Convergence rate of stochastic k-means

7 Appendix A: supplementary
materials to Section [3.1]

In this part of the Appendix, we provide details on the
construction of our framework that are not included in
Section due to space constraints.

Handling degenerate and boundary points

One problem with k-means is it may produce degenerate
solutions: if the solution C* has k centroids, it is possible
that data points are mapped to only k' < k centroids. To
handle degenerate cases, starting with |C°| = k, we consider
an enlarged clustering space {A} ), which is the union of
all k'-clusterings with 1 < k' < k. We use the pre-image
v~ !(A) € {C} to denote the non-boundary points C' such
that v(C) = A, i.e., these are the set of non-boundary
points in the equivalence class induced by clustering A. To
include boundary points as well, we devise the operator
CI(-) as the “closure” of an equivalence class v~'(A), which
includes all boundary points C’ such that A € V(C') N X.

Using the above two extensions, we give the robust definition
of stationary clusterings and stationary points, which we
use in our analysis.

Definition 7 (Stationary clusterings). We call A* a sta-
tionary clustering of X, if m(A*) € Cl(v™'(A*)). We let
{A"}w) C {A}) denote the set of all stationary clusterings
of X with number of clusters k' € [k].

For each A*, we define a matching centroidal solution C*.

Definition 8 (Stationary points). For a stationary cluster-
ing A* with k' clusters, we define C* = {c;,r € [k']} to be
a stationary point corresponding to A*, so that VA; € A™,
¢y :=m(A7). We let {C"} ) denote the corresponding set
of all stationary points of X with k' € [k].

With the robust definitions, Figure [3] provides a visualiza-
tion of batch k-means walking on {C'} (and {A}[)) as an
iterative mapping m o v (v om, resp.). In {C}, it jumps
from one equivalence class to another until it stays in the
same equivalence class in two consecutive iterations.

Now we extend A(-,-) to include the degenerate cases. Fix
a clustering A with its induced k centroids C' := m(A), and
another set of k’-centroids C’ (k' > k) with its induced
clustering A’, if |A’| = |A| = k (this means if ¥’ > k,
then C” has at least one degenerate centroid), then we can
pair the subset of non-degenerate k centroids in C’ with
those in ', and ignore the degenerate centroids. Under this
condition, we can extend Definition [2] to include degenerate
solutions as well, provided C = m(A) for some clustering
A, which is always satisfied in our subsequent analysis.

A sufficient condition for the local
convergence of batch k-means

We show batch k-means algorithm has geometric conver-

gence in the local neighborhood of a stable stationary point
in the solution space.

Proof of Lemma [ Without loss of generality, we let
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Figure 3: An illustration of one run of batch k-means
in the solution spaces: the rectangle represent the
enlarged space of clusterings {A}) and the ellipse
represent the centroidal space {C}, which is parti-
tioned into equivalences classes. The arrows repre-
sent k-means updates as mappings v : {C} — {A}p
and m : {A}p; — {C}. The algorithm starts at
C° and stops at C* after three iterations, where
C* =m(A*) € Cl(v=1(A*)) .

[ArA A%

Clearly, (phu: + pln) = 2820 < pn, by our def-

inition. Now, similar to [I9], we can get |m(4,) —
(A=Pgu)nym(ArNAD+Y 2 YA, naz @ el <
(A=pGurtriy)ns v =

1—pou * % 1 sr Zaca,nar 2=l
a7t g, ITAr O AR = erll + =60 S
And as in [I9], we get (1 — pout)[m(A. N Ay) —
< \/pgutqs;k‘.
— \/E
by Cauchy-Schwarz inequality, |3 .. > ,ca,na:T —
C:H2 < (Zs;sr ZmeArmA; 12)(Z,s¢r erArmA; [|lz

crl?) = pinni Ygsr Caen,naz llz — crl|*. Thus, vr € [k],
o ) 12
Hm(Ar) _ C:HZ < 4Po;§¢r +4 -l
where we use the assumption that pmax < i < 1-
1

75+ Summing over all r, Sonrllm(Ay) — el <

4pmax Zr(¢: + 25757 ZzeA,,.mAg ||33’ - C:H2) By Lemma
> ZS#T erAmA*, |z — ci||* can be upper bounded
by ¢(C") + 3, nellm(Ar) — ¢i[|* = ¢(C") + 32 ,(1 = pous +
Pin ) [m(Ar) = c2)1* < G(C") + (14 pmax) 3o, nillm(Ar) —
ci||®>.  Substituting this into the previous inequality,
we have (1 — 4pma(l + pmax)) 30, 12 [m(A,) — 32
Apmax(¢” + &(C")).  Thus, 3 nym(A) — |

WM[W + ¢(C")]. By our assumption, pmax

el =

crll Now we bound the second term:

Pin Xstr XacApnaz llz—c

* )
L
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- ° 1 SO Pmax < Pmax

5b+4(1+%) 4’ I—4pmax(1+pmax) — 1—5pmax
b

— =, and

TG

#(C") < ¢(C) (equality holds if C is a stationary point). [J

enss— (6" + #(C")] < b, since

1—4pmax (1+pmax

Lemma 3. Fiz any target clustering C*, and another
clustering C with a matching © : [k] — [k]. Let C' :=
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{m(A,),r € [k]}. Then

20 >

o SET @EAL (myNAY

<) =D dlers Anry N A + ) nrlm(Ar) — |

lz = <;1*

Proof. Without loss of generality, we let 7(r) = r.

o(C) =€) =3 e =P =3 fle —ci?

r xTEAp T x€AL
2 2
3> le=mA))P =30 > e~
r xTEA, T xTEA,

So 32, Yaea, llz =il = 3, Xaea: llo —cil* = 6(C") —
AC") = X, Ypea, llr = m(A)IP + 3, X, cq, llz -
crl* < 9(C) = ¢(C) + X, nelm(Ar) — ¢l Now,
we claim 35, 3 cq llz — 7l = 3, Xoea: lo — flI* =

Y asr Zvea,naxillz = ell* = llz — ¢5|*}. This is be-
cause we can enumerate x using clustering U,A,: for
each * € A,, either z € A, N A}, then |z — c}||*> —
lz —ci]> = 0, or z € A. N A} for some s # r,
which means the difference is ||z — ¢||* — ||z — c&||?
(and this term is positive by optimality of clustering

UrA; fixing {c7}).  Thus, >, > ., erAmA; |z —
l? = X, Xaea, e = cl? = X, Xoea llo = ci” +
Zr Zs#rZzGArﬁA;‘ |z — C:HQ < ¢(C,) - 9(C*) +
Sonellm(Ar) — G l* + 3, X Caea,nas llz — cl* =
d(C) =3, pler; ArNAR)+Y, ne||m(Ar) —ci]|?, where the
last equality is by observing that ¢(C*) =3~ ZATﬂA: |lz—

C:H2 + Z’r Zs;ér ZZGATQA: ||l' - C:HQ' O

8 Appendix B: Local Lipschitzness
and clusterability

Lemma 4. The following are equivalent
1. C is a boundary point
2. V(C) has a zero margin with respect to X
3. |[V(C)N X| > 1, i.e., the clustering determined by
V(C) is not unique.

Proof of Lemmalj “1 = 2’ obviously holds since

lx — ¢rl] = ||z — ¢s]| if and only if |Z — ¢ — ||Z — ¢l
“2 = 3" let A € V(C)NX be the clustering achieving the
zero margin, and consider z € A,UA, s.t. [|Z—c.||—||Z—cs||;

without loss of generality, assume z € A, according to
clustering A, and define A’ to be the same clustering as A
for all points in X but z, where it assigns z to As. Then
A evihnX and [V(C)NX| >2>1. “3 = 1™
Suppose otherwise. Then every point x has a unique center
that minimizes its distance to it, which means the clustering
determined by V(C) N A is unique. A contradiction. [

Lemma 5. If C* € {C"}, then C* = m(A"), where A™ €
{A"} and A =v(C™).

Proof. By definition of stationary points, C* = m o v(C™).
Let A = v(C”), then m(A) = C* and vom(A) = v(C*) = A.
Thus A € {A*} by definition of a stationary clustering. [

Lemma 6. Fiz a clustering A = {A1,..., Ax}, and let
C € v~ (A). Then 38§ > 0 such that the following statement
holds:

For C's.t. A(-,-) is defined
A(C,C)<§ = C' ev " (A) 9)

Proof. Since C' is not a boundary point, Vz € A.,r € [k],
o = crll < ll& — cll, Vs # 7

So we can choose § > 0 s.t. Vo € A, Vr € [k],s # 1,
lz = erll < lle = esll = 25

Let 7* be a permutation such that A(C’, C) is defined. We
have Vz € A,,r € [k],s #r,

2 = o)l = llz = ey | 2 Nl = sl = llch= (o) — sl

—(llz = erll + ller = oo ) > llz = el = llz = el = 2v/5 > 0
where the second inequality is by the fact that

max ||« () — a|? <A, 0)< 6

Therefore, V(C')NX = A4, ie., C' € v (A). O

Lemma 7. Suppose VC* € {C*}y), C* is not a bound-
ary point (i.e., suppose Assumption (A) holds). Let
C = m(A") ¢ {C"} for some A" € {A} and let C' €
Cl(v™1(A")), then 36 > 0 s.t. A(C',C) > 6.

Proof. We prove the lemma by contradiction: suppose
V6 > 0, 3C" st. C' € Cl(v 1(A")) and A(C',C) < 6.
First, we claim that for ¢ sufficiently small, C' must be
a boundary point: suppose otherwise, then by Lemma [6]
v(C") = v(C) = A', contradicting the fact that C' ¢ {C™} (.
Let A € V(C)N X. Since C' is a boundary point, 3r, s and
r € A, UA; s.t.

[z —erl = [lz — el

Now, we choose § > 0 to be sufficiently small so that for
any A’ € V(C')N X, clustering A’ only differs from A on
the assignment of these points sitting on the bisector. This
implies C' € Cl(v™'(A")), which implies C' is a boundary
stationary point, a contradiction. O
Lemma 8. IfVC* € {C"}y, C* is a non-boundary sta-
tionary point, that is, C* = m(A*) € v~ '(A*). Then
Frmin > 0 such that VC* € {C"} ), C* is a (rmin, 0)-stable
stationary point.

Proof. Fix any k in the range of [k] (we abuse the notation
with the same k here). For any C such that A(C, C*) exists
(i.e., |C| =k >k =|C*|), we first show Ir* > 0, such that
the following statement holds:

A(C,C*) < r*¢p* = Cecv '(A)

Since C* is a non-boundary point, there is a permutation
7o of [k] such that Vo € A,,Vr € [k] and Vs # r,

= ca,mll <l = ca sl



Convergence rate of stochastic k-means

We choose r* > 0 so that Vo € A,,Vr € [k],Vs # r,

|z = cromll <z = cro)ll =2/ 1*¢*, Vr e [k],s #r

with equality holds for at least one triple of (z,r,s). Let
7" be a permutation satisfying

* . * * 112
n* = argmin Y n7fleai) — ¢
relk]

Let 7’ := 7" o m,. We have V(z, 1, s) triples,

||$ - Cﬂ"(S)” - H:C - CW’(T)H
> ||‘T - C:FO(S)” - ||C;kro(s) - C‘/r/(s)H
—(llz = Sy I + llez, () — €xr(my 1)
> ||z — croll = llz = crymll = 2¢/7*¢* > 0
where the second inequality is by the fact that
max |[cq«(r) — cil|” < A(C,C%) < r*¢”

— mTaXHcﬁ*(,«) —cr|l < \/r*o*

Since 7’ is the composition of two permutations of [k], it
is also a permutation of [k], and Vr,s # r, ||z — co/(n ]| <
[z = crr(sll, 50 C € v™(A"). Since by our definition, r*
is unique for each C*. Since {C*} is finite, taking the
minimum over all such r*, i.e., rmin (= minc*e{c*}[k] r*
completes the proof.

The following is a restatement of Lemma[2] which is robust
to degeneracy and boundary points.

Lemma 9 (Restatement of Lemma . If X is a gen-
eral dataset, then Irmin > 0 s.t.

1. YVC* € {C*}[k], cr
point.

is a (rmin, 0)-stable stationary

2. Let m(A") ¢ {C*} for some A" € {A} and let C' €
Cl(v™Y(A")), then A(C',m(A)) > rmind(m(A)).

Proof. By Lemma FIrrin > 0 .s.t. VO, C* is rhin-
stable. Furthermore, by Lemma Irlin > 0 st VO™,
A(Cl7m(A)) 2 T:nmqs(m(A)) Let Tmin = min{rltlin,rinin}
completes the proof. O

Proof of Proposition[i] For all r € [k],
nyller — cil|* < A(C,C7) < bg”

S0 |ler — ¢ < ,/%. Then for all r # s,

* * 1 1
ller = cxll + lles — cXll S VOV (= + —=)

Vb, 1 1 Vb 1

where the second inequality is by (B), and the last inequality
by our assumption on b. Thus, we may apply Lemma

to get M”:%A:‘ < f% for all r, proving the first statement.
Now by Lemmal[Ig8] ¢(C) < (b+ 1)¢*, so

ab N ab
Bab+4(1+ 42) ~ Sab+4(2+10)
N ab
= 5af?/162 +4(2 + f2/162)
b |A-NAL
> >
~fa) T

where the third inequality holds since f > max{642, 32£2

) 162
by (B). This proves the second statement since C* is then

(1’%, a)-stable by Deﬁnition O

9 Appendix C: Proof of Theorem

Theorem 3. Fiz any 0 < 6§ < % Suppose C* is (bo, ax)-
stable. If we run Algorithm [1] with parameters satisfying
In(1 — /&)
ln(l - %pr*nm)
d > s with B > 2

20— Vo — (1= 5p5in)™]
to > 768(c)? (1 + bi)%f In® %

Then if at some iteration i, A® < %boqb*, we have YVt > 1,

Pr(%)>1-46 and

EiAY < (M)BN
to+t+1
(c')zB(to—i—i—i—Z)ﬁH 1

B—1'to+i+t1l tot+tt+1

where B := 4(bo + 1)n¢™.

9.1 Proofs leading to Theorem
In the subsequent analysis, we let

¢
8" := 2¢ minpl(m)(1 — max; p, (m)

Va)

min, pi(m)
where
ph(m) := Pr{c™" is updated at t with sample size m}

=1-—(1-
( n

So,
B" = 2¢ (minpy.(m) — v/a max p(m))

The noise terms appearing in our analysis are:

ER S Y et +¢' 7] (10)

T zeAlt!

> niet =, é — Elér|Fya)) (11)
T

> nille —c|? (12)
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In the analysis of this section, we use E.[-] as a shorthand
notation for E[-|Q], where €, is as defined in the main
paper. Let F: denote the natural filtration of the stochastic
process C°,C*, ..., up to t.

The main idea of the proof is to show that with proper
choice with the algorithm’s parameters m, ¢’, and t,, the
following holds at every step t¢:

oﬁt22|ﬂt

e Noise terms (1) and are upper bounded by a
function of ¢*[€2;

o Pr(Q\ Q1) is negligible |Q;, B* > 2, bounded noise

[ ] Et[At|Ft71} S (1 -

o +t)At 1+€ ‘Qt

where €', the noise term, decreases of order O(%)

Lemma 10. Suppose C* is (bo, a)-stable. If

In(1 — va)
In(1— %p:nin)

and

/ B
© 7= Va— (- Tpn)]

Then conditioning on Q¢, we have Bt > f.

t—1

Proof. Let’s first consider p;.(1) = =
Q:, using the fact that C* is

. Conditioning on
(bo, av)-stable, we have
t—1

|ATAAT]

(o

)

> p:nin(l — max
T

ab, 4
Z p:nm(l - —t) pmln
Sab, +4(1+ %2)" 5
And hence,
. t 4 * m
mlnpr(m) 2 1- (1 - gpmin)

Now,
B" > 2¢/(minp;.(m) — Va)

)™ — Va) > B

>2J(1—(1—
>2d(1-(1-¢

where the last inequality is by our requirement on ¢’ and
the fact that 1 — (1 — 2p},;,)™ —v/a > 0 by our requirement
on m. O

Lemma 11. Suppose C* is (bo, a)-stable. Then if we apply
one step of Algorithm with m, ¢ satisfying conditions in
Lemmal[I0, then conditioning on $;,

A< A1 - B

2 * || Al * |12
L) gl Tl <l

26/ * /) i— * 7
+ -an<cr l_c’l‘7€’l‘>
T

to+1

where &L = &L — E[éL|Fi_1].

Proof. Let AL := n}||ck — ci||?, so A = > AL and we
use pL as a shorthand for p.(m). By the update rule of
Algorithm

Ar =071 =n) (et =) +n'(E - D)
<n{(t=20)le” = I+ 20 e — e é e
+0)?lller™ = e l* +llen — eIy

Let &L = ¢ — E[¢L|F;_1], where

E[el|Fio1]) = (1 — ph)ei™ ! + pim(AL)

Since

&) = (et = e Ble Fioa] + & — )
< -po)lle™ = e)?

7—1 * Al
<C'r —CryCpr —

+prllm(AL) = llller™ = &l + (et = e &)

We have
AL < {20l — el = (1 - phlleit — e
—prlle = erlllim(AL) = erll] + lle ™ = e

& — eI’y

. t i—1 * (12
-minp,|c.  — cr|
1 ™

iN2r)) i1 (2
n) lller —ell” +
/

« 2c
< nT{—t N

+2n* (€, it — e+ (

/

max pilc;” " = crl[m(A}) — ¢ |

to+i
e =l + 20’ 6 <)
+")[ller™" = erl® + e — eI}

Note
S el — e llm(Al) — e
r
< \/<Z ntlle — er2)( mzlm(AL) — e P)

(A7), C7) < VaA'™!

= VATIA(m

where the first inequality is by Cauchy-Schwartz and the
last inequality is by applying Lemma [I] Finally, summing
over A, we get

maXs pg

Va)]

2c
Az A’L 1 . t 1—
Z to+inlrlin( min, pt.
* (12
gl Sl =l
T
anl\ —c?

to+z an

t -|—’L cra£r>

S Ai71(17 B
to—i—z

- C:: §;>

The second inequality is by 8° > 3, as proven in Lemma
O
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Lemma 12. Suppose X satisfies (A1), C° € conv(X), and
C” is (bo, a)-stable. If we run one step of Algorithm|1}, with
m,c satisfying conditions in Lemma then conditioning
on ;, we have, for any A > 0,

El{eXP{AAI}lFlfl}

seXP{A{(l Oty €

(to +14)?

_t0+2

\c)?B?
* (to+z>2}}

Proof. By Lemman we have (11| . ) and (12| . are both upper
bounded by B. By Lemma [T} we have

/N2
. . B
E{exp(MAY)|Fi1} < exp A[AT (1 — 2 (c)
{exp(AAYF—} < exp MATH(L = 22) + 5 255 ]
/
EifexpA Soniler! — I
Since
2Xc i i1 22’
E &, e —cr) < B
Z+t0 . n7<€T7CT CT>_Z+tO
and E; {2” >, (&, it —cp)|Fi—1} = 0, by Hoeffding’s
lemma
2)\6/ 1 *
E; - e =) Fie
{exp{m()}j ek = o)l 1}}
)\2( )82
<
ep{@+ty}

Combining this with the previous bound completes the
proof. O

Lemma 13 (adapted from [4]).
Ei{eAAz—l} < Eif]_{eAAl_l}

For any A > 0,

Proof. By our partitioning of the sample space, Q,_1 =
Q?U(QZ 1\ €;), and for any w € ©; and W’ € Q;_1 \ Q,
ATHw) < bop* < AT 1( ) Taking expectation over €2;

and Q;_1, we get E;{eM" } < Ei,1{e>‘N 1}. O

Proposition 2. Fiz any 0 < § <
stable. If A° < %boqﬁ*, and if

L. Suppose C* is (bo, @)~

(- V@)
lﬂ(l - 7pmm)
d > s with B > 2
"2 1.2 2, 21
to > 768(c)(1+—)n"In" =
bo 1
Then
P(Qs) <4

(here we used A° instead of A* and treat the starting time,
the i-th iteration in Theorem[3 as the zeroth iteration for
cleaner presentation).

Proof. By Lemma [12] for any A > 0,

. i "2 2 2
B} < BNOTmTN ep( R0 4 A(t( =
ot+i i
(1) ni—1 )\(c')2B (C) 2p?
< B 1A
< Bioife Yexpt G, 02 T 3, + )2

where A = X\(1 — m)’ and the second inequality is

by Lemma |1 Slmllarly, the following recurrence relation
holds for k£ = 0,.

NOINEL A(k+1) gi—k—1
Ei_i{e } < Eimgnie

}

)\(k) (CI)QB ()\(k))Z(cl)QB2
Pl iR T 2+ i— k)
Where MO = X and for £ > 1, A® = 1F_,(1 —
(0)
ot Gim t+1)))‘

Note (see, e.g., [4]) V8 > 0,k > 1,

toti—k+1g
to+i

(k) _ 1k _ 8
)\ _thl(l to+(17t+1))§(

Since the bound is shrinking as g increases and 5 > 2,

tot+i—k+1 A 4N
to+i (to+1—k)2 = (to +1)?

AR <
(to +1— k)Q - (

Repeatedly applying the relation, we get

Ei{eAAi} < e,\“)AO

{Z o)

2(to + 1)
< exp{A( °+1)’3A°+[A( )*B + 2 (0/2) 2 }(tofi)Q}
<exp{/\(ff J:)Blbqb B+ (Clz) = }(toiii)Q}

Then we can apply the conditional Markov’s inequality, for
any A; > 0,
Pr(A" > bo¢*|)

B8]
e>\z‘ bo ¢*

Pr(we Qi \ Qiy1) =

= Pr(ek"N > e)‘ib"¢*|§li) <

Combining this with the upper bound on E;e*®", we get

Pr (UJ e O \ Qi+1)

< exp{-A{5bol2 — (G-r3)’)
\iB? ( )2
L bod” A ( )z
<o {agl -+ 20 0 }}

since ¢ > 1. We choose \; = iln
and show that % —( Al : ) éicjr);é
by A.

. bo *
with A = T¢’

is lower bounded

(+1)?
9
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Case 1: B> 28" We get
1, ., B2, 4(d)?i
Zbyd* — (B e )r
ple? — (B )(to+i)2 =
A )2 (b, n )2 (be no* )2
since t, > 128( )bib +Dn _ 64( )%(bbod’tl) o _ 16%(%;*8.
Case 2: B< —A"QBZ. We get
1, .. NB%. 4(d)%
“b,d* — (B e )r
2 ¢ ( 2 )(t +14)2
>2A — )\ BZ£
(to +1)?
1. (1+49)%4()*B%
=2A— —1 i Sl
AT (i)
1, (to + )% 4(c)* B2t + i)
>2A — —1
= A n 5 (to +i)2
Now we show
-\ 2 N2 2
1y o+ 4B
A ) to + 1
Since
. N2 1.2 2,21
to +1 > t, > 768(c) (1+b )*n”In 3
B
- (%b(ﬂb*)z Ky

2
In > 1, and % > ;, we can apply Lemmawith

bz?,C:z%,t7t0+z>(gc In1)77 | and get

3%

4()B? . (t, +1i)? 1 pq )
A2 In 5 .:QClnt+Clng<t =to+1

That is, —~ % In (to ;1)2 4(i )iBz < A. Thus, for both cases,

)\ B? ( /)Q’i
2A — (B —2 - >=A
and hence,
i 2
Pr(we Qi \ Qit1) < e~ & n G5)a _ 0

(i4+1)2

Finally, we have
Pr(U;>192: \ Qiy1) < Z r(w € Qi \ Qig1) <9I

O

Proof of Theorem[3 Since the conditions in Proposition
[ holds for any ¢ > i, we apply it and get

PT(Qt) 2 1-— P?‘(Ut>iQt \Qt+1) Z 1-— 6

This proves the first statement. Taking expectation over €2,
conditioning on filtration F;_; with respect to the inequality
derived in Lemma |11 we get

ﬂ)+ <

B JAYF_] < A1 —
[A"|Fi—1] < ( Py

since is bounded by B by Lemma [24] E, and since
Et{§T|Ft 1} =0, Vr € [k]. Taking total expectation over
Q¢, we get

E[A"] < A1 - toit) * (Eﬁj
< B[ - toi t) * (Ei)tiz

We can apply Lemmag by letting u¢ + Epye, [ATTE0] (we
temporarily change the notation E;[A!] to By, [AT'e] to
match the notation in Lemma s to < to+1, a <+ B, and
b+ ()’B

tot+i+ 1. (c)?B

(to+z’+2)ﬁ+1 1
totit 1l to+t+1

O

E A" < (

o TP INBAT
to+t+1) T

10 Appendix D: Proofs of Theorem
and Theorem [2]

One subtlety we need to point out before the proofs is that,
in Algorithm [1} the learning rate n. as well as the update
rule:

W ket

is only defined for a cluster r that is “sampled” at the ¢-th
iteration. However, even if the cluster is not “sampled”, i.e.,
¢t = ¢t the same update rule with & = ¢.~! and and
the same learning rate still holds for this case. So in our
analysis, we equivalently treat each cluster r as updated
with learning rate n%, and differentiates between a sampled
and not-sampled cluster only through the definition of é&.

ch—(1-

Proof leading to Theorem

Lemma 14. Suppose Vr € [k], nt < nlhax w.p. 1. Then,

E[¢"! — ¢'|F] < —2min_, e ni P (0 — 6F) +
(miah)?69", where &' =30, 30 yen |lz — m(AF)| 1%

Proof of Lemma[1]] For simplicity, we denote E[-|Fy]
by E:[-] (the same notation is also used as a shorthand to

E[-|92:] in the proof of Theorem [3} we abuse the notation
here).

BI= B S e
r= 12€Af+2
<EY Y le-dn
T ozeAlt?
=B D lle— 0= e - et )
T zGAt+1
CBY Y - le—
r a:eAtJrl

H ) e = &P 2 (A -0 e - = &)

where the inequality is due to the optimality of clustering
A2 for centroids C**!. Since

E&M ) = (1 —p e + o im(A)
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we have

(x—ck,x— ét'H)

= (1L—p e —cl” +p (2 — crm — m(A))
Plug this into the previous inequality, we get
t+1 < Z t+1 +(n t+1) ot
+(775“) > le—&ty?
ze Attt
AR R AR N SR CEe
.IEA;L+1

o Y (@ —ce —m(AT)))
zeAt+l
_9 Z nt+1 t+1

+2277t+1 t+1 Z <$—cr,$—m(f4£+1)>}

At+l
2 e

1
zEAiJr

( t+1)2 At+1H

+(m )¢y +

Now,
Z (x —cb, oz —m(ATh)
zEA:#l

+ m(Ai"rl) - Ciax -

= > e

xEAH'l

t+1
AJr —cr,ac—

m(A7) m(A7)

m(A]?

m(AT) = ¢

2!

At+1

since > 4t4+1 (m(ATY) —ch, 2 —m(AT)) = 0, by property
of the mean of a cluster. Then

Eifo"] < ¢f +Z2nt“ FH =0+ on)
=&

+r o+ B D |l

:cEAI:"'l

Now a key observation is that p’™ = 0 if and only if
cluster ALt is empty, i.e., degenerate. Since the degen-
erate clusters do not contribute to the k-means cost, we
have Zr;p£+1>o ¢t = ¢', and similarly, ZT;pf‘+1>O oL = ¢t
Therefore,

B¢ <¢' =2 min " prt(e" — ¢")

Tt p”r >0
M ES S o + o)
T ogealt!
= qﬁt — 2  min H'l H_l((b ¢ )+ (n fr;;c)26¢t
mtpit>0
where the last inequality is by Lemma [23] O

Lemma 15. Suppose Assumption (A) holds. If we run

Algorithm on X with nt = ﬁ;t, and t, > 1, with any

initial set of k centroids C° € conv(X). Then for any
§ >0, 3t s.t. A(C,C*) < § with C* := m(A*) for some
A" e {A*}[k].

Proof of Lemma[15 First note that since {C*} in-
cludes all stationary points with 1 < k' < k non-degenerate
centroids, and at any time ¢, C* must have k' € [k] non-
degenerate centroids, so there exists C* € {C* }4t € {C*}y
such that A(C*,C*) is well defined. For a contradiction,
suppose Vt > 1, A(C*,C*) > 4, for all C* € {C*},+. Then

Case 1:
Then

m(A*) € {C* )it

A(CT, m(A™)) > 6

by our assumption.

Case 2: m(A™) ¢ {C*}pe
Since C* € Cl(v™'(A™1)) by our definition, applying
Lemma 2]
A(C", m(A™) 2 rring(m(A™))
So for both cases,

A(Ct,’m(AH-l)) > min{57 Tmin¢opt}

Let denote 8, := min{8, rmind(m(A™))}, then by Lemma

4

Elp"™ - ¢'|F]

: t+1
- 2¢ N, 01 (5.0 Pr
- t+1+t,

+( )26 ¢max

t+1+1,

Note for pH'l( ) > 0, by the discrete nature of the dataset,
Ir > 1 =, therefore,

min_ ph(m)>1-(1— )" >1-e ¥
re[k];pf.(m)>0 n
Also note
== Y Nz—CP —[lz — m(A)|?

relk’] EAtJrl

(AP = ACT, m(A™)) > 6

=2k

Then Vt > 1,
E[¢"'] — El¢']

) 6max (c')*
%o (t+1+to)2

m
n

<72Cl(1787
- t+1++t,

Summing up all inequalities,

E[¢""] - E[¢"]

t4tod+ 1  6Pmax(c)?
501
Joln == —+ ="

m
n

< —2d(1—e”
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increases with ¢ while

Since t is unbounded and In t+;&570+1
o

6¢max(0/)2 4 t
—tmaxt 2 is a constant, 37 such that for all t > T, E¢" —

#° < —¢°, which means E[¢'] < 0, for all ¢ large enough.
This implies the k-means cost of some clusterings is negative,
which is impossible. So we have a contradiction.

Proof setup of Theorem The goal of the proof
is to show that first, with high probability, the algorithm
converges to some stationary clustering, A* € {A"}. We
call this event G; formally,

G:={3T > 1,34 € {A"}p, st. A" = A"Vt > T}

Second, we want to establish the O(T) expected convergence
rate of the algorithm to this stationary clustering A*.

To prove that the event GG has high probability, we first
consider random variable 7:

min

T:=min{t >0 |
Are{A*} g

A(C"m(AT) < Sraind’)

That is, 7 is the first time the algorithm “hits” a stationary
clustering; 7 is a stopping time since V¢ > 0, {7 < t} is
Fi-measurable. By Lemma

Pr({r < 0o}) = Pr({r € N}) = Pr(Ur>o{7 =T}) =1 (13)

Fixing 7, we denote the stationary clustering that the algo-
rithm “hits” by

A" (1) == ar min  A(C",m(A"
()= arg | min,  A(CT.m(4")
A*(r) is well defined; the reason is that when

A(CT,m(A")) < irming*, A7 = A", so there can be only
one minimizer.

We will prove a subset G, C G holds with high probability.
To do this, we construct G, as a union of disjoint events
determined by the realization of 7 and A*(7): we define
events

Gr(A*) = {r =TIN{A* (1) = A" }In{¥t > T, A" < rimind™}

Then we can represent the event where the algorithm’s
iterate converges to a particular stationary clustering A™ as

G(A") :=Ur>0Gr(AY)
Finally, we define
Go = Uaseqary,, G(A")
Go C G since the event A? < rpin¢* implies A = A*.

Proof of Theorem[i]l Fix any (T, A*), conditioning on
{r=T}n{A" (1) = A"}, since we have

/ ¢max
c > T

(1 - E_T)Tmin(z)opt

We can envoke Lemma [16| to get Vi < T,

B(¢' — 9(A")|Gr(47)} = O(3) (14)

Now let’s consider the case t > T'. Since by Lemma [2] A*
i8 (Tmin, 0)-stable, we can apply Theorem [3} in this context,
the parameters in the statement of Theoremare bo = Tmin,
a=0, phin > % Thus, for any

m>1
¢ > % with > 2
2(1 —esn)
and ) .
t, > 768(c)? (1 + Tf)an In® 5

the conditions required by Theorem [3] are satisfied. Then
by the first statement of Theorem [3}

Pr({vt > T, A" < rpin¢"Y{r =T} N {A™ (1) = A"})
=PQuo|{r=T}N{A" (1) =A"}) >1-4 (15)

and by the second statement of Theorem [3] V¢ > T,

B(g' — 64", {r = T} N {A"(r) = 4°}}
< B{A(C!, O, {r = THN {A"(1) = 4}} = O()

where the first inequality is by Lemma @ Since Qoo C 24,
Vt > 0, this implies
E{A(C",C")|Qeo, {1 =T} N {A*(1) = A*}}

= B{A(C",C)[Gr(A)} = 0(5)  (16)

Finally, we turn to prove Pr(G) is large. Recall
Pr{G} > Pr{Go} = Pr{Ur>0 Ua=c{a~

P>

T>0,A*€{A*}y

by GT (A7)}
PT{GT(A*)}

where the second equality holds because the events G (A™)
are disjoint for different pairs of (T, A*), since the stop-
ping time 7 and the minimizer A*(7) are unique for each
experiment. Since

> Pr{Gr(A")}

T>0,A*€{ A"}
=Y Pr{Qu|{r =T}Nn{A"(1) = A"}}
T,A*
Pr({r =T}n{A"(r) = A"})
> (1-4) Y Pr({r =T}n{A"(r) = A"})
T,A*

=(1=8)Pr{UrUa= {r=T}N{A" (1) = A"}}

=1 =98)Pr{Urso{r=T}}=1-96
where the inequality is by (15), and the last two equalities
are due to the finiteness of {A™} ) and by , respectively.

Therefore, Pr{G} > 1 — §, which completes the proof of
the first statement. In addition,

PT{UA*G{A*}UC]G(A*)}
= PT{UTZO,A*E{A*}[M Qoo N {T = T} N {A* (T) = A*}}
>1-946
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which proves the second statement. Finally, combining
inequalities and , we have V> 1 and V¢t > 1,

B{g' — p(A)|Gr (A7)} = O(3)

Since the quantity ¢ — ¢(A**) is independent of T, we
reach the conclusion

B{g' — oA G(A")} = O(3)

O

Lemma 16. Suppose the assumptions and settings in
Theorem [1] hold, conditioning on any Gr(A™), we have
Vi<t<T,

B{' - 6(4)|Gr(4)} = O(3)

Proof. First observe that conditioning on the event Gr(A*),
A(CHC*) > %Tmind)*, Vt < T. Now we are in a setup
similar to that in the proof Lemma [I5] and the argument
therein will lead us to the conclusion that

< . 1 ~ 1 ~
(bt - ¢t > mln{§rmin7 Tmirl}¢t = §rmin¢t

Proceeding as in Lemma [15] we have conditioning on

GT(A*)7

E[¢'|Gr(A")]

. :
2¢ N, (4]0t (m) >0 pr-(m) TminPopt

We conclude that V1 <t < T,

to+1 b

to +2)a+1 1

t * <
El¢'|Gr(47)] tot 1 torttl

<t (

a—1
Subtracting ¢(A*) from both sides of the equation, we get

to+1

E[‘{bt - ¢(A*)‘GT(A*)] < m(¢o - ‘f’(A*))
b to+2.a11 1 _ L
a—l(to—l—l) to+t+1*0(t)

Proofs leading to Theorem

Here, we additionally define two quantities that character-

izes C™: Let A™ = v(C™), we use ppi, = min, ¢y "—nr to

characterize the fraction of the smallest cluster in A, to
%

nE
maxge Ax |
acterize the ratio between average and maximal “spread” of
cluster A7, and we let Wmin := min,cpr) wy.

the entire dataset. We use w, := I to char-

10.1 Existence of stable stationary point
under geometric assumptions on the
dataset

First, we observe that our Assumption (B) implies two
lower bounds on ||cf — ck||, Vr,s # r. Let x € A n AL
Split x into its projection on the line joining ¢ and ¢}, and
its erthogonal component:

< Bl¢"Gr (AN -

t+to 2¢max
since Vt > 1,
1-— @ > T'min @ > T'min ¢opt
¢t T 2 ¢ T 2 Pmax

Now, since we set

/ ¢max

c > =
(1 - eii)rmin(ﬁopt
we have

2c min pi m 7rmin¢0m

TE[k];pi(m)>0 ( ) 2¢max

1 Tmin¢o t
> 20 (1 — (1 — =2)™)—2ro

22c(1-(1--)") D

—m 7"min(;so t
>2d(1— [ s a2

- C( c ) 2¢max
> 9 (bwrlnax (1 o ef%)rminﬁbopt > 1
(1 - e_W)Tminqﬁopt 2¢max

Applying Lemma [26] with

t (m) Tmin¢opt

1
2¢max ~

/ .
a:=2c min -
relk] ;p:; (m)>0

b= 6(Cl)2¢max
T (te+1)?

4 ( ) 6Pmax

t+t,
(cr+cs)+Acy—cs)+u (17)

1
x==
2
with v L ¢; — c¢;. Note A measures the ratio between
departure of the projected point from the mid-point of
¢y and ¢; and the norm |¢; — ¢;||. By minimality of our
definition of margin A,

* * * * 1
(CT + CS)H = )‘HCT - CSH > §ATS (18)

N =

1z —

In addition, since ¢ is the mean of A}, we know there
exists z € A; such that Z falls outside of the line segment
¢y — ¢} (or exactly on ¢ in the special case where all points
projects on c;). Similar holds for ¢j. Thus,

1 1
vy + Vi
Lemma 17 (Theorem 5.4 of [12]). Suppose (X,C*) satis-
fies (B). IfVr € [k],s #r, AL+ AL < %. Then for any

b2 Al+al
8757'; |A:QAZ|SW7 Am"

ller — el = Avs > f() /67 (

) (19)

where b > max,. s

The proof is almost verbatim of Theorem 5.4 of [12]; we
include it here for completeness.

Proof. Since the projection of & on the line joining ¢!, ¢! is
closer to s, we have

(s —er)(ct +cr)
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Substituting (17)) into the inequality above,

%(c: +ect =)+ A (ch =)k —cb)

1
Fuleh =) 2 Sl - ) (20)
Since u L ¢ — &, let A = AL + Al. We have
u(cs —¢p) = ulc — ci — (¢ — 7)) < [lullA
Rearranging 7 we have
1 *
Lt et =t~ (et — )
(e =) =) +ulc —c) >0
A2 A * * * *
+ EHCT - cs” - AHCT - Cs”2
+FAA ey — gl + lullA >0

Therefore,

* 1 * *
o= el = 15 = A)ed — ) +ull > Jul

A * *112 A
> 2 _ _=
= A HC"‘ CS H 2
1 * * * * Ars C: - C:
et el = Al — e3> Al el
where the last inequality is by our assumption that A < Afés ,

and A > ﬁ by . By previous inequality and our
assumption on f, E| for all s # r

y AQ * % 2
|Ar ﬂAg‘ 'rch'r cs” < Z

2
fA2? = llz — crll

zEAXNAY

A1’+At 2
So |47 M ALl < S,carnally — P s

Aller—ezl® =

%(ZA:HA@ lz — ¢i||?), where the second inequal-
N . snAt 2 *
ity is by (I9). That is, ‘A'r:: ol < fb(b* D arnat llz— chl*
* t

Similarly, for all s # r, ‘ASHEA’"I < fi* ZA;mAg llz — cz|)?
Summing over all s # r, lArnAi*A:‘ = Pout + Pin < %Qﬁ* =
b2

F =

Lemma 18. Fiz a stationary point C* with k centroids,
and any other set of k'-centroids, C, with k' > k so that C
has exactly k non-degenerate centroids. We have

$(C) = ¢" <minY nilleniy — el = A(C,C7)

Proof. Since degenerate centroids do not contribute to k-
means cost, in the following we only consider the sets of
non-degenerate centroids {cs,s € [k]} C C and {c;,r €
[k]} € C*. We have for any permutation T,

$O)=¢ = > lle—cl®* =D > llz—fII?

s TEAg r z€A¥
<Y =l =20 > =<l
r T€EA¥ r TEAX

* * 112
= ZnTHCW(T) =l
-

3We use f as a shorthand for f(«) in the subsequent
proof.

where the last inequality is by optimality of clustering
assignment based on Voronoi diagram, and the second
inequality is by applying the centroidal property in Lemma
to each centroid in C*. Since the inequality holds for
any m, it must holds for min. >, ny|lca(-y — ci||®, which
completes the proof.

Proofs regarding seeding guarantee

Lemma 19 (Theorem 4 of [19]). Suppose (X, C*) satisfies
(B). If we obtain seeds from Algom'thm@, then

0 * 1f(0£)2 *

with probability at least 1 —m, exp(—2(¥ — D%wi;,) —
k exp(—mopiin)-

Proof. First recall that, as in , assumption (B) implies
center-separability assumption in Definition 1 of [19], i.e.

1 1

¥r € [kl # el = el 2 f@VE (S +

)

with f(a) > max,cig),szr Z—Z Applying Theorem 4 of
[T9] with ., = ¢ and v, = 2, we get Vr € [k], |2 — ¢k <
7”;(00, / z—’*; with probability at least 1 —m, exp(—Q(% -

1)2w2;,) — kexp(—moPhm). Summing over all 7, the pre-
2
vious event implies >, nylc2 — c||* < @(]ﬁ* < %%qﬁ*,
where the last inequality is by the assumption that f > 64>
in (B). O

Lemma 20. Assume the conditions Lemmal[Id hold. For
any € > 0, if in addition,

fla) > 5\/1111( 2 ln%)

2wmin fpfnin 5

If we obtain seeds from Algorithm[g choosing

In 2k
*5 <mo<§
Prin 2

exp{?(@ - I)Qwi,m

Then A(C°,C*) < %figf ¢* with probability at least 1 — &.

Proof. By Lemma [19] a sufficient condition for the success
probability to be at least 1 — & is:

moexp(—2(L@) _1y22,) < &
4 2
and
kexp(—mopiu) < 5
This translates to requiring
1 2
Iﬂ ln?k <me < gexp(Q(@ — 1)2wr2nin)

4note: “a” in [19] is defined as min, ¢, sxr %,Which is
not to be confused with our “o”. l
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Note for this inequality to be possible, we also need
Pmm In 22 Qk <& exp(?(@ —1)%w?2;,), imposing a constraint

on f(a ) Taking logarithm on both sides and rearrange, we

get
fla) . 1 2 . 2%
=Y 2 g M 0 )

2k
) 2 5\/2wnnn Epm,n In ?) O

Proof of Theorem [2 By Proposition [1} (X, C*) satisfy-
ing (B) implies C* is (fiﬁgz,a) stable. Let by := fi‘gf,

and we denote event F := {A(C°, C") < 1by¢"}. Since

1 2 2k log 28
fl@) > 5\/210—‘111(é In2), and —:
(Hg

This satisfied since f(«

< Mme <

Prmin min

—1)%w2;,}, we can apply Lemma to get

Pr{F}>1-¢

% exp{2

Conditioning on F, we can invoke Theorem [3] since (A1) is
satisfied implicitly by (B), C° C conv(X) by the sampling
method used in Algorithm [2] and we can guarantee that
the setting of our parameters, m, ¢/, and t,, satisfies the
condition required in Theorem [3] Let €2; be as defined in
the main paper, by Theorem [3] Vt > 1,

E{A'|Q, F} = O(%) and Pr{|F}>1-§

So
Pr{Q:NF} = Pr{Q|F}Pr{F} > (1-6)(1—-¢)

Finally, using Lemma [I§] and letting G := Q: N F, we get
the desired result. O

11 Appendix E: auxiliary lemmas

Equivalence of Algorithm [1] to stochastic k-
means Here, we formally show that Algorithm [I] Wlth
specific instantiation of sample size m and learning rates n
is equivalent to online k-means [6] and mini-batch k-means
[18].

Claim 1. In Algorithm if we set a counter for Nt =

. ~ 1
22:1 Al and if we set the learning rate nt = ==, then

Nt?’
T
provided the same random sampling scheme is used,

1. When mini-batch size m = 1, the update of Algorithm/[]]
is equivalent to that described in [Section 3.3, [0]].

2. When m > 1, the update of Algorithm[1] is equivalent
to that described from line 8 to line 14 in [Algorithm
1, [18]] with mini-batch size m.

Proof. For the first claim, we first re-define the variables
used in [Section 3.3, [6]]. We substitute index k in [6] with
r used in Algorithm [T} For any 1teratlon t, we deﬁne the
equlvalence of definitions: s < x4, ¢& < wi, AL — Ang,
N « ng. According to the update rule in [6], Ang =1
if the sampled point z; is assigned to cluster with center
wy. Therefore, the update of the k-th centroid according
to online k-means in [6] is:

Wk — W +i(x~fw)1
k k s i k)L{An,=1}

Using the re-defined variables, at iteration t, this is equiva-

lent to 1
d ="+ A—t(s —cit

r

M iar=1y

Now the update defined by Algorithm [I] with m = 1 and

n7 iq.
nT = Rt 18:
r

since A% can only take value from {0,1}. This completes
the first claim.

For the second claim, consider line 4 to line 14 in [Algorithm

[18]]. We substitute their index of time ¢ with ¢ in
Algonthmm We define the equlvalence of definitions: m <«
b, S+ M, s+ x, CI()ed[ z], e

At iteration ¢, we let v[ct™']; denote the value of counter
v[c] upon completion of the loop from line 9 to line 14
for each center ¢, then N} + v[ct™1)¢. Since according to
Lemma n from line 9 to line 14, the updated centroid c’.
after iteration ¢ is

sGUf 1S
t—1
t s —cf.
NT seSt s/ t 151
t—1 t 1 tfl
[Z s+ Ny ] —c
Ny seSt
At
M. Zsesﬁs t t—1 t At
= Cr + 7% = —MrCr + Ny Cr
t
Nt NE o ny

Hence, the updates in Algorithm [I] and line 4 to line 14 in
[Algorithm 1, [I8]] are equivalent. O

Lemma 21 (Centroidal property, Lemma 2.1 of [I1]). For
any point set Y and any point ¢ in RY,

Dolle—cl? =" llz —m(Y)

€Y z€Y

2+ [Y]lm(Y) — ¢l

Lemma 22. Let we, g¢ denote vectors of dimension RY at
time t. If we choose wo arbitrarily, and fort =1...T, we
repeatdly apply the following update

1 1
wy = (1 — 2 )we—1 + th

t
Then

’ﬂ \

-7
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Proof. We prove by induction on 7. For T' = 1, wi =
(1-Dwo+g =1 S1_1 g¢- So the claim holds for 7' = 1.

Suppose the claim holds for T', then for T+ 1, by the update
rule

1
=(1-
wr+1 = ( T+1)wT+ JrlgT+1
T
1 1
=0 2o+ e
T
T 1
_T+1f;gt+T+1gT“
| Tl
= 7T 29
t=1
So the claim holds for any 7' > 1. O

Lemma 23. Vt > 1, conditioning on Fy, the noise term
is upper bounded by By := 5¢".
Proof. Since

o — &7 < 2w — LI + 20|t — P
We have

ZODEDY

r zEArrl

<23 Y o

T ozeAlT!

z— & * + ¢ Fy

Efller — & * | B + ¢

+2>° 3

T zEAtJrl
Now,

Soest b —sl? gt

t At+12
E[”C’V‘_C’V‘ H ‘Fi]SE |S7t“‘ 7,”75

where S? is the sampled from A’ in Algorithm |1} and the
inequality is by convexity of l3-norm. Substituting this into
the previous inequality completes the proof. O
Lemma 24. Suppose C* is (bo, a)-stable. Conditioning on

Q;, we have, The terms , and , fort =1, are upper
bounded by B := 4(bo + 1)ng™.

Proof. Conditioning on €2;,
AT < bt
By Lemma [I8] we also have
¢ =T < AT <bog”
By Cauchy-Schwarz,

Zn:<cr - 6:7 éf’r Ci_1>
r
< \/Znillcil - c:|2\/2n:|é¢ — a2
r ™

Now, since ¢;. is the mean of a subset of A;.,

llér — e 2 < gt

ZnTHcT — i

On the other hand,
D onille™ = E|Faall? =Y nille”t - m(4)]”
<nY (e t) = d(m(A7))

=n[¢'" — ¢(m(A))] < n(¢™" —¢)
Now we first bound :

Hence
Y2 <ngtt

Zn Tl — Elel|Fi))
— * Al i—1
:an C'r _c'ryc'r_cr >

+Zn:<ci‘_1_cv‘7 Cr _E[ ‘F'L—l]>

< VAI-1 \/n¢i—1 + VAI-1 \/n(¢i—1 —¢*)
< Vbod*V/n(bo + 1)§* + Vnboo™ < 2(bo + 1)v/ngp"
To bound ,

Zn:HAi —crll?
<22nr||cT—cr I? —&—QZnTHc

<2 T+ 20 < 2n(by 4+ 1)¢" 4 2b,0" < dn(bo + 1)

— e

O

Claim 2. In the context of Algomthml if Vel € Ct, et €
conv(X), then Vel € C*F, ¢! € conv(X).

Proof of Claim. By the update rule in Algorithm [1] ¢t+!
is a convex combination of ¢. and ¢!, where ¢ is the
mean of a subset of X, and hence ctJr € conv(X). Since
both ¢. and ¢t are in conv(X), ¢/ £+ € conv(X). O

Lemma 25 (technical lemma). For any fized b € (1,2].
IfC>%6<1 andt > (bs_—clln%)%, then t*~1 —
2CInt — C’ln > 0.

Proof. Let f(t) := b_l—QClnt—Cln%. Taking derivative,
we get f'(t) = (b—1)t""? — 22 > 0 when t > (,ffcl)bfll
Since In 1 2& > 2< > 1, (In3 b?’cl)bEl > (bzfcl)b%l7 it suf-
2
fices to show f((In %) > 0 for our statement to hold.
F(In3EC)55T) = (In139)2 — 2CIn{(ln i35 )51} —
2
Clné = (ln%)Z% - X (i) - Chni =
2= ﬁlnf —In(Z£ m3)]+Cln} [(b 5z — 1 > 0, where

the first term is greater than zero because x — In(2z) > 0
for x > 0, and the second term is greater than zero by our
assumption on C'. (I
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Lemma 26 (Lemma D1 of [4]). Consider a nonnegative
sequence (ug : t > t5), such that for some constants a,b > 0
and for allt > t, > 0, ur < (1 — $)ur—1 + t%. Then, if
a>1,

to+1 b L jon L

utg(t+1)“uto+a (1+t+1 t+1

12 Appendix F: additional
experiments

Our second set of experiments serves to corroborate our
observations from the initial experiments, and to further
explore the convergence behavior subject to different factors.
To this end, we include two more benchmark datasets, mnist
and covtype, a simulated dataset gauss, and add stochastic
k-means with a constant learning rate. Instead of a running
the algorithm for only 100 iterations, we adopt a setup that
is more akin to what is commonly used in practice — we
divide the convergence into 20 epochs, where the epoch
lengths are chosen to be one of 60, 600, and 6000 iterations.

The “burn-in” effect explained by a constant ¢,
From our previous experiments, we observe that the initial
phase of convergence is sometimes slower than ©(3) (e.g.,
in Figure . This phenomenon also shows up, and in
fact more frequently, when we turn to other datasets. Here
is our explanation: the % (let b be some constant) model
of convergence is not exactly what was derived from our
theorems: the exact form of convergence rate in Theorem
[[] and 2] which we hide behind the Big-O notation, is in
fact T where t, is part of the learning rate parameter.
After taking into account t¢,, our theoretical convergence
rate well-matches our empirical observations. For example,
in Figure [d when ¢, is set to be 60 or higher, the actual
convergence can be simulated by (a proxy to) our theoretical
boun ‘z’ntjri‘i‘:’“ Note the practical requirement on ¢, is
much more optimistic than the lower bound in Theorem 1}
ie.,

1 192, 21

Tmin) nIn 5

to > 768(<)°(1 +

Again, we observe that the convergence rate of stochastic
k-means is not sensitive to the choice of t,, despite the fact
that the latter plays a role in explaining the convergence
rate.

Runtime vs final k-means cost Here, we compare
the k-means cost achieved by stochastic k-means with dif-
ferent learning rates and epoch lengths to that achieved by
batch k-means after 20 iterations. Each entry in the table
is computed as %tih' ¢T is the k-means cost of stochastic
k-means after T' iterations, with T = 20 x E, where E is
a particular epoch length. ¢paicn is the final k-means cost
of batch k-means. As shown in Table[I] the final k-means
cost of stochastic k-means, using epoch length of 600, is
already comparable to its batch counterpart. On the other
hand, the data sizes of mnist, covtype, gauss, rcvl are
60k, 500k, 600k, and 800k, respectively. So even using the
largest epoch length, 6k, stochastic k-means would save at
least one-tenth of the computation in comparison to batch
k-means. From the convergence plots (Figure 4] and , we

5The difference between their intercepts at the y-axis is
caused by a constant factor.

see that the convergence behavior of stochastic k-means
is not sensitive to the choice of learning rate. Here, we
observe that learning rate does not affect the final k-means
cost too much either; even a constant learning rate works!

Significance of different factors to convergence
Finally, we summarize the impact of different factors on
the convergence behavior of stochastic k-means based on
our experiments:

e Mini-batch size m: the larger m is, the convergence
becomes more stable and faster.

e Number of clusters k: the smaller k is, the convergence
becomes more stable and faster.

e Dataset: although ﬁ is observed for all datasets,
stochastic k-means seems to favor certain datasets to
others. For example, on rcvil, almost ? (and sub-linear
when m is larger) convergence rate is observed.

e Learning rate: the algorithm is not sensitive to the
choice of learning rate.
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Table 1: Final k-means cost relative to batch k-means: flat stands for our analyzed learning rate in @, and
const for a fixed learning rate, which we set to be ﬁ For the flat learning rate, we arbitrarily choose ¢’ = 4,

and t, to be one of {10, 60,600,6000}, which ever gives the lowest k-means cost.

covtype
k E=60,at,BBS,const E=600,flat,BBS,const E=06k,flat,BBS,const
10  0.93,0.92,0.93 0.99,0.93,0.99 1.03,1.01,1.03
50 1.13,1.12,1.13 1.02,1.03,1.02 1.01,1.01,1.01
100 1.15,1.10,1.15 1.05,1.07,1.05 1.02,1.01,1.02
mnist
10 1.07,1.07,1.07 1.02,1.02,1.02 1.03,1.02,1.03
50 1.15,1.15,1.15 1.06,1.07,1.06 1.02,1.02,1.02
100 1.18,1.18,1.18 1.07,1.06,1.07 1.02,1.02,1.02
rcvl
k E=60,lat,BBS,const E=600,flat,BBS,const
10 1.03,1.03,1.03 1.02,1.02,1.02
50 1.06,1.06,1.06 1.06,1.06,1.06
100 1.09,1.09,1.09 1.07,1.07,1.07
gauss
k E=60,lat,BBS,const E=600,flat,BBS,const

1.05,1.07,1.05
1.16,1.14,1.16
1.11,1.11,1.11

1.03,1.03,1.03
1.07,1.05,1.07
1.02,1.02,1.02
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Figure 4: Experiments on covtype
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