Active Heteroscedastic Regression

A. Technical Lemmas

Lemma 6. Let z € R? be a fixed vector. Let U,. de-
note the subspace orthogonal to z. Assume n' > Cdlogd.
Let x1,Xa, . ..,X, denote random Gaussian vectors from
N(0, I) such that U, x; are mutually independent. Then
with probability at least 1 — exp(—Cn'), the following
holds for all v € U, such that ||v||z = 1:
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” H"‘ ) x; are iid Gaus-

Proof. First, note that x; := <I

sian random variables drawn from A/ (0, U,. ). We can ap-
ply Lemma 14 of (Jain and Tewari, 2015) to get the state-
ment of the lemma. O

Lemma 7. Let R(l) < R(g) <. < R(n) be the order
statistics of absolute values of a standard Gaussian sample
Ri, R, ..., Ry,. Then, with probability at least 1 —1/n'°,

k
R(k) < Cy—1Inn,
n

for some positive constant Cy.

Proof. Define the scaled random variable Ry = (},:;’;’).

Let p = ]E[]:Z(k)]. For a fixed p > logn, and for any 1 <
k < n, consider the moment:
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From Theorem 7 of (Gordon et al., 2006), we have:
(B[R, < 4v7(l+In(k + 1)) < 4v/7(p+Inn).
We also know from (Gordon et al., 2006) that:
p=E[Ry)] < Clnk < Clnn,

for some positive constant C. Substituting these upper
bounds in (6), we get:

E[| Bk — ul”) §Z<) (4v/7(p+1nn)) (Clnn)P!
=1
= <(4ﬁp+lnn)+01nn>p
< < (8vT+C) )

Finally, by applying Markov inequality, for any £ > 0:

- E[| R — ul?]
PRy —plP > t) < +
or R
~ - _ E[|Rgy — ulP]
P(|Rgy —pl > t) < +.

Choosing p = 101Inn and ¢ = e(8y/7 + C)p, we get:

1
—p| > e(80y/T+ C)lnn) < e 0 = —

P(|Rk) 10

Note that P(R(k) > 10e(8y/7 + C)Inn) < P(\R(k) -
p| > 10e(8y/7 + C)Inn). Finally, observing that R(k) >
10e(8y/7 + C)Inn <= R, > 10e(8y/7 + C)Innk,
we get the statement of the lemma with Cy = 10e (8ﬁ +
). O

B. Proofs

B.1. Proof of Theorem 1

(D Consider the weighted least squares estimate:
BoLs = (XTWX)_lXTWy

= (X"WX)~ Zwl (B*,%:) + gi (x4, F*))x4,

=1

where W is the diagonal matrix with w; = 1/{f* x;)?
along the diagonal, g; are i.i.d. N'(0,1) random variables.

So we have:

BGLS - ﬁ* =

(XTwx)~! Y ELE
;<f aXi>

|Bars = 8715 = tl‘((XTWX)_2XTWO'5ggTW°'5X>7

Note that because E[gg?] = I,, (where the expectation is
wrt. to the randomness in the labels given by the oracle O)
and tr is linear operator, we have:

El|BoLs — B*13 = tr<(XTWX)1>.

Consider XTWX. We can apply Lemma 1 to lower-
bound the (d — 1) smallest eigenvalues of this matrix
by O(n2/(Hf*||2dln n)) and the largest eigenvalue by
O(n/||f*||?), with probability at least (1 — -%). This i 1m-
plies an upper-bound for the eigenvalues of (X7W X)~!

and in turn its trace can be bounded by C'|| f*||§< +

1
n
(d—1)dInn £ / .

~— 7 |, for some constant C’" > 0. The proof is com-

plete.
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B.2. Proof of Lemma 1

1. By definition, the smallest singular value,

o XTWX)= inf VvIXTWXv
veR? ||v||=1
< x; x5 f
lir= Z X7 AN
= 7
2 Hf||2 Tk @

Let v* denote the smallest eigenvector of X7 W X. Write

v* as:
vi=4/1—a2vi +aaf/|f]

where v denotes the component along the subspace or-
thogonal to f, and ag = v*T f /|| f||. Now:

vIXTWXv* = a2 . n/| f|I?

<n/|fI?

where the inequality is due to the upper bound in (7). The
second term in the above equation can be lower bounded
with probability at least 1 — 1/n by (1 — o2)n?d/|| f||*.
To lower bound the summation in the third term as

n  vix; n n
Dim1 JRE TS Dim1 ﬁ\/ Yia(vixi)? <
V2n, /30 ﬁ, with probability at least 1 —
exp(—2n) (Using Lemma 6). We conjecture that with

probability at least 1 — 1/n, \/m < n/|If|?

(note that it holds in expectation, shown by Gordon et al.
(2006)). So we have, with probability at least 1 — 2/n:

adn + (1 — a2)n*d — 2a44/1 — a2nv2n

<vITXTWXv*<n

N

For the above inequality to hold, it must be the case that
af>1-16-1.

2. Consider the variational characterization of the second
smallest singular value o4_; given by:
oq 1 (XTWX) = vIXTWXv.

max min
U:dim(U)=d—1veU,||v|=1

Consider the particular d — 1 dimensional subspace Uy =
{v € R* | vTf = 0}. Note that the projection matrix

corresponding to Uy is given by (Id — { f|2>. For any

vector v € UfJ_, we have:

TXTWX Xn: VTX,‘XlTV )
A% v = _—
—~ (x][)?

Note that g; = vIx;, i = 1,2,...,n and h; = x!f,
i = 1,2,...,n are iid Gaussian random variables; in par-
ticular, as v is in the orthogonal subspace of f, g; and h;
are independent of each other. We will now lower bound

Sy SR, by dividing xi,%z, % into [t ]
batches of size s = 2dInn. Let x(1),X(2),---,X(n) de-

note the new ordering of instances, such that

|Xa)f| < |X%;)f| <-e < \Xﬂ)fl-

Let B; denote the first s instances according the new or-
dering. Using Lemma 7, we have, with probability at least
(1 _ 2dlnn)

nl0 .

vIx;xI'v T
pPRA s CONIE 02 Z\|f||2k21n Y
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X; X! v)

We can replace v by (I d= T2 sz ) v in the RHS of the above

inequality, which is true by definition. Now, we can apply
Lemma 6 to control the resulting quantity: with probability
at least 1 — #, overall v € Uy.., we have:

‘v XiX; V 1 n?
Z 2 Z 2 2 72 (d
k=1 (x (k)f) Co 4l f12d In*n

Inn)

R S
= CZ 4 f|Pdiun

Plugging this lower-bound in (8), we get with probability

2d1 1 T 2
atleast (1 — 203" — —37), 041 (X" X) > C' iy -

B.3. Proof of Lemma 2

1. By definition, the smallest singular value,

oo XTX)= inf VIXTXv
vemnvn—l
< iX;
‘IIfHZ Hfll g IIfH2
< nr? 9)

Let v* denote the smallest singular vector of X7 X . Write

v* as:
vi=4/1—a2vi +aaf/|f]
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where v denotes the component along the subspace or-
thogonal to f, and ag = v*T f /|| f||. Now:

n T
vTXTXv* = o Z J;|f)|(|12
i=1

n

+(1—ay) Z(‘ffxi)2

v x;) f X;)
“advl‘adz ST

< nr?

The second term in the above equation can be lower
bounded with probability at least 1 — exp(—2n) by (1 —
Q d) . We can upper bound the summation in the third term

vTx; fTx; (fTx;)?
as i, |ff|\ < \/Zt 1 f\fH?) \/21:1 (vix)? <
74/ny/2n, with probability at least 1 —exp(—2n). The first

term is a positive quantity. So we have, with probability at
least 1 — 2 exp(—2n):

(1—ad) — 2V2a44/1 — a2ny/nT
<vTXTXv* < nr?
This implies,

(1 —a?) — 4v2a44/1 — a2ny/nT — 272 <0
Solving the above, we get /1 — ag < 5v/27, and in turn,
ozfl > 1 — 5072,

2. Consider the variational characterization of the second
smallest singular value o4_; given by:

oqg-1(XTX) = max min v X7 Xv.

U:dim(U)=d—1veU,||v|=1

Consider the particular d — 1 dimensional subspace Uy =

{v € R?|vTf = 0}. Note that the projection matrix
corresponding to Uy is given by | Iy — {J{i) For v €

Uy, we have:

n
viXTXv = E vTxixiTv
i=1

o ffT) (I ffT>
;V (d 17112 TR

where the above equality follows by definition.

Even

though x;’s are not independent, observe that (Id -

I flg)x2 are iid random variables from the distribution

N(O, (Iq— %)) and therefore we can invoke Lemma 6 to
bound the above quantity uniformly over all v € Uy, with
probability at least 1 — exp(—2n), by n/2. Thus we have
a lower-bound for minyery | vZ' X7 Xv, which immedi-
ately implies a lower bound for g4_1. We conclude that
04-1(XTX) > Ln with probability at least 1 —exp(—2n).

B.4. Proof of Lemma 3

Note that g; are iid draws from N(0, ||z||?). First note that
for any 1,

2r =2 =2
e2l=lZ > Zre2l=l? |
T 2

P(lgi| < llzllm) =

We divide I/ into 2T
we have:

T batches of size 2. For each batch B;,

Plg:l < 7))

2/T
1 T
<]_ — T262||22)

2

<1 — e2l=I2

P(min |g; —(1—
(;ggjl_lgl>7) (

As the batches

are independent, P(H lgil < TH > W;) 2

.2
So, P(minieg lg:)| < 1) > ezl=,

P(Vj, miniegj |gz| < 7—) S 6_7”73/(4HZH2)'

B.5. Proof of Lemma 4

Recall that y; = (8%, x;) +n; where n; = (x;, f*)g; where
gi ~ N(0,1). Consider the following RV:

= S~ o+ DTS

i=1

(10)
As f*, B*, Bo, g are all fixed w.rt. x;. Hence, x (8* —
Bo + gif*) ~ N(O,[8* = Bo + g:f*||*) and Xsz*
N(0, || f*]|?). Hence, for all i, w.p. > 1 — 3exp(—m1):
we have (x] (8" — Bo +gif*))*(x] f*) < 2| /(]| 8* —
Boll? + log my]| f*||?) log? m;. Using standard Hoeffding
bound, we have w.p. > 1 — —lg:

1

(f)rsf

LN T~ o g VT
i=1
3114~ 18* — Boll2 1)
< 10%1 207 218" — ol + logm L7 ).
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That is,

ST B s )P
=1
> <1 B 1010g3m1

o ) BIF I + 18" = Bol21F11).

Y

Similarly, let £, be a unit vector s.t. fIf* = 0. Now,
consider the following RV:

1 &

(FL)TSF = =D (B = Bo+ guf D f1)*
i=1
12)
Using similar argument as above, we have w.p. > 1 —
3exp(—mq) — 0:

(FOTSF < AIF 17+ 18" = Boll®)
(1 N 101og® m, log(1/6)> a3

N

Hence, using the fact that m; = Q(dlog®d) along with

standard e-net argument, we have:

min Tsf<
Lfll=1,fLf~

10d log® d
1.1 1+\/mio1g (LF*I12+ 118% = Boll®). (14)

Lemma now follows using (11) and (14).

B.6. Proof of Theorem 2

Lemma 3 ensures that, with probability at least
exp(m), there will be least n = |L£| (by the as-
sumption on 7 in the statement of the theorem) samples
at the end of Step 1 of the Algorithm. Now, consider the
weighted least squares estimate computed in Step 2 of Al-
gorithm 2:

~

g = XTwx)"'xTwy

1

= (XTWX)TY 5 (B %) + gilxi, f7))Xi,
=1

(xi, f*)

where g; are i.i.d. N'(0, 1) random variables. So we have:

n

B-p* = (XTWX)_IZﬁQKXi’wah
i=1 "

and

HB—WH% = tI‘((XTI/V)()—Q)(TI/VOﬁggTVV(),E’,)()7

Note that because E[gg”] = I,, (where the expectation is
wrt. to the randomness in the labels given by the oracle O)
and tr is linear operator, we have:

El|BoLs — B*[3 = tr<(XTWX)1>.

We now lower bound each eigenvalue of (X7WX)~! to
obtain the required bound. Note that this claim is similar to
Lemma 1.

In particular, g < (f)TXTWX(f*) = n. Now, we
wish to bound smallest eigenvalue of X7 W X in space or-
thogonal to f*. Note that our algorithm selects x; s.t. i is
amongst n smallest |x7 f*|. Also, n > 4d. Letiy,. .., l2q
bes.t i € Land [x] f*| < -~ < |x],, . f*|. Note that

using Lemma 7, w.h.p. \Xlzdlogdf | = O(%).

Hence, using argument similar to Lemma 1, we have:

m2

~ dlog?d’
Now, again using same argument as Lemma 1 along with

(f)TXTWX f* = n and the above bound, we can show
that o4 > %

Od— 1(X WX)

Theorem now follows by using tr((XTWX )1) <

1 + d
O'd(XTWX) O’d_l(XTWX)'

B.7. Proof of Theorem 3

Let W denote the diagonal matrix with estimated weights
Wi == w; = 1/({f,x;)* + 7?). Consider the weighted
least squares estimate:

B\GLS = (XTWX)_lXT/Wy

= (XTWX)~ Zwl (B*,%:) + gi (x4, F*))x4,

=1

where g; are i.i.d. (0, 1) random variables. Rearranging,
we get:

n

ng 7X7,
i=1 faxz

tr<(XTWX)—2XTngT’V[7X>,

BoLs — B* XTWX

1BaLs — B3

where W is the n x n diagonal matrix with Wn‘ =
<f<i>7f+>72 Note that because E[gg”] = I,, (where the
expectation is wrt. to the randomness in the labels given by
the oracle O) and tr is linear operator, we have:

E”BGLS — B*||3 =tr <(XTWX)2XTW2X>
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Write f* = f + dr, where ||d¢|]2 < A. Let ATV denote

the matrix with AW;; = —£%) _ We can bound W as:
(fxi)2+~2

W2 < 2(W + AW?)

So, we have:

E”BGLS — ﬂ*Hg = 2131‘((XTWX)_1>

+2tr((XTV’[7X)2XTAW2X> (15)

1. Consider the first term tr((XT/WX)l) =

Dy mxix?. It can be bounded readily by
Inaxi(<ﬁxi>2 + yHtr((XTX)™1).  We can bound
tr((X7X)™!) by %, using standard arguments. Apply-
ing Lemma 7, we can bound max;((f,x;)2 + v2) by
C? In®n + 42, with probability at least 1 — 1/n'°. To-

gether, we have tr ((XT/WX)_1> < CIQJ% In?n.

2. Now to bound the second
tr<(XTWX)2XTAW2X), first consider the ma-

term

. 2 ; : i UEDS
trix AW=. The ith entry of this matrix is (T2 1772

Without loss of generality, assume ¢y is orthogonal to

~

f. In expectation, the diagonal entry is at most ”%P.
From Lemma 4, and by the choice of v in the statement
of the theorem, the quantity is at most ||f*||?. Thus
in expectation AW? can be bounded by I,. We can

bound tr((XTWX)1> similar to the case above.
Together, we have, tr((XT/WX)_QXTAWQX) <
tr( (XTWX)72) )[IXTX o < 4l () = LECEn,

n

Plugging the above two bounds in (15), the proof is
complete.

B.8. Proof of Lemma 5

Denote |£| by n,. Let X € R"*4 denote the design ma-
trix with instances in £ as rows. Consider the ordinary least
squares estimate:

~

B = XTX)"'XTy

nr

(XTx)™! Z(<ﬂ*vxi> + gi(xi, f7))xi,

=1

where g; are i.i.d. N'(0, 1) random variables. So we have:

B-p = <XTX)_1Zgi<Xi7f*>Xi
i=1
HB_ ﬁ*H% = tr((XTX)—QXTw—0.5ggTW—0,5X>’

where W =9 is the diagonal matrix with ith diagonal entry
(f*,x;). Note that because E[gg?] = I,,_ and tr is linear
operator, we have:

EIB— 812 = tr(<xTX>2xTwlx),

Now, write f* = [ + 0y, where ||d¢|] < A (as given in
the statement of the Theorem). So, (f*,x;) = (f,x;) +
(d7,%q), and (f*,x;)* < 2||f*[[2(A% + 72).

E[3 - 8113

tr (X(XTX)QXTW1>,

= 2(72 + A¥tr (X(XTX)QXT>

2(r% + A?)tr((XTX)™)

We can use identical arguments as in the proof of Lemma
2, we can upper bound the trace quantity in the above RHS

by O( %= + 2= ). Using Lemma 3 we can lower bound

n, by m7 with probability at least exp(—m7?). This com-
pletes the proof.

B.9. Proof of Theorem 4

From Lemma 3, we know that about n, = % instances
out of m unlabeled instances satisfy the tolerance condition
in Step 4 of the algorithm with high probability. So, we
want to choose 7 as a function of A = ||f — f*||, m, and
d so that the RHS of the bound in Lemma 5 is minimized.
Solving the resulting quadratic problem, we see that 7 = A
is optimal choice, up to constant and || f*|| factors. From
Lemma 4, we have A = O(y/d/my). Choosing m; =
n/2, we then have with probability at least exp(—1/n), at
least n examples satisfying | (x;, f>| < 24/d/nin Step 4 of
the algorithm. We can now apply Lemma 5 to recover the
statement of the theorem.

C. Iterative Estimation Algorithm of (Carroll
et al., 1988)

We now apply the analysis of (Carroll et al., 1988) to bound
the estimation error of weighted least squares estimator
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with estimated weights (Algorithm 3). In fact, Carroll et al.

(1988) develop an iterative algorithm where the estimates f

and j3 are iteratively improved. So we will mimic the setup,
and derive bounds for the iterative version of Algorithm 3.
In the following, Bt and ﬁ denote the estimators at the end
of round ¢. We use the same [y as in Algorithm 3. Define
the following quantities:

—~ t = . . —~
1. 7 == ?(Z.) = y; — (X, B¢); sometimes we write 7;

when ¢ is implicit.

2. (51 =Y — Ti» where T, = <Xi,ﬁ*>.
3. \IJ7 = \IJ((SZ, f) (52){7 /\I)f
Let:
1 n
R 5 A = —=) VU,
> Ay " ; f
1 n
Rdxd A — - \Ijz
> Ap - ; Vi
R4 5 A, = E[Af] = —E[0?x;x]]
1 n
RI*d 5 H, = Al_l (\/ﬁAg + o Z V¥, . QOXzT)
i=1
d?>xd _ 1 - -1 T
REXd 5 = ﬁ; (I®x)A7'V, 0. x]
1 n
R" 59y = =AY W,
wilz;

Lemma 8 (Bounding ﬁ — [ in terms of Et —p). Asn —
oq, the error in the estimate f has the expansion:

N * 1 1
A
1 2 *
+ (et e G- syW ) G- )
+ 0,7,
where Op(nfg/ 2) captures lower-order error quantities

that converge (in probability) to 0 at or faster than the rate

Define the quantities:

R> 5B, = XTWX
R>L 500 = XTW§
Ran = 6; — X?BOUO
R% 3 1y By Mg
R'>5 = By'Y gl Viwixim
=1
Rd > 12 = Bo_l [ﬁzgg(A;lAl — I)TVfszﬂ]z
=1
+ 0.5 g5 Viwigoxim; —
=1
> (ggvfwi)(ggvfwj)(XiTBoxj)ij}
i,j=1

R >5C = Bol[zxinivfwfﬂl]

i=1

R 50 = 3 (By'xi)® (Vew! @ W)
=1

Lemma 9 (Bounding Bt+1 — [ in terms of Bt — B).

B~ = m+§%h+%b
4(%ﬁ+ﬂ®@ﬁfmyﬁﬁ)
+ 0,(n7%?)

Corollary 1 (Case f* is known). When f is known, we
have: Iy =lo = C =Q = 0. So forallt > 0, we have:

Bi—pB*=1lp=(XTWX) ' XTW5s.

Note that the initial 30 satisfies:
(Bo— B*) = (XTX) ' XT5:=¢.
Corollary 2 (Case f* is estimated). We have:

~ 1
1L./i—=8 = lo+—=4

NG
iz + Gt + (1 9.€)Q0)
0, (n=3/%), (16)
and fort > 2,

~ 1
2. B

- B = 1 —1
B 0+\/ﬁl

{12+ Clo + (11)Qlo)
0,(n=3?) . (17)
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The bounds obtained offer little insight, and importantly,
the dependence on factors n and d are not clear. Even for
the case when f* is known, the analysis gives no conver-
gence rates.

D. Active Regression

Algorithm 5 considers a slightly more powerful oracle
model, where the same instance can be queried multiple
times, and each time the response is generated independent
of the other trials. Theorem 5 shows that the learning rate
in this setting is O(1/n), as in Theorem 2.

Theorem 5 (Active Regression with Noise Oracle). As-

sume n > d. Consider the output estimator B of Algorithm
5. We have, with probability at least 1 — 1/n°:

-~ 1
3-8 < i3 ).

for some positive constants c, C’.

**T

Proof. First, note that the matrix N| = I — I ff g cor-

responds to (d — 1) directions orthogal to f*, and thus we
have Nt f* = 0. Let N = Wf*lz_d as in the Step
2 of the algorithm. Clearly, when n = d + 1, the matrix
X = [N N]T has full rank, with all the d singular val-
ues equal to 1. For a general n > d, the largest singular
value of X is proportional to n, while the other singular
values are 1. In this case, notice that the direction of the
largest singular vector of X is f*. Let x; denote the rows
(instances) of this X.

Now consider the ordinary least squares estimate:

~

Bo= XTX)"'xTy
= (XTX)AZ(W*,XQ+9¢<Xi,f*>)xi7
= B+ (XTXx)" <20+ > af )

1=d+1

where g; are i.i.d. A/(0,1) random variables, and the last
equality is true by construction of X. So we have:

n

13 - 8| [(XTX) S gt
1=d+1
< lxTx) >
i=d+1

Notice that f* is the smallest singular vector of (X7 X)~!
and therefore || (X7 X)~! f*|| is proportional to the small-
est singular value of (X7 X)™1, whichis 1/[(XTX)|| =

1/n. So:
n * * 1 -
IB-s <15 S o
i=d+1

The sum in the above term can be controlled with high
probability using Chernoff bounds, which yields, with
probability at least 1 — 1/n°, [>°" ;. gi| < C'Vn —d,
for ¢, C" > 0. The proof is complete. O

Using essentially identical arguments, we can also prove a
lower bound, so that effectively we have:

~ 1
13- 518 =0( 1718 )
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Algorithm 5 Active Regression With Noise Oracle

Input: Labeling oracle O, noise model f*, label budget n > d.

1. Form the matrix N, = I — % and query O for (exact) labels of each column of the matrix (call them
2

Y1,Y2,---,Yd-

2. Make n — d queries to O and obtain (noisy) labels along the direction f*. Call these labels yqt1, Yat2, - - -, Yn- Let

N = i, f*15_ g, where 17 denotes the vector of all ones, in n — d dimensions.

2. Estimate E by solving y ~ X B (ordinary least squares) where X = [N, N|T € R"*?andy € R".
Output: 5.




