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Propositions used for deriving Eq. (4) in main paper

Proposition 1 Under r;; > 0, ri; = 7j;, 73 = 0, we have
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Proof: Under ri; > 0, 1y = 143, 75 = 0, the derivative of the network regularization term with respect to wy, is
given as
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Thus,
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where W = [wy, ..., w,|" € R4, Since vec(CW1,) = (I; ® C)vec(W), we have

8veca(‘/V) ;; rijllw; — wjll2 = 2(Iq ® C)vec(W),
where I; € RY*? js the identity matriz and vec(-) is the vectorization operator. O
Proposition 2
avec Z [wil|} = 2F.vec(W),

where
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Hence, I,y € {0, 1} are the group index indicators: I;, = 1 if the {-th element [vec(W)], belongs to group i
(i.e., [vec(W)]¢ is the element of w;), otherwise I; 4 = 0.

Propositions and lemmas used for deriving Theorem 1 in main paper

Proposition 3 Under r;; > 0, ri; = 155, 13 = 0, we have
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where Iy € RY*? is the identity matriz, tr(-) is the trace operator, and vec(-) is the vectorization operator.
Lemma 4 Under the updating rule of Eq. (6),
JWEHDY — J(w®) <o.

Proof: Under the updating rule of Eq. (6), since Eq.(5) is a convex function and the optimal solution is obtained
by solving a(u)/) =0, the obtained solution WY s the global solution. That is, J(W (FD) < J(W®).




Lemma 5 For any nonzero vectors w,w® € R%, the following inequality holds Nie et al. [2010]:
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Lemma 6 Forr;; > 0,Vi,7, the following inequality holds for any non-zero vectors wl(t) —w;t), wz(tﬂ) —
> rijllw T — wj(-t+1)||2 — vec(W T FDvec(W 1)
i,j=1
n
- Z rijllw — w§t)||2 —vec(W) TFEOvec(W®) | <o0.
i,j=1

Proof: VQC(W)TFg(t)VGC(W) can be written as
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where ri; > 0.
Then, the left hand side equation can be written as
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Using Lemma 5, Ay < 0.

Lemma 7 The following inequality holds for any non-zero vectors Kong et al. [2014]:
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Proof: vec(W)TFe(t)vec(W) can be written as
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Thus, the left hand equation is written as
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where ag-t) =l s g p® = [Jw
[l 1]; ’

holds due to cauchy inequality Steele [2004].
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Lemma 8 Forr; ; > 0,Vi, ], the following inequality holds for any non-zero vectors wﬁt)
JWEDY — gw®) < J(w D) — J(w®),

Proof: The difference between the right and left side equations is given as
A= JWED) — g (W) — (J(WD) = JWw D))
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Based on Lemma 6 and 7, A < 0.
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