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Appendix

A. Organization of the Appendix

Appendix B presents the proofs for our approximation guarantees and its tightness for the GREEDY algorithm.

Appendix C provides details on existing notions of curvature and submodularity ratio, and relates it to the notions in this
paper.

Appendix D presents detailed proofs for bounding the submodularity ratio and curvature for various applications.
Appendix E gives details on the classical SDP formulation of the Bayesian A-optimality objective.

Appendix F provides proofs omitted in Section 6.

Appendix G provides information on more applications, including sparse modeling with strongly convex loss functions,
subset selection using the R? objective and optimal budget allocation with combinatorial constraints.

Appendix H provides experimental results on subset selection with the R? objective and additional results on experimental
design.

B. Proofs for Approximation Guarantee and Tightness Result (Section 2 and Section 3)
B.1. Proof of Remarks in Section 2
Proofs of Remark 1.

a) Because F is nondecreasing, and v, v“ are defined as the largest scalars, v,7“ > 0. At the same time, both v and v¢
can be at most 1 because the conditions in Def. 1 also have to hold for the case that Q\S (2\S?, respectively) is a singleton.

b) 113 é 77:
Let Q\ S ={wi,...,wr}, k> 1. Submodularity implies Zle Puw; (S) > pa(S). Hence, ~y can take the largest value 1.
“ ¢ 2 :

v = 1 implies that (setting Q \ S = {w;,w;}), for all w;,w; € V\ S, it holds that F({w;} U S) + F({w;} US) >
F({wi,w;} US) 4+ F(S), which is an equivalent way to define submodularity (Bach, 2013, Proposition 2.3).

O

Proof of Remark 2.
a) “If F(-) is nondecreasing, then o, o € [0, 1]”;

When Q = (), « is at least 0. From the definition, «© > 0. Since F is nondecreasing, p;(S \ {i} U Q) > 0 (respectively,
p;: (S*71UQ) > 0), and we defined o, o to be the smallest scalar, it must hold that o, a© < 1.

b) “For a nondecreasing function F'(-), F'(+) is supermodular iff « = 0 ”;
“ :> 77:

If F is supermodular, it always holds that p;(S \ {i} U Q) > p;(S \ {i}), combined with the fact that « is at least 0, we
know that o must be 0.

«“ R
<

One can observe that o = 0 is equivalent to — F(-) satisfying the diminishing returns property, which is equivalent to F'(-)
being supermodular.

¢) “If F(-) is nondecreasing submodular, then o < o = o/°®!.”



Guarantees for Greedy Maximization of Non-submodular Functions with Applications

Since it always holds that ¥ < a, we only need to prove that o = o®¥'. Wlog., assume p;(S \ {i}) > 0. Then,

: pi(S\{i} U Q)
Q,SQIE,I?GS\Q pi(S\ {i})
= (i fm (diminishing returns, and taking Q = V' \ {i})
= Illélg W (diminishing returns, and taking S = {i})

total

l—a=

=1—«
So it holds that % < a = ot O

B.2. Proof of Lemma 1

Proof of Lemma 1. The proof needs the definitions of generalized curvature, submodularity ratio, and the selection rule of
the GREEDY algorithm.

Firstly, observe,

FQUSH)=F@Q)+ Y pi(Qus™h

i:j; €S?
:F(Q)+ Z pji(QUSi_l)"i' Z pji(QUSi_l)
15, EST\Q i:7;, €STNQ
= 0 because j; € 2
=FQ)+ Y pi(Qus. (7)
15, EST\Q

From the definition of the submodularity ratio,

FOUSY <SS +- Y puls), ®
weN\ St

From the definition of curvature (for the greedy curvature, since it holds for S¥~1, it must also hold for S* C SE—1), we
have,

YopQUSTH=(1-a) Y pu(8Th. ©)

ji€S\Q ij;€51\Q
Combining (7) to (9), and remember that we use the shorthand p; := p;, (St_l), it reads,

F@Q)=FQUS)— 3 p(QUSY

17, €ST\Q
1
Sa Y pHFES) - Y pito Y pul(Sh
1:5, EST\Q 1:7, EST\Q v weN\S?
1
ST SR ST
i:j; €ST\Q i:j;€StNQ v wEN\St

<a Y gt Y, ety HE —w)p,
5 €50\Q B WER-IIato)

where the last inequality is because of the selection rule of the GREEDY algorithm (p, (S?) < py11, Yw). O
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B.3. Proof of Claim 1

Since the proof heavily relies on the structure of the constructed LPs, we restate it here: The worst-case approximation
ratio of the group Pr o~ ({l1,...,ls}) is

K
R({ly,...,1s}) = minz;l z;, st.x; > 0,7 € [K] and

row (0) (K /v [ 2y ] [17
row (1) a  K/y 9 1
row (I3 — 1) o a - K/y 0 xy, 1
row (12 — 1) « « e 1 (K - 1)/7 K xy, 1
row(q:lr) « a 1 1 ;T "Xt > 111 @
row (Iy — 1) a a 1 1 o 5 X, 1
row (K — 1) a a 1 1 a 1 K’?S | Tk | 1]
For notational simplicity, w.l.0.g., assume that j; = i, € [K]. Let the row index in (2) start from 0.
Proof of Claim 1.
(K—r+1-— )Tzf(Kfr)z; —r * *
Lete = Z(—r—i—l L > KK7+1( xq-l—l) > 0.
a) It is easy to see that y* > 0 since the only decreased entry is the ¢ entry, and one can easily see that Yy =5 —€>0.
b) “All of the constraints in (2) are still feasible for y*.”
(i) For the rows 0 to (¢ — 2) in (2), there is no change, so they are still feasible.
(i) For the (¢ — 1) and ¢" rows in (2), they are
K — 1
oz} 4o+ afor Dat_y + gt > (10)
Y
K-—r
az} + -+ afor V)ai_y +af + ——— > zi>1 (1D
For (10), after plugging y* into its L.H.S., we get ayy + -+ + a(or 1)y;_; + s T+1yj;, subtract from which the L.H.S.

of (11), we get

* * K_T+1 * * K—r *
[ayl—l—---—i—a(or 1)yq1—|—’yyq} — [aw1+-~ + afor 1) 1ty —&—quﬂ
K—r—i—l(* ) . K—-r
=— (¥ —€)—zF — x
y q q y q+1

=0,

soay;y + -+ afor y;_q + K- 7‘“ y; > 1 and y* is feasible for (10).

After increasing xy 4 by €541 = €z, the ¢ row in (2) is feasible since the change in its L.H.S. is —€ + ¢ = 0.
(iii) For the rows ¢ to (K — 1) in (2), let us prove by induction.

For the base case, consider the (¢ + 1) row in (2), it can be either,

N K—-—r—1,
azy + -+ +afor 1)z, _; + +xq+1+#xq+221
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or

azry + - +afor )z g + 2y + oz + Ty > 1
It can be easily verified that the (¢ 4+ 1)™ row in (2) is still feasible in both the above two situations. Let us use A4, to
denote the change of L.H.S. of the (g + u)™ row after applying the changes.

For the inductive step, assume that the claim holds for u = u/, i.e., the (¢ + «/)™ row in (2) is feasible or A, > 0. The
(g + u')™ row is,

K—r—
(...same as (¢+u +1)*™ row) +#x;+w+121

where 0 < v < u/ is some integer dependent on the structure of (2), but not affect the final analysis. Then the (¢ +u +1)®
row can be either,

/\th * K—-r—-—v-1 *
(... same as (¢+u)™ row) +Zpi,y1+——————Tp o >1 (case 1)

or

/\th * K—-r—v *
(... same as (¢+u)™ row) +axy i, 43 +———T vy >1 (case 2)
5

In (case 1), the LHS. of (¢ + ' + 1)" row minus the LH.S. of (¢ + /)" row is B="—r=Lar 0 —

K—r—v—>y %
fl'q_"_u/_;’_l, SO

K—-r—v-1 K—-r—v—
Agiurst = Dy = ———— i — ———— e
Y Y

:_K—r—v—lK—r—u'—v_K—r—U—'y .,

L vy K—-—r—v -1 y gt

[ K—r—u —~ €qtu+1

“(Kr—p—1) " T (K—p—p— Zqtu4l

(K= r o= DT Y (v |
>_(K—r7v71)w7(1(77"7v7 ) Sotutl (since 0<wv <)
-l K-r—v-1 7 v -

=0.

so the (g + v’ + 1)™ row is still feasible.

In (case 2),the LH.S. of (¢ + v’ + 1) row minus the L.H.S. of (¢ + u')™ row is K‘J‘”mhu,ﬁ — (H=r=w

*
Q)T 4415 SO

K—-—r—v K—-r—v
Agpuwtr = Bgpw = ———€qpury2 — (———— — @)egrw 1
v v
K—r—w ,
2 f(eq+u/+2 — €q+u/+1) (since « 2 O)
> 0. (since €gtu42 > €gqurt1)
so the (¢ + v’ + 1)™ row is feasible. Thus we finish proving Claim 1. O
B.4. Proof of Claim 2

Proof of Claim 2. The change of the LP objective is

App=—€+e€gp1 +egpat+ - ek

vy ¥ K—r—» ¥ K—-r—v K-r—-m-+42-—vy
= —1 . ... . ..
‘ +K—T+K—T K—r—1+ +K—r K—-r-1 K—-r—-m+1 ’
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where inside the bracket there are m = K — g items except for the “ — 1”. For notational simplicity, let the sum inside the
bracket to be,
vy vy K—r—vn y K—-r—v K-r—-m-+2-—vy
™) +K—T‘+K—’I" K—?“—lJr +K—r K—-r-1 K—-r—-m+1 (12)
First of all, since K — r > K — ¢ = m, we have that
Tom—7q vy m—v 3—-7 2-—v
B (v) < hye —_14+L 4L oL ) ] 13
0) = a(7) +m+m m—1+ +m m—1 2 1 (13)
Let us merge the items in (13) from left to right one by one,
Yo om-—y Yy om=-y 3-7 2-7
By =—14+ L4 L o4 L . .
a(7) + +m m — 1+ +m m—1 2 1
__m-y ¥y m-vy, Ly m-y 3-7 2-9
m m m—1 m m-—1 2 1
_ m—ym-—1—v N om=—7 3 v 2—~
N m m—1 + +m m—1 2 1
C(m=y)m-7-1)--2-9)(1-9)
mim—1)---2-1
setting -y to be 1
<
Then h,-(v) < 0,Vy € (0,1]. And it is easy to see that the equality holds if » = g and v = 1.
So we have that A p = eh,.(y) < 0, where the equality is achieved at “boundary” situation (r = ¢ and v = 1). O
B.5. Proof of Lemma 3
Proof of Lemma 3.

For notational simplicity, wlog., assume that j; = i,i € [K].
a) Firstly let us prove that R({l1, ...,1s}) > R(0).

The high-level idea is to change the structure of the constraint matrix in the LP associated with {l1, ..., s}, such that in
each change, the optimal LP objective value R never increases.

To better explain the proof, let us state the setup first of all. Let us call the elements inside the set Q* N SK = {I; =
Jmysl2 = Jmys - ls = jm. } the “joint elements”, which means that they are joint elements in Q* and SX. Similarly, the
elements outside of Q* N .SX are called the “disjoint” elements. For the joint elements, two elements [, / ; being “adjacent”
means that /; + 1 = [;. Mapping to the constraint matrix in (2), it means that the corresponding columns (column (/;) and

column (/;)) are adjacent with each other. So we also call the corresponding columns in the constraint matrix as “joint
columns”.

We prove part a) of Lemma 3 by two steps: In the first step, we try to make all of the joint elements inside {l1, l2, ..., ls} to
be adjacent with each other; In the second step, we get rid of the joint columns in the constraint matrix from left to right,
one by one. Specifically,

Step 1. Assume that some elements inside {l1, o, ..., [s } are not adjacent, like the example in (2), where I and [5 are not
adjacent. Suppose that [, and [, are not adjacent, which means I, + 1 < [,;1. Denote p = [, for notational simplicity.
Let us use A to represent the constraint matrix in the constructed LP associated with {l1, 12, ..., lr—1, lpy lpg1, .oy L5}, let A/
represent the constraint matrix associated with {1, l2, ..., {1, + 1,141, ..., s }. Notice that . + 1 is a disjoint element
for A, but a joint element for A’. Furthermore A and A’ only differ by columns p and p + 1 = [, + 1. Assume that
T € Rf is the optimal solution of the constructed LP with A as its constraint matrix. From Lemma 2, it must hold that
x;‘, < x;‘, 1 1. Combining with the fact that Ax™ > 1, one can easily verify that A’x* > 1, which implies that,

E({lla l27 '-'717’717 lr; l’l‘+17 eeey ZS})
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> R({l1, oy ooy bty b+ 1, L1y oy I ). (14)

The change from {l1,1l2, ..., 0—1, L log1, oy ls} to {l1, 1oy oy L1, b 4+ 1, 1a1, .o, L5 } s essentially to swap the roles of
one originally disjoint element /,. + 1 and the originally joint element /,.. Repeatedly applying this operation for all 1 <
r <s—1suchthatl. +1 <,.,1, we can get that,

R, Ly oo b1, by bt s s}
>R{ly—s+ 1,0, —s+2,...,1,—1,1}). (15)

Now the s joint elements inside {ls — s + 1,1; — s + 2, ..., {5 — 1,1, } are adjacent with each other.

Step 2. Let B be the constraint matrix associated with {ls — s + 1,1 — s + 2,...,1s — 1,15}, and B’ be the constraint
matrix associated with {ls; — s + 2,...,l; — 1,15}. Note that B and B’ differ in the columns from 5 — s + 1 to the end.
Suppose the vector * is the optimal solution of the constructed LP with B as the constraint matrix. According to Lemma 2
we know that z} _ ., <azj ., <--- <] <. Soonecan easily verify that it must hold that B'z* > 1, which
implies

R{ls—s+1,ls—s+2,...1s — 1,15})
> R({ls —s5+2,...,ls — 1,15}). (16)

Apply this process repeatedly s times, one can reach that R({ls — s+ 1,15 — s+ 2,...,ls — 1,15}) > R(D).

Combining step 1 and step 2, we prove part a) of Lemma 3.
K K
b) Then let us prove that R()) = 1 {1 - (%) ]

The constructed LP associated with R(0) is,

K
R(0) = min Z x;
i=1

subject to the constraints that,
r; >0,Vi=1,...,.K

and

K T -
g[ K T 1
Bt T 1

X :

(07 @] ~ 0 Tq
a o o % Tp 1

a « a o % r. | 2 |1 (7

a « a o % Ld 1
a a “ .. a a a “ e a % _xK_ _1_

i—1
One can observe that the vector y € Rf such that y; = <To‘) ,¢ =1, ..., K satisfies all the constraints and every

row in (17) is tight, hence y is the optimal solution. So

R(@)iyi; [1 (K;(‘”)K]
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B.6. Proof for the Tightness Result

Proof of Lemma 4.

a) “When o« = 0, F(+) is supermodular”;

It is easy to see that §; = 1/K,4 € [K]. Since f(-) is convex, it can be easily verified that F'(-) is supermodular.
b) “When v = 1, F'(-) is submodular”;

Now f(z) = x. Assume thereare Ty C T C V,t € V\To. Let 71 = S{UQ), To = S5UQY, where S, 55, C S, Q4,04 C
Q. It holds that S5 C 5%, ) C Qf. Now there are two cases:

1)t = j; € S. Then,
pin(T) = [1- Spi] &, pa(m) = [1- L r0en)] &

Because f(-) is nondecreasing, so it holds p;,(T1) > pj, (T2).
2)t = w; € Q. It reads,

pwi(Tl) :% 1_047 Z 67, ) pwi(TZ) ? _a7 Z 51

Ji€S] Jji €S}
Because S C 5%, 50 py,, (Th) = pu, (T2).
The above two situations prove the submodularity of F'(T') when v = 1.
¢) “F(T') has submodularity ratio -y and curvature o”.

Letus assume T'= AU B and T’ = A’ U B’ are two disjoint sets (I' N T’ = (), where A and A’ are subsets of S while B
and B’ are subsets of . Itis easy to see that AN A’ =0, BN B’ = ().

First of all, for the submodularity ratio, assume without loss of generality® that p7+(7) > 0, so the submodularity ratio

ZiET’ Pi(T).

18 7y = mingp 7 o7 (T)

One can see that,

pr(T) = F(T' UT) — F(T)
_SBYUBNZTIB) oy S ey + [1- D qBUB)] 3 6

K :
Ji€A Ji€A’
and
ol = > pu(T)+ > pi(T)
€T w;EB’ Ji€A!
Bl +1)— f(|B
Ji€A Ji€EA’

Because f(|B|) < f(|BU B'|), so one has [1 — L2 f(|BU B'|)] djieai < [1—2f(IB])] > j.ear &ir equality holds
when B’ = () or A’ = (. Therefore,

Yier Pi(T) IB’\W (1 B CWZJG’EA &) N [1 —® (|B|)] ZjiEA/ &
pr(T) W(l —ay ZjieA &)+ [1 - % f(IBY B/D] EjieA/ S
> IB’IW (1 —any ZjieA §Z> + [1 - % (|BD] Z]‘ieA’ &i

* I s, a6 + (1 R AIBN S ex €

*If p7(T) = 0, from monotonicity of F(-), it must hold Y-, pi(T') = 0, this case is not of interest in Def. 1.
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. IBI(FUBI+1) = F(B))
— f(BUB)-f(Bl)
where (18) comes from the fact: f(:) is convex and nondecreasing in [0,K],  thus

B|+1)—f(|B BUB'|)—f(|B
B LU= 1(B) (1—a’iji€A§i) < UBUBDIUBD (1 — 0y S L 6,).

Now to continue with (18), one can verify that by setting B = (), B’ = 2, the minimum of (18) is achieved as , thus
proving the submodularity ratio to be ~.

(18)

Then for the curvature, for any t € T'= A U B, we want to lower bound %. There are two cases:

1) When t = j; € A, we have

pi(T\{jituT) [ -Rf(IBUB|]E&

pn T\ [T-2r(B)] &
_1-R/(BUB)
1-S1f(B)

19)

Since f(-) is convex and nondecreasing in [0, K], it is easy to see that the minimum of (19) is achieved when B = (), B’ = Q
as 1 — a.

2) When t = w; € B, we have,

f(|BUB'|)—f(]BUB’|—1
pu T\ {wiyur) HEEDSWEELD [ — oy 3 aua &

Puwi (T \ {w;}) f(\BI)*IJ;(IB\fl) [1 — Y en fi]
1—ay Zi'eAuA' &ir
I—ay ZiGA &i
l—at+a—ay)d icava i

= 21
1—ay EieA &i @b

where (20) is because f(-) is convex and nondecreasing in [0, K.

(20)

Since v — v i cauar §ir > 0and —ary Y, 4 & < 0, continuing with (21) we have,

po T\ (0} UT)
oM\ (i)

The above two cases jointly prove that the objective in (3) has curvature «. O

C. Existing Notions of Curvature and Submodularity Ratio

In this section we firstly discuss existing notions of curvature and submodularity ratio, then secondly we present the
relations to the notions in this paper.

C.1. Classical Notions of Curvature and Submodularity Ratio

The curvature of submodular functions measures how close a submodular set function is to being modular, and has been
used to prove improved theoretical results for constrained submodular minimization and learning of submodular functions
(Iyer et al., 2013). Earlier, it has been used to tighten bounds for submodular maximization subject to a cardinality
constraint (Conforti & Cornuéjols, 1984) or a matroid constraint (Vondrak, 2010).

Definition 3 (Curvature of submodular functions (Conforti & Cornuéjols, 1984; Vondrak, 2010; Iyer et al., 2013)). The
total curvature kp (which we term as o’®® in the main text) of a submodular function F and the curvature kr(S) w.rt. a
set S CV are defined as,

KF 1:17minM

= 0) and
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=1 i D)
/iF(S) =1 oS pj(@) y

respectively. Assume without loss of generality that F'({j}) > 0,Vj € V. One can observe that kp(S) < kp. A modular
Sfunction has curvature krp = 0, and a matroid rank function has maximal curvature kp = 1. Vondrdk (2010) also defines
the relaxed notion of curvature (which is called curvature with respect to the optimum) o be the smaller scalar R p(S) s.1,

pr(S)+ > pi(SUT\{j}) = (1= &r(S))pr(0).VT C V. 22)

jeSUT

Iyer et al. (2013) propose two new notions of curvature, which are,
N _pr(S) + D jesur Pi(SUT\ {3j})
Fr(S) :=1— min )
ey o1 (0)
2ies Pi(S\{7})
>ies Pi(0)

Iyer et al. (2013) show that for submodular functions, it holds that ¢ (S) < kp(S) < Rr(S) < kp.

I%F(S) =1-

Submodularity ratio. Informally, the submodularity ratio quantifies how close a set function is to being submodular (Das
& Kempe, 2011).

Definition 4 (Original submodularity ratio from Das & Kempe (2011)). Let F(-) be a non-negative nondecreasing set
Sfunction. The submodularity ratio of a set U w.r.t. an integer k is given by,

Tk LCU L,5:LnS=0,/8|<k  pr(S)

C.2. Curvature of Non-submodular Functions and Relation to Our Results

Sviridenko et al. (2013) present a new notion of curvature for monotone set functions. We show how it is related to
our notion of curvature in Def. 2. We also show that our approximation factors using the combination of curvature and
submodularity ratio characterize the performance of GREEDY for solving problem (P) better.

Specifically, for a nondecreasing function F', Sviridenko et al. (2013, Section 8) define the curvature c as

P . pi(4)
— C = 1Imin min .
i€V A,Bew\{j} pj(B)

(23)

(Sviridenko et al., 2013, Theorem 8.1) show that for maximizing a nondecreasing function with bounded curvature ¢ €
[0, 1] under a matroid constraint, GREEDY enjoys an approximation guarantee of (1 — ¢), and it is tight in terms of the
definition of ¢ in (23). The following remark discusses the relation to our definition of curvature.

Remark 3. For a nondecreasing function F(-), it holds: a) c in (23) is always larger than the notion of curvature « in
Def. 2, i.e., ¢ > oy b) For the GREEDY algorithm, there exists a class of functions for which the approximation guarantee
characterized by c (which is 1 — c) is strictly smaller than the approximation guarantee characterized by the combination
of aand 7y (which is o1 (1 — e=*7) according to Theorem I).

Proof of Remark 3.

a) Note that the definition of curvature in Def. 2 is equivalent to the smallest scalar « such that,
Wi € VYB C AeV\{j}pi(A) = (1—a)ps(B).

Now it is easy to see that ¢ > a.

b) Consider the class of functions in our tightness result in (3). From Lemma 4 we know that its curvature is o and
submodularity ratio is . So its curvature c in (23) must be greater than or equal to . Note that the approximation
guarantee characterized by cis 1 — ¢ < 1 — a.. Taking o = 1 in (3), the approximation guarantee of Sviridenko et al.
(2013) is 0. While our approximation guarantee is -y, for any v € (0, 1], our approximation guarantee is strictly higher than
1—c O
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C.3. Relation to Notions in This Work

- There are two versions of submodularity ratio in this paper: v and v¢, v“ cannot be recovered from Def. 4. Our theory
can easily accommodate Def. 4: our approximation guarantee in Theorem 1 holds for Def. 4 as long as U contains 2*
and k > K. One benefit of the definition in this work (Def. 1) is that it better handles subtleties in Def. 4 where the
denominator could be 0.

- The curvature in this work is a natural extension of the classical ones for monotone nondecreasing submodular func-
tions (Conforti & Cornuéjols, 1984).

- Note that classical notions of curvature measure how close a submodular set function is to being modular. The notions
of (generalized) curvature in Def. 2 measures how close a set function is to being supermodular.

- Our combinations of (generalized) curvature and submodularity ratio gives tight approximation guarantees for
GREEDY, and this combination is more expressive than the curvature by Sviridenko et al. (2013), as shown in Re-
mark 3.

D. Proofs for Bounding Parameters of Applications
D.1. Proving Proposition 1
Proof of Proposition 1.

Notice that in this subsection, the matrix Xg = [x,,,...,®,,] € R**I5 is the submatrix consisting the columns of X
indexed by the set S.

Our proof considers the spectral parameters of the matrix X sX . For brevity, let us writt B = A + 0 ?XsX/[. Bisa
symmetric positive definite matrix, thus can be factorized as B = PDP 1.

Let the eigenvalues of XsX 1 be A;(S) > --- > A\y4(S) > 0, where we use the notation that \;(S) = \;(XsX1),Vi €

[d]. Then the eigenvalues of B are 3240 2);(S),i € [d]. One cansee that B~ = PD P~} andtr(B~!) = r(D ) =
d 1

2im1 BT (S

Let the singular values of Xg be 01(Xg) > -+ > 04(Xg), where ¢ < min{d, |S|}. For notational simplicity, when

|S| < d, we still use the convention 0;(Xg) = 0,i = ¢ + 1,...,d to represent the zeros values. One has 02(Xg) =
Ai(S),4 =1,...,d. For notational simplicity, we use F'(-) to represent F4(-) in the following.

Monotonicity. It can be easily seen that F'(#)) = 0. To prove that F'(S) is monotone nondecreasing, one just needs to
show that Vw € V' \ S, it holds that F'({w} U S) — F(S) > 0. One can see that,

F({W}US)* Zﬁ2+0’_20‘ XS ZBQ+U 2 2 XS’U{w})

>0 (Cauchy interlacing inequality of singular values).

Bounding parameters. Let us restate the assumption: The data points are normalized, i.e., ||z;|| = 1,Vi € V. Given
this assumption, it holds that the spectral norm of the data matrix || X|| = omax(X) < /1, because of Weyl’s inequality.

—Bounding the submodularity ratio: We need to lower bound EWGZZ\(SSP)“(S) = EWEQEZIFU (S{;i};if;)_ﬂs)

For the numerator, we have,

d
Y FH{wluS)—F(S)= > Zgurg—? 2(Xg) Zﬁ2+0‘20 (Xsufw})

weQ\S weQ\s |i=1

d
B ~2[o? (XS’U{w}) — 07 (Xs)]
- Z Z (B2 +0 20 (Xs))(B2 + 02 Z‘Q(XSU{UJ}))

weN\S i=1
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(ﬁ2 +o dex Z ZU XSU{w}) —0; (XS)]

we\S i=1

d
= (B + o IXI)72 D0 Dot (S U {wl) — Ai(S)]

we\S i=1
= (B + 02X D] o P r(Xsuguy X)) — 0(XsX )]
weO\S
= (B + o2 XIH) 77 Y o (XX +aum]) — u(XsX )]
weN\S
=B+ X|*)? Z o tr(x,x.)  (linearity of the trace )
we\S
= (B + o IXIH)7? Y o P lwall?
we\S
=0 2(B%+ 07 ?X]|*) 2|2\ S| (normalization of the data points) (24)

For the denominator, one has,

F(QuUS) -
( ) ZﬁerUQ #(Xs) 2[32+0 20 (Xsua)
d 1 |2\S] 1
< ‘ Z B 4 o 202(Xs) Z o 2 o) (interlacing inequality of singular values)
i=d—|Q\S|+1
1 1
<IO\S|(5 — 55—
=101~ o)
o2 1X]|?
SO —— es)

B2(B82 + o2 X[1?)
Combining (24) and (25) yields,

Ywears F{w}US) — F(5) S Q\ Slo~2(8 + o IX|*)

FQUS)-FS) = [0\ Sl

BQ
X8+ o2 XA

—Bounding the curvature: ~ We want to lower bound 1 — «, which corresponds to lower bounding F(%Lég;:?ggig}}fm

For the numerator, one has,

1
F(SUQ)—-F(S\{iluQ)= -
( ) S\ 12:31 B2 + 07207 (Xs\fiyua) ; 8%+ 0202 (Xsua)
>0 2B+ 0 %X|*)"% (similar derivation as in (24)) . (26)

For the denominator, one has (similar derivation as in (25)),

d
7 (Xs\iy) ;52+ —20 (Xs)

1 1
< _
- 62+U_20'3(XS\{1'}> ﬂQ—I—O’_QU%(Xs)

F(S) = F(S\{i}) §362+U

=1

(Cauchy interlacing inequality)
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o2 X .
= P+ o2 IXP) @n
Combining (26) and (27) we get,
F(SuQ)—F(S\{i}uQ) S B?
F(S) = F(S\{i}) X8 + o2 IX12)
O

D.2. Proofs for Determinantal Functions of Square Submatrix
Proof of Proposition 2.
Notice that in this subsection, the matrix X g is the square submatrix of 3, with both its rows and columns indexed by S.

a) We want to prove that F'(-) is supermodular. Assume that A C B C Vand i € V \ B, then

pi(A) = det(I + 0_2EAU{1'}) — det(I + 0_22,4)

= Z det(( Z det((02%)g) (Kulesza & Taskar, 2012, Theorem 2.1)
SCAU{i} SCA

= det((07°2)suqy)
SCA

< Z det((a_QE)Su{i}) (X is positive semidefinite)
SCB

= det(I —+ O'iQEBU{i}) — det(I + 0'7223)

which proves that F'(-) is supermodular.

2w pu(S) 3, F({w}us)—F(S)
b) We want to lower bound EPQK;(SS) = EQI}(SQU S F ()

For the numerator, one has,

[SU{w} IS|
3 F({whus) - = > JI MAsuwy) - H j(As)
weN\S weN\S  i=1
IS| IS|
= > Nsugey(Asuiy) [[Mi(Asuwy) — [ 2i(As)
weQ\S i=1 j=1
IS| |S|
> Z )\|Su{w}\(ASU{w})H>\i(AS)_H/\j(AS) (Cauchy interlacing inequality)
weQ\S i=1 =
S|
= > Nsuwy(Asuwy) — D [ ri(As). (28)
weN\S i=1
For the denonimator, it holds,
QUS| |2\ S| S|
F(QUS) - = I »(Aaus) H Ai(Aqus) — [[ri(As)
i=|Q\ S| 0=
[\ S| IS|

< H Aj(Asun) —1 H Ai(Ag) (Cauchy interlacing inequality). (29)
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Combining (28) and (29) gives,

Voems FUL}US) = FS) | FoeasWisuten(Asup) = DILZ Ai(As)
FQuSs) - F($) - (H_!ji\ls‘ Aj(Asua) — 1) T Ai(As)
_ Zweg\s(Alsu{w}\(ASu{w}) -1)
- (HﬁgaAﬂAswﬂ—l)
KA, — 1)
B Hszl Aj—1

where the last inequality comes from that | \ S| < K. O

)

D.3. LP with Combinatorial Constraints
D.3.1. TWO EXAMPLES WHERE F'(S) IS NON-SUBMODULAR
1), Considering the following LP:
max 4z1+ x9+ 4dxs

s.t. 2x14+  xo <2 30)
To+ 2x3 <2

L1, T2,T3 > 0.
For this LP, one can easily see that F(({1,2}) = 4, F({2}) = 2,F({1,2,3}) = 8,F({2,3}) = 4, thus FF({1,2}) —
F({2}) < F({1,2,3}) — F({2,3}), which shows F' is non-submodular.
2), Considering the following LP:
max 10x1+ 12x9+ 1223
s.t. 1+ 200+  2x3 <20

2$1+ {E2+ 21’3 S 20
229+ 294+ 23 <20

€2y

z1,T2, 23 > 0.

For this LP, one can see that F'({1,2}) = 120, F({2}) = 120, F({1,2,3}) = 136, F({2,3}) = 120, thus F'({1,2}) —
F({2}) < F({1,2,3}) — F({2,3}). But this one has degenerate basic feasible solutions.

D.3.2. PROVING PROPOSITION 3

To prove Proposition 3, we first need to present the setup. The LP corresponding to F'(.9) is,

max (dg,xg)

(LPS) s.t. Agxs <b (32)
rs Z 0.
where the columns of Ag € RTX S| are the columns of A indexed by the set S. &g (respectively, dg) is the subvector of

@ (respectively, d) indexed by S. To apply the optimality condition of a LP in the standard form, let us change (L Ps) to
be the following standard LP by introducing the slack variable £ € R™,

— min <Cs, .’Bs>
(LP;) s.t. Agxs+1,6=0

wSZO,£ZO

(33)

where cg := —dg. Let us denote A := [Ag,1,,] € R™*USH™) g .= [x] €T]T.
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Let (z(%), £(%)) denote the optimal solution of (LPg). The corresponding basis of of (LP%) is B(%), which is a subset of
VU{&, -, &n}, and |BY)| = m.

According to Bertsimas & Tsitsiklis (1997, Chapter 3.1), the optima_lity c_ondition for (LP;) is: Given a basic feasible
solution (x, &) with the basis as B, the reduced cost is ¢; = ¢; — ¢ A5 A, 1) If (z, £) is optimal and non-degenerate,
then ¢; > 0,Vj; 2) If ¢; > 0,Vj, then (x, £) is optimal.

Proof of Proposition 3. First of all, let us detail the non-degenerancy assumption.

Non-degenerancy assumption: The basic feasible solutions of the correpsonding LP in standard form (LPg) is non-
degenerate VS C V.
a) It is easy to see that F'(}) = 0, and F(S) is nondecreasing.

ngg\s Pw(S)

. There could be in total four situations:
pa(S)

b) For the submodularity ratio, we want to lower bound

D X eas Pw(S) = 0but po(S) > 0. We will prove that this situation cannot happen, or in the other words,
>weans F{w} US) — F(S) = 0 implies that F(QU S) — F(S) = 0 as well.

First of all, since F(S) is nondecreasing, so F({w} U S) — F(S) = 0,Yw. We know that (%), £(%) is the optimal
solution of (LP%), and (z(%), £(%) is a basic feasible solution of (LP§ g1 )s 5O ((5), £(9)) is also the optimal solution
of (LP} {w }). Since (LP} {w }) is non-degenerate, according to the optimality condition, the reduced cost of z,,: ¢,, must
be greater than or equal zero.

Now we know that ¢, > 0,Vw € Q\S, and (%), £(9)) is a basic feasible solution of (LPg ) as well, again using the
optimality condition, we know that ((%), £(5)) is optimal for (LP§ (). So F(QU S) — F(S) = 0.

2) X wears Pw(S) = 0and po(S) = 0. The submodularity ratio is 1 in this situation.
3) Xwears Pw(S) > 0and po(S) = 0. This can be ignored since we want a lower bound.

4 D weavs Pw(S) > 0and po(S) > 0. This situation gives the lower bound:

ZwEQ\S Pu(S) > maxeen\s Puw(S)
pa(S) - FV)
Mingcy wew\ 8,p., (5)>0 P (S)
- FV)
2y > 0.

E. Details about SDP Formulation of Bayesian A-optimality Objective

The SDP formulation used in this paper is consistent with that from Boyd & Vandenberghe (2004, Chapter 7.5) and Krause
et al. (2008). To make this work self-contained, we present the details here.

Firstly, maximizing the Bayesian A-optimality objective is equivalent to,

i tr((A + 02X X )t 34
sonim_ (A 40 " XsXg) ) (34)

By introducing binary variables m;, j € [n], (34) is equivalent to,

min tr((A + U_QijijjT)_l) (35)

j=1
st.m; € {0,1},j € [n],mi +---+m, <K
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A proper relaxation is (relaxing the variables \; = m,; /K, j € [n]),

min tr((A +0*2Z)\jm]~w;—r)*l) (36)
j=1
st AeR:,1TA=1.

According to the Schur complement lemma, the relaxed formulation (36) is equivalent to the following SDP problem,

min 17w
ucR4
A —257n T
N erzlkyw;w] e’“]>o, k=1,---,d (SDP)
€L Uk

AeRT,1TA=1,

where ej, € R? is the k™ standard basis vector. According to Krause et al. (2008), after solving the (SDP) problem we sort
the entries of A in descending order, and select the largest K coordinates as the indices of the K elements to be selected.

F. Proofs and Details in Related Work (Section 6)

Remark 4. For a set function F(-): a) Its submodularity ratio vy is lower-bounded away from 0 and its curvature « is
upper-bounded away from 1 does not imply that it is weakly submodular; b) F(-) is weakly submodular does not imply
that its submodularity ratio vy is lower-bounded away from 0 and its curvature o is upper-bounded away from 1.

Proof of Remark 4.

For argument a): Let F'(S) := |S|*, S C V, which is a supermodular function, so the curvature is 0 (upper-bounded away
from 1). The submodualrity ratio can be lower bounded by n~3. But it is not weakly submodular according to Proposition
3.11 in Borodin et al. (2014).

For argument b): Let us take a minimum cardinality function with k = 2, i.e., FI(S) = B > 0 iff. |S| > 2, otherwise
F(S) = 0. According to Proposition 3.5 in Borodin et al. (2014), it is weakly submodular, but it is easy to see that its
submodualrity ratio is 0. O

More on submodularity index. It is defined as (equivalent to that in Zhou & Spanos (2016)):

0,50V [\ S| <K ( ;Q\S pu(S) = pQ(S)).

G. More Applications
G.1. Subset Selection Using the R? Objective

Subset selection aims to estimate a predictor variable Z using linear regression on a small subset from the set of observation
variables V = {Xi,..., X,,}. Let C to be the covariance matrix among the observation variables { X, ..., X,,}. We use
b to denote the covariances between Z and the X;, with entries b; = Cov(Z, X;). Assuming there are m observations,
let us arrange the data of all the observation variables to be a design matrix X € R™*", with each column representing
the observations of one variable. Given a budget parameter K, subset selection tries to find a set S C V of at most
K elements, and a linear predictor Z' = Y. _o«; X; = X gag, in order to maximize the squared multiple corrleation
Ry g = Var(Z)—E[(Z—-2")?]

S = Var(Z)
to have variance 1, and it is well-known that the optimal regression coefficients are g = (C 5)_1b5, so the R? objective

can be formulated as,

i€s
, it measures the fraction of variance of Z explained by variables in S. Assume Z is normalized

F(S) = R7 5 = b5(Cs) 'bs, S C V. (37)

Das & Kempe (2011) show that the submodularity ratio of F' in (37) can be lower bounded by A, (C), which is the
smallest eigenvalue of C. The theoretical results in this work suggests that the approximation guarantees for maximizing
F in (37) can be further improved by analyzing the curvature parameters. The experimental results in Appendix H.2
demonstrates that it is promising to upper bound the curvature parameters of (37) (possibly with regular assumptions) .
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G.2. Sparse Modeling with Strongly Convex Loss Functions

Sparse modeling aims to build a model with a small subset of at most K features, out of in total n features. Let f(x) :
R™ — R to be the loss function, the corresponding objective is,

min f(x) s.t. [supp(x)| < K.

Assume f(x) is m-strongly convex and has Lipschitz continuous gradient with parameter L, which is equilavent to say

that g(x) := — f(x) is m-strongly concave and has L-Lipschitz continuous gradient. Then for all ¢,y € dom(f) it holds,
m 2 L 2
S ly—2l” < —g(y) + g(2) + (Vg(@),y —2) < S [ly —z|". (38)
In solving this problem, the GREEDY algorithm maximizes the corresponding auxiliary set function,
F(S) = S C 39
(8) = max g(x), §Cnl (39)

Elenberg et al. (2016) analyzed the approximation guarantees of GREEDY by bounding the submodularity ratio of F'(.S).
Specifically,

Lemma 5 (Paraphrasing Theorem 1 in Elenberg et al. (2016)). The submodularity ratio of F(S) in (39) is lower bounded
by 2.

By further bounding the curvature parameters of the auxiliary set function in (39), one can get improved approximation
guarantees according to our theoretical findings.

G.3. Optimal Budget Allocation with Combinatorial Constraints

Optimal budget allocation (Soma et al., 2014) is a special case of the influence maximization problem, it aims to distribute
the budget (e.g., space of an inline advertisement, or time for a TV advertisement) among the customers, and to maximize
the expected influence on the potential customers. A concrete application is for the search marketing advertiser bidding
task, in which vendors bid for the right to appear alongside the results of different search keywords. Let 22 € R to be
the volume of advertising space allocated to the advertiser ¢ to show his ad alongside query keyword s. Bian et al. (2017)
present continuous DR-submodular objectives to model this problem with continuous assignments.

The search engine company (e.g., Google and Yahoo) needs to distribute the budget (ad space) to all vendors to maximize
their influence on the customers, while respecting various continuous and combinatorial constraints. For the continuous
constraints, for instance, each vendor has a specified budget limit for advertising, and the ad space associated with each
search keyword can not be too large. These continuous constraints can be formulated as a convex set P. For combinatorial
constraints, each vendor needs to obey the Internet regulations of sensitive search keywords in his country, so the search
engine company can only choose a subset of “legal” keywords for a specific vendor. The combinatorial constraints can be
arranged as a matroid M = (V, 7). Hence the problem in general can be formulated as,
max T
x€P and supp(x) €L g( )7

where g(x) is the total influence modeled by a DR-submodular function. For one of its possible forms, one can refer to
Bian et al. (2017). The GREEDY algorithm solves this problem by maximizing the following auxiliary set function F'(.S)
while respecting the combinatorial constraints,

max F'(S), where F(S5) := max x). 40

max F(3), (9) = pax _,9() (40)
By studying the submodularity ratio and curvature parameters of F'(S) in (40), one could obtain theoretical guarantees of
the GREEDY algorithm according to Theorem 1 in this work.

H. More Experimental Results

H.1. Bayesian A-optimality Experiments

We put the results on a randomly generated dataset, to illustrate what does the proved bounds looks like. In the synthetic
experiments we generate random observations from a multivariate Gaussian distribution with correlation 0.5. Fig. 8 shows



Guarantees for Greedy Maximization of Non-submodular Functions with Applications

A-optimality objective

0.5

10

(a) A-optimality objective

12

(b) Greedy submodularity ratio and curva-

0.8

0.6

0.4

Parameters

0.2

ture

Bounds

1
*
0.8 \o ey
Do ¥y s
0.6
0.4
0.2 — o— 1/{YG(1-eXp(- (IG'yG))
— -%— - 1/a%[1-(K- a%C)K) K]

2 4 6 8 12

K

10

(c) Approximation bounds

Figure 8: Function value, parameters and approximation bounds of experimental design on synthetic data. Correlation: 0.5

the results (function value, parameters and approximation bounds) for one randomly generated data set with d = 6 features
and n = 12 observations. Specifically, Fig. 8c traces the two approximation bounds from Theorem 1 (and Lemma 3): one

K
curve shows the constant-factor bound o' (1 — e~*7) and the other the K-dependent bound % {1 - (%) ] . We

observe that both bounds give reasonable predictions of the performance of GREEDY.

H.2. Subset Selection Using the R? Objective
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Figure 9: Results for R? objective on synthetic data.

for GREEDY.

For details on this task please re-
fer to Das & Kempe (2011) or Ap-
pendix G.1. We did synthetic ex-
periments to illustrate that our theory
can give a refined explanation of the
performance of GREEDY. We gener-
ate random observations from a multi-
variate standard Gaussian distribution
with different correlations. We used
n = 10 features and m = 100 ob-
servations. The target regression co-
efficients « € R”" were generated
as a random vector with uniformly
distributed entries in [0,1]. Standard
Gaussian noise was added to generate
the observation of predictor variable
Z. The results are shown in Fig. 9,
with first column showing the results
with correlation as 0.05, the second
column with correlation as 0.5. One
can see that the mean of the greedy
curvature and submodularity ratio take
values in (0, 1), which can be used to
give improved approximation bounds



