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A Spherical harmonic decomposition and kernel spectrum

Any function defined on the unit sphere has a spherical harmonic decomposition

g(x,y) = Z’Yu(bu(x)qbu(y)’ (29)

where ¢, (z) : S! — R is a spherical harmonic basis. Note that u = (¢, j) is a multi-index: the first denotes the order of

the basis and the latter denotes the index of bases with the same order.

t+d—3
t—1

sorted by magnitude has the step like shape where each step is of length N (d, t).

For each order t, there are N (d,t) = W bases with the same coefficient. As a result, the spectrum ~,,

To compute the coefficients, we use the Legendre harmonics [Miiller, 2012] with the following property
[ N@y

Pa((z,y) = N > (@) (v)- (30)

j=1
The spherical harmonics also form an orthonormal basis on the unit sphere:
1
E [¢l71(x)¢m7]($)] = |Sd,1| /d L (bl,l(m)d)mj (.Z')df = 6lm5ija (31)
gd—

where ‘Sd_1| denotes the surface area of the unit sphere.

Combining these properties, we can calculate the spectrum using

Sd72 1
Yit.s) :|Sd_1|| 1g<5)Pt,d(£><1—£2><d*3>/2d57 forall j € [N(d,1)]. (32)

B Bounding ),,(G) using matrix concentration bound: Proof of Lemma 6

Recall that

o0

9(z,y) = > Yudu(@)du(y). (33)

u=1

For an integer > 0, define the truncated version of g and the corresponding residue as

g (@, y) = du(@)u(y) (34)
u=1
e’ (z,y) = g(x,y) — 9" (x,y)
(35)
and define the matrices
[GM} . gl (@i, z;)

2,3

E" =G -G, (36)

Lemma 10 Let ¢, = max, g(z, x) then with probability at least 1 — m exp (—M>,

8cy

A (G > iy, /2.

Proof Define a matrix A whose rows are

A= [ (@), - - oo YO (25)]
for 1 < 7 < m. Define matrices
X; = (AHT A%
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Denote Y = Y_" | X;. Then \,,(EY) = m~,, using the fact that E [¢;(z)¢;(z)] = d;;. Furthermore, X; = 0 and

m

”X || < tl" Z’Yu -Tz < g xz,xz) = Cqg.

Therefore, matrix Chernoff bound (e.g., [Tropp, 2012]) gives
Pr A (Y) < (1 — A (EY)] < mexp (— (1-¢)? )\m(EY)/(ch)) .
Choose ¢ = 1/2 and use the facts that GI™l = AAT,Y = AT Aand \,,,(GI"™) = \,,,(Y), we finish the proof. [ |

Proof [Proof of Lemma 6] By Weyl’s theorem and the fact that E™ is PSD,
Am (G) > A (GI™)) 4 N (B™) > A (GI).

Lemma 6 then follows from Lemma 10. |

C Bounding the difference between \,,,(G) and \,,(G,,): Proof of Lemma 7

Using Wey!’s theorem we have that

[Am(Gn) = Am(G)] < |G — G| (37
We are going to give an upper bound on ||G,, — G|:
|Gn — G|l = sup Z i (x] ) By, (38)
lall=1 52
1 n
where E; ; = — Z o' (w) z)o! (wl ;) — Eylo’ (w' x;)o’ (w2)], (39)
n
k=1

and the first expectation is taken over w uniformly on the sphere S?~!.

Our bound heavily relies on the inner products |(z;, z;)| for all i # j being small enough. In the next lemma, we provide
such a result for uniformly distributed data.

Lemma 11 (Tail bound for spherical distribution) If a and b are independent vectors uniformly distributed over the unit
sphere SY=1, then there exists a constant ¢ > 0, such that for any u > 0,

Pr {|<a, by| > \c/%] < 2e7,

Proof Note that both a and b are sub-gaussian random variables with sub-gaussian norm ¢/ v/d where ¢ is some con-
stant [Vershynin, 2010].

Denote Ey, [-] the expectation over b. We can rewrite the probability as

Pr [|<a,b>| > f}ﬂ < EyPr [|<a,b>| > b}

<E {2 exp (—u2)} = 2exp (—u2) . 40)

The last inequality uses the independence of a and b and |[(a, b)|[,, < [[bl[5 [|all,,, for a fixed b. |
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Decomposing the sum into diagonal and off-diagonal terms gives us

|IGr, — G|| < sup Zaiaj (@i, x5) Byj + Za?En‘ (41)
[ Sy P
< sup Z ajad Z (x4, a:j>2 E?; 4 max |Ey| . 42)
ledi=1 \/"iz; i '

Let G denote the event that for all i # j € [m], | (z;,z;)| < O (%), then by Lemma 11 and the union bound

Pr[~G] < 2m2e~ o4, (43)

Therefore, with probability at least 1 — 2m2e~ 198" 4 we have
logd

Gn—G| <c Eizv—&-max El. 44)
16— Gl < 258 57 5 + mas (
i#]
Note that
1 2
U{z1,+zm}) = mm—1) ;Em (45)

is a U-statistics.

Suppose | E;;| < B, according to the concentration inequality (Theorem 2 in [Peel et al., 2010]), we have with probability
atleast 1 — 9

432 1 4B? 1
ZE% <m(m— 1)E{$1,I2}E122 +m(m —1) ( - log — + Evey log ) , (46)
oy

where 2 = E [E},] — E [E},] ? is the variance for the kernel in U-statistics.

Putting everything together, we have with probability at least 1 — § — 2m2e~18” d
2

1/4
logd 4% 1 4 1
1Gn =G <c (\)}ga (m\/ Efoy 00y BT +m (m log 5) +mB 3m log 6) +B 47

D Discrepancy of the weights

In this section, we relate the quantities Ey,, ,IQ}E%Q and B to the discrepancies of the weights. Note that for ReLU, o/ (w  z)

does not depend on the norm of w, so we can focus on w on the unit sphere.

Given a set of n points W = {wi}?zl on the unit sphere S, the discrepancy of T with respect to a measurable subset
S C S9! is defined as

asp(IV, 5) = = IV 1 5]~ A(S) (48)

where A(S) is the normalized area of S (e.g., the area of the whole sphere A(S?~1) is 1). Let S denote the family of slices
in S4-1

S = {Sxy T,y € Sdil} , where S;, = {w esiwlz>0,w'y > 0} . (49)
The L discrepancy of W with respect to S is
Loo(W,S) = sup dsp(W, S), (50
ses

and the Lo discrepancy is

where the expectation is taken over z, y uniformly on the sphere. We use Lo (W) and L2 (W) as their shorthands.
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For ReLU, by definition, we have

EE} = (La(W))?, (52)
B < Lo (W), (53)
2 <E[E{,] <E[E},] max|E},| < (Loo(W)La(W))?, (54)

using the fact that E;; = dsp(W, Sy, ).
Therefore, the bound becomes

logd
Vd

In the following subsections, we will discuss the discrepancies.

1Gn =Gl <c

Lo(W Loo(W)Lo(W 4111/4 LW411 Lo (W 55
WEa (V) + I m (21055 ) LWy 5htoe ) +LaV) 59

D.1 Computing L, discrepancy for ReLU

Note that the derivative of ReLU ¢/ (w'z) = I [w " z| does not depend on the norm of w. Without loss of generality, we
can assume ||w|| = 1 throughout this subsection.

Theorem 8 Suppose W = {w;};_, C S 1.

1=
n

2 1 2 2
(L2(W)) = ﬁ ,Zl k(wlij) - Eu,’u [k(uav) }
i,j=
where E,, , is over u and v uniformly distributed on S~ and the kernel k(-,-) is
m — arccos (u, v)

k(u,v) = T

Proof Let d(u,v) = %S@“’) Let Spy = {w € S* ' :w'az >0, w'y > 0}. Itis clear that (up to sets of measure zero)

A(Sm;) = k‘l(xvy) = %(x’y)v (56)
1
Iz € Sy = 7 (sign(z"z) + 1) (sign(y '2) + 1), (57)
where I [-] is the indicator function. Then
1 n
dsp(W, Siy) = > T{wk € Say] — A(Szy) (58)
k=1
I =1, . 1—d(z,
= - Z 1 (mgn(x—rwk) + 1) (mgn(yka) + 1) — # (59)
k=1
Let s,; be a shorthand for sign(x " w;). Then we have
<L2(W))2 = E;y (dsp(W, Sa:y))2 (60)
2
1 i 1 . T . T 1-— d(.fC, y)
= — - 1 1) — —= A A 1
/g, /S <n ]; 7 (sign(a " wi) +1) (sign(y wi) +1) 5 dA(z)dA(y)  (61)
RN (Szi +1)(syi +1) (20 +1)(syi +1)
S — A A 2
n2 i1 \/§d71 /Sd—l 4 4 d (l‘)d (y) (62)
n " Jsd-1 Jgd-1 2 4

+ /S /S B (1_d2(x’y)>2d,4(a;)dA(y). 64)
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Consider the first term, which is equal to

n? ”21 (/Sd 1 4 dA(:v)) ( sa-1 4 ). )
By Lemma 13,
/ (52 1+ V(505 +1) gy = 2= 200w w5) (66)
§d—1 4 4

so the first term is equal to

- > </S Gor + Dloas + 1) () ) :72 (wy, w5)2. (67)

7,7=1

Now consider the second term. Note that the summand is invariant to w;, so it can be replaced by an arbitrary p € S4~1.
The second term is then equal to

1- ign(x " ign(y " 1
Y L CEGRER CTORES AR -
Sd 1 Sd 1 2 4
1—-d
o Mﬂ[pe S JdA(z)dA(y) (©9)
gd—1 Jgd—1 2
——o [ [ [ Sy e s, aaw)aaw)aaw) (10)
Sd 1 Sd 1 Sd 1
1—-d
——2 [ % [ e sajaat)]| aaaan) an
Sd—l Sd—l Sdfl
=2 / L= d@y) 22 20@Y) § a(ayaaqy) (72)
Sd—l Sd—l 2 4
) 2
=2 / / < y) dA(x)dA(y), (73)
§d—1 Jgd—1
where the third step is by invariance to p and the fourth step is by Lemma 13. The theorem then follows. |

Theorem 8 lets us compute Lo (W) for a fixed 1. The next lemma gives a concrete bound for a special case where W is
uniformly distributed on the unit sphere.

Lemma 12 There exists a constant c,, such that for any 0 < & < 1, with probability at least 1 — § over W = {w;}"_, that
are sampled from the unit sphere uniformly at random,

log d 1
2 - loga L1
(L) < ¢ (/B log 5+~ log 5 |

Proof By Theorem 8, we have

(Loy(W 4n2 Z ( wl,wj) /Sd /S 1(—du v)> dA(u)dA(v) 4i Zn_: ( wz,wj))

i,5=1
(74)

First consider 71 = -5 >0, (5 — (wl,w]))2 — pwhere 1 = [ouy fa (3 d(u,v))2 dA(u)dA(v). Rewrite
Ty = £+ 2=LUW) — p where U(W) = m Dt (3 — d(w;, wj))2 is a U-statistics. We upper bound U (W) by
using Bernstein’s inequality when W is uniform over the sphere.

By Taylor expansion, we have
1 .
5~ d(u,v) = x/m + 2% /67 + O(2”), where x = u ' v.

Then let G denote the event that |z| = |u'v| < ¢y/logd/d for a sufficient large constant ¢ > 0, so that by Lemma 11,
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Pr[-G] < O(1/d*). Then

E[U(W) =pu=E [(x/w +a3/6m + O(xs))z} (75)
= E[z?/7? + 21 /672 + O(29)] (76)
<E [[532/7ﬂ + 2t /67% + O(2%)] | G| + Pr[-G] max [; — d(u, 11)] )
_0 <10§d> 7 (78)
and thus
Var [U(W)] = E {(x/w+x3/67r+0(x5))2 —ur} (79)

[12/772 + 24 /672 + O(2%) — uf} (80)
2

{
2 1 2
<E { [x2/772 + 2 /67% + O(2) — ] | g} + Pr[—G] max [(2 — d(u,v)) — u‘| (81)

2
log d) ' 82)

Then by Berstein’s inequality, we have with probability at least 1 — § over the W uniformly on the sphere,

logd |1 1 1 1
T < —log =+ —log—=|].
1|_O< p] \/nog6+n0g5> (83)

A similar argument holds for T = 2 Z?jzl (3 — d(w;, w;)). Note that

Var{ed(u,v))} uo(loid). (84)

We have that with probability at least 1 — § over the W uniform from the sphere,

log d 1 1 1
T < log =+ —log=|.
|2|_O< nd 0g5+n0g5> ®5)
This completes the proof. n
Below are some technical lemmas that are used in the analysis.
Lemma 13
1
[ depda@) = 5w est, (36
gd—1 2
: T _ d—1
/ sign(z ' y)dA(x) =0,YVy € S, (87)
§d—1
/ sign(z ' z)sign(y ' 2)dA(z) = 1 — 2d(z,y),Vz,y € ST (88)
gd—1

Proof The first two are straightforward. The third is implicit in the proof of Theorem 1.21 in [Bilyk and Lacey, 2015]. W

E Rademacher complexity and final error bounds: Proof of Theorem 3 and Corollary 4

We apply the argument in [Bartlett and Mendelson, 2002] to our setting to get Lemma 14. Combining it with Theorem 1
leads to Theorem 3. Furthering combining with Lemma 9 leads to Corollary 4 follows from
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Lemma 14 Suppose the data are bounded: |y| <Y and |z||, < 1. Let

F = {f(ac) = kaa(w,;rx) cop € {—1,+1}, Z lwglly < CW}.

k=1 k
Then with probability > 1 — 6, for any f € F,

1 1 & 2(Y + Cw)Cw log &
< b )2+ y2 2 5 8

SB[ ,Qm; N AR AR (89)
Proof For a sample S = ((xl, Y1), (Tm,Ym)), and a loss function I(y, z) = % (y — f(x))?, we denote Eg[l] as the
empirical average Eg[l] = Ly (yl, xp).
Define

®(S) = supE[l] — Esl] (90)
leL

where L is the set of loss functions
1
e~ i) = - s e 7.

Let S and S’ be two datasets that differ by exactly one data point (z;,y;) and (z},y;). Then we have a bound on the
difference of loss functions. Since ||z||, < 1and )", ||wk|l, < Cw, we have | f| < Cy . Thus

Uy, £()) =10/, S| < g max {y — F@) 0 — 1)} < ¥+ G o

This leads to an upper bound
B(S) — ®(S') < supEg[l] — Eg[l]

lel
, VY = 1 (2 240z
_ gup Wi S @) =1y f(@) Y2+ Gy (92)
lec m "

Similarly, we can get the other side of the inequality and have |®(S) — ®(5”)| < Yi4Ciy |

m

From McDiamids’ inequality, with probability at least 1 — § we get

1
®(S) < Es®(S) + (V2 + cgv)w/k;%. 93)

The first term on the right-hand side can be bounded by Rademacher complexity as shown in the book Foundations of
Machine Learning (3.13). In the end, we have the bound

(94)

35— 1) < 5 3 (o= @)+ 2R() (74 )

where R, (L) is the Rademacher complexity of the function class L.

We can find the Rademacher complexity by using composition rules. The Rademacher complexity of linear functions
{wTz: ||lw|l, <bw,|z|, <1} is bw/y/m, where m is the number of data points. If a function ¢ is L-Lipschitz,
then for any function class #H, we have R(¢ o H) < LR(H). In addition, we also have R(cH) = |¢|R(H) and
RO, Fio) < 224 R(F).

So for the function class F that describes a neural network, we have

Ron(F) < % (95)

It is derived by using the fact that o’(-) is 1-Lipschitz and ), |Jwg|ly < Cw.
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Finally composing on the loss function we get

(Y + Cw>CW
7\/5 )
using the fact that the ground truth in the loss should be bounded by Y and the function bounded by C'yy, thus the Lipschitz
constant of the loss function is bounded by Y + Cyy . |

Rm(L) < (96)

F Discussions

In this section, we discuss and remark on further considerations and possible extensions of our current analysis.

F.1 Other loss functions

Currently, our analysis is tied to the least squares loss £(y, f(z)) = % (y — f (z))?. 1t is fairly straightforward to generalize
it to any strongly convex loss function, such as logistic loss. Note that the final objective function is not convex due to the
non-convexity in neural networks, but most loss functions used in practice are strongly convex w.r.t. f(x). Under the new
setting, the residual is then

r= % (é/(yh f(x1)),-- 7gl(ymv f(xm)))-r

According to our analysis, the norm of the residual ||r|| will be bounded. This in turn implies each individual ¢’ (y;, f(x;))
will be small. Since the loss function (y, f(z)) is strongly convex, the loss itself will be small.

F.2 Other activation functions

We can consider a family of activation functions of the form o(u) = max{u,0}, ie., rectified polynomi-
als [Cho and Saul, 2009, Krotov and Hopfield, 2016]. This requires two modifications to the analysis.

One is the corresponding kernel k(z, y) = E,, [0/(w ' z)o’(w"y)] and g(z, y) = k(z,y) (z,y). When the input distribution
is uniform, we can also compute the kernels in closed form as shown in [Cho and Saul, 2009]:

~ Jia(0)
ki(w,y) = 5 (97)
where
1\ 2t+1 1 ﬁ "(m-0
Ju(0) = (=1)'(sin6) (sin0 00 sinf /)’ 8)

and § = arccos (z, y). Note that the subscript is ¢ — 1 in (97) because we are computing on the derivative o’ (u).

Examples for the first few ¢ are listed as follows.

Jo(0) =7 —0 (99)
J1(0) =sinf + (m — 6) cos (100)
Jo(60) = 3sinfcosf + (m — 0)(1 + 2 cos? §) (101)

Larger ¢ corresponds to more nonlinear activation functions and leads to slower decaying spectrum since there are more high
frequency components.

We also need to change the definition of the discrepancy to accommodate the new kernels. Let
2

(La(W))? = B, 0, | Eulo’ (w " 23)0" (w" ;)] — % > o (wy wi)o! (wy z)
k=1

1 n
== > k(wi, w;)? = Euw [k(u,0)?] . (102)
i,j=1
Therefore, the discrepancy is affected by how the kernels change due to change in activation functions.

The other modification is on the Rademacher complexity. Since the derivative o/ (u) = ¢max {u,0}' ", there is an
additional factor of ¢ in front of the complexity. That is, larger ¢ leads to higher Rademacher complexity.
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Table 2: Comparison of minimum eigenvalues with uniform and “matching” distributions. Note that the “matching”
distribution corresponds to larger minimum eigenvalue for different dimensions. However, the difference becomes negligible
when the dimension increases.

d 4 5 6 7
uniform  3.96 x 10=%  0.0015  0.0032 0.0072
matching 5.43 x 10~% 0.0017 0.0032 0.0072

In summary, the best parameter ¢ depends on the balance between the two conflicting effects. On one hand, larger ¢
corresponds to slower decaying spectrum and makes the minimum singular value more likely to be larger. On the other
hand, smaller ¢ leads to better generalization since the Rademacher complexity is smaller.

F.3 (Sub)gradient of the activation function

Throughout this paper, we have used one particular subgradient for the ReLU activation function: I[u > 0]. At the point
u = 0, there are many other valid subgradients as long as its value is between 0 and 1. However, our analysis is not restricted
to this particular subgradient. First of all, all the subgradients only differ at one point « = 0, which is of probability zero.
Second, our analysis is probabilistic in nature. The first term in Lemma 5 is the expectation over W, which is insensitive to
the probability zero event u = 0. The second term in Lemma 5 is related to Lo (W), which is again expectation over all
possible data, thus insensitive to the difference.

In summary, though for some W € Gy the loss is not differentiable, one can define 9L/OW by using subgradients of
ReLU o as follows:

0, z<0
d(x)=<¢, =0 (103)
1, z>0

for any ¢ € [0, 1]. Then under the conditions in our theorems, with high probability, for any W € Gy, and any definition of
o’ in (103), the guarantees hold.

Other activation functions such as rectified polynomials are differentiable and thus they do not have such issue.

F.4 Other input distribution

When the input distribution is not uniform, the spectrum of the kernel function defined in (??) will be different because the
spherical harmonic bases are defined with respect to the input distribution. To ensure the spectrum decays slowly, we need
to find a corresponding distribution of W that “matches” the input distribution.

We provide some intuitions in finding such “matching” distribution. Suppose the input distribution is uniform on the set
E € S9!, if a hyperplane whose normal is w does not “cut through” the set, then for all data points, they have the same
sign I[w "z > 0]. This will likely lead to rank deficiency in the extended feature matrix.

Therefore, we prefer W to split the data points as much as possible. One such distribution of W is uniform on the set
Fg = {w e S ! : there exists u € E, (u,w) = 0}. For example, if E is the intersection of the positive orthant and the
unit sphere, &/ = {u €St u; >0, forall i € [d } then the corresponding set F' is the whole sphere excluding £ and
—-F.

We have verified the phenomenon empirically. We have generated 3000 input data points uniform on the positive orthant
E. We then compute the 3000 x 3000 Gram matrix, where the (i, j)-th entry is E,, [0/ (w' z;)0’ (w" 2;) (x;,2;)]. The
expectation is approximated by sampling 100,000 independent w’s and then averaging. We compare two distributions of W:
1) uniform on the whole unit sphere; 2) uniform on F.

In Table 2, we compare the minimum eigenvalues with the two distributions. The uniform distribution on F'r always leads
to larger or the same minimum eigenvalues. However, as dimension increases, the difference becomes negligible. Note
that the difference between the uniform distribution on the whole sphere and uniform on F'r becomes exponentially small
when the dimension d increases, because the proportion of E' and —FE shrinks exponentially. This suggests that in high
dimensions, uniform on the whole unit sphere is a reasonable distribution for .
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Table 3: Performance comparison with/without regularization on MNIST dataset. Errors are all in %.

n = 200 n = 400

train test train test
no-reg 0.94 3.39 0.32 3.08
reg 0.56 322 033 2.90

n = 600 n = 800

train test train test
no-reg  0.00065 2.67 0.11 2.90
reg 0.00057 2.62 0.0003 245

For a general input distribution P(x), we can decompose it into small sets dx and on every set, the distribution is uniform
with measure P(z)dx. Then every small sets corresponds to a distribution of W. The final distribution of W is the
superposition of all such distributions, weighted by P(z)dz.

G Further experiment on MNIST

We also compare the regularization effects on the MNIST dataset. The dataset contains 60,000 training and 10,000 test
handwritten digits. To demonstrate the regularization effect, we train one hidden layer fully connected neural networks with
k = 200, 400, 600, 800 units. The results are summarized in Table 3. Note that state-of-the-arts performance on MNIST are
mostly obtained by convolutional neural networks. This experiment is not intended to achieve the state-of-the-arts but it tries
to showcase the advantage of regularization on a real-world dataset.

From Table 3, we see regularization consistently leads to slightly better test error for all cases.



