)B L

where the last inequality uses Lemma 4. Here we restrict £ such that

8 < % ~ 1 (5)
Noticing that (5) implies that n < 1/L(1 4 ) and the convexity of f implies
(V) xp —2%) = flax) = f(2"),
we have
2nE(f(xx) — f(z)) < 20{1 — L(1 + B)}E(V f(xx), 2x — 2*) + 2L(L + B)n’E(f (z) — f(z"))
< Ellog — 2”)|* = Ellzngr — 2”|* + 2L(1 + B)°E(f(z0) — f(2¥))

+ L1+ (B-1)"Hn? (n=B) Gn

. 6
(n=1)B L ©
By definition of NV (IV;),

k

E(f(an) = f(@") = Y LE(f () = fla")),

k>1
and
2 7" |2
Elloy - "2 = 32 LBlleg — 27,
k>1
where A = (1 — )~ is the normalization factor. In order to be concise, let

(n—B) G,

mn-DB L ™

A(n,8,B) = L1+ (8 -1)"")n?
Setting k = 0 in (6),
Ellz1—2*||* < Ellzo—2*|*~2n{1-L(1+B)n}E(f (z0)—f (¢™)+A(n, 8, B) < Ellxo—z*|\2+(A8§n,ﬁ, B)
It then follows from (6) and (8) that

k
2E(f(aw) = F@")) = Y 2B (o) — f(@"))

k>1

k
<3 Bl — 2|2 = Bl = 2*%) + 2L+ BE(f(w0) — £(z*)) + AG. 5. B)
k>1
Ellx, — 2*12 = S k=1 _ ARVEllzn — %12
A S RIS o1+ R (r) — £6)) + D06 B)

CElley = a2 = s (0T = M) Ellay — 2|

+20°L(1 + B)E(f(z0) — f(2")) + A, B, B)

A
Ello — o2 = Yo (V7 = Bk — 2¥|)?

! 2PLA BB o) — N+ (14 ) A6, )

_ e ||2 a2
o= = Hen = o n + B)E( (o) — 1) + A0, 6.5)

—2 =Y (Blao " ~ Bl - oY)+ 27°L(1+ BB o) — £(a") + - Ao, 5, B).

This implies that

2E(f(25)—f(27)) < 1_77(11*3||92‘j_1—96"\|2—]1*3||9i‘j—96*||2)+2772L(lJrﬁ)E(f(3?“1'-1)—f(x*))Jr%A(n,ﬁ,B)-
©))



By convexity of f, we have
20{1 = nL(1 + B)}TE(f(z7) — f(z7))

< Z {2nE(f(Z;) — f(2")) = 20°L(1 + B)E(f(Fj-1) — ("))} + 207 L(L + B)(f(Z0) — f(z™)) + %A(m@ B)

— 7~ * ~ * T
120 — 2*||* + 20° L(1 + B)(f (Zo) — f(z")) + ;A(n,@ B)
1 272 - sz, T
s\ -tk (1+5) ) l[Zo — 27| +;A(n,5,B)
1, . N T
SinO_'x ||2+7A(n’ﬂaB)a
gl gl
where the third inequality uses the smoothness of f, i.e.,

~ * L ~ *
f(Zo) — f(z") < EHIO —a*|f?,
and the fourth inequality uses the fact that
L2 (1+8) < {nL(1+B)}* < 1.

Then
_ . 1 Dy 1
B =@ < 7 gy na T a2l kG 1 A P
_ 1. Do + o B nL (n—B) Gn
T 2p{l—-nL1+pB)}y B-12{1-nL(1+pB)}y(n-1)B L
ST {1 -00+48)  B-12(l—60+B (mn—1)B L
e J1+ Jo.

We distinguish two cases:
1. If B = n, then Jo = 0. Setting 5 = 1 implies that

y . 1 LD
E(f(or) = S < 5 55— 53

2. If B < n, then optimizing J over the set B = {f : 8 > 1,0(1 + 8) < 1} produces
= /(1 — 0)/0, in which case (5) is satisfied and

7 - 1 LDy
YT 20yT—0(V1—0— Vo)
and
7o = 0 (n—B) Gn
T oWV1I—0-Vory(n—1)B L
|
Based on Theorem 1, we can obtain the following result.
Corollary 3 Under the settings of Theorem 1, assume 0 € ( % ) and
B > min { 2056 G} (10)
ye L
and 201Dy L
T > 0 2 (11)
0~y €
Then

E(f(#7) - f(z*)) < €.



Proof [Corollary 3] It is easy to verify that under (20) and (21),

€
- < =
T 0y T2
and
00 (=B Gu_c
y(n—1)B L — 2
Therefore,

As a direct consequence, we obtain the computation and communication complexity of SCSG for
non-strongly convex case.

Proof [Corollary 1] It is known from Corollary 3 that
E(f(zr) - f(z")) < e
The computation cost is
) nL G,
ECeomp = E;(B + N;)=E2BT =0 (DO min {6, 62}) .

By Lemma 2, we know that

S lev]z )|I? +4Dy = O(1)

L) DoL
EC’COmp:O<min{n,§;-€} 2 )

Similarly the communication cost is

ECoomm = EBT = O <min{n,G" : L} DOL) .

L? ¢ €

and as a result,

B.3 Convergence Analysis of Strongly Convex Case With Assumption A2

Similarly to the last section, we first establish a slightly more accurate version of Theorem 2 as
follows.

Theorem 3 Let Dy = &g — z*||% Ifn =
assumptions hold:

(i) 7>1—nu,m210g<1_17)/1g<1 )

1 2
(”) Y= 1 — Ny, m = 2Lp,17 = (;:92) :

Lim for some 6 € (0, 3), and one of the following

where k = L/ is the condition number. Then

1. If B=n,

2Ln )T. LDy _ (1_ (L+u)(1—29))T_ 5LDy

E(f(@r) — f(z")) < (1—2W7 0 L+ p—2u0 6



2. IfB<n,

V(e < 2D (L+p)(1—0—/001-6 46 (n—B) Gn
E(f(@r)-f(=") < —5 (1 Ltp u9+\/17— ) *ﬁ_\[) (n—1)B L

Remark 1 Note that when 6 < %,

(L+p)(1—20)

>1-20
L+p—2u0 ~ ’
and thus Part 1 can be simplified by a slightly weaker bound as in Theorem 2:
LD
20)T - 5Py _ o1, (20)71
Similarly,
L 1—-0—+/0(1-96 —
(L) 0=0) __y_ fra—g-_ LOOTVI—0) g
L+ p—p(6++/0(1-0)) L+pv/1—0(v/1—60—0)

and thus Part 2 can be simplified by a slightly weaker bound as in Theorem 2

.
2

(V20)T . % = 10LDy - (26)

Furthermore, Part 2 of the Theorem implies that the constant C's in Theorem 2 is
4

“ v

and it is easy to see that C's < 20 if 0 < 3.
Proof [Theorem 3] Similar to the proof of Theorem 1, if 3 satisfies (5), then 1 — Ln(1 + 58) > 0 and

Ellzrpr — 2* < {1 = 9*uL(1 + B)}E|lzr — 2*|* — 2n{1 — Ly(1 + B)}E(V f(2x), 2k — 2)
= 2(L = p)(1+ B)’E(f (wr) — f(2")) + 2L(1 + B)n*E(f (x0) — f(a))

_1y, 2 (n=B) Gn
+L(1+(B-1) )nm-f (12)
< (1= Bl — 2** = 20{1 — pn(1 + B)IE(f (2x) — f(2"))
+2L(1+ B)nE(f (wo) — f(a")) + L1 + (B - 1)—1)772((:_‘11)3])3 : i
(13)

where the last inequality is from the strong convexity of f, i.e.
(Vf(xr), zn —2%) = (f(2r) — f(27)) + %Hfﬂk — %
Setting £ = 0, we have
Ellzy —*||* < (1= pn)Ellzo — «*||* = 27 (1 = (L + p)n(1 + B)) E(f(zo) — f(z")) + A(n, B, B)
< (1~ un)Ellzo — 2*||* + A(n, 8, B), (14)
where A(n, 8, B) is defined by (7). By definition of N (the stage index j is omitted for brevity),
1 m k

oy v o) — F(z*
B (o) = ) = sy 2o (o g B ) = £

and

1 “ 7’“
Ellzy — 2*[]? = E||lz, — z*||?,
o =1 = s 3 el =l



where A(m, ) is the normalization factor such that

m k

Am, ) =3

= (1= pn)k
It then follows from (13) and (14) that
2n{1 — (1 + B)}E(f (zn) — f(a" )Z 2l = (1 -+ B)YE(S (o) = f(a)
k=1
" (Ellak 2> Ellrgg, — 2 .
<7 Z’vk( Ty xf*ij >+22L1+5 E(f(a0) — £(a*)) + A, 6, B)
m k—1
{wExl — )% - Wﬂznxk —a } + 22 L(1 + B)E(f(wo) — f (")) + An, B, B)
m k—1
{E||x1—x| - LM) Bl — x*||2}+2n2L<1+5>E<f<xo>—f<w*>>+A<n,/3,B>
e {Eml—x = A= = )Em—x*||2}+2n2L<1+mE<f<xo>—f<x*>>+A<n,ﬁ,B>

Alm.~) ? — f(z™)).
< yIem 7)) Ay, 8, B) + 22 L(1 + B)E(f(wo) — F("))

The above inequality can be rewritten as

om{1 — (1 + B)E(f(zn) — f(z*)) + W

Elzy —z*|? 15)

<DPLQ+ BB (an) ~ ") + 5ol — "I + (14 o ) AmB.B). 16

A(m,7)
Define A as Ln(1+ )
= max N v
v e ) )
then
{1 = (1 + V(@) - 1)+ SO g o - 2 (14 o) A, )
=201 = (1 + AN (o) - £ + LD Dy o L (14 ) A6 B
) lm{l ~ 1+ BB o) = ) + = o - s (14 ) A6
- [277{1 1+ BB ) - )+ SO g g (1 o) A(n,ﬁ,m]

This implies that
{1 — un(1 + BYE(f(@r) — fa*)) + LEDE TN ga o

1-— ~ *
MEH% — |2

o7 [Zn{l (L + B)YE(f(Go) — Fla)) +

s (14 ey ) A )

2
+ iA(nvﬂaB)a

T [277{1 — (1 + DB @0) — fa)) + D gz, )y 2

10



where the last inequality uses the fact that A(m,~y) > /(1 — un) > 1 and hence

B(f(@r) ~ £(a")) < N7 | B(f o) ~ f(27) + -0 =Dy — o7

1

+ A(n, 8, B
a = N =+ By )
AN+ T, (18)
Now we prove that under both conditions (i) and (ii),
Ln(1+8) gl .
1=pn(1+pB) = (1 =~)A(m,7)
(i) Since
wowe(i) /o 25)
1—x L —pn

then it can be verified that

y—= (1 —pn) 1 —pn(l+B) 0
mzlog( 1—vy Ln(1+ B) +1>/log<1/ﬂ7) 19

by noticing that

Y- A=p) @+ 6 (’y(lun) 1) Lo +p) _plom+p) 1
1—vy Ln(1+5) - 1—vy Ln(1+8)  LA+B)(1-7) ~ 2(1-9)

where the last inequality uses the fact that 5 > 1. Then

i _ Y _ 1-— Ui . 1—771” -1 > Ln(l +6)
1—9)A(m,y) m ko1 — v \™ ~1—un(1+p8)’
(1 =7)A(m,7) (1—7)216:1(171,”) gl (m) —1 p(1+ B)
(i1)
m>_ Lo A=2um)(d — pn)
~ 2Lun* 2Lpun?
then
v c Ao _-mp o 2Ly Ln(l+5)

(I=7A(m,y) ~ m(l—v)  mnp — 1=2un ~ 1—un(l+5)
Therefore, in both cases,
__In(+5)
1—pun(l+5)
Now we distinguish two cases:
1. If B = n, then Jo = 0. Set 3 = 1 then
2Ln

)\:
1 =2un
and I . )
<k (1+( — n)( —v))DO_
2 Lpy(1 = 2pn)
Note that p < (u+ L)/2 < Land vy > 1 — un,
L P 5LD,
JI<—=[(1+———+|Dg< .
=0 ( +9(19)) ="
Therefore,

2Ln )T. LDy _ (1_ (L+M)(1—26‘))T.5LD0.

E(f(zr) — f(2")) < (1—2M77 0 L+ p—2ub 6

11



2. If B < n, then
iy B B G.__ M B (n-B) G
L+pn(l+8) -1 (n-1)B L ~1-601+p) -1 (n—1)B L
As in the smooth case, set 5 = \/m, then (5) is satisfied and
40 (n—B) Gy,
VI—0-+v8)?2 (n—1)B L’

<
R

Jy <

In addition,

~

L (1 —pn)(1—9)
Jp < 1+
2 Lpy{1 — pm(1 + /(1 - 0)
Similar to the case B = n, we have
L 4(1 — 1-— L 4 LD
o< b1 Az =)\ L 4 o 5EDo
2 0~ 2 0

where the first inequality uses the fact that

0(1—46 1
1— 1+ /(1 -0) >1—7771+\/1— _1—¥2§
and the second inequality uses v > 1 — un. Therefore,
T
N o _ BLD, (L + p)vV1I—0(v1—0—+0)
B(f(ar) - f@") < 250 (1-
Lt p—p(0++/0(1-10))
n 40 (n—B) Gn
(VI=0-+60)?2 (n—1)B L~
|
Based on Theorem 3, we can obtain the following result.
Corollary 4 Under the settings of Theorem 3, assume 0 € (0, % o) and
2Cs0 Gy,
B > min {n7 3 L} (20)

where C4 is defined in Theorem 3 and

10D, L 1
> _
T_log( oe )/log< 20), 21
E(f(Zr) — f(z")) <e
Proof [Corollary 4] By remark 1, it is easy to verify that under (20) and (21),

T
5LDy (| (L+ )1 =0(v/1T—0—0) - 5LD0(@)T <&
0 L+ p—p(0+/0(1-0)) 0 2
and
40 (n—B) G, 030G, ¢
: T
(VI=0-+0)?2 (n—-1)B L B L —2
Therefore,

Proof [Corollary 2] It is known from Corollary 4 that
E(f(ar) — f(z")) <e

12



The computation cost is
T
ECcomp =EY (B+ N;) <T(B+m).
j=1

2
Now we consider two conditions separately. By definition, m = (';:01 2)

=O(
. k Gn0 K Dy
ECcomp = O (mm{ 02 Te + 02} 9)

Gn 21
L2 — L2n

£

2 and hence

Recalling that

> IV fi(@o)lI* + 4Dy,

i=1

L DoL
]ECcomp—O<mln{n+[{ i2 .6+H}10g 2 >

In contrast, the communication cost does not depend on m and hence

ECcomm—IEBT—O<<n/\G”~L> log D°L>.
€

we conclude that

L2 €

C Miscellanies

C.1 Convergence Analysis for Strongle Convex Case (Under Assumption A3)

In some applications, Assumption A2 might not be valid but Assumption A3 is. Since [ is generally
hard to estimate in cases without a Lo-regularization term, for which Assumption A2 holds and
better results can be obtained from Theorem 2, we sample /N; from a geometric distribution as in the
general convex case. The following theorem provides a similar result to Theorem 2, assuming only
Al and A3 but requiring more stringent conditions on the parameters.
Theorem 4 Assume Al and A3. Let N;
11—
(=——T oL
Hnoy
1. If B=nand( <1, then
E(f(ir) — f(a")) < ¢T(f(F0) — f(=);
2. If B<nand(+ anl < 1 for some o« > 0, then

E(f(zr) — f(z")) < (T (f(@0) = f(2") + —=

where ¢ = ¢ + anL.
Proof [Theorem 4] With an identical proof to Theorem 1, we reach the equation (9):
~ * 1- Y ~ * ~ * ~ * 1
E(f (%)= f(27)) < T(Elleq—w 1P ~EllZ;—a"*)+2n° LO+B)E(f (Z-1)— f(x ))+;A(n, B,B)

Instead of summing over j, we use the strong convexity of f and obtain that

ME(f (&)~ f (")) < 1‘7”.%E(f@;1>—f(w*>>+2n2L<1+ﬂ>E<f<ch>—f<x*>>+§A<n,ﬂ,B>.
Rearranging the terms we have
E(f(Z;) — f(@") < (C+ (B=1nL)E(f(Zj-1) — f(z")) + %A(mﬁ, B).

We distinguish two cases:

13



1. If B = n, we set § = 1 and then
E(f(&;) — f(2")) < CE(f(Zj-1) — f(2¥))
which proves Part 1 of the theorem;
2. If B <n,weset3 =1+ «and then
1+« n—B

B/ () ~ 1) < CE(F(E5-1) = a) + 5 nGn gy

Then a standard argument shows that

E(f(2r) — fz”

=
IN
ey
~
—~
(=
—
8
=)
S~—
\
=
8
*
=
+
2

The requirement that ¢ < 1 implies that

11
— 270 o, oL <1,
oy
and these results together imply that
5 2L
1=y~ o~

Denote by k = % the condition number of f, then
1 _

This plays a similar role to m as in the previous subsection with x replaced by /. Similar to Corollary
2, we can derive the computation and communication cost as follows.

Corollary 5 Assume Al and A3. Let k = % denote the condition number of f. Set vy to satisfy
1 _
—— > 1+ cK,
-y
for some ¢ > 8 and set n = %for any 0 with

1
— 420 < 1.
p + 20 <

Further, select the batch size B and number of stages T' such that

oo [ S) 7o (82 22)]

Sfor some large enough constants Cy, Cs which only depend on c and 0. Then E(f(Zr) — f(z*)) < e
and
G

n L DyL G, L DyL
]ECcomp:O<(n/\LQ~6+/<;>log 2), ]ECcomm:O<<n/\L2-€>log 0 >

€

Proof [Corollary 5] Since —— > 1+ c& and = £, it holds that

1 9
1— L’

1
< — +26.
= ct +
Since ¢ > 8, there exists # > 0 such that ¢ < 1. Similarly, there exists & > 0 such that
1
0:— +(2 <1
{0: 5 +2+a)f <1}

is a non-empty set. Then under our settings, for sufficiently large Cy and Cs, E(f(Z7) — f(z*)) < e.
Similar to Corollary 1 and Corollary 2, we prove that

DyL DyL
IECcomp:O<(n/\Gn+f<a> log 0 ), IECcomm:O<(n/\Gn> log0>.
Le Le €

€
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C.2 Communication Cost of CoCoA (Table 2)

CoCoA has an additional factor H [5] determining the iteration complexity 7" and hence the tradeoff
between computation and communication. For given H, the computation cost of CoCoA is HT.
Under our notation, Theorem 2 of [5] implies that the iteration complexity

T=Q mn n—HilogDOL =0 mlogi .
1-0 n € €

To match the computation cost of CoCoA to SCSG, we assume

HO(l(nA%Jrn)).
m Le

Then equation (5) of [5] implies that

NP

H G nte ntr
nAST:+kK
@Z(l— i m) Sexp{—m~“}—<(l— m) )
n+Kk n n—+k n—+kK

In most applications, m/n is bounded away from 1. Suppose m/n < ¢ < 1, then

ntr TL/\&
[e) > ((1_()%)n/\czg+n éexp{—c- Le + K

n-+kK

where ¢ = —(~!log(1 — (). Note that for any a > 0, 1/(1 — e~%) > a1, we conclude that

1 >l n;—lﬁj
1-06 nAFE+ K

1
T=0Q m-in;_'% log = | .
n/\L—:Jrn €

As a consequence, we obtain that the communication cost of CoCoA is at least
n-+k 1
2. —— log —.
nA Te + K €

and hence

C.3 Bounding M; and M, for (Multi-Class) Logistic Regression (Equation (3))

In Section 4 we claim that M; = 2, My = 1 for (multi-class) logistic regression. Here we establish

this claim. Denote by z the concatenation of x1,...,xx_; as in Section 5. Then
E-1 K-1
fz(x) = log (1 + Z eai Qik) _ Z I(y’L = k)az-T‘Tk.
k=1 k=1

Foranyk=1,..., K —1,

ofi(z) _ ( eai_u —— — Iy = k)) - a;

Oxy, 1+ Zszll e
and thus
2 2 2
Vii(z) = Hi(z) ® a; = |V fi(@)[|” = [ Hi(z)|]" - [|as]|,
where
T T T
H;(z) = L—I(y-—l) Wé—f(y-—K—l)
' 14 K ealan T K el : '

It is easy to see that for any 7 and x

[ H; ()|* < [|Hi(2)[|lh < 2.

15



This entails that
1 n
G < > .
i=1

On the other hand, forany k =1,... , K — 1,

ani 2 T
S = (Hi(o) ~ Hi(wP)asal.
k
and for any k # K/,
782]% = —H(2)pH;(z)paal
8xk8x£ 7 kL1lq k'Uily; .

Thus,
V2 fi(z) = (diag(Hy(x)) — Hi(x)H;(2)T) @ a;al.

Asa consequence,

L < max Amax (V2 fi(2)) < Amax(diag(H;(x)) — Hy(x)Hy(2)") - sup [|a[|* < sup [la;*.
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