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A  Proof of Lemma 3.2

First assume that 6, ., # 0,7 . Then we have
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Now we assume that u is parallel to v. We first show that ¢ is differentiable in this case. Without
loss of generality we can assume that w and v lie on the u; axis. This follows since ¢ is a function of
lu||, ||v]| and 6., . and therefore g(-,v) has a directional derivative in direction d at w if and only if
g(-, Rv) has a directional derivative in direction Rd at Ru where R is a rotation matrix. Hence g(-, v)
is differentiable at w if and only if g(-, Rv) is differentiable at Ru. Furthermore, if v and u are on the
uy axis, then by symmetry the partial derivatives with respect to other axes at u are all equal, hence
we only need to consider the partial derivative with respect to the u; and us axes.

Let v = (1,0,...,0) and w = (u,0,...,0) where u # 0. In order to show differentiability, we will
prove that g(u,v) has continuous partial derivatives at u (by equality the partial derivatives are
clearly continuous at points that are not on the u; axis. Define u. = (u,¢,0,...,0). Then

P % lwell [Jv]] <Sin Oue v + (W - eue,v) cos gue,v> —g(u,v)
I (u,v) = lim

Ous e—0 €

By L’hopital’s rule and the calculation of equality we get

0 1
aTi(“’ v) = lim —— v] — _sing, =0
Furthermore, by equality we see that limq/_,, ;qu(u/? v) = 0 since limy,/_q, Sin Oy ,, = 0.

99 . Og
For a fixed 6, . equal to 0 or m, %(u, v) is the same as m(u,v). Hence,

dg 1 Lifu>0

_— = — 1 — = 2

o (u,v) 5 lv|l (sm@uﬂ, + (77 Quﬂ,) cos Huﬂ,) {0 <0
and the partial derivative is continuous since

dg Lifu>0
. dg _J3
Jflinu Ouq (', v) {0 ifu<0

Finally, we see that for the case where w and v are parallel, the values we got for the partial
derivatives coincide with equation Eq. [1l This concludes the proof.

B Proof of Proposition 4.1

We will prove the claim by induction on k. For the base case we will show that Set-Splitting-by-2-Sets
is NP-complete. We will prove this via a reduction from a variant of the 3-SAT problem with the
restriction of equal number of variables and clauses, which we denote Fqual-3SAT. We will first prove
that Fqual-8SAT is NP-complete.

Lemma B.1. Equal-3SAT is NP-complete.



Proof. This can be shown via a reduction from 3SAT. Given a formula ¢ with n variables and m
clauses we can increase n —m by 1 by adding a new clause of the form (z V y) for new variables z
and y. Furthermore, we can decrease n —m by 1 by adding two new identical clauses of the form (2)
for a new variable z. In each case the formula with the new clause(s) is satisfiable if and only if ¢ is.
Therefore given a formula ¢ we can construct a new formula 1 with equal number of variables and
clauses such that ¢ is satisfiable if and only if ¥ is. O

We will now give a reduction from Equal-3SAT to Set-Splitting-by-2-Sets.
Lemma B.2. Set-Splitting-by-2-Sets is NP-complete.

Proof. The following reduction is exactly the reduction from 3SAT to Splitting-Sets and we include
it here for completeness. Let ¢ be a formula with set of variables V' and equal number of variables
and clauses. We construct the sets S and C as follows. Define

S={z|zeVIUVU{n}

where T is the negation of variable z and n is a new variable not in V. For each clause ¢ with set
of variables or negations of variables V. that appear in the clause (for example, if ¢ = (Z V y) then
Ve = {Z,y}) construct a set S, = V., U {n}. Furthermore, for each variable z € V construct a set
Sy = {x,Z}. Let C be the family of subsets S. and S, for all clauses ¢ and = € V. Note that |C|< |S]
which is required by the definition of Set-Splitting-by-2-Sets.

Assume that ¢ is satisfiable and let A be the satisfying assignment. Define S1 = {z|A(z) =
true} U{Z|A(z) = false} and Sy = {z|A(z) = false} U{Z|A(z) = true} U{n}. Note that S;USy = S.
Assume by contradiction that there exists a set T € C such that T C Sy or T C Sy. If T C Sy then T
is not a set S, for some clause ¢ because n ¢ S;. However, by the construction of S; a variable and
its negation cannot be in S;. Hence T' C S7 is impossible. If T C S5 then as in the previous claim
T cannot be a set S, for a variable x. Hence T' = S, for some clause c¢. However, this implies that
A(c) = false, a contradiction.

Conversely, assume there exists splitting sets S; and Se and w.l.o.g. n € S;. We note that it
follows that no variable z and its negation Z are both contained in one of the sets S or S3. Define
the following assignment A for ¢. For all x € V if z € S; let A(x) = false, otherwise let A(x) = true.
Note that A is a well defined assignment. Assume by contradiction that there is a clause ¢ in ¢ which
is not satisfiable. Since Sy splits S, it follows that there exists a variable x such that it or its negation
Z are in Sy (recall that n € S7). If @ € Sy then A(x) = true and if T € Sy then A(Z) = true since
x € S1. In both cases c is satisfiable, a contradiction. O

This proves the base case. We will now prove the induction step by giving a reduction from Set-
Splitting-by-k-Sets to Set-Splitting-by-(k+1)-Sets. Given S = {1,2,...,d} and C = {C;}; such that |C|
< (k —1)d, define 8" ={1,2,...,d+ 1} and C' = C U{D;}; where D; = {j,d+ 1} for all 1 < j < d.
Note that |C'| < kd < k(d + 1). Assume that there are Sy, ..., Sk that split the sets in C. Then if we
define Siy1 = {d + 1}, it follows that Ufill S; = S and Si, ..., Sk, Spa1 are disjoint and split the sets
inC'.

Conversely, assume that Sy, ..., Sk, Skr1 split the sets in C’. Let w.l.o.g. Sky1 be the set that
contains d + 1. Then for all 1 < j < d we have D; € Si1. It follows that for all 1 < j <d, j ¢ Sk,
or equivalently, Sk+1 = {d+ 1}. Hence, Ule S; =S and Sy, ..., Sy are disjoint and split the sets in C,
as desired.

C Missing Proofs for Section 5

C.1 Proof of Proposition [5.1

1. For w # 0, the claim follows from Lemma [3.2] As in the proof of Lemma [3:2] we can assume
w.lo.g. that w = (0,0,...,0) and w* = (1,0,...,0). Let f(w,w*) = 2kg(w,w*) + (k? —



k‘)w It suffices to show that 3 (w w*) does not exist. Indeed, let w. = (0,¢,0,...,0)
then by L’hopital’s rule

. *\ * k * k k2 —k
lim {(@e W)~ fw,w) D || S $in Oup, - + (k2 fk)”w [
=0t € =0t T le] ™ ™ ™
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hm f(w , W ) f(wvw ) — hm wa*HisinGwe w* —(/432—](1) ||w || —- _r_
e—0- € e—0— T le] ’ ™ ™ T

Hence the left and right partial derivatives with respect to variable wy are not equal, and thus

801{ (w,w*) does not exist.
2

2. We first show that w = 0 is a local maximum if and only if £ > 1. Indeed, by considering the
loss function as a function of the variable z = ||w||, for any fized angle Oy, ,» Wwe get a quadratic
function of the form ¢(x) = az? — bx, where a > 0 and b > 0. Since f(#) = sinf + (7 — ) cos 6
is a non-negative function for 0 < ¢ < 7 and f(0) = 0 if and only if § = , it follows that
b=0if and only if £k = 1 and 0y - = m. Therefore if £ > 1, then for all fixed angles 0y -,
the minimum of ¢(x) is attained at x > 0, which implies that w = 0 is a local maximum. If
k =1 and 0y «+ = 7 the minimum of ¢(x) is attained at x = 0, and thus w = 0 is not a local
maximum in this case.

We will now find the other critical points of . By Lemma 3.2 we get

1 k2 —k k k k> —k
=—|(k - - — * aww*_f _eww* i .
Vi(w) 2 ( + )w - |[w*]| — H I sin W(w , )w — [lww™| Tw ]
K2~k klw k? —k |lw*| k .
N (“ I T A (7= b Jw

and assume it vanishes.

Denote 4 £ 0w w+. If # = 0 then let w = aw™ for some a > 0. It follows that

k + - ——=0
™ T o o
or equivalently a = 1, and thus w = w*.
If = 7 then ||w|| = Wféri_fl)k |lw*|| and thus w = —(%)w*. By setting § = 7 in the loss

k% —k
~(mre—or)
by fixing ||w|| and decreasing 6, the loss function decreases. It follows that w = —(W)w*

is a saddle point. If § # 0,7 then w and w™ are linearly independent and thus = (7r - 0) =0

function, one can see that w = w™* is a one-dimensional local minimum, whereas

which is a contradiction.

lﬁ-&lf(:-i_—kl)k is a degenerate saddle point. We
will show that the Hessian at u denoted by V2{(u), has only nonnegative eigenvalues and at least
one zero eigenvalue. Let f(w) £ ¢(w, Rw*), where the second entry denotes the ground truth
weight vector and R is a rotation matrix. Denote by fq, 4, the second directional derivative of
a function f in directions d; and ds. Similarly to the proof of Lemma |3.2] since ¢ depends only

on ||lwl], |[w*|| and Oy =, we notice that

It remains to show that u = —vy(k)w* where (k) =

la, a,(w) = Lra, pa,(Rw)



or equivalently

dfV*(w)dy = (Rd,)TV2{(Rw)Rdy = dT RTV*/(Rw)Rd,

for any w and directions d; and ds. It follows that
VZ(w) = RTV*I(Rw)R

for all w. Since R is an orthogonal matrix, we have that V2/(w) and V2/(Rw) are similar
matrices and thus have the same eigenvalues. Therefore, we can w.l.o.g. rotate w* such that it
will be on the wy axis.

By symmetry we have

ov ov or 4

(9101311),’ W= 81018111]' (U)7 811)1'8101 w= 8wj8w1 “

and
ov or 15/4 ov

ow? (u) = 8w]2 (u), Ow; 0w, (u) = Ow 0wy (u
for i # j,s # t such that 7,j,s,t # 1. It follows that we only need to consider second partial

derivatives with respect to 3 axes wi,ws and ws. Denote u. = (—v(k),¢,0,...,0) and w* =
(1,0,...,0) and (k) = @ and note that vy(k) = BE)_ Then by equation Eq. We have

= B(k)+k-
8752(11/) — lim Y ¥)e = VA,
an e—0 €
w | (k+B(R)e = Elw|| g sin by, - — B(K) [lw” M} (3)
= lim
e—0 €
1 Bk)\ _
(b B(k) = Z05) =0
Furthermore,
00 i V), = Vi(w),
awlan e—0 €

L = (k4 B))A(E) + E w*]| 25 sin by, 0 + B [Jw* ]| 25— £ — 0, )

llell flwell =

e—0 €

(4)

where Oy, w+ = arccos(%).
4y

By L’Hopital’s rule we have
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Since

dws 2 +42(k))3 (€ +72(k))lel
L (@)
it follows that
ol 1 0O, w+ | |7(k) cOS Oy, 0
— = — lim : 1
Ow; 0wy 7k e=0| Owy A
< 1 . (k) cos Oy v+ N 1‘ 0 (6)
im =
~ v(k)mk e=0 [leeell
and thus Bw?ng (u) = 0.
Taking derivatives of the gradient with respect to w; is easier because the expressions in Eq. [2]
that depend on 6, -+ and ﬁ are constant. Therefore,
ol k+ 5(k)
ow? () = k2
and Y
7 =0
5‘w28w1 U)

Finally let @t = (0, —(k),€,0,...,0) then it is easy to see that

Therefore, overall we see that V2{(u) is a diagonal matrix with zeros and %z(k) > 0 on the
diagonal, which proves our claim.

C.2 Proof of Theorem 5.2

For the following lemmas let w1 = wy — AVE(wy), 6; be the angle between w; and w* (¢ > 0) and
define X = a(k)A where a(k) = T+ kQ,;zk. Note that a(k) < 1 for all £ > 1 The following lemma

us
shows that for A < 1, the angle between w; and w* decreases in each iteration.

Lemma C.1. If0 < 0; < 7w and A < 1 then 041 < 0;.

Proof. This follows from the fact that adding

2 _ * 2 _ *
_A0+k bkl ok k“”gm

T 7wl T ]

K2k

to w; does not change 6; for A < 1, since k+k2” <1 for k > 1. In addition, adding ﬁ(w — Q)w*
decreases 6;. O

We will need the following two lemmas to establish a lower bound on ||w,]||.

Lemma C.2. If § < 0; < then |[w;1] > sisrir;fil min{||w,||, H’HJTS)T& )




Proof. Let
Bk k|| k? — k |lw]|

A
e = k( T T e YT T ||wt||>“’f

Notice that if |Jw,| < ()

|| sin 6
Wi then

AMlw]] A(k? — k) ||w*
el = (1= 3 o + 2020 g, o A= T

k? -
Ak ||w*||sin@;  A(k? — k) ||w*|| sin 6
k k
N A ||lw*|| sin 6,
1-X)Jjw ——— > ||w
( ) llwe |l + alyr (||
Similarly, if ||w;|| > ”’"a(‘l%e* then ||u|| > ”’"a(‘l%et Furthermore, by a simple geometric observa-
tion we see that [|w; 1] cos(0i11 — 5) = [luel| cos(0; — F) if 9,&1 > 5 and [|wigi| cos(f — 041) =
||l cos(0; — 5) if 041 < §. This is equivalent to ||w;i1| = sisriréit_l [lwe]|. It follows that ||wet1| >
sii%fL min{||w.||, %} as desired. O

Lemma C.3. If0<6; <% and 0 < A < % then ||wyy1| > min{||lw|, ”“é*‘ 1

Proof. First assume that k > 2. Let u; be as in Lemma [C.2] then

5 Ak — k) [lw|
>(1-\)|w
el > (1= ) o] + 2520
It follows that if |lw,| > (% zk))Tlr'w*“ > ” I then [ju,|| > 1% w“' Otherwise if |lw|| < 7(16165))7‘!;‘;*“

then ||u¢|| > ||we]|. Since wiy1 = ur + ﬁ(ﬂ' - H)w and 0 < 6; < & we have [|[w;1]| > [lug >

min{ 10 (|, |}

2
Now let £ = 1. Note that in this case A = A. First assume that 6; < If ||lwe|| > Hw I then,
using the same notation as in Lemmau llus]| > (1= N) ||lwe| + Al Hsmet > ”w’” > ” . Since
Wi = Uy + f(w — Qt)w and 0 < 0, < 5 we have [|wyq1]| > [lug > ”w L 1f |, || < ”w ” then by

the facts 0 < ¢; < 5 and cos; > 5 we get

A 2
2 2
il = sl + 2 e | (- 0w

cos 0; + H A (7r - Ot)

(1= A)A BRI
X o o+ 2 o P

(1= 2% [lawgl|* +2(1 = M)A [[awg|* + 4N* [ |* =
(1+3X%) [lwe|* = [Jwe]”

(1= X [lwe* +

Finally, assume 6; > %. As in the proof of Lemma if |Jw| > H“’*”+110’ > ?”1‘:“ then
lwia] > | > 2L Otherwise, if w,|| < D2LS% then [jwy || > [Jul| > Jw,]|. This

concludes our proof. O

*

We can now show that in each iteration ||w;|| is bounded away from 0 by a constant.



Proposition C.4. Assume GD is initialized at wo such that 0y # © and runs for T iterations with
learning rate 0 < A < % Then for all0 <t <T,

|lwe]] > min{||wq]| sin 6y,

Proof. Let 6y > 61 > ... > O (by Lemma [C.1)). Let ¢ be the last index such that 6; > 7 (if such 4
does not exist let ¢ = —1). Since sinf; > sinfy for all 0 < j < 4, by applying Lemma at most
7+ 1 times we have
. 2

*|| 9
R e
forall 0 < j <.

Finally, by Lemma [C.3|and the fact that 6; < § for all i < j < T, we get

[[w]|

}

for all i +1 < j < T, from which the claim follows. O

lw,|| = min{||wi ],

The following lemma shows that V£ is Lipschitz continuous at points that are bounded away from
0.

Lemma C.5. Assume ||w1]|,||wz] > M, w1, w2 and w* are on the same two dimensional half-plane
defined by w*, then
[VE(w1) = VE(ws)|| < L[Jwy — wy|

for L =1+ 32l
Proof. Recall that by equality Eq.

dg

1 1
a—w(w,w*) =5 [lw™| —sm@ww 4+ — 5 (7r — Ow’w*)w*

Let 6, and 65 be the angles between wq,w* and ws,w™, respectively. By the inequality I:Hf‘;m >x

for0§x§x0<wandsince@§gwehave

|61 — 05 < ﬂsinw
2 - 2
Furthermore |[w; — ws]| is minimized (for fixed angles 6; and 62) when ||Jw;| = |Jwz| = M and is
equal to 2M sin 162 202‘ Thus, under our assumptions we have,
. [01—0s]
(01 —05] _ msin 757w llws — ws|
2 - 2 - 4AM
Thus we get
1 1 [[w™]]
—(n-0 )w*——( .y )w* <
’27r (77 ! or \" 72 =aM

For the first summand, we will first find the parameterization of a two dimensional vector of length
sin @ where 6 is the angle between the vector and the positive x axis. Denote this vector by (a,b),
then the following holds

a? +b? =sin%0
and b
— =tanf
a



(Sin 20

The solution to these equations is (a,b) = (222% sin*#). Hence (here we use the fact that wy,w, are

on the same half-plane)
1 *
|- ol

in 20 in 265\ 2 2
w*||\/ 51112 ! _7sm2 2) +(Sin291—sin292) <

w1 . 1 *
——sinf; — — ||w

sin 92

wa
[[ws]|

7 |

1

7. Il V(01— 02)2 + 4(6; — 62)% <
é l[w*|| T [J[wi — wa| \[HW*”
s 4M

where the first inequality follows from the fact that | sin x —sin y| < |z —y| and the second inequality
from previous results. In conclusion, we have

[wy — ws

99
- dw

*

(’UJQ,'LU )

< VE D)

H wl’

— wo|

Similarly, in order to show that the function f(w) is Lipschitz continuous, we parameterize

- w_
I
the unit vector by (cos#@,sin ) where 6 is the angle between the vector and the positive x axis. We

now obtain

’ ”21” sz” ‘ V/(cos 0; — cos B2)2 + (sinf; — sinfy)2 <
7 |lwy — wy|
2000 — )2 < ————
(61— 02) V2M
Now we can conclude that
[Vl(w1) — VE(ws)| < (E + W) [wr — woall + - H&'w(wl’w e CER ]
(k? ||w*H L K=k (k =k e  (V5+1)[w
< [ = - <
wi||  Jwal| = 7 2Mk? 2 wi —wall <
( T + Mk )
|w*]| (V5 +1) |w] 3 lw*|
1 <1
tam T o T

O

Given that ¢ is Lipschitz continuous we can now follow standard optimization analysis (Nesterov
(2004)) to show that lim; . ||[V4(w,)]| = 0.

Proposition C.6. Assume GD is initialized at wq such that 6o # m and runs with a constant learning
rate 0 < A\ <min{2, 1} where L = O(1). Then for all T

) 1
S IV < s towo)
t=0

Proof. We will need the following lemma

Lemma C.7. Let f : R™ — R be a continuously differentiable function on a set D C R™ and x,y € D
such that for all0 <7 <1, z+7(y—x) € D and |Vf(x +7(y —z)) = Vf(x)| < L|z—y|. Then
we have

17) ~ F@) ~ (V(a)y — )| < 5 o —



Proof. The proof exactly follows the proof of Lemma 1.2.3 in Nesterov| (2004) and note that the proof
only requires Lipschitz continuity of the gradient on the set S = {z 4+ 7(y — ) | 0 < 7 < 1} and that
S CD. O

By Proposition [C.4] for all ¢, ||w,|| > M’ where

lw* | sin® o [|w]|

M’ = min{||wy|| sin O, alr 8 }

. Furthermore, by a simple geometric observation we have

0
min |Twi + (1 — 7)ws| :M'cosi
0<r <1, Jfws |, llws | > M arecos (# o

lwall ]

It follows by Lemmathat for any t and @1, s € S; 2 {w; + T(wiy —wy) |0 < 7 < 1},
V(1) = Vi(z2)|| < Ljz1 — 22|

where L =1+ %‘l and M = M’ cos %0 (Note that cos % > cos %0 for all ¢ by Lemma .
Hence by Lemma [C.7} for any ¢ we have

L
lwiyr) < lwy) + (VO(we), w1 — wy) + 3 [wisr — wi|* =

A
(we) = (1 = 5L) [ Ve(w,)|?
which implies that

T

> IVew,)|* <

t=0 )‘(1 - %L)

We are now ready to prove the theorem.

Proof of Theorem , First, we observe that for a randomly initialized point wg, 0 < 6y < 7(1 — 9)
with probability 1—4J. Hence by Propositionwe have for L = 1+ w where M = min{sin(m(1—
), m?{#, i} cos(@) and a(k) =k + @, and for A = 1 (we assume w.lo.g. that L > 2),

T
1 AL b k2 —k
¢ L G =2L¢ < =Z(Z
;—0 [Vi(w,)|” < NI = 31) (wo) (wo) < k2(2 t )

Therefore,

by B+ )
i < K2 e am /)
omin {[[Ve(w)]"} < T

It follows that gradient descent reaches a point w; such that |[V{(w;)|| < € after T' iterations where

2 2
(5 +15)

s (O

€

We will now show that if | V4(w;)|| < € then w; is O(y/€)-close to the global minimum w*. First
note that if 7 < 0; < 7(1—¢) then a vector of the form v = aw* 4 3w where o > 0 is of minimal norm

10



equal to asin(r — ;) ||w*|| when it is perpendicular to w. Since the gradient is a vector of this form,

we have [|[V{(wy)|| > ”6”wﬂ‘,|:imr6 > 8sinmd > ¢ Hence, from now on we assume that 0 < 0, < Z.
Similarly to the previous argument, we have

lw*|| (m — %) sin 6, < sin 6,
wk - 2k
Hence, 0; < arcsin(2ke) = O(e). It follows by the triangle inequality that

€> [[VE(w,)]| >

K2~k  k|w* k? — k ||w* k(m—6
k2e > k2 | Ve(w,)| = ||| &+ _ et g, - ™), = BT =00) | >
T w] T ] a
K2 —k  k*—k|w* E ||lw* kO, ||w*
L Sy 370 A OO [ 15 B Y % I
T 7w JJwe| ™ v
K —k K =k |w k[w]]
k+ - wi — we|| —
™ Tl [[we]
oo - S| L, L
[[we]] ™
kK —k . " klw™] . kO [Jw™ |
(k+ ) lwell = ||| = & [w"[| 6; — —=—siny — ———
0 ™ ™
where the last inequality follows since the arc of a circle is larger than its corresponding segment.
Therefore we get |||w| — ||lw*||| < O(e). By the bounds on 6; and |||w:| — ||w*|| and the

inequality cosz > 1 — z for x > 0, we can give an upper bound on ||w; — w*|:
lws — w*[|* = [Jwq]|* = 2||w]| e cos 6; + [lw*]|* =
lwell ([lwel] — llw*|| cos 0;) + [lw™[| (Jlw™ || — [Jw || cos ) <
(lw*[| + O()(O(€) + 0y w*[|) + [lw™ || (O(€?) + b [w™||) = O(e)

Finally, to prove the claim it suffices to show that ¢(w) < d||w — w*||>. Denote the input vector
x = (x1,X2, ..., X)) where x; € R™ for all 1 < ¢ < k. Then we get

B S owTx) S o(wrTx;) 12
é(w>_E"[ 3 k }
<E [zfl o (w"x;) — o(w*Txmr
—_ X k
>y WX — w x| 2
< B [£i= ] (7)
k
S w — w12
< 1=
< B ; ]
< |[w — w*||*Ex]|x|”
= d||w — w*||’

where the second inequality follows from Lipschitz continuity of o, the third inequality from the
Cauchy-Schwarz inequality and the last equality since [|x||® follows a chi-squared distribution with d

degrees of freedom.
O
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D Missing Proofs for Section |7.1
D.1 Proof of Proposition

Define w), = (w2, w1), w;, = (0, —w*) and wj, = (w*,0). We first prove the following lemma.

Lemma D.1. Let [ be defined as in Eq.[16. Then

1 k2 — 3k +2 2(k —1)sinbuw,w,

Vi(w) = = (k+ - Jw + —
_ _ 2 _ *
4 =D 9wr,wz)wp (B =3k +2) [Jw”|
™ 7 [|w]|
E||Jw*|| sin €y 0 E(m — Owaw)
— — w
7 [|wl| ™

*
P2

B (k—=1) SN Oy a0 'w*||w_ (k— 1)(7r—9wl7w:)
7 [lw]| ™
(k= 1)sinfu, w; [w*|| (k—1)(m - 9"“"“’7)10*

m [|w]| Q

Proof. The gradient does not follow immediately from Lemma because the loss has expressions
with of the function g but with different dependencies on the parameters in A. We will only calculate
99(wew1) the other expressi leulated in th

5 , pressions are calculated in the same manner.

file)zcall that

1 2, .
g(w,,w;) = %”"UH (Sln9w7'7wl + (7 — ewr,wz) 08 O, a0,

It follows that

og(w,,w, 1,. 1 008 Oy,
09000 00) L0+ (7 Bu ) €05 O J 4 50— B, ) L
Let w = (w1, wa) then cos by, w, = w“%f;jg Then,
008w, w, _ wa (W} 4+ w3) — 2wiws _wy 2w c08 0w, w,
Dy (w? +w3)? o] w]?
and
008 Oy, aw, _ wy (w? + w3) — 2wiw; _ w1 2wycos O, w,
s (w] +w3)? Jw]? ]
ivalent] 0co8 b, w; _ wy 2w €08 Oy, a0, It foll that
or equivalently S = Twl? ~ o+ 1t follows tha

dg(w,, w;) _ SIN Oy, W + (m — ewz,wr)
ow T 27 P

O

We will prove that w11 # 0 and that it is in the interior of the fourth quadrant. Denote w = w;
and Vi(w) = % (B (w) + Bo(w) + Bs(w)) where

k2 — 3k +2 2k — 1) i Oy w0
Bi(w) = (k+ + Jw + ( )sinbu,, Lw—
T 7r
(k% — 3k + 2) |Jw*||  kflwt[|sin by e (k= 1)sinby, w0 w0 (k — 1) sin Ou, oy [[w*|
|| || 7 [|wl| |||

12



wd (k= V(T bupar) . (k= 17— b )
k(T — O a0 % - T = Uw;,wx « - T — Vw, w* %
B3(w) = — ( - ' )w - - ! wy,, — - L w,,

Let w = (w, —mw) for w,m > 0. Straightforward calculation shows that cos 0y, w: = ———
) 9 - YW, \/m)

_ m T . . ..
and cos awmwl* = m Hence 7 < ewz,w:aawr,wl* < 5. Since w is in the fourth quadrant we
also have 3T < @, ,,« < 7. Therefore, adding —ABs(w) can only increase ||w||. This follows since in

the worst case (the least possible increase of ||w]|)

ko, k=1, k-1 . .
By(w) = Ju' ), g, = ()
which is in the fourth quadrant for £ > 2. In addition, since —w), is in the fourth quadrant then
adding —ABs(w) increases |lw].

k—2 k—2

If [Jw| < % then —Bj(w) points in the direction of w since in this case —Bj(w) = aw where

k% — 3k +2 k—1 k—1 k> —3k+2
042( 3k + Jr( ) B 3k+2

k *
s s 8 167 E) lw][ >0

for k > 2. If —Bi(w) points in the direction of —w then by the assumption that A € (0, 3) we have
[IAB1(w)]| < |Jw]|. Thus we can conclude that w1 # 0.

Now, let w = (w1, ws), 6; be the angle between w = w; and the positive x axis and first assume
that wy > —wsq. In this case —Bs(w) least increases (or even most decreases) 6; when

k 3(k—1 k-1 2k —3 2—k
~Ba(w) = qw+ : 1 Y, + 7w = (S )

which is a vector in the fourth quadrant for £ > 2. Otherwise, —Bs(w) is a vector in the fourth
quadrant as well. Note that we used the facts 7 < Hwhw;i,ﬁw“wl* < 7 and Sf < O+ < . Since
—AB;(w) does not change 6; and —ABz(w) increases ; but never to an angle greater than or equal
to 5, it follows that 0 < ;41 < 3.

If w; < —wsy then by defining all angles with respect to the negative y axis, we get the same
argument as before. This shows that w1 is in the interior of the fourth quadrant, which concludes
our proof.

D.2 Proof of Proposition

We will need the following auxiliary lemmas.

Lemma D.2. Let w be in the fourth quadrant, then g(w;, w,) > %(@ - [|wl|?.

Proof. First note that the function s(f) = siné + (7 — ) cos 6 is decreasing as a function of 6 € [0, 7].
Let w = (w, —mw) for w,m > 0. Straightforward calculation shows that cosfw, w, = — 5757 As a
function of m € [0,00), €OS Oup, w, is minimized for m = 1 with value —1, i.e., when f(w;, w,) = ¢
and this is the largest angle possible. Thus g(w;, w,) > is(%"))”uﬂﬁ = i(@ - %)Hw”2 O

Lemma D.3. Let

£(6) = zk(smfg +0)+ (5 -0) cos(%” +6))+

2 X in 6> i i

, then in the interval 0 € [0, 5], f(0) is mazimized at 0 = § for all k > 2.

13



Proof. We will maximize the function 7% = 21 f£1(0) + £2(0) + f3(0) where f1(0), f2(0), f(0)
correspond to the three summands in the expression of f(6).

Since for h(z) = V1 —a? + (m — arccos(z))z we have h'(x) = 7 — arccos(z), it follows that
f4(0) = —(m — arccos c?}e)sme f4(0) = (7w — arccos Si;;)cf}g and f{(0) = —(F — 0)sin(3F + 6). It
therefore suffices to show that

sinf . cos cosf sinf kK m 3T
dy(0) := (7w — arccos — — (7 — arccos - — —@)sin(— +60) >0
for 0 € [0, 7).
By applying the inequalities arccos(z) < 3 — a for « € [0,1] and arccos(z) > 5 — x — {5 for

z €[l 7] we get dyi(0) > da(6) where

m  sinf, cosf T cosl 1 ,sin6 ko7 . 3T

d2(0) = (§+W)W— (5+ NG} +15) 75 (g —O)sin(— +0) =
T T 1 . k w 3
mcobe—(ﬁ—f—m)blne k_1(1—9)81n(4 +9)

We notice that dy(0) > 0 and dg(%) > 0 for all £ > 2. In addition,

059+ i 81n(3—7r+0) L(%—9)(:08(?%—5—9)

’ T .
dy(0) = ———=sind 1 1

™
N RN 10[ 0v3) —1
and d5(0) > 0 for all k > 2. It follows that in order to show that d2(#) > 0 for 6 € [0, 2] and k > 2, it
suffices to show that dj(f) <0 for 6 € [0, 3] and k > 2. Indeed,

2k 3T k T
2\/ 1()[) sing + g cos(Zm +0) + /(7

(L 1 k
0v2
for all 6 € [0, 4] and k > 2. Note that the first inequality follows since cos > sin # and the second
since cos(2 46) > max{sin 6, sin(2X +6)}, both for 6 € [0, 3]. This shows that d;(¢) > 0 for 6 € [0, 3].
Now assume that 6 € [3, Z]. Since d1(23) > 0 and dy(F ) > 0, it suffices to prove that df(9) < 0 for
0 € [2,7]. Indeed, for all § € [3, 7]

—0) sin(g—7T

<

dy(0) = cosf + (—=

2\/5

3r 2k 3r
, 9)}+k—1COb(Z+9)

) max{sin 0, sin(—

d}(0) = —(m — arccos Co\/S;)CO\/b; _ (x — arccos binfa)binfe
2\/ioi2:)in;6’ " 2\/?][1215;6 TE ﬁ 1 Sin(%ﬁ +0) - kﬁ ] (% —0) cos(?zT +6) <
—(m — arccos CO\S/(g))co\s/(;) — (r — arccos Sif\l/(g))sil\l/(g) n
2\/(1:oi2£22(D 2\/slin2(‘:;1322(2) +23in(%+§)—2(% —%)cos(%-F%) <0

We conclude that d;(€) > 0 for all 6 € [0, 7] as desired.
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Proof of Proposition [7.3.  First assume that wy > —wsy. Let 6 be the angle between w and the

positive z axis. Then cosf = ”1;’;” and tanf = 32 Therefore we get
0 w1 cos
COS Oy s = ————= = —=
l lwllv2 V2
and .
—wsg cosftanf  sin6
cos 9,,,7,7,,,; =

lwiv2 V2 2

We can rewrite /(w) as

1 kz 3]€+2 * 11\ 2 k 2
tw) = [%wnw 197 + 2+ 20k — Dglawy i)~
[[w] [ (3T T 3
5 (2k(sm( ) +9)—|—(4 6) cos( 1 —|—9)))+
cos 6 cos @, cosf sin 62 sin @ sin 6
2% —2)(1/1— +(r— CCVEPIY 4(2k—2) (/1 - +
( )( 5 (m — arccos \/5) \/5) ( )( 5 (m — arccos \[) \f))

k * * *
S llw I” +2(k — 1)g(w, w; )1

Hence by Lemma and Lemma we can lower bound ¢(w) as follows

1| k2 —3k+2 —1,V3 my o
l > | — * (X2 _Z _
(w) > kgl o (lwl = [lw])* + H 12+ 2 - (2 5wl
(k= 1) [lw] [l 2my Kk 1 V3w
Rl B 4+ 2 4 S+ 2 (8 - B o]
By setting |w| = « ||w™*|| we get
lw) _ 1 [k2=3k+2 s ko k=13 m
> |2 Tt a—1)24 2 AR P
||'w*||2 = kQ[ 7 (o )"+ 2% T T ( 2 6)0[

O ]

Solving for o that minimizes the latter expression we obtain

oo B ERELE) Ak
- k2_3k 2(k—1) /v/3  w\
b B DG g) T R+

s

Plugging a* back to the inequality we get

> —_— — — _— =
tw) 2 5 (Fg @) = hRar + =5 eI = sl
and for w = —a*w* it holds that () = MHw*HZ

E2(2h(k)+2)
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Finally, assume w; < —ws. In this case, let 6 be the angle between w and the negative y axis.

Then cos = =% and tanf = —%L. Therefore
llwll w2
w1y cos@tanf  sinf
COS Oy awx = =

lwl|v2 V2 V2

and
—wWag cos
cos ewmwl* =

T w2 V2

Notice that from now on we get the same analysis as in the case where w; > —ws, where we switch
between expressions with w;, w; and expressions with w,,wj. This concludes our proof. ([

E Uniqueness of Global Minimum in the Population Risk

Without loss of generality we assume that the filter is of size 2 and the stride is 1. The proof of the
general case follows the same lines. Assume that {(w) = 0 and denote w = (wy,ws), w* = (W], w3).
Recall that £(w) = Eg [(f(z; W) — f(z; W*))?] where f(x; W) =+ >, 0 (w; - @) andforall 1 <i <k
w; = (0,_1,w,04_;_1). By equating ¢(w) to 0 we get that (f(z; W) — f(x; W*))? = 0 almost surely.
Since (f(z; W) — f(x; W*))? is a continuous function it follows that f(x; W) — f(x; W*) = 0 for all
. In particular this is true for &1 = («,0,0,...,0), z € R. Thus o (zw;) = o (zw]) for all z € R
which implies that w; = w}. The equality holds also for €5 = (0, x,0,...,0), z € R which implies that
o (zwz) +o (zwy) = o (zw3) + o (zw]) for all © € R. By the previous result, we get o (zwz) = o (zw3)
for all x € R and thus we = wj. We proved that w = w* and therefore w* is the unique global
minimum.

F Experimental Setup for Section

In our experiments we estimated the probability of convergence to the global minimum of a randomly
initialized gradient descent for many different ground truths w* of a convolutional neural network
with overlapping filters. For each value of number of hidden neurons, filter size, stride length and
ground truth distribution we randomly selected 30 different ground truths w™* with respect to the
given distribution. We tested with all combinations of values given in Table

Furthermore, for each combination of values of number of hidden neurons, filter size and stride
length we tested with deterministic ground truths: ground truth with all entries equal to 1, all entries
equal to -1 and with entries that form an increasing sequence from -1 to 1, -2 to 0 and 0 to 2 or
decreasing sequence from 1 to -1, 0 to -2 and 2 to 0.

For each ground truth, we ran gradient descent 20 times and for each run we recorded whether it
reached a point very close to the unique global minimum or it repeatedly (5000 consecutive iterations)
incurred very low gradient values and stayed away from the global minimum. We then calculated the
empirical probability p = #tmes reaChed2§1°bal minimum -, compute the one-sided confidence interval
we used the Wilson method (Brown et al.| (2001))) which gives a lower bound

z

B

b zgy/2050) 4 2

22
1+7

D+

(&)

n

(9)

where z,, is the Z-score with @ = 0.05 and in our experiments n = 20. Note that we initialized gradient
descent inside a large hypercube such that outside the hypercube the gradient does not vanish (this
can be easily proved after writing out the gradient for each setting).

For all ground truths we got p > 0.15, i.e., for each ground truth we reached the global minimum

at least 3 times. Hence the confidence interval lower bound Eq. |§| is greater than %7 in all settings.
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Table 1: Parameters values for experiments in Section

Number of hidden neurons 50,100
Filter size 28,16
stride length 1,min{£7 1}, min{%, 1} where f is the filter size

(For instance, for f = 16 we used strides 1,4,8
and for f = 2 we used stride 1)

Ground truth distribution The entries of the ground truth are i.i.d.

uniform random variables over the interval [a, ]

where (a,b) € {(—1,1),(-2,0),(0,2)}

This suggests that with a few dozen repeated runs of a randomly initialized gradient descent, with
high probability it will converge to the global minimum.
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