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6 SUPPLEMENTARY MATERIAL

6.1 Proof of Lemma 1

Proof: From (3), we know that X and Y are deterministic. With XY” £ 2, the optimization problem (3) becomes

. = 2
arg X:Y%ngSTEz[IIZ —Z||¥] (13)

—arg min Eg [TY [(2 ~Z)"(Z -~ Z)H

X=Y,0<Y<T

=arg  min Eg [Tr[sz — 277" + vAVA
X=Y,0<Y<r

' arg min Tr [ZTZ — 9Ez[ZZ") + Ez[Z"]Ez [Z]}

_ . T 2
—arg_min _[XY" - Ex[2]|} (14)

where (a) because that E and Tr are both linear operators and Tr[E[ZZ"]] is certain positive number which is independent
on the optimization variables, then this term can be replaced by another positive constant Tr[Ez[Z" |Ez[Z]]. Based on the
equivalence between (13) and (14), we can apply the result shown in [28, Lemma 2|. Since the constraint set is polyhedral
in the formulation (3), the linear constraint qualification (LCQ) condition is satisfied. Therefore, a Karush-Kuhn-Tucker
(KKT) point always exists, and it corresponds to the points that satisfy the first-order stationary solution. Then, the
claim is true.

A Sketch of the Proofs. Here, we only give a sketch of the proofs for proving the theoretical results about the
convergence of the algorithm. Specially, Lemma 2 proves the boundness of X-iterate. Then, Lemma 3 shows the boudness
of the size of the difference of two primal variables, generated using independent data samples. This lemma is useful in
the sense that it bounds the randomness of primal variables by that of the samples. Thirdly, the magnitude of the dual
difference is bounded by the norm of the successive difference of primal variables and sampled data in Lemma 4.

In the next step, we bound the successive decrease of the augmented Lagrangian in Lemma 5 and show that the augmented
Lagrangian is lower bounded by some constant in Lemma 6. Combining the upper bound of P(X<t), Y(t)7 A(t)) shown in
Lemma 7, we can characterize the convergence rate of the stochastic algorithms with different ways of sample aggregation.

6.2 Proof of Lemma 2
First we show that the size of the X-iterate is bounded from above.
Lemma 2 If p > 8NK72, we have an upper bound of | X||r, which is

. 1 1 2 1) €]
min{ ———— — (22 +8NK? +|X VNK),|X
{77\/NK( 67\/NK( T e ) | I}

£ ~vV/NK (15)

2Z +8NKT?),

Note that the constant v > 0 is defined in a way that the bound of || X||r can be expressed in a consistent way as the size
of Y (which is bounded above by vV NK).

Proof: The optimality condition of the X subproblem (6¢) is given by
(XD Y YTz Oy D g p(x Dy D Ay = 0. (16)

Then, we have

-1

XD (O y D) 4y (D) 7A(t))l - (7 (Y(t+1>)TY<t+1>>
p

a 1 =
(:)(Zét)Y(t+1) + pY(t+1) o A(t)); ZTI (17)
=0

where (a) we use the geometric series and it is true due to the fact that [|[(Y ) TY@HD || < NK72 and p > SNK72
which yield [Amax(T)| < || T||r < 1/8 < 1.
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Applying matrix triangle inequality of both sides of (17), we have

(a) 8
X0 < = (1281 + p)rVNE + 1A )

(®)

b8

< 7 ((\|Z§t>\|F + )7V NK + | XD | p NE72 + ”Zét)HFTm) a8)
8

= (@121 + ) VNE + XN K7 19)

where (a) is true due to the fact that

ISl < Y ITe < I3 () = 5 (20)
1=0 =0 1=0 =0

(b) is true because after substituting (6d) into (16), we have
AGHD _(X(tJrl)(Y(tJrl))T _ Z;t))Y(tJrl)’ (21)
and further substituting (21) into (18) we know that

[ADp < IXO YN = ZP YO e <UXDNpIY DOl + 125 2)IY D)
<rVNE(|XP | prVNK + |29]|r). (22)

In the following, we use the mathematical induction to prove the boundness of X-iterate.

When t = 1, we have

IX®||r < (@2 |lp + p)rVNE + XD e NKT?) , if [XP|[p < XD,
F >
2 (@28 |lp + p)TVNE + [ X@ e NKT?) , if [ XD [p < [|XP) .

For the case | XY ||r < [|X@) ||, using (19) we can further have

-1 N
HX(2)||F <(1- 8NT 8TVNK
- 7p 7p
8TVNK

=7y —swiE (2128 +0)

(a)
9 1
6TV NK

@Iz | F + p)

(zuzg”nF + 8NKT2> (23)

where (a) is due to p > SNK72.

Thus, we have

min { -t (@128 + 8NE) + XV erVNE ) IX D e}, i 1XP 5 < XD,

1 .
s (21Z81F + 8NKr?) if XD p < X

X <

When ¢ > 2, from (19) we know that
8
(XD e < T ((Qmax{uzg”upu =1,...,t} + p)7VNK + max{| XV ||l = 1,... ,t}NKTZ) ,

which implies

8
max (X, XV} < 2 (@maxt |12l = 1,8} + p)rVNE +max{ XV, o, XD} NE)
(24)
With ¢ £ max{||X®||r,...,|X*V||r} and substituting ¢ into (24), we can get
¢< min { 2 (@max{|Z{|lrll = 1., 6} + 8NE?) + XD prVNE ) XD}, i£¢ < XD,
< l ,
o (2maxl|ZQ el = 1,1} + 8NKT?), i XD r < ¢
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According to A3, we have max{||Z{"|||l = 1,...,t} < Z. Further, we can arrive at

1
IX® || < min { (22 + 8NK7?), ;
-

2 x® wy s
W(QZ+SNKT + X ||FT\/NK),\|X ||F} WNE

1
TTVNK
6.3 Proof of Lemma 3

Lemma 3 Consider using the update rules (6b) (6¢) (6d) to solve (3). We have

vVNK
HYM”—Y?”MSZjTHMP—th

where (4+1) 0
t+1) A . =~ t t t
Y5 :argog}gfﬁy(x()7Y;A(>azz )

and YV s defined in (6b).
Stmilarly, we have

X - XY p < ~Z||p

TV NK ||Z(t)
—, %
where X\ 2 ar minx Lx X,Y(H'l);A(t);Z(t) and XY s defined in (6c).
1 g 1
Proof: According to the optimality condition of problem (6b) and (27), when 0 <Y < 7, we have
<(X(t))T(X(t>(Y(t+1))T _ th)) _ p(X(i) _ Y(t+1) + A(t)/p)T + ﬂ(i)(Y(f+1) _ Y(t))T,(Y _ Y(t+1))T> > 0,

and

(X)X = 25%) = pX = YT A /)" 4 O = YO (Y - YT

v
=)

Letting Y = YétH) in (29) and Y = Y+ in (30), we have
(O\T (¢ (&) (n (HFDNT (1) (t+1) _  (t4+D\T
(X)) (XY = 217), (Y YT 2
(X =YD 4 AO fp)T — gV - Y ) (T -y )T,
and
(X XD ()T - 2g)), (YO - vt >
(p(X® — YD L AW )T g0 (y (D) _y (T (y D)yt
Adding (31) and (32), we can have

(X257 = Zi), (V5D =Y )T) > KO T = YD) 4 (o 8T - Y

According to Cauchy-Schwarz inequality, we know that
IXONr)125” — 2P Y5 = Y e 2 (XO)7 (25 - 21), (v - Y ),

Combining with (33), we can obtain

p+BY ) 1
HZ(;) _ ZY)HF > m”yéﬂrl) _ Y(H—I)HF > mHYétJr ) _ Y(H—UHF.

Applying Lemma 2, we have

vVNK
HY“”—Y?”wsljrme—Z9w.

Similar result is also applied to X-iterate.

(25)

(26)

(27)

(31)

(32)

(33)
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6.4 Proof of Lemma 4

Lemma 4 Consider using the update rules (6b) (6¢) (6d) to solve (3). Then we have

IACH — AVNF < ANKr|25) - 25|+ ANVE) XY - X O
FAIXO YT — ZEVPRIY Y - YO IR 4 aN KX (YD Y )T (37)

Proof:
According to (21), we have

A(t+1) _ A(t)
— _ (X(f+1)(Y(t+1))Ty(t+1) _ X(t)(Y(t))TY(t> _ (Zét>Y(t+1) _ Zét71>Y(t))) (38)
— _ (X(t+1)(Y(t+1))TY(t+1) _ X(t)(Y(t))TY(t) _ (Z;t)Y(t+1) _ Z<2t*1)Y(t>)

+ X(t)(Y(H'l))Ty(t-‘rl) _ X(t)(Y(t-‘rl))TY(t-‘rl))

_ ((X(tJrl) _ X(t))(Y(tJrl))TY(tJrl) + X(t)((Y(t+1))TY(t+1) _ (Y(t))TY(t)) _ (Zg)Y(tJrl) _ thfl)Y(t)))

:(th)Y(t-‘rl) _ Zétfl)Y(t)) _ (X(H'l) _ X(t))(Y(t+1))TY(t+1)

1
5 (X(t) ((Y(t+1) + Y(t))T(Y(t-H) _ Y(t)) 4 (Y(t+1) _ Y(t))T(Y(t+1) + Y(t)))) . (39)

[1>

Q

Note that the following is true

0 :% (XO (YD _ yO)7(y 1)y () L ox® y )7y ) _y®))
i %Xt(Y(t+l) — YD)y oy )

:X(t)(Y(t))T(Y(tJrl) _ Y(t)) + X(t)(Y(t+1) _ Y(t))TY(tJrl). (40)

Plugging (40) into (39), we have

AGTD _A®
:(th)Y(H—l) _ Z(Qt_l)Y(t)) _ (X(t+1) _ X(t))(Y(tH))Ty(t-H) _ X(t)(Y(t))T(Y(tH) _ Y(t))
_ X(t)(Y(H—l) _ Y(i))Y(t+1)
:(Zg)Y(tJrl) _ ng*UY(tJrl) + ng*UY(tJrl) _ ng*UY(t)) _ (X(Hl) _ X(t))(Y(t+1))Ty(t+1>
_ X(t)(Y(t))T(Y(t+1) _ Y(t)) _ X(t)(Y(t+1) _ Y(t))Y(tJrl)
:(th) _ Z(2t—1))Y(H—1) + (Zét_l) _ X(t)(Y(i))T)(Y(tJrl) _ Y(t)) _ (X(t+1) _ X(t))(Y(tJrl))Ty(H—l)
_ X(t)(Y(H—l) _ Y(i))Ty(t+l). (41)

Applying triangle inequality on both sides of (41), we have

AT — AD| e < |28 = 28V | R YT e + XD = XO ) (Y)Y Y
F XY =28 VYD YO [ XO YD Y )T Y (42)

Squaring both sides of (42), we obtain

(a)
1A — AVNE SANK7|Z5 - 257V |[F + 4(NE) X - X O E
FAIXO YT —ZEVPRIY Y - YO IR 4 aN KX (YD Y )T (43)

where (a) is true due to Y < 7, i.e., |[Y||lr < 7V NK. The claim is proved.
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6.5 Proof of Lemma 5

Lemma 5 Consider using the update rules (6b) (6¢) (6d). If
p>8NKT and 49> 2IXOYO) ~24 k). (44)

are satisfied, we have

L:(x(t-‘rl)’Y(t-‘rl)’A(t-‘rl)) _ L(X(t),Y(t>,A(t))
< *C1|\X(t+1) _ X<t)||§: _ C2‘|X<t)(Y(t+1) _ Y(t))T”% _ c;;HY(Hl) _ Y(t)”%
+ (X2, (V) = Y)Y O (X - X))
N 4NKT? 2NK
p

12 — Z§ V% + 7(72“625% + 72029 |I7)

where c1,c2,c3 > 0 are some positive constants, JZY) 27— th), 6Z§t) £7-— th), and
Y £arg min Ly(XY, YA Z), (45)

XY £ argmin Ly (X, Y5 A0; 7). (46)

Proof: We have the following descent estimate

ﬁ(X(t+1),Y(t+1),A(t+1)) _ E(X(t),Y(t),A(t))
:[,(X(t),Y(t+l),A(t)) _ E(X(t),Y(t),A(t>) +£(X(t+1),Y(t+1),A(t)) _ ﬁ(X(t),Y(t+l),A(t)) (47)

24 2B
+£(X(t+1),Y(t+1),A(t+1)) _ E(X(t+1),Y(t+1),A(t))

2c
<L(XY, YD AO)_ xX® yO ADY1B4C (48)
23
where
LXK, ¥, AY) = %HX“’YT -Z|% + g\IX“) —Y +AY /pll7 + @IIY - Y3, (49)
and

~ 1 _ 1 _
A= | XD (YT~ Z)E — S X (YT~ ZF
Pin® v L AD 2 Pru® v ® o a® 2 B ey w2
+§||X -Y +A /P||F—§HX -Y"V+A /P||F+T||Y -Y" |7
o _ 1
EEO)TXO )T 2), (v -y O)T) SOy -y )T
(t)
_ p((X(t) _ Y(t+1) + A(t)/p)T, (Y(t+1) _ Y(t))T> _ §||Y(t+1) _ Y(t)H% + %HY(H-U _ Y(t)H%

where (a) is due to the fact that Taylor expansion for quadratic problems is exact.

According to the optimality condition for problem (6b), we know that
(X)X )T = 2) = p(X =Y 4 A )T 4 pO (YD -y )T (v -y )T <00 (50)
Substituting (5ZY) =Z- th) into (50), we have

<(X(t))T(X(t>(Y(t+1))T _ Z) _ p(Xw _y @+ + A(t)/p)T + /3(0 (Y(t+1) _ Y(t))T’ (Y(t+1) _ Y(t))T>
< —((X)Toz, (YD -y )Ty (51)
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such that A can be further bounded as follows,

~ 1
A< §HX(t)(Y(t+1)_Y(t))THF P+ﬁ YD YO 4 (XOYT5Z0, (Y © — Yy
(a
< IO YOy "“3 Y -y O
2NK
+<(X(t))T6Z(1t)7(Y(()t)_Y(()t+1))T>+T’Y”§Z(1t)H% (52)

where (a) is due to the fact that
(X762, (Y — v D))
=((X)TZ, (Y~ YD) (v - YT (v )T

=Xz, (Y = YTy + (XD)Taz8), (Y =y — (y D - y ()T (53)
X OYTSZY, (YD — Y)Y 4 X O 02 (YD — YO+ [Y D - YD)
(a. 2)<(X(t ) 6Z§t>, (Y® —yTy 4 Mngz(ﬂ”
LixOyroz?, (vl sy + 2 oy (51)

where

(a.1) is true according to Cauchy-Schwarz inequality;
(a.2) we apply Lemma 3;

(a.3) we apply Lemma 2.

Similarly, we have

B<-— %”(X(m) — Xy )T p||X<t+1> X2 = (570 Y D XD _ x(0) (55)
< - IR - XO) YD) - X - X
T 7OV, (X0 - x4 VKT 02 (56)
€ =(X(HD _y (D) A+ A0 ’
DA~ AO (57)

where (a) is according to (6d).
Substituting the result of Lemma 4 into (57), from (48) we can obtain
ﬁ(X<t+1>,Y<t+1>,A(t+1)) _ ﬁ(X(t),Y<t),A(t>)

27172 _4 2
< (5 - T ey x5 - T ) O -y 0y

() AIX® (y®OT _ Z(t71> 2 1
- (;’ ¢ 00 AR 2% e ) ey _y )z Ly x0) v ey

2 p
+ ((X(t))T(SZY), (Yff) _ Yf,t+1))T> + (6Z§”Y(t“)7 (th) _ th+1))>
+ %nzg” — 28V + 2R (2 0z 1+ 20z 1) (59)
Therefore, according to (58) if
C1:57%>0, (59a)
= - 4foTQ >0, (50b)
(o B AXONYO)T - ZEE (59)

2 p
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which are equivalent to
X(t) Y(t) T _ Z(tfl) 2 2
p>8NK7 and g0 > XY P I =p" (60)

we can have the successive difference of the augmented Lagrangian between two iterations as follows

E(X(t+1),Y(t+1>,A(t+1)) < z:(X(t),Y“),A“)) _ CIHX(t+1) _ X(t)”?: _ CQHX@)(Y(HI) _ Y(t))T”%
o CBHY(thl) _ Y<t)”i" + <(}((1£))T(Sz§t)7 (Ygt) o Y£t+1))T> + <6Z(t)Y(t+1)’ (th) 7 th+1))>

ANKT? OINK (

2 2R+ S (P10 I+ 1z E) (o)

where c1, c2,c3 > 0.

6.6 Proof of Lemma 6
Lemma 6 Consider using the update rules (6b) (6¢) (6d). If p > NK7? is satisfied, we have

LXED YD Ay > (NKy7)? + ||Z][7 + 1625]]3). (62)

Proof: At iteration ¢ 4+ 1, the augmented Lagrangian can be lower bounded as

,C(X(t+1)7Y(t+l)7A(t+1))
@l HX (t41) (Y (FDYT _ 72 g () _ oy (k) Ay | g||x<t+1> _y ez

(QEHX(t+1)(Y(t+1))T o ZH% + <X(t+1) _y D) 7(X(t+1)(Y(t+1))T . Z(2t))Y(t+1)>
2 7

+ gHX(H—l) _ Y(H—Dn%

)1 1
> 5 (p = NE7) XU - y D) - 2 XDy )T = 2|15 — (162577 (63)

@ 1
> — S IXE YN 2|5 92|

(e) _
> — (NKy)* = |[Z]F = 10Z5”) 7 (64)
where (a) is according to (5); (b) is due to (21); (c) is true because the fact that
0 <X YD)V )T - (XD ()T - 2)
:”(X(tJrl) _ Y(t+l>)(Y(t+1 ) ||F _ 2<(Y(t+l))T(X(t+1) _ Y(tJrl))7 X(t+1)(Y(t+l))T _ Zgﬁ)>
+ XD )T - 20)
SH()((t+1) _ Y(t+1))(Y(t+1))T||% _ 2<(Y(t+1))T(X(t+1) _ Y(t+1))7 X(t+1)(Y(t+l))T _ Z(Qt)>
+ XY )T - Z) [+ 201627 |7
and ||Y||% < NK72; (d) is true because we chose p > NK72, and (e) is due to the fact
XDy = Z) % < 2 XY g + 2112 F (65)
and boundness of X and Y.
From (63) and (64), we know that if p > NK72, we have £(XHD YD ACHD) > _(NKy7)? + | Z||% + HéZét)H%).

6.7 Proof of Lemma 7

Lemma 7 Consider using the update rules (6b) (6¢) (6d) to solve (1). Then there exist some constants op,0q > 0 such
that

[VLXD, YO AD)F 4+ IXO — YO |E < (0p + 0a)G
+ 205, ([6Z3 |7 + 1625V (17) + 8NKA> (1625 ||% + 192V |%)  (66)
where

GO £ XD _XO )2 4 |y _y O 2 4 xO (v Y2 and oy, £ 20NK + 12NKT2 /0%, (67)
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Proof: From the optimality condition of Y in (6b), we have

(YD) = projy [(Y )T = (X)) " (X (v )" — Z1)

_ p(X(t) _y & + A(t)/p)T + B(t)(Y(tJrl) _ Y(t))T)]_

Then, we have

(Y )T = projy, [(Y)T = (X)) (X (Y)" —Z{ ) = p(X© =Y + A /)] |

:H(Y(t))T _ (Y(t+1))T + (Y(i+l))T
—projy, [(Y)" = (X)X (Y™ = 2{ ) = (X = YO+ A /)] ||
(2)||Y(t) o Y(t+1) ”F

"

projy [(YOH)T — (XO)7 (XD (YD) = 2{) — p(X D~ YD 4 A0 /)
My Y(t))T)}

— projy [(Y®)" = (X)" (X (Y)" = Z{ ™) = p(X" =Y+ A©/p)")]

F
(b)
<@+pIYEY YD p 4+ Oy YO 4 (XO)TXO (Y YT
-1
+ X2 - z2¢Y)|e

()
<@+ )Y YO p 4 gOY Y YO 4 A/ NE XD (Y - Y O) T
+VNE|(2Z -2 )||r

where projy, denotes the projection of Y to the feasible set;
(a) we use triangle inequality and (68);
(b) is true due to the nonexpansiveness of the projection operator;

(¢) is because of Cauchy-Schwarz inequality and Lemma 2.

(68)

(69)

Similarly, we can bound the size of the gradient of the augmented Lagrangian with respect to X by the following series

of inequalities

IVxLXD, YO A = [[(XOYD)" —Z8) YD +pXY — YD + A /p)|Ir
(a)

(X(t)(Y(t))T _ Z(Qt))Y(t) + p(X(t) _y® + A(t)/p) _ ((X(t+1)(Y(t+1))T _ th))Y(H'l)

(XD Y A0 )

F

SH(XU)(Y(t))T _ Zg))Y(t) _ ((X(t-H)(Y(t-H))T _ th))Y(H—l))HF

YD - YO XD X

b _

FIAY A VNE 2 28 e pl Y =Y p X X
where
(a) is from the optimality condition of the X subproblem (16);
(b) is true due to the fact that

”(X(t)(Y(t))T _ th>)Y<t) _ ((X<t+1)(Y(t+1))T _ Z(Qt))Y(Hl)) + ngfl)Y(t) _ Z§t71>Y(t)|\F

(c)
<JAYY — AD|p + 7VNK(|ZY — 25V F

where (c¢) we use (38) and triangle inequality.

(70)

(71)
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Squaring both sides of (70) and applying Lemma 4, we have

[VxL(XD, YO, A7 < 4@N? K20 + p%) XD - X5
+4@XD YT =28V + )Y Y — YO 4 16N KX (YD -y O 1%

+20NK72Z) — 28V 2.

Therefore, combining (69) and (72), there must exists a finite positive number o, such that
IVLEX®D, Y, AD)|%
<06 + 20NK|25) — 25V + ANKA? |12y - 287V 7
<opG" + 0NK7?|Z4) = 2| + AN K21 — 2V

where 1 2 1 2 1 2
G & X = XOPE + YT = YO X =Y ) T

In particular, we have
o8 2 max{4(AN>K>r* + p?), 42+ p)? + 4p>) + 4(8)* + 168", ANK~* + 16NK 72}
(@)
< max {4(4N’K?t" 4 p),4(2 + p)* + 4p%) + 8(NK17)* + 2%)? + 16((NKT7)? + 2%),
ANK~* + 16NK7°} £ 0y

where (a) is true due to the fact that according to Cauchy-Schwarz inequality we have

B9 < 2(I|XP (YD) 5 + 128 V7)) < 2N7IXD) % + 128 V)15,

and based on Lemma 2 and A2, we can obtain

B < 2((NKTv)? + Z2).

Also, we have

”X(t) _ Y(t)”F :Hx(t) XD @)y () |y () Y(t)”F
<X = XD 4 XD = YD [ YO -y O
(;)Hx(t) _ X(t+1)HF + 1||A(t+1) _ A(t)HF + \|Y<t+1) _ Y<t)HF,
p

where (a) is true due to (6d). According to Lemma 4, there exists a finite positive constant o4 such that
IXO = YOI < 0a6" + 12N K7?/p%|25 — 25707
where o4 £ max{12N?K?7*/p? + 3,24(NK17)? + 2%)/p* + 3,12NK 1% /p*}.
The inequalities (73) and (79) imply that
VLD, YO, A F +1XY = YO
<(op +00)G" + (0NKT® + 12NK7*/p") 257 — 2V} + ANKA* |28 — 2V

20y,
(a) _ _
< (00 +0a)G") + 202, (625" |7 + 11625 [[7) + 8N K (1625715 + 1625~V [1%)
where (a) we use triangle inequality, i.e.,
125" —Z+Z — 257V | r < 116257 | 7 + 10257 | .
Squaring both sides of (82), we have
1257 — 25 |7 < 2016257 |3 + 2(1625 V5

Similar result is also applied to HZY) — Z<1t71) II%.

(72)

(75)

(76)

(77)
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6.8 Proof of Theorem 1
Proof: According to (58), there exists a constant om = min{eci, c2, cs} such that
,C(X<t),Y(t),A(t)) _ ﬁ(X(t+1),Y(t+1),A(t+l)) > O.mg(t) _ <(X(t))T5th>7 (Y(t) _ Y(tJrl)T)

ANKT? - 2NK
— OBV, (K0 - X)) = SR - 2V E - S (P02 + 102 ) - (8

Combining (80) and (84), we have

IVLX®D, ¥y O AD)5 + X -y O3
Op + o4
Om

< (L@ ¥ ©,AG) - LX),y ACD) (X ) ozl (v - Y ()T

ANKT? - 2NK
(07 YD, 060 = X)) 4 SR 2~ 2V 4+ S P10z 4 7 10z )

+8NEA(I6Z 1% + 16Z5V[3) + 202, (16257 |13 + |\5Zé“>nF>. (85)

Summing both sides of (85) over t =1,...,T, we have

ZHV[, X(t) v® A(t))H + ”X(t) Yu)”%‘

t=1
<C(LXM, YD AWy - (X T y T+ ATHD)
T

Z X(t) Z(’f)7 (Y(()t) _ Y£t+1))T> 4 <5Z§)Y<t+l), (th> _ th+1))>

SNK T2 _ 2NK

+ T(Hézé”\lfmt 1625 V1%) + == (1162 1% + 71|62 3))
T

+ 3 SNEA(I0ZS) |7 + 16Z5V17) + 200, (16257 |15 + 1028V [13) (86)
t=1

where C £ (0 + 04)/0m, and the constant C is only dependent on 7, N and Z.

Taking expectations with respect to Z17) £ (Z?), Zél), ce Zgﬂ, ZéT)) on both sides of (86), we have
T
> EPX®, YT, AW))
(a) _
< E[c(ax“),Y“),A“)) +C(N*yr +||Z% + 16257 17)

+ CZ ( (XD)T6zP, (Y — YISy 4 6z Yy T (X — xTHYy)

SNKT? - 2NK

+ = (10257 |5 + 19257V 15) + == (7102 |5 + nézg”u%))
T

+ 3 SNEY(I6Z |5 + 162V 113) + 202, (1528717 + 11628 13)] (87)
t=1

where (a) is true due to Lemma 6.

Based on the independence of the sequence ZL 5T over t, we have the following results: i) since xX®

is only dependent
on Z;tq)’ we have Ezm [<(X(t))T§th)’ (Yff) _ Y(t+1))T>‘Z(1,H.
1

=] = 0,¢; ii) similarly Y**Y is dependent on th) and
Zétil), we have E_ ) [<5Zg>Y(“’l>, (Xg) -X tH)))|Z<1 ~t=D] = 0,V#; iii) according to A2 and Table 1, we have
2

T

S_EPXY, YO A e ¥ AD) 4 e(NEyr)® + |25+ %)
t=1

2CTNK(v? 4 57%)0?
+
pL

2
+ 16NKT72% +4T0,, % (88)
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Further, from the definition of the output, we have

. . ) _ 2
E[P(X", ¥, A < e (£<x<1%Y<”,A“>> + (NEy7)* + |21 + %)

C(’YQ +57'2) 3 2 2
+ ( 12 + INK2 + 20NK(47° ++7)

0_2

L

(89)
where (a) is true due to p > SNK72 and 0,, = 20NK72 + 12NK712/p?.
Let U 2 LXMW, YD AD) 4 (NKy7)2 + ||Z]|% and W £ C(7? + 572)/(472) + 3/ (4N K7T?) + 20N (472 + ~?). We have

2 2
EP(XD, Y A < Lew+ Ty + YO

(90)

6.9 Proof of Theorem 2

Proof: For the stochastic algorithm, we have the following results. According to Lemma 5 and (83), we know that

LX) YD A < £(xO vy O AGY e XD - XO |2 - o XO (YD -y )2
— CsHY(t‘H) _ Y(t)HF +((X (t)) 5Z(t) (Y(()t) _ Ygt+1))T> + <6Z(t)Y(t+1)7 (th) o th+1))>
SNK7? _ 2NK
2 (1028 5+ 10V IE) + 2 (P10 E + 710z E) - (o)

Since the samples are not i.i.d., we use F*) to denote the history of the algorithm until time ¢. Let

FOLx® xXOyO oy ® zM g gD gy (92)
Taking expectation with respective to Z(lt) and th) on both sides of (91) conditioned on F® we obtain

E[L(XOD, y @D A0y 20 D £x® y©) A0
_E [ClHX(Hl) _ X(t)H%“ + CZHX(t)(Y(tJrl) _ Y<t))TH?: + CSHY(Hl) _ Y(t)||%|]:(t)]

L294(t)
N 2NK(v? + 572)
p

L7(1)

(@) (93)

where (a) is due to the fact that
Tr{Var[Z{" | FO)) = Tr[Var[Zy” | 7)) = %2"2 2 (0*)®, Tr[varzy P |FV]] = (94)

Note that H*) and Z*) are nonnegative. Furthermore, according to (6b) and (6¢), H® is a function in F*).

Also, according to the definition of (62)(® in (94), we have

i ) < (95)

t=1

Applying the Supermartingale Convergence Theorem [R1, Proposition 4.2], we have
Jlim E[XCHY - X057 =0, (96)
—00
Jim E[[X© (YD - yO)T2|FO] =,
— 00

Jlim B[y -y @)% 7] =0,
— 00
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which imply

Am Exe) (X - xXO 2] =0, (97)
— 00
Jim E oo [| X (Y =Y O) TR = o, (98)
— 00
Jim Bz (Y —y® 2] = o, (99)
— 00
and we can conclude that,
XD Moy () Oy (T Mo (0 (y (T yr (1) ey (), (100)
By Lemma 4, we have
lim B [[|ATY — AP|3) =0, (101)
t— o0

which implies lim;— o0 Ez0 [|[X® — Y®|2] = 0, ie.,

AGFD mese A () oy (8) ™S §(2) (102)
The optimality condition of (6b) is given by

<(X(t))T(X(t)(Y(t+1))T _ ZY)) _ p(X(t) _y @+ + A(t)/p)T + 6(¢)(y(t+1) _ Y(t))T7 (Y _ Y(t+1))T> >0,
VY>>0 and Y <7. (103)

Substituting (21) into (103), we have

<(X(t))T(X(t) (Y(t+l))T _ Z(lt)) _ p(X(t) _ Y(t+1))T + (Y(t+1))T(X(t+l)(Y(t+l))T _ Zét))T
F DY) YD) (Y YNV >0V Y >0 and Y <7 (104)

Taking expectation on th), th) conditioned on ]-'(t>, based on Al we have

im B, 400 (X)) (XOY )T = 2) = p(X = YT 4 (YT (Y )T - 2)7

t— oo

+ WYYy T (y — YN FD] >0, VY >0 and Y <7 (105)

Taking expectation with respective to F® on both sides of (105) and passing limit over any converging subsequence of
{X®,¥® A®Y we have

(XX (YH" -Z)+ (Y '" XY -Z)" —pX* =Y (Y -Y)T) >0, YVY>0 and Y <7. (106)

The optimality condition of (6¢) is given by

(X(t+1)(Y(t+1))T _ Zét))(Y(t'H)) + p(X(t+1) _y D + A(t)/p) —0. (107)

Similarly, taking expectation on (107) over Zét) and then F® on both sides and passing limit over the same subsequence,
we have

(X (Y —Z)Y" +p(X* — Y +A"/p) = 0. (108)
Using the fact X* =YY" by (102), we have

(X*(X)" -Z)X*" X -X")>0, VX>0 and X<, (109)
(X*(X")T —Z)X* + A" =0, (110)

which are the KKT conditions of problem (3). From (109), we know that X* stratifies the stationary condition of problem

(1).
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6.10 Proof of Theorem 3

Proof: Summing both sides of (85) over t = 1,...,T and taking expectation with respect to Z(lt) and Zét> conditioned
on FY V¢, we have

T
(a) _
> By 4o [PXY, YO A FO) < e(LxX D, YD, AN) +e(NKAT) + (123 + 07/ T7)
t=1

2 2 T
+ (—2NK(5; )y sNEA + 2022) S (@)@ (111)
t=1

where (a) is due to the independence of the sequence th) and Zét) over t and independence of the data given F (t>’ we
have the following results: i) since X® is only dependent on Z ™) conditioned on F®| we have E[(X)7sz{" (Y —
Yng))T)\]:(t)] = 0,Vt; ii) similarly YO is only dependent on th) and Zétil) conditioned on F® we have
E[(6Z3)Y D (X5 — XFFD))FO] = 0, vt

Taking expectation over F), ¥t on (111) and using p > 8NK7? and 0,, = 20NK72 + 12N K7%/p?, we have

T
> EroPXY, Y, AD)) <X, YW AW e (NEr)? + |23 + 0% /T)
t=1

T
(572 +77) 3 2 2 21 (t)
+ ( 7t v TINKEG +57°) ) > (0%

t=1

@) _
<e (L(X“’,Y“), ADY 4 (NKy)? + ||Z][% + 02)

577 + +° 3
+ (( 74;7 ) | s + SNK (7 +572)) 22 (112)

where (a) is due to 7> 1 and 3, (¢®)) < 3°0° (6%)) < 202,

Further, from the definition of the output, we have

2 2
< CS+Co“+ Ko

E[P(X, Y, A") -

(113)
where § = L(XP, YO ADY 4 (NKy7)2 + || Z]|% and K = 2((572 ++2)/(472) + 3/ (16N K72) + 8N (42 + 572)).

6.11 Proof of Corollary 1

Proof: The proof is similar as Theorem 2 and Theorem 3. Using the weighted aggregate samples, (94) becomes

2

Tr[Var(Z{" | F V)] = Tr|Var(Z,"| 7)) = (m

2
) o® 2 (o2)M,  Tr[Var[z{ V|FM] =o.

Consequently, we have
T 9 \2 T/1\2
S =3 (1) 22X (3) =X

According to (112), the claim is proved.
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7 Additional Numerical Results

Based on the data sets described in the main context, we further provide more numerical results.

7.1 Computational Time

—— Aggregate-SNS-SymNMF —— Aggregate-SNS-SymNMF |
- - = Aggregate-SPGD j - = = Aggregate-SPGD ]
o= == . |
N N 2 f
! 1] "
&~ ~ B
5 | % ..
K e N
i 15 2 0 5 10 15 20 2
Time (ms) Time (ms)
(a) Objective Value o = 0.01, N = 400. (b) Objective Value a = 0.001, N = 2000.

Figure 4: The convergence behaviors for the static network; K = 4.

We can also apply the aggregate data for SPGD. Because of the efficient implementation of the proposed SNS-SymNMF
algorithm, it can be observed that in Figure 4 when the dimension of the matrix is large, the aggregate SNS-SymNMF
algorithm is faster than aggregate-SPGD in terms of computational time. Aggregate-SPGD is referred as the algorithm
which we use the aggregate samples instead of Mini-Batch for SPGD. Here, the ratio of the numbers of the nodes within
each cluster is kept as 1:2: 4 : 3 for the cases when N = 400 and N = 2000.
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7.2 Effect of Variance of Samples

35 ‘
) — Aggregate-SNS-SymNMF
—— Aggregate-SNS-SymNMF Y Mini-Batch-SNS-SymNMF |
----- Mini-Batch-SNS-SymNMF | = = = Mini-Batch-SPGD
/%\D = = = Mini-Batch-SPGD = 25 o Weighted-SNS-SymNMF |
=2 =i Weighted-SNS-SymNMF 3 .l‘;‘x T OV B L SRV PO AECN " R
~k T /T( 2 I\ \ ot r LA
g S 1
NI < 15§ TN, i
il ::“ \" P 5 'S
34 L ‘>’_. e Yolon,® ‘\"{‘I‘I "ll':‘ '\'u, \‘.‘ 'ﬁ‘n'l"k ."'!
o “’4""“\ IS .
— it “«fvar » = 05
= o)
SO
-05
o 500 1000 1500 o 500 1000 1500
Number of Samples (7) Number of Samples (¢)
(a) Objective Value (o2 = 10) (b) Optimality Gap (o = 10)
7rs -
1 -
1654a% —— Aggregate-SNS-SymNMF 1 254y ) 1
L Mini-Batch-SNS-SymNMF MR I R A Y A P ,\""\'\ \./'\'/‘
R I = = = Mini-Batch-SPGD I § N et >
= 1550 == Weighted-SNS-SymNMF a0 .. Aggregate-SNS-SymNMF
N 3 = S Mini-Batch-SNS-SymNMF
5 187 . = = = Mini-Batch-SPGD 1
<ﬁ % > = Weighted-SNS-SymNMF
= 1\
>n
= o5t
& ol
-05
0 100 200 300 400 500 0 100 200 300 400 500
Number of Samples (i) Number of Samples (7)
(c) Objective Value (o2 = 1) (d) Optimality Gap (o2 = 1)

Figure 5: The convergence behavior; K =4, a = 0.02, N = 50, L = 10.

From Figure 5, it can be seen that when o2 is small, the Mini-Batch-SNS-SymNMF and Mini-Batch-SPGD algorithms
can converge closely to aggregate-SNS-SymNMF.
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7.3 Sensitivity of Parameters

oo ]
251 . m— Agoregate-SNS-SymNMF 4
@ _fw - Mini-Batch-SNS-SymNMF
S ? N Aggregate-SPGD |
E 23}t “ = = = Mini-Batch-SPGD 1
N L s 1
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Fixing the parameters a in SPGD and p in SNS-SymNMF and increasing N, from Figure 6 we can observe that the
SPGD algorithm diverges when N = 500, 1000,2000. Here, we also keep the ratio of the numbers of the nodes within
each cluster as 1 : 2 : 4 : 3. Based on the numerical results, we know that the convergence and convergence rate of the
SNS-SymNMF algorithm are much more robust against the parameter than SPGD. In general, the step-size tuning of

E[||XX" — Z|[}](log)

4 ¥ | R e = £ ¥
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Figure 6: The convergence behavior; o = 0.01, K =4, 02 =1, L = 10.

SPGD is difficult in practice even for the case that the feasible set of the problem is bounded.
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