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Abstract

Approximate Markov chain Monte Carlo
(MCMC) offers the promise of more rapid sam-
pling at the cost of more biased inference. Since
standard MCMC diagnostics fail to detect these
biases, researchers have developed computable
Stein discrepancy measures that provably de-
termine the convergence of a sample to its
target distribution. This approach was recently
combined with the theory of reproducing kernels
to define a closed-form kernel Stein discrepancy
(KSD) computable by summing kernel evalua-
tions across pairs of sample points. We develop
a theory of weak convergence for KSDs based
on Stein’s method, demonstrate that commonly
used KSDs fail to detect non-convergence even
for Gaussian targets, and show that kernels with
slowly decaying tails provably determine con-
vergence for a large class of target distributions.
The resulting convergence-determining KSDs
are suitable for comparing biased, exact, and
deterministic sample sequences and simpler to
compute and parallelize than alternative Stein
discrepancies. We use our tools to compare bi-
ased samplers, select sampler hyperparameters,
and improve upon existing KSD approaches
to one-sample hypothesis testing and sample
quality improvement.

1. Introduction

When Bayesian inference and maximum likelihood estima-
tion (Geyer, 1991) demand the evaluation of intractable ex-
pectations Ep[h(Z)] = [ p(x)h(x)dz under a target dis-
tribution P, Markov chain Monte Carlo (MCMC) methods
(Brooks et al., 2011) are often employed to approximate
these integrals with asymptotically correct sample aver-
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ages Eq, [h(X)] = £ 3" | h(z;). However, many exact
MCMC methods are computationally expensive, and recent
years have seen the introduction of biased MCMC proce-
dures (see, e.g., Welling & Teh, 2011; Ahn et al., 2012; Ko-
rattikara et al., 2014) that exchange asymptotic correctness

for increased sampling speed.

Since standard MCMC diagnostics, like mean and trace
plots, pooled and within-chain variance measures, effective
sample size, and asymptotic variance (Brooks et al., 2011),
do not account for asymptotic bias, Gorham & Mackey
(2015) defined a new family of sample quality measures
— the Stein discrepancies — that measure how well Eg
approximates [E p while avoiding explicit integration under
P. Gorham & Mackey (2015); Mackey & Gorham (2016);
Gorham et al. (2016) further showed that specific mem-
bers of this family — the graph Stein discrepancies — were
(a) efficiently computable by solving a linear program and
(b) convergence-determining for large classes of targets P.
Building on the zero mean reproducing kernel theory of
Oates et al. (2016b), Chwialkowski et al. (2016) and Liu
et al. (2016) later showed that other members of the Stein
discrepancy family had a closed-form solution involving
the sum of kernel evaluations over pairs of sample points.

This closed form represents a significant practical advan-
tage, as no linear program solvers are necessary, and the
computation of the discrepancy can be easily parallelized.
However, as we will see in Section 3.2, not all kernel Stein
discrepancies are suitable for our setting. In particular, in
dimension d > 3, the kernel Stein discrepancies previously
recommended in the literature fail to detect when a sam-
ple is not converging to the target. To address this short-
coming, we develop a theory of weak convergence for the
kernel Stein discrepancies analogous to that of (Gorham &
Mackey, 2015; Mackey & Gorham, 2016; Gorham et al.,
2016) and design a class of kernel Stein discrepancies that
provably control weak convergence for a large class of tar-
get distributions.

After formally describing our goals for measuring sam-
ple quality in Section 2, we outline our strategy, based
on Stein’s method, for constructing and analyzing practical
quality measures at the start of Section 3. In Section 3.1,
we define our family of closed-form quality measures — the
kernel Stein discrepancies (KSDs) — and establish several
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appealing practical properties of these measures. We an-
alyze the convergence properties of KSDs in Sections 3.2
and 3.3, showing that previously proposed KSDs fail to de-
tect non-convergence and proposing practical convergence-
determining alternatives. Section 4 illustrates the value
of convergence-determining kernel Stein discrepancies in
a variety of applications, including hyperparameter selec-
tion, sampler selection, one-sample hypothesis testing, and
sample quality improvement. Finally, in Section 5, we con-
clude with a discussion of related and future work.

Notation We will use p to denote a generic probabil-
ity measure and = to denote the weak convergence of a
sequence of probability measures. We will use |||, for
r € [1,00] to represent the /" norm on R? and occasion-
ally refer to a generic norm ||-|| with associated dual norm
17— SUDpepd, b1 (@, b) for vectors a € R We
let e; be the j-th standard basis vector. For any function
g : R? - RY, we define My(g) £ sup,cpal|g(z)||,

Mi(g) £ sup,,llg(z) — 9(¥)llo/llz = yll,, and Vg as
the gradient with components (Vg()) 1 £ V., gj(x). We
further let ¢ € C™ indicate that g is m times continu-
ously differentiable and ¢ € C{" indicate that ¢ € C™
and V'g is vanishing at infinity for all I € {0,...,m}.
We define C(™™) (respectively, C’lgm’m) and C’ém’m))
to be the set of functions k R? x R? — R with
(z,y) — VLV!E(z,y) continuous (respectively, contin-
uous and uniformly bounded, continuous and vanishing at
infinity) for all € {0, ... ,m}.

2. Quality measures for samples

Consider a target distribution P with continuously differ-
entiable (Lebesgue) density p supported on all of R%. We
assume that the score function b £ Vlogp can be eval-
uated! but that, for most functions of interest, direct inte-
gration under P is infeasible. We will therefore approxi-
mate integration under P using a weighted sample Q,, =
Z?Zl qn(1;)d,, with sample points z1, ..., 2, € R? and
@n a probability mass function. We will make no assump-
tions about the origins of the sample points; they may be
the output of a Markov chain or even deterministically gen-
erated.

Each @, offers an approximation Eg [A(X)] =
> gn(@i)h(x;) for each intractable expectation
Ep[h(Z)], and our aim is to effectively compare the
quality of the approximation offered by any two samples
targeting P. In particular, we wish to produce a quality
measure that (i) identifies when a sequence of samples is
converging to the target, (ii) determines when a sequence
of samples is not converging to the target, and (iii) is
efficiently computable. Since our interest is in approx-

"No knowledge of the normalizing constant is needed.

imating expectations, we will consider discrepancies
quantifying the maximum expectation error over a class of
test functions H:

du(Qn, P) £ sup [Ep[h(2)] = Eq, [A(X)]]. (D)

When H is large enough, for any sequence of probability
measures (L )m>1, du (tm, P) — 0 only if y,,, = P. In
this case, we call (1) an integral probability metric (IPM)
(Miiller, 1997). For example, when H = BLj, 2 {h:
RY — R|M0(h) + Ml(h) < 1}, the IPM dBLH~H2 is
called the bounded Lipschitz or Dudley metric and exactly
metrizes convergence in distribution. Alternatively, when
H =Wy, = {h:R* = R|M(h) < 1} is the set of
1-Lipschitz functions, the IPM dWH N in (1) is known as the
Wasserstein metric.

An apparent practical problem with using the IPM dy, as a
sample quality measure is that Ep[h(Z)] may not be com-
putable for i € H. However, if H were chosen such that
Ep[h(Z)] = 0 for all h € H, then no explicit integra-
tion under P would be necessary. To generate such a class
of test functions and to show that the resulting IPM still
satisfies our desiderata, we follow the lead of Gorham &
Mackey (2015) and consider Charles Stein’s method for
characterizing distributional convergence.

3. Stein’s method with kernels

Stein’s method (Stein, 1972) provides a three-step recipe
for assessing convergence in distribution:

1. Identify a Stein operator T that maps functions g :
R? — R? from a domain G to real-valued functions
T g such that

Ep[(Tg)(Z)] =0forallg € G.

For any such Stein operator and Stein set G, Gorham
& Mackey (2015) defined the Stein discrepancy as

S(u,T,G) = sup IE.[(T9)(X)]| = drg(p, P) (2)

which, crucially, avoids explicit integration under P.

2. Lower bound the Stein discrepancy by an IPM dy
known to dominate weak convergence. This can be
done once for a broad class of target distributions
to ensure that p1,,, = P whenever S(jiy,, T,G) —
0 for a sequence of probability measures (fim,)m>1
(Desideratum (ii)).

3. Provide an upper bound on the Stein discrepancy en-
suring that S(gm,7,G) — 0 under suitable conver-
gence of y,, to P (Desideratum (i)).
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While Stein’s method is principally used as a mathemat-
ical tool to prove convergence in distribution, we seek,
in the spirit of (Gorham & Mackey, 2015; Gorham et al.,
2016), to harness the Stein discrepancy as a practical tool
for measuring sample quality. The subsections to follow
develop a specific, practical instantiation of the abstract
Stein’s method recipe based on reproducing kernel Hilbert
spaces. An empirical analysis of the Stein discrepancies
recommended by our theory follows in Section 4.

3.1. Selecting a Stein operator and a Stein set

A standard, widely applicable univariate Stein operator is
the density method operator (see Stein et al., 2004; Chat-
terjee & Shao, 2011; Chen et al., 2011; Ley et al., 2017),

(To)(x) £ 555 i (p(2)g(2) = g(@)b(x) + ¢’ (2).

Inspired by the generator method of Barbour (1988; 1990)
and Gotze (1991), Gorham & Mackey (2015) general-
ized this operator to multiple dimensions. The resulting
Langevin Stein operator

(Trg)(z) £ 555 (V. p(2)g(2)) = (9(2),b(x)) + (V. g(x))

for functions g : R? — R? was independently devel-
oped, without connection to Stein’s method, by Oates et al.
(2016b) for the design of Monte Carlo control function-
als. Notably, the Langevin Stein operator depends on P
only through its score function b = V logp and hence is
computable even when the normalizing constant of p is not.
While our work is compatible with other practical Stein op-
erators, like the family of diffusion Stein operators defined
in (Gorham et al., 2016), we will focus on the Langevin
operator for the sake of brevity.

Hereafter, we will let k : R? x R? — R be the reproducing
kernel of a reproducing kernel Hilbert space (RKHS) KCx
of functions from R? — R. That is, K, is a Hilbert space
of functions such that, for all x € RY, k(z,-) € K and
f(z) = (f,k(z,-))x, whenever f € Kj. Welet |||, be
the norm induced from the inner product on /Cy.

With this definition, we define our kernel Stein set gk,\l-l\
as the set of vector-valued functions g = (gu, . . ., gq) such
that each component function g; belongs to i, and the vec-
tor of their norms ||g; ||, belongs to the |- | unit ball:?

Gre, = {9 = (91,590 | [ol]" < Lforv; = lgill, }-

The following result, proved in Section B, establishes that
this is an acceptable domain for 7p.

Proposition 1 (Zero mean test functions). If k € C’lgl’l)
and Ep|[||V1egp(Z2)|,] < oo, then Ep[(Tpg)(Z)] = 0 for
all g € gk,H,H.

2Our analyses and algorithms support each g; belonging to a
different RKHS Ky, but we will not need that flexibility here.

The Langevin Stein operator and kernel Stein set together
define our quality measure of interest, the kernel Stein dis-
crepancy (KSD) S(p, Tp, Gr,|.)- When ||| = ||-||,., this
definition recovers the KSD proposed by Chwialkowski
et al. (2016) and Liu et al. (2016). Our next result shows
that, for any |||, the KSD admits a closed-form solution.

Proposition 2 (KSD closed form). Suppose k € C11),
and, for each j € {1,...d}, define the Stein kernel

k%(x,y) £ évlgvy] (p(a:)k(a:,y)p(y)) 3)

p(z)p(y)
= b;(2)b;(y)k(z,y) + bj(x)Vy,k(z,y)

i 1/2
If‘zﬁzl Eu [k%(X7X) :| < oo, then S('u7TP’gk7)HH) =
[ wl|| where w; 2 \/ By [k8(X, X)) with X, X % p.

The proof is found in Section C. Notably, when p is the
discrete measure Q,, = >, ¢n(2;)04,, the KSD reduces
to evaluating each k{) at pairs of support points as w; =

\/ZZi’:l G (3) k) (23, 4 )gn (), a computation which
is easily parallelized over sample pairs and coordinates j.

Our Stein set choice was motivated by the work of Oates
et al. (2016b) who used the sum of Stein kernels ky =
Zj:l k{ to develop nonparametric control variates. Each
term w; in Proposition 2 can also be viewed as an instance
of the maximum mean discrepancy (MMD) (Gretton et al.,
2012) between p and P measured with respect to the Stein
kernel k%. In standard uses of MMD, an arbitrary kernel
function is selected, and one must be able to compute ex-
pectations of the kernel function under P. Here, this re-
quirement is satisfied automatically, since our induced ker-
nels are chosen to have mean zero under P.

For clarity we will focus on the specific kernel Stein set
choice G, £ gw s for the remainder of the paper, but our
results extend directly to KSDs based on any ||-||, since all
KSDs are equivalent in a strong sense:

Proposition 3 (Kernel Stein set equivalence). Un-
der the assumptions of Proposition 2, there are con-
stants cq,c; > 0 depending only on d and |-||
such that cdS(M,Tp,gk’H.”) < S(M,Tp,gh”.”Q) <
caS (1, Tp, G 1)-

The short proof is found in Section D.

3.2. Lower bounding the kernel Stein discrepancy

We next aim to establish conditions under which the KSD
S(tom, Tp,Gr) — 0 only if p,, = P (Desideratum (ii)).
Recently, Gorham et al. (2016) showed that the Langevin
graph Stein discrepancy dominates convergence in distri-
bution whenever P belongs to the class P of distantly dis-
sipative distributions with Lipschitz score function b:
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Definition 4 (Distant dissipativity (Eberle, 2015; Gorham
et al., 2016)). A distribution P is distantly dissipative if
ko 2 liminf, o #(r) > 0 for

k(r) = inf{—27@(%)71’@)’%”> =yl =7} @)

llz—yll3

Examples of distributions in P include finite Gaussian
mixtures with common covariance and all distributions
strongly log-concave outside of a compact set, including
Bayesian linear, logistic, and Huber regression posteriors
with Gaussian priors (see Gorham et al., 2016, Section 4).
Moreover, when d = 1, membership in P is sufficient
to provide a lower bound on the KSD for most common
kernels including the Gaussian, Matérn, and inverse multi-
quadric kernels.

Theorem 5 (Univariate KSD detects non-convergence).
Suppose that P € P and k(z,y) = ®(x — y) for ® € C?
with a non-vanishing generalized Fourier transform. If

d =1, then S(pm, Tp, Gr) — 0 only if i, = P.

The proof in Section E provides a lower bound on the
KSD in terms of an IPM known to dominate weak con-
vergence. However, our next theorem shows that in higher
dimensions S(Q,, Tp, i) can converge to 0 without the
sequence (@, )n>1 converging to any probability measure.
This deficiency occurs even when the target is Gaussian.

Theorem 6 (KSD fails with light kernel tails). Suppose
ke C}El’l) and define the kernel decay rate

7(r) £ sup{max(|k(z, y)|, | Vak(z, )],
[(Va, Vyk(z,y)]) + lz —yll, = 7}

Ifd >3, P=N(0,14), and v(r) = o(r=®) fora £ (5 —
%)’1, then S(Qn, Tp, Gx) — 0 does not imply Q,, = P.

Theorem 6 implies that KSDs based on the commonly used
Gaussian kernel, Matérn kernel, and compactly supported
kernels of Wendland (2004, Theorem 9.13) all fail to de-
tect non-convergence when d > 3. In addition, KSDs
based on the inverse multiquadric kernel (k(z,y) = (c® +
|z —y Hi)ﬁ ) for 8 < —1 fail to detect non-convergence
for any d > 26/(8 + 1). The proof in Section F shows
that the violating sample sequences (@), ),>1 are simple to
construct, and we provide an empirical demonstration of
this failure to detect non-convergence in Section 4.

The failure of the KSDs in Theorem 6 can be traced to
their inability to enforce uniform tightness. A sequence
of probability measures (fty,)m>1 is uniformly tight if for
every € > 0, there is a finite number R(e) such that
limsup,), pm (|| X]|; > R(e)) < e. Uniform tightness
implies that no mass in the sequence of probability mea-
sures escapes to infinity. When the kernel k& decays more
rapidly than the score function grows, the KSD ignores ex-
cess mass in the tails and hence can be driven to zero by a

non-tight sequence of increasingly diffuse probability mea-
sures. The following theorem demonstrates uniform tight-
ness is the missing piece to ensure weak convergence.

Theorem 7 (KSD detects tight non-convergence). Suppose
that P € P and k(z,y) = ®(x—y) for ® € C? with a non-
vanishing generalized Fourier transform. If (fm)m>1 is
uniformly tight, then S(fim,, Tp, Gi) — 0 only if ju,,, = P.

Our proof in Section G explicitly lower bounds the KSD
S(u, Tp,Gr) in terms of the bounded Lipschitz metric
dBrL., (u, P), which exactly metrizes weak convergence.

Ideally, when a sequence of probability measures is not uni-
formly tight, the KSD would reflect this divergence in its
reported value. To achieve this, we consider the inverse
multiquadric (IMQ) kernel k(z,y) = (¢ + ||z — y||3)?
for some 8 < 0 and ¢ > 0. While KSDs based on IMQ
kernels fail to determine convergence when 5 < —1 (by
Theorem 6), our next theorem shows that they automati-
cally enforce tightness and detect non-convergence when-
ever 3 € (—1,0).

Theorem 8 (IMQ KSD detects non-convergence). Sup-
pose P € P and k(z,y) = (2 + ||z — y||3)? for ¢ > 0
and g € (=1,0). If S(tom, TP, Gr) — O, then p,, = P.

The proof in Section H provides a lower bound on the KSD
in terms of the bounded Lipschitz metric dpr, (i, P).
The success of the IMQ kernel over other common char-
acteristic kernels can be attributed to its slow decay rate.
When P € P and the IMQ exponent 8 > —1, the func-
tion class TpG;. contains unbounded (coercive) functions.
These functions ensure that the IMQ KSD S(jtm, Tp, Gr)
goes to 0 only if ({4, )m>1 is uniformly tight.

3.3. Upper bounding the kernel Stein discrepancy

The usual goal in upper bounding the Stein discrepancy
is to provide a rate of convergence to P for particular
approximating sequences (ft,,)55_;. Because we aim to
directly compute the KSD for arbitrary samples @,,, our
chief purpose in this section is to ensure that the KSD
S(tm, Tp, Gi) will converge to zero when p,, is converg-
ing to P (Desideratum (i)).

Proposition 9 (KSD detects convergence). If k € 0152’2)
and Vlogp is Lipschitz with Ep[||[Vlogp(Z)|3] < oo,
then S(pim, Tp,Gr) — 0 whenever the Wasserstein dis-
tance dyy, | (fim, P) — 0.

Proposition 9 applies to common kernels like the Gaussian,
Matérn, and IMQ kernels, and its proof in Section I pro-
vides an explicit upper bound on the KSD in terms of the
Wasserstein distance dW||-||2' When Q,, = % S 0y, for

z; id w, (Liu et al., 2016, Thm. 4.1) further implies that
S(Qn, Tr,Gr) = S(it, Tp, G) at an O(n~1/2) rate under
continuity and integrability assumptions on .
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4. Experiments

We next conduct an empirical evaluation of the KSD qual-
ity measures recommended by our theory, recording all
timings on an Intel Xeon CPU E5-2650 v2 @ 2.60GHz.
Throughout, we will refer to the KSD with IMQ base ker-
nel k(z,y) = (¢ + |z —yl3)?, exponent 8 = —1,
and ¢ = 1 as the IMQ KSD. Code reproducing all ex-
periments can be found on the Julia (Bezanson et al.,
2014) package site https://jgorham.github.io/
SteinDiscrepancy.jl/.

4.1. Comparing discrepancies

Our first, simple experiment is designed to illustrate sev-
eral properties of the IMQ KSD and to compare its be-
havior with that of two preexisting discrepancy measures,
the Wasserstein distance dWH~H2 , which can be computed
for simple univariate targets (Vallender, 1974), and the
spanner graph Stein discrepancy of Gorham & Mackey
(2015). We adopt a bimodal Gaussian mixture with p(z) o
e~ sllztdells 4 o—3lle—Aeils and A = 1.5 as our target
P and generate a first sample point sequence i.i.d. from the
target and a second sequence i.i.d. from one component of
the mixture, N'(—Aey, I;). As seen in the left panel of
Figure 1 where d = 1, the IMQ KSD decays at an n~0-5!
rate when applied to the first n points in the target sample
and remains bounded away from zero when applied to the
to the single component sample. This desirable behavior is
closely mirrored by the Wasserstein distance and the graph
Stein discrepancy.

The middle panel of Figure 1 records the time consumed
by the graph and kernel Stein discrepancies applied to the
i.i.d. sample points from P. Each method is given access to
d cores when working in d dimensions, and we use the re-
leased code of Gorham & Mackey (2015) with the default
Gurobi 6.0.4 linear program solver for the graph Stein dis-
crepancy. We find that the two methods have nearly iden-
tical runtimes when d = 1 but that the KSD is 10 to 1000
times faster when d = 4. In addition, the KSD is straight-
forwardly parallelized and does not require access to a lin-
ear program solver, making it an appealing practical choice
for a quality measure.

Finally, the right panel displays the optimal Stein func-

o, () = o BREDT D)y

the IMQ KSD when d = 1 and n = 103. The associated

d j
test functions h(y) = (Tpg)(y) = Zjagle7"—7w
the mean-zero functions under P that best discriminate the
target P and the sample @),,. As might be expected, the
optimal test function for the single component sample fea-
tures large magnitude values in the oversampled region far

from the missing mode.

are

4.2. The importance of kernel choice

Theorem 6 established that kernels with rapidly decay-
ing tails yield KSDs that can be driven to zero by off-
target sample sequences. Our next experiment provides
an empirical demonstration of this issue for a multivari-
ate Gaussian target P = N(0,1;) and KSDs based on
the popular Gaussian (k(z,y) = e~llz=v13/2) and Matérn
(k(z,y) = (1 + 3|z — y||2)e*\/§\|l’*y|\2) radial kernels.

Following the proof Theorem 6 in Section F, we construct
an off-target sequence (Qy,),>1 that sends S(Qp, Tp, Gr)
to O for these kernel choices whenever d > 3. Specifically,
for each n, we let Q,, = % Z?:l 0, where, for all ¢ and j,
2], < 2n'/4logn and ||z; — x|, > 2logn. To select
these sample points, we independently sample candidate
points uniformly from the ball {z : ||z||, < 2n'/?logn},
accept any points not within 2 log n Euclidean distance of
any previously accepted point, and terminate when n points
have been accepted.

For various dimensions, Figure 2 displays the result of
applying each KSD to the off-target sequence (Qy)n>1
and an “on-target” sequence of points sampled i.i.d. from
P. For comparison, we also display the behavior of the
IMQ KSD which provably controls tightness and domi-
nates weak convergence for this target by Theorem 8. As
predicted, the Gaussian and Matérn KSDs decay to 0 under
the off-target sequence and decay more rapidly as the di-
mension d increases; the IMQ KSD remains bounded away
from 0.

4.3. Selecting sampler hyperparameters

The approximate slice sampler of DuBois et al. (2014)
is a biased MCMC procedure designed to accelerate in-
ference when the target density takes the form p(z)
m(x) H1L=1 7(y|z) for m(+) a prior distribution on R% and
7 (yi|x) the likelihood of a datapoint y;. A standard slice
sampler must evaluate the likelihood of all L datapoints to
draw each new sample point x;. To reduce this cost, the
approximate slice sampler introduces a tuning parameter e
which determines the number of datapoints that contribute
to an approximation of the slice sampling step; an appropri-
ate setting of this parameter is imperative for accurate infer-
ence. When ¢ is too small, relatively few sample points will
be generated in a given amount of sampling time, yield-
ing sample expectations with high Monte Carlo variance.
When e is too large, the large approximation error will pro-
duce biased samples that no longer resemble the target.

To assess the suitability of the KSD for tolerance parame-
ter selection, we take as our target P the bimodal Gaussian
mixture model posterior of (Welling & Teh, 2011). For an
array of e values, we generated 50 independent approxi-
mate slice sampling chains with batch size 5, each with a
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Figure 1. Left: For d = 1, comparison of discrepancy measures for samples drawn i.i.d. from either the bimodal Gaussian mixture target
P or a single mixture component (see Section 4.1). Middle: On-target discrepancy computation time using d cores in d dimensions.
Right: For n = 10° and d = 1, the Stein functions g and discriminating test functions h = Tp»g which maximize the KSD.
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Figure 2. Gaussian and Matérn KSDs are driven to 0 by an off-
target sequence that does not converge to the target P = N(0, 1)
(see Section 4.2). The IMQ KSD does not share this deficiency.

budget of 148000 likelihood evaluations, and plotted the
median IMQ KSD and effective sample size (ESS, a stan-
dard sample quality measure based on asymptotic variance
(Brooks et al., 2011)) in Figure 3. ESS, which does not
detect Markov chain bias, is maximized at the largest hy-
perparameter evaluated (e = 10~1), while the KSD is mini-
mized at an intermediate value (¢ = 10~2). The right panel
of Figure 3 shows representative samples produced by sev-
eral settings of €. The sample produced by the ESS-selected
chain is significantly overdispersed, while the sample from
e = 0 has minimal coverage of the second mode due to

its small sample size. The sample produced by the KSD-
selected chain best resembles the posterior target. Using 4
cores, the longest KSD computation with n = 10% sample
points took 0.16s.

4.4. Selecting samplers

Ahn et al. (2012) developed two biased MCMC samplers
for accelerated posterior inference, both called Stochas-
tic Gradient Fisher Scoring (SGFS). In the full version of
SGFS (termed SGFS-f), a d X d matrix must be inverted to
draw each new sample point. Since this can be costly for
large d, the authors developed a second sampler (termed
SGFS-d) in which only a diagonal matrix must be inverted
to draw each new sample point. Both samplers can be
viewed as discrete-time approximations to a continuous-
time Markov process that has the target P as its station-
ary distribution; however, because no Metropolis-Hastings
correction is employed, neither sampler has the target as
its stationary distribution. Hence we will use the KSD — a
quality measure that accounts for asymptotic bias — to eval-
uate and choose between these samplers.

Specifically, we evaluate the SGFS-f and SGFS-d samples
produced in (Ahn et al., 2012, Sec. 5.1). The target P is
a Bayesian logistic regression with a flat prior, conditioned
on a dataset of 10* MNIST handwritten digit images. From
each image, the authors extracted 50 random projections of
the raw pixel values as covariates and a label indicating
whether the image was a 7 or a 9. After discarding the first
half of sample points as burn-in, we obtained regression
coefficient samples with 5 x 10% points and d = 51 di-
mensions (including the intercept term). Figure 4 displays
the IMQ KSD applied to the first n points in each sample.
As external validation, we follow the protocol of Ahn et al.
(2012) to find the bivariate marginal means and 95% confi-
dence ellipses of each sample that align best and worst with
those of a surrogate ground truth sample obtained from a
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Figure 3. Left: Median hyperparameter selection criteria across 50 independent approximate slice sampler sample sequences (see Sec-
tion 4.3); IMQ KSD selects ¢ = 1072; effective sample size selects ¢ = 107", Right: Representative approximate slice sampler
samples requiring 148000 likelihood evaluations with posterior equidensity contours overlaid; n is the associated sample size.

Hamiltonian Monte Carlo chain with 10° iterates. Both the
KSD and the surrogate ground truth suggest that the moder-
ate speed-up provided by SGFS-d (0.0017s per sample vs.
0.0019s for SGFS-f) is outweighed by the significant loss
in inferential accuracy. However, the KSD assessment does
not require access to an external trustworthy ground truth
sample. The longest KSD computation took 400s using 16
cores.

4.5. Beyond sample quality comparison

While our investigation of the KSD was motivated by the
desire to develop practical, trustworthy tools for sample
quality comparison, the kernels recommended by our the-
ory can serve as drop-in replacements in other inferential
tasks that make use of kernel Stein discrepancies.

4.5.1. ONE-SAMPLE HYPOTHESIS TESTING

Chwialkowski et al. (2016) recently used the KSD
S(Qn, Tp,Gk) to develop a hypothesis test of whether a
given sample from a Markov chain was drawn from a tar-
get distribution P (see also Liu et al., 2016). However, the
authors noted that the KSD test with their default Gaussian
base kernel k experienced a considerable loss of power as
the dimension d increased. We recreate their experiment
and show that this loss of power can be avoided by using
our default IMQ kernel with 3 = —1 and ¢ = 1. Fol-
lowing (Chwialkowski et al., 2016, Section 4) we draw
z NN (0,14) and u; i Unif]0, 1] to generate a sample
(x;)P, with x; = z; + u; ey for n = 500 and various di-
mensions d. Using the authors’ code (modified to include
an IMQ kernel), we compare the power of the Gaussian
KSD test, the IMQ KSD test, and the standard normal-
ity test of Baringhaus & Henze (1988) (B&H) to discern
whether the sample (;)?%) came from the null distribution
P = N(0,1;). The results, averaged over 400 simula-

tions, are shown in Table 1. Notably, the IMQ KSD experi-
ences no power degradation over this range of dimensions,
thus improving on both the Gaussian KSD and the standard
B&H normality tests.

Table 1. Power of one sample tests for multivariate normality, av-
eraged over 400 simulations (see Section 4.5.1)

d=2 | d=5 | d=10 | d=15 | d=20 | d=25
B&H 1.0 | 1.0 1.0 | 091 | 0.57 | 0.26

Gaussian | 1.0 | 1.0 | 0.88 | 0.29 | 0.12 | 0.02
IMQ 1.0 | 1.0 1.0 1.0 1.0 1.0

4.5.2. IMPROVING SAMPLE QUALITY

Liu & Lee (2016) recently used the KSD S(Q,,, Tp, Gx)
as a means of improving the quality of a sample. Specifi-
cally, given an initial sample ),, supported on z1, ..., Z,,
they minimize S (Qn, Tp, Gi) over all measures Q,, sup-
ported on the same sample points to obtain a new sample
that better approximates P over the class of test functions
‘H = TpG. In all experiments, Liu & Lee (2016) employ
a Gaussian kernel k(z,y) = e~ l7=vlI3 with bandwidth
h selected to be the median of the squared Euclidean dis-
tance between pairs of sample points. Using the authors’
code, we recreate the experiment from (Liu & Lee, 2016,
Fig. 2b) and introduce a KSD objective with an IMQ ker-
nel k(z,y) = (1 + %]z —yl3)~"/> with bandwidth se-
lected in the same fashion. The starting sample is given by
Qn, = % Z?:l 0, for n = 100, various dimensions d, and
each sample point drawn i.i.d. from P = AN(0,I;). For
the initial sample and the optimized samples produced by
each KSD, Figure 5 displays the mean squared error (MSE)
LEp[Z] - Ep, [X] |3 averaged across 500 independently
generated initial samples. Out of the box, the IMQ kernel
produces better mean estimates than the standard Gaussian.
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Figure 4. Left: Quality comparison for Bayesian logistic regression with two SGFS samplers (see Section 4.4). Right: Scatter plots of
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Figure 5. Average quality of mean estimates (+2 standard errors)
under optimized samples Q,, for target P = N (0, 1;); MSE av-
eraged over 500 independent initial samples (see Section 4.5.2).

5. Related and future work

The score statistic of Fan et al. (2006) and the Gibbs sam-
pler convergence criteria of Zellner & Min (1995) detect
certain forms of non-convergence but fail to detect others
due to the finite number of test functions tested. For ex-
ample, when P = N/ (0,1), the score statistic (Fan et al.,
2006) only monitors sample means and variances.

For an approximation p with continuously differentiable
density r, Chwialkowski et al. (2016, Thm. 2.1) and
Liu et al. (2016, Prop. 3.3) established that if k is Cp-
universal (Carmeli et al., 2010, Defn. 4.1) or integrally
strictly positive definite (ISPD, Stewart, 1976, Sec. 6) and

By [ko(X, X) + ||V log 253 3] < oo for ko £ 35, K,
then S(u1, Tp, Gx) = 0 only if 4 = P. However, this prop-
erty is insufficient to conclude that probability measures
with small KSD are close to P in any traditional sense. In-
deed, Gaussian and Matérn kernels are Cy universal and
ISPD, but, by Theorem 6, their KSDs can be driven to zero

by sequences not converging to P. On compact domains,

where tightness is no longer an issue, the combined results
of (Oates et al., 2016a, Lem. 4), (Fukumizu et al., 2007,
Lem. 1), and (Simon-Gabriel & Scholkopf, 2016, Thm. 55)
give conditions for a KSD to dominate weak convergence.

While assessing sample quality was our chief objective, our
results may hold benefits for other applications that make
use of Stein discrepancies or Stein operators. In particu-
lar, our kernel recommendations could be incorporated into
the Monte Carlo control functionals framework of Oates
et al. (2016b); Oates & Girolami (2015), the variational
inference approaches of Liu & Wang (2016); Liu & Feng
(2016); Ranganath et al. (2016), and the Stein generative
adversarial network approach of Wang & Liu (2016).

In the future, we aim to leverage stochastic, low-rank, and
sparse approximations of the kernel matrix and score func-
tion to produce KSDs that scale better with the number of
sample and data points while still guaranteeing control over
weak convergence. A reader may also wonder for which
distributions outside of P the KSD dominates weak conver-
gence. The following theorem, proved in Section J, shows
that no KSD with a Cy kernel dominates weak convergence
when the target has a bounded score function.

Theorem 10 (KSD fails for bounded scores). If V log p is

bounded and k € C’él’l), then S(Qn, Tp,Gr) — 0 does
not imply Q,, = P.

However, Gorham et al. (2016) developed convergence-
determining graph Stein discrepancies for heavy-tailed
targets by replacing the Langevin Stein operator 7Tp
with diffusion Stein operators of the form (Tg)(z) =
ﬁ(V,p(m) (a(z) + ¢(x))g(z)). An analogous construc-
tion should yield convergence-determining diffusion KSDs
for P outside of P. Our results also extend to targets P
supported on a convex subset X' of R? by choosing k to

satisfy p(x)k(x,-) = 0 for all « on the boundary of X.
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A. Additional appendix notation

We use f * h to denote the convolution between f and h, and, for absolutely integrable f : R? — R, we say f (w) £

(2m)~%2 [ f(z)e~"®«)dz is the Fourier transform of f. For g € K¢ we define 19 2y Z;l:ngjH,Qck. Let L?

denote the Banach space of real-valued functions f with || f||;. £ [ f(z)?dz < oco. For R-valued g, we will overload

g € L? to mean ||g||;. £ 1/2?:1”9]‘”%2 < 0. We define the operator norm of a vector a € R* as [|al,,, = [|al,

and of a matrix A € R as [|A]|,, 2 sup,epa o),=1/Az[l;. We further define the Lipschitz constant Ma(g) =

SUp, 4, [|IVa(x) = Vg()ll,,/llz — yll, and the ball B(z,r) £{yeR!|||lz—y|, <r}forany z € R and r > 0.

B. Proof of Proposition 1: Zero mean test functions

Fix any g € G. Since k € CV, sup, cpa k(z, ) < 00, and sup, ca|| VeV, k(z, z)|,, < oo, Cor. 4.36 of (Steinwart &
Christmann, 2008) implies that My(g,) < oo and M;(g;) < oo foreach j € {1,...,d}. AsEp[||b(Z)]|,] < oo, the proof
of (Gorham & Mackey, 2015, Prop. 1) now implies Ep[(Tpg)(Z)] = 0.

C. Proof of Proposition 2: KSD closed form

Our proof generalizes that of (Chwialkowski et al., 2016, Thm. 2.1). For each dimension j € {1,...,d}, we define

A 1

the operator 77 via (TPgo)(z) £ 7 Ve (p(x)g0(z)) = Va,g0(x) + bj(x)go(x) for go : R* — R. We further let

Uy : R? — K, denote the canonical feature map of Ky, given by Wy (z) £ k(z,-). Since k € C1) | the argument of
(Steinwart & Christmann, 2008, Cor. 4.36) implies that

Trg(z) = Y0 (Thgi)(x) = X0y T ©r(@))ie, = S0y (g5, TEUk(2)), %)

forall g = (g1,...,94) € Gk, and z € R?. Moreover, (Steinwart & Christmann, 2008, Lem. 4.34) gives

(TAWk(2), TEWL(Y)) = (bj(2)Wk(2) + Va, Ui (@), b; (1) Ui (y) + Vi, Tr(y))ic,

forall z,y € R?and j € {1,...,d}. The representation (6) and our j-integrability assumption together imply that, for
each j, TIQ.\I/ & 1s Bochner p-integrable (Steinwart & Christmann, 2008, Definition A.5.20), since

EM{HTg\II;@(X)HKJ ~E, {\/kg(X,X)] < co.

Hence, we may apply the representation (6) and exchange expectation and RKHS inner product to discover

2

w? = E[R(X, X)] = B[00, TR0(X) ] = [ [ 70 (0]

)

Ki

for X, X N . To conclude, we invoke the representation (5), Bochner p-integrability, the representation (7), and the
Fenchel-Young inequality for dual norms twice:

S Te,Gry) = sup Eu[(Tpg)(X)] = sup 1 (95 Bul TR0 (X)),
9EGk, |- lgillic, =vi>llvll™ <1
= sup o[ B TRRX))| = sup S gy = [l

flvll*<1 Ke lof*<1

D. Proof of Proposition 3: Stein set equivalence

By Proposition 2, S(u, Tp, Gy, |.|) = l|lwll and S(u, Tp, Gy |11,) = [lw]l, for some vector w, and by (Bachman & Narici,
1966, Thm. 8.7), there exist constants ¢4, ¢/, > 0 depending only on d and ||-|| such that cq|lw|| < [Jw]|, < ¢||w]|.
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E. Proof of Theorem 5: Univariate KSD detects non-convergence

While the statement of Theorem 5 applies only to the univariate case d = 1, we will prove all steps for general d when
possible. Our strategy is to define a reference IPM dy for which p,,, = P whenever dy (ttm, P) — 0 and then upper
bound dy; by a function of the KSD S(ttm, Tp, Gi). To construct the reference class of test functions H, we choose some
integrally strictly positive definite (ISPD) kernel k;, : R x R? — R, that is, we select a kernel function k;, such that

/ ky(z,y)dp(z)du(y) > 0
R4 x R4

for all finite non-zero signed Borel measures y on R (Sriperumbudur et al., 2010, Section 1.2). For this proof, we will
choose the Gaussian kernel ky(x,y) = exp(f”:z: - y||§/2) , which is ISPD by (Sriperumbudur et al., 2010, Section 3.1).

Since r(z) £ exp(foHg/Q) is bounded and continuous and never vanishes, the kernel k;(z,y) = ky(x, y)r(z)r(y) is

also ISPD. Let H £ {h € K, |||h]; < 1}. By (Sriperumbudur, 2016, Thm. 3.2), since k;, is ISPD with ky(x,-) €

Co(R?) for all =, we know that d3; (ft,, P) — 0 only if p1,,, = P. With A in hand, Theorem 5 will follow from our next
theorem which upper bounds the IPM dy, (4, P) in terms of the KSD S(u, Tp, G.).

Theorem 11 (Univariate KSD lower bound). Let d = 1, and consider the set of univariate functions H = :{h €
K Al < 1}. Suppose P € P and k(z,y) = ®(x — y) for & € C? with generalized Fourier transform ® and

F(t) & SUD|ju| _ <t (w)~? finite for all t > 0. Then there exists a constant Mp > 0 such that, for all probability
measures p and € > 0,

1/

2
(11, P) < e + (g)”“MPF(%(l n Ml(b)Mp)efl) S, T, G).

Remarks An explicit value for the Stein factor M p can be derived from the proof in Section E.1 and the results
of Gorham et al. (2016). After optimizing the bound dy;(u, P) over € > 0, the Gaussian, inverse multiquadric, and

Matérn (v > 1) kernels achieve rates of O(1/ log(m)), O(l/log(m)), and O(S(u, Tp, Gi) Y/ (vF1/2))
respectively as S(u, Tp, Gx) — 0.

In particular, since D is non-vanishing, F'(t) is finite for all ¢. If Sy, Tp, Gx) — 0, then, for any fixed € > 0, we have
lim sup,,,_, oo % (ttm, P) < €. Taking € — 0 shows that lim,, oo dg;(fbm, P) — 0, which implies that y,,, = P.

E.1. Proof of Theorem 11: Univariate KSD lower bound

Fix any probability measure z and h € H, and define the tilting function Z(z) £ (1 + ||z||2)/2. The proof will proceed
in three steps.

Step 1: Uniform bounds on Ay(h), M;(h) and sup,cpa||Z(z)Vh(z)||, We first bound My(h), M;(h) and
sup, cga || Z(2) Vh()||, uniformly over . To this end, we define the finite value co 2 sup,cpa (1 + ||z|2)r(x) = 2¢~1/2.
For all z € R?, we have

[A(@)] = [(h, ko (@, )k, | < I1Allc,. k()2 < 1.

Moreover, we have V ky(z,y) = (y — )kp(x,y) and Vr(z) = —zr(z). Thus for any x, by (Steinwart & Christmann,
2008, Corollary 4.36) we have

IR, < Wb, (Vo Vyko(w,2))'/2 < [dr(z)? + 2l r ()] ke (2, 2)'? < [(d = )Y + (14 [|2]5)?)]r (=),

where in the last inequality we used the triangle inequality. Hence ||Vh(z)||, < (d — 1)*/2 + 1 and ||E(2)Vh(2)]|, <
(d — 1)Y/2 4 ¢ for all , completing our bounding of M (h), M (h) and sup, cga||Z(z) VA(z) |, uniformly over H.

Step 2: Uniform bound on ||g; ||, . for Stein solution g;,, We next show that there is a solution to the P Stein equation

(Tpgn)(x) = h(z) — Ep[h(Z)] ®)
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with gn(z) < Mp/(1+ ||z||3)"/? for every h € H. When d = 1, this will imply that ||gp|| . is bounded uniformly over
‘H. To proceed, we will define a tilted distribution P € P and a tilted function f, show that a solution § ¢ to the P Stein
equation is bounded, and construct a solution gy, to the Stein equation of P based on gy.

Define P via the tilted probability density j(z) o p(x)/Z(z) with score function b(z) £ Vlegp(z) = b(z) — &(x)

for £(z) 2 VlegZ(z) = /(1 + |«||3). Since b is Lipschitz and VE(z) = (1 + [lz]|3)~ [T — 1_f‘TTHz] has its

operator norm uniformly bounded by 3, b is also Lipschitz. To see that P is also distantly dissipative, note first that
[(€(@) = &(y),x — )| < N€(@) = EW)ly - |z = ylly < |l = yl|, since sup,|[§(z)||;, < 1/2. Because P is distantly dissi-
pative, we know (b(z) — b(y),z — y) < —irollz — y||§ for some ko > 0 and all ||z — y||, > R for some R > 0. Thus
for all ||z — yl|, > max(R,4/ko), we have

(B(z) = 5(9). 7 — 4} = (6(2) = b(w), = — ) + {€(@) — Ew), = ) < ~g ol — yl3+ o =l < —3 2o — w3,

so P is also distantly dissipative and hence in P.

Let f(z) £ E(z)(h(z) — Ep[h(2Z)]). Since Ep[f(Z)] = Ep[h(Z) — Ep[h(Z)]] = 0, Thm. 5 and Sec. 4.2 of (Gorham

et al., 2016), imply that the P Stein equation (7g¢)(x) = f(x) has a solution gy with My(g¢) < MpM;(f) for M'p a

constant independent of f and h. Since V f(z) = VE(z)(h(z) —Ep[h(Z)]) + E(x)Vh(z) and |VE(z)||, = %
2

is bounded by 1, My(gr) < M'p(2+ (d — 1)/2 + ¢) £ M p, a constant independent of h.

Finally, we note that g,(z) £ Gs(z)/=(z) is a solution to the P Stein equation (8) satisfying g5, (z) < Mp/E(z) =
Mp/(1+ ||z]|2)'/2. Hence, in the case d = 1, we have ||gn|| ;> < Mp/7.

Step 3: Approximate 7pg;, using 7pG, In our final step, we will use the following lemma, proved in Section E.2, to
show that we can approximate 7pgy, arbitrarily well by a function in a scaled copy of TpGy.

Lemma 12 (Stein approximations with finite RKHS norm). Suppose that g : R? — R® is bounded and belongs to L* N C 1
and that h = Tpg is Lipschitz. Moreover, suppose k(x,y) = ®(x — y) for ® € C? with generalized Fourier transform .
Then for every € > 0, there is a function g, : RY — R? such that sup,cga |(Tpge)(z) — (Tpg)(z)| < € and

X 1/2
Igellcg < (2m)=9/4F (21252 (01, (k) + M3 () Mo(g)e ™) gl o

where F(t) £ SUD|jw _ <t d(w)~?

When d = 1, Lemma 12 implies that for every ¢ > 0 there is a function g, : R — R such that My(7Tpge — h) < € and
gellic, < 3(Z)V/AMpF(12982 (M (h) + M1 (b)Mp)e~1)'/2. Hence we have

[Ep[h(Z)] = Eu[h(X)]] < [Eu[R(X) = (Tpge)(X)]| + [Eu[(Trge) (X)]]
Se+ ||96H1ck5(/% Tp, gk)

1/2
< e+ (2m) VIMpyF (LEEZ (M, (h) + My ()Mp)e ) S( T, G-

Taking a supremum over h € H yields the advertised result.

E.2. Proof of Lemma 12: Stein approximations with finite RKHS norm

Let us define the function S : R? — R via the mapping S(z) = Hj L % Then S € L? and [p,[z|,S5(x)* < oco.
We will then define the density function p(z) £ Z715(x)*, where Z £ [, S(z)*dz = (2r/3)? is the normalization

constant. One can check that p(w)? < (2m) =4[ ||w]| _ < 4].

Let Y be a random variable with density p. For each § > 0, let us define ps(z) = 6 %p(z/J) and for any func-
tion f let us denote f5(z) = E[f(x +dY)]. Since h = Tpg is assumed Lipschitz, this implies |hs(x) — h(z)| =
|E,[h(z + 8Y) — h(z)]| < 6 M1(h)E,[||Y||,] for all z € R,
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Next, notice that for any § > 0 and 2 € R¢,

(Trgs)(x) = E,[(b(x), gz + 6Y))] + E[(V, g(z + Y))], and
hs(z) = E,[(b(x + 8Y), g(x + 6Y))] + E[(V, gz + 6Y))].

Thus because we assume b is Lipschitz, we can deduce from above for any = € RY,

[(Tpgs)(x) = hs(2)| = [Ep[(b(x) = b(z + 6Y), g(x + 6Y))]|
<E,[llb(z) — bz + 6Y) |5 llg(z + 6Y)][,]
< Mo(g) My () G E,[[[Y]],]-

Thus for any € > 0, letting € = €/((M1(h) + M1 (b)Mo(g))E,[||Y||5]), we have by the triangle inequality

[(Tpge)(x) — (Tpg)(x)| < |(Tpge)(x) — he(x)| + |he(z) — h(z)| < e

Thus it remains to bound the RKHS norm of gs. By the Convolution Theorem (Wendland, 2004, Thm. 5.16), we have
gs(w) = (2m)¥2§(w) ps(w), and so the squared norm of gs in K is equal to (Wendland, 2004, Thm. 10.21)

)~ ? Mw: )42 Mw o) 4/2 su b(w) ! ()12 du
am 2 [ Sy de= e [ IS da s m {”w”mggéﬁw }/Rdm )P d,

where in the inequality we used the fact that g5 (w) = p(dw). By Plancherel’s theorem (Herb & Sally Jr., 2011, Thm. 1.1),
we know that f € L? implies that || f|| ;> = || f|| 2. Thus we have gsllica < (27) =4 F(4671)/2||g|| ,»- The final result

follows from noticing that [, sin(z)/z* dx = 2% and also

d d .4 d—1
ln .TJ 1n I‘J 5111 Z'J 51n Tk 2T
| I dx < | I dx E dx = 2d(log2)| —
/Rd”xH j=1 v / ||$H i=1 /]Rd |xj‘3 1‘% ! (log )( 3 ) 7

k#]

which implies E,[[|Y]],] < 222,

F. Proof of Theorem 6: KSD fails with light kernel tails

First, define the generalized inverse function v~ '(s) 2 inf{r > 0|v(r) < s}. Next, fix an n > 1, let A, =

max(1,v71(1/n)), and define r,, £ A,nt/4. Select n distinct points 1, ..., z, € R% so that Ziit £ g, — xp satisfies
|27 ||2 > A, for all ¢ # i’ and ||z;||, < ry for all i. By (Wainwright, 2017, Lems. 5.1 and 5.2), such a point set always
exists. Now define Q,, = % 2?21 d,. We will show that if A,, grows at an appropriate rate then S(Q,,, Tp, Gr) — 0 as
n — oo.

Since the target distribution P is A/(0, I), the associated gradient of the log density is b(xz) = —xz. Thus

d
é Zk y)k(x,y) - (y,Vﬂc(x,y)) - (x,Vyk(x,y» + <vx7vyk($7y)>

j=1
From Proposition 2, we have

n

1
S(Qn, TP, Gr)? = Z (i, 20) = — Zk‘o Tir i) + —5 Y ko(wi, zi). ©)
Z ii!
Since k € C;, (2,2) ,7(0) < oo. Thus by Cauchy-Schwarz, the first term of (9) is upper bounded by

IN

1 n
3 Y laillsk(@is @) + |zl ([Vak(@i, 2)lly + I Vyk(@i@)lly) + Ve, Vyk(a, 20))]

i=1

7(0)

1 n
ﬁ Z ko(xia Ii)
1=1

[r2 427, +1] < @(nl/dAn +1)2.

IN
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To handle the second term of (9), we will use the assumed bound on & and its derivatives from ~y. For any fixed i # ¢/, by
the triangle inequality, Cauchy-Schwarz, and fact  is monotonically decreasing we have

ko (i, )| < N|2illgllirllo|E(@s, mir)| 4 Nzl IV y k(s i)y + N2 IV ek(@s, T )|y + [(Va, Vyk(2i, 240))]
< riv(lziilly) + vz lly) + vz ll) +v(llzill,)
< (nl/dAn +1)%y(A).

Our upper bounds on the Stein discrepancy (9) and our choice of A,, now imply that
S(Qn, Tp,Gr) = O/ 271 (1 /n) +n7/2).

Moreover, since y(r) = o(r~), we have y~(1/n) = o(n'/®) = o(n'/?=1/?), and hence S(Q,., Tp, Gr) — 0asn — co.

However, the sequence (Q),,),>1 is not uniformly tight and hence converges to no probability measure. This follows as,
foreachr > 0,

(r 4 4r/A)¢ < 5dpd <

Qu(IXlly < 1) < TS D < 2

| =

for m = [5¢+1r4], since at most (r + 47/A,,)¢ points with minimum pairwise Euclidean distance greater than A,,, can
fit into a ball of radius » (Wainwright, 2017, Lems. 5.1 and 5.2).

G. Proof of Theorem 7: KSD detects tight non-convergence

For any probability measure ;2 on R? and € > 0, we define its tightness rate as
R(p,e) = inf{r = 0 u(| X[l > r) < e} (10)

Theorem 7 will follow from the following result which upper bounds the bounded Lipschitz metric dpp,,. I (4, P) in terms
of the tightness rate R(y, €), the rate of decay of the generalized Fourier transform ®, and the KSD S(u, Tp, Gr ).
Theorem 13 (KSD tightness lower bound). Suppose P € P and let i1 be a probability measure with tzghtness rate R(p, €)

defined in (10). Moreover, suppose the kernel k(x,y) = ®(x — y) with ® € C? and F(t) £ Sup ) _ <t P(w)” L finite for
all t > 0. Then there exists a constant M p such that, for all €, > 0,

dBLH'Hz(N’P) S €+min(e71)(1+€+ d@d IM )

. 1/2
+ (QW)id/4le/2MP(R(H“’ 6) + 25)d/2F(%(1 + Ml(b)MP)eil) ‘S(:U‘7 TP; gk)a

where 05 £ d fol exp( 1/(1 - r2 ) d—1 dr for d > 0 (and 0o £ e 1), and Vy is the volume of the unit Euclidean ball in
dimension d.

Remarks  An explicit value for the Stein factor M p can be derived from the proof in Section G.1 and the results of
Gorham et al. (2016). When bounds on R and F’ are known, the final expression can be optimized over € and § to produce
rates of convergence in dp Ly,

Consider now a sequence of probability measures (£, )m>1 that is uniformly tight. This implies that lim sup,,, R(ftm, €) <
oo for all ¢ > (. Moreover, since ® is non- vanishing, F'(¢) is finite for all ¢. Thus if S(gm, Tp, Gx) — 0, then for any fixed

€ < 1, limsup,, dpr, |, (ttm, P) < €2+ e+ AMP) Taking € — 0 yields dpr, | (km, P) = 0.

G.1. Proof of Theorem 13: KSD tightness lower bound

Fixany i € BL).|,. By Theorem 5 and Section 4.2 of (Gorham et al., 2016), there existsa g € C L which solves the Stein
equation Tpg = h — E[h(Z)] and satisfies My(g) < Mp for Mp a constant independent of i and g. To show that we
can approximate 7pg arbitrarily well by a function in a scaled copy of TpGy, we will form a truncated version of g using
a smoothed indicator function described in the next lemma.
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Lemma 14 (Smoothed indicator function). For any compact set K C R and § > 0, define the set inflation K £ {x €
Re| ||z — yll, < 26, Yy € K}. There is a function v 5 : R? — [0, 1] such that

vics(x) = 1forall x € K and v 5(x) = 0 forall z ¢ K*°, (11)
—1
[Vors(@ll, < g1z € K*\ K], (12)

where 04 = dfol exp(—1/(1 = r?))r¢=tdr ford > 0 and 6y = e~*

This lemma is proved in Section G.2.

Fix any €¢,0 > 0, and let K = B(0, R(u,¢€)) with R(u, ) defined in (10). This set is compact since our sequence is
uniformly tight. Hence, we may define gx s(z) = g(x) vk s(z) as a smooth, truncated version of g based on Lemma 14.
Since

(Trg)(x) = (Tpgx.s)(x) = (1 — vk ,5(2))[(b(2), 9(x)) + (V. 9) ()] + (Vvk s(z), g(2))
= (1 = vk5(2))(Trg)(z) + (Vok 5(x), 9()),
properties (11) and (12) imply that (7pg)(x) = (Tpgr,s)(z) forall z € K, (Tpgk,s)(z) = 0 when z ¢ K2, and
[(Trg) (@) — (Trgx.s) ()] < [(Trg) ()] + [[Vur,s (@), [|9(2)]],
< |(Teg)@)] + 5= lg(@)l, < 1+ 5= Mo
for x € K2°\ K by Cauchy-Schwarz.

Vol(K?%)'/2 M p. Therefore, Lemma 12 implies that there is a function g. € K{ such that |(Tpg.)(x) — (Tpgx.s)(x)| < €
for all x with norm

Moreover, since vy, s has compact support and is in C by (11), gr s € O with ||gx 5]/, < Vol(K2%)Y2My(g) <

lgellcq < (2m) "M F(12L082 (1 4 My ()M pe 1))/ 2Vol(K20) 2 Mp. (13)

Using the fact that Tpgx s and Tpg are identical on K, we have |(Tpg.)(x) — (Tpg)(x)| < € for all z € K. Moreover,
when z ¢ K, the triangle inequality gives

[(Tpge)(x) = (Trg)(@)| < [(Tpge)(x) —

By the triangle inequality and the definition of the decay rate, we therefore have

[Eu[(X)] = Ep[R(Z)]] = [Eu[(Trg)(X)]| < [E[(TPg)(X) = (Tpge) (XN + [EL[(Tpge) (X)]|
< [Eu[((Tpg)(X) = (Tpge) (X)X € K]]| + [Eu[((Tpg)(X) = (Tpge) (X)X ¢ K]J| + [E,.[(Tpge)(X)]]

< e+ min(e, 1)(1+ €+ g2 Mp) + [lgel s S (1 T Gr)

(Trg)(@)] < 1+ e+ gt Mp

< e+ min(e, 1)(1+ e+ 2 de’i =L Mp)
1/2
o+ (2m) U VOI(B(0, R, ) +26)) /2 F (2UE2 (14 My () Mp)e ) MpS (1, To, Gr).
The advertised result follows by substituting Vol(B(0, 7)) = Vy4r? and taking the supremum over all h € BL ..

G.2. Proof of Lemma 14: Smoothed indicator function

For all z € R<, define the standard normalized bump function ¢ € C'*° as

i) 2 17 exp(=1/(1 = ll2]3)) 1], < 1],

where the normalizing constant is given by

I = / exp(~1/(1— [l2]2)) dz = 0,V
B(0,1)
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for V;; being the volume of the unit Euclidean ball in d dimensions (Baker, 1999).

Letting W be a random variable with density 1, define v s(2) = IE[ [ +WeK 5]] as the smoothed approximation of
x + [[z € K|, where 0 > 0 controls the amount of smoothing. Since supp(W) = B(0, 1), we can immediately conclude
(11) and also supp(Vug,s) € K2\ K.

Thus to prove (12), it remains to consider z € K2° \ K. We see Vg s(z) = 67971 JB2.6) Vi (£52)I[y € K°] dy by
Leibniz rule. Letting K¢ 2 §~(K° — x), then by Jensen’s inequality we have

.
Wors@ly<a [ lou(T5Y)
B(z,6)NK?

where we used the substitution z = (z — y) /4. By differentiating 1, using (Baker, 1999) with the substitution 7 = ||z|,,
and employing integration by parts we have

! 2r -1
=1;! d—1
/Bw,l)”W(Z)H2 #=1a /0 (1—r2)? eXp(l - r2>(dVdT ) dr

dy— 51 / Vo), de < 671 / IV9(2), d=
2 B(0,1)NKS B(0,1)

N R I I R P
= rYT T exp 2| _, ; rY 7 exp 1,2 r
d do,
= —[e ' I[d=1]+1[d # 1]04_,] = —=
04 04

yielding (12).

H. Proof of Theorem 8: IMQ KSD detects non-convergence

We first use the following theorem to upper bound the bounded Lipschitz metric dpr, (s, P) in terms of the KSD
S(u, Tp, Gr).

Theorem 15 (IMQ KSD lower bound). Suppose P € P and k(z,y) = (c* + ||:13H§)ﬁ forc>0,and 8 € (—1,0). Choose
any a € (0, 3(8+ 1)) and a > Lc. Then there exist an €g > 0 and a constant M p such that, for all p1,

61 dfq_ - 1/2
dpr,., (1, P) < 66[01615’ 5>0(2 +e+ %MP)E + (2m) d/4./\/lde/ X

/2
|:(’D(aca[3)1/2(s(u TP,Gk)— C(aca,[ﬂ))) +2(5:| \/F 12d71TOg2(1+M1(b>MP)€_1)S(M,TP,gk) (14)

ko€

=0(1/108(s5a7)) @5 S Te.Gy) >0, (15)

where 05 £ dfol exp(—l/(l — 7“2))7“‘1_1 dr for d > 0 and 0y = e~1, V, is the volume of the Euclidean unit ball in
d-dimensions, the function D is defined in (20), the function ( is defined in (17), and finally

B+d/2
A T(=H) (va s
Fie®) & 552 () mlm (1o

where K, is the modified Bessel function of the third kind. Moreover, if lim sup,,, S(fim, Tp, Gr) < 00 then (fm)m>1 is
uniformly tight.

Remark  The Stein factor M p can be determined explicitly based on the proof of Theorem 15 in Section H.1 and the
results of Gorham et al. (2016).

Note that Frarq(t) is finite for all ¢ > 0, so fix any ¢ € [0,¢0) and 6 > 0. If S(um,Tp,Gr) — 0, then

limsup,, dpr,., (ftm, P) < (2 + € 48 ded —p,—~Mp)e. Thus taking ¢ — 0 yields dpr,  (ttm,P) — 0. Since
dBr,., (ttm, P) — 0 only if p,, = P, the statement of Theorem 8 follows.
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H.1. Proof of Theorem 15: IMQ KSD lower bound

Fix any a € (0, %(5 + 1)) and a > %c. Then there is some § € G, such that 7pg is bounded below by a constant
¢(a,c,a, B) and has a growth rate of ||x||§°‘ as ||z|l, — oo. Such a function exists by the following lemma, proved in

Section H.2.

Lemma 16 (Generalized multiquadric Stein sets yield coercive functions). Suppose P € P and k(x,y) = ®.5(z — y)
for ®.5(z) & (2 + ||x||§)ﬁ ¢ >0, and 3 € R\ No. Then, for any o € (0, 5(8 + 1)) and a > 5c, there exists a function
g € Gy, such that Tpg is bounded below by

A _D(aa ¢, avﬁ)l/Q Ml(b)R% + Hb(O)HQRO +d
- 20 q2(1—a) ’

¢(a,c,a, B) 17)

where the function D is defined in (20) and Ry = inf{r > 0|x(r") > 0,Vr' > r}. Moreover, lim inf||:r\|;2a (Tpg)(x) >

WHO as ||:CH2 — OQ.

Our next lemma connects the growth rate of 7pg to the tightness rate of a probability measure evaluated with the Stein
discrepancy. Its proof is found in Section H.3.

Lemma 17 (Coercive functions yield tightness). Suppose there is a g € G such that Tpg is bounded below by { € R and
lim inf . oo llzlly “ (TRg) () > 1 for some 1, u > 0. Then for all € sufficiently small and any probability measure yu the
tightness rate (10) satisfies

1/u

R(p,e) < %(S(M;TP’Q> —¢)

In particular, if lim sup,,, S(tim, Tp, Gi) is finite, (fim )m>1 is uniformly tight.

We can thus plug the tightness rate estimate of Lemma 17 applied to the function ¢ into Theorem 13. Since ||wl|, <t
implies ||w||, < v/dt, we can use the formula for the generalized Fourier transform of the IMQ kernel in (18) to see ®(w)
is monotonically decreasing in ||w||, to establish (16). By taking n — WHO we obtain (14).

To prove (15), notice that Fyyq(t) = O(e(c*/EJ”\)t) as t — oo for any A > 0 by (19). Hence, by choosing ¢ =
cVd/ log(m) and § = 1/¢'/* we obtain the advertised decay rate as S(u, Tp, Gx) — 0. The uniform tightness
conclusion follows from Lemma 17.

H.2. Proof of Lemma 16: Generalized multiquadric Stein sets yield coercive functions

By (Wendland, 2004, Thm. 8.15), ®. 3 has a generalized Fourier transform of order max(0, [3]) given by

. 21+5

where K, (z) is the modified Bessel function of the third kind. Furthermore, by (Wendland, 2004, Cor. 5.12, Lem. 5.13,
Lem. 5.14), we have the following bounds on K, (z) for v, z € R:

—B—d/2
) Kpiapz(clwlly), (18)

—z 1 |[v]—1/2 1
¢ forzlehereTv:UEfor\v\Z*and%: V73 for o] < . (19)
NE 2 2 21T (Ju] +1/2) 2

K,(z) > e 1,271 for 2 < 1, (since z — 2" K _,(x) is non-decreasing and K, = K_,)
2

K,(z) < min(y/ﬂezﬂﬂ/z, 2'“1F(|U|)Z|U> for z > 0.
z

Now fix any a > ¢/2 and a € (0, 3(3 + 1)), and consider the functions g;(z) = Vg, P4 o(z) = 20x;(a® + ][5>
We will show that g = (g1,...,94) € K{. Note that gj(w) = (iw;j)Pq,o(w). Using (Wendland, 2004, Thm. 10.21), we

Ky(z) >,
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9}/\/@“ -and thus [|g|[;cs = H
L2
lolizs = Z / 45 () /B () dow

_Z/ 220+) T(—a)? a2t w|w|f 20~ d/Qde
ko 2B T(—B) cprazi Kpgyas(cllwlly)

know g, = . Hence

:CO/ ||wHﬁ 20— d/2+2K(x+d/2( ||w|| )2d
R4 Kayap(clwl,)

where ¢y = 22;:73)/&(:;;)2 . ;::/2 We can split the integral above into two, with the first 1ntegrat1ng over B(0,1) and the
second integrating over B(0,1)¢ = R?\ B(0, 1). Thus using the inequalities from (19) with vy = 3 + d/2, we have
[, g lett el [ e 2 U ) 2,
(0, Kgrasa(cllwlly) B(0,1 e 17y, - |lew|ly p-d/2
B+d/2
_ 92a4d—2 2 e cC 28—4a—d+2 _c|w]|
= 2 2 G [l e

204+-d—2 2 € a2 28—4a+1 cr
=dVy2 Na+d/2)*— J2ard / e dr,
Tug 0
where Vj is the volume of the unit ball in d-dimensions and in the last step we used the substitution r = |lw||, (Baker,
1999). Since o < %(ﬂ + 1) and the function r — r’ is integrable around the origin when ¢ > —1, we can bound the
integral above by

c

1 1
28—4a+1 cr dr < c 2B—4a+1 dr = € .
A T & TS € A T T 72ﬂ — o n 9

We can apply the technique to the other integral, yielding

6—20—d/2+2 Katasa(awl,)? 5-2a—a/2+22m/(al|w]l,) - e721la 20t d/2) (ellel)
|| I dw < ]l dw
B(0,1 Kpyasa(clwl,) B(0,1)¢ Type Cllwlz / cllwll
< 2my/c o ”B 20—d/243/2 ,(c—2a) |wll,+2(atd/2)?/ (allwlly) g,

T ATy JB(0,1)e

— 4V, 2my/c OOT672a+d/2+1/26(072a)r+2(o¢+d/2)2/(ar) d

ATy, 1

T

Since ¢ — 2a < 0, we can upper bound the last integral above by the quantity

/OO B—20-d/241/2 (e~ 2a)r+2(a+d/2)? /(ar) g,
1

< e(c—2a)+2(o¢+d/2)2/a /OO 7,,,8—2a+d/2+1/2e(c—2a)7‘ dr
1
= elem20)+2(atd/2)*a(gq _ o) =B+20-d/2-3/2D(3 _ 90 4 d/2 4+ 3/2,2a — c),

where I'(s, x) f t~le~! dt is the upper incomplete gamma function. Hence, the function g belongs to K¢ with norm
upper bounded by D(a, b, a, 5)'/? where

2 gy, ot+2a—pd Zatdp(—g) (220420 (o + d/2)2ec L AHd/2
Pt/ (—)? 7o (28 —da 1 2)a2ard

D(CLC, a, 6) +

2 ,
IMVE (c-20)+2(akd/2? a9 _ ¢)=F+20-d/2-3/20(5 _ 20 4 d/2 + 3/2, 20 — c)> . (20)

ATy
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Now define ¢ = —D(aq,c, ﬂ)*l/zg so that § € Gi. We will lower bound the growth rate of 7pg and also construct a
uniform lower bound. Note
2
D(aac;aaﬁ)l/Q (Tpé)(x) _ <b(l‘)’$> _ d + 2(1—&)“1’”2 1)
- 21— 2\1— 2\o—a
2 (@ +llzl)t = (@ + =zl (a® +[lfl3)>

The latter two terms are both uniformly bounded in z. By the distant dissipativity assumption, there is some x > 0 such

that lim sup | o HIHQ 2 (b(z),z) < —1k. Thus the first term of (21) grows at least at the rate %Ii”(p”éa This assures

lim inf||z ]|, **(Tpd)(z) > Blacapzhas [lzf, = oo
Moreover, because b is Lipschitz, we have
[(b(z), )| < [(b(x) — b(0), & — 0)] + | (b(0), z)| < My (b)||z]|3 + [b(0) ||,

Hence for any = € B(0, Ry), we must have —(b(z), z) > —M; (b)R3 — ||b(0)||,Ro. By choice of Ry, for all z ¢ B(0, Ry),
the distant dissipativity assumption implies —(b(z), ) > 0. Hence applying this to (21) shows that 7pg is uniformly lower
bounded by ((a, ¢, o, 3).

H.3. Proof of Lemma 17: Coercive functions yield tightness

Pick g € G such that liminfy, ol2l3“(Tpg)(x) > 7 and inf,cra(Tpg)(z) > (. Let us define ~(r) =
inf{(Tpg)(xz) — | ||z||; > r} > 0 for all » > 0. Thus for sufficiently large », we have v(r) > nr*. Then, for any
measure . by Markov’s inequality,

p(| X, =) < Eu[y([IX1])] < E.[(Tpg)(X) — Q].

- o) T (r)
Thus we see that p(|| X ||, > re) < e whenever € > (S(u, Tp, Gr) — ¢)/v(re). This implies that for sufficiently small e, if
1/u

1
Te 2 7(S<M7Tp7gk) _C) 3
ne
we must have p(||X ||, > r.) < e. Hence whenever limsup,,, S(ttm, Tp, Gr) is bounded, we must have (fim,)m>1 is

uniformly tight as lim sup,,, R(jtm, €) is finite.

L. Proof of Proposition 9: KSD detects convergence

We will first state and prove a useful lemma.

Lemma 18 (Stein output upper bound). Let Z ~ P and X ~ u. If the score function b = Vlogp is Lipschitz with
Ep[||b(Z)H§] < 00, then, for any g : R? — R? with max(My(g), M (g), Ma(g)) < oo,

[EL[(Trg)(X)]| < (Mo(g) M1 () + Ma(g)d)dwy, ., (1, P) + \/2Mo(9) Mi(9)Er[lIb(2)15) dw, ,, (s P),

where the Wasserstein distance dyy, | (1, P) = infx . z~p E[| X — Z||,].

Proof By Jensen’s inequality, we have Ep[||b(Z)|,] < \/Ep[||b(Z)||3] < oo, which implies that Ep[(Tpg)(Z)] = 0
(Gorham & Mackey, 2015, Prop. 1). Thus, using the triangle inequality, Jensen’s inequality, and the Fenchel-Young
inequality for dual norms,

Eu[(Trg)(X)]| = [E[(TPg)(Z) — (Trg)(X)]|
| [(b(2),9(Z) — g(X)) + (b(Z) — b(X), g(X)) + (I, Vg(Z) — Vg(X))]|
E[[(6(2), 9(Z) — g(X))[] + (Mo(g9) M1 (b) + M2(9)D)E[| X — Z|,],
To handle the other term above, notice that by Cauchy-Schwarz and the fact that min(a, b) < Vab for a,b >0,
E[[(6(Z), 9(Z) — g(X))|] < E[min(2Mo(g), M1(g)| X — Z]|5)[[b(Z)]],]

< (2Mo(9)Mi(9))?E| X — Z|I3*16(2)]l,

< \/2Mo(9) M (9)E[|X — 21|, Ep[[B(2)]2]
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The stated inequality now follows by taking the infimum of these bounds over all joint distributions (X, Z) with X ~ p
and Z ~ P. O

Now we are ready to prove Proposition 9. In the statement below, let us use o € N? as a multi-index for the differentiation
operator D¢, that is, for a differentiable function f : R? — R we have for all z € RY,

N R dlel
PG = oy (dagyea ! @)

where |a| = Z?Zl ;. Pick any g € Gy, and choose any multi-index v € N such that || < 2. Then by Cauchy-Schwarz
and (Steinwart & Christmann, 2008, Lem. 4.34), we have
1/2

sup [D%g;(x)| = sup [D(g;, k(z, ), | < sup [|g;llc, DKz, ), = l95llxc, sup (DgDyk(z,x))
z€ERY z€Rd z€ERY zeRd

Since ijl ng||2,c}c < 1forall g € Gy and Dy Dy k(x, x) is uniformly bounded in z for all || < 2, the elements of

the vector g(x), matrix Vg(x), and tensor V2g(x) are uniformly bounded in € R? and g € G. Hence, for some )y,
sup,eg, max(Mo(g), M1(g), M2(g)) < A < oo, so the advertised result follows from Lemma 18 as

81, T Gi) < M <<M1<b> + d)dw,.,, (1. P) + /2 [[6(2) 2] dw, ., (1 P>).

J. Proof of Theorem 10: KSD fails for bounded scores

Fix some n > 1, and let Q,, = L 3" | &, where ; £ ine; € R fori € {1,...,n}. This implies ||z; — x|, > n for

all ¢ # i’. We will show that when M () is finite, S(Q,, Tp, Gr) — 0 as n — occ.
We can express ko(z,y) = 2?21 k! (x,y) as
ko(z,y) = (b(x), b(y)) k(z,y) + (b(z), Vyk(z,y)) + (b(y), Vak(z, ) + (Va, Vyk(z, y)).

From Proposition 2, we have

1 ¢ 1 ¢ 1
S(Qn: TP, Gr)? = 32 > kolwiyay) = ﬁzko(%%) +t3 > koliwi). (22)

iyi'=1 i=1 i’

Let -y be the kernel decay rate defined in the statement of Theorem 6. Then as k € Cél’l), we must have y(0) < oo and
lim, o (r) = 0. By the triangle inequality

1 n
2 > kol )
i=1

We now handle the second term of (22). By repeated use of Cauchy-Schwarz we have

. 1L . (0)
Jim < Jim, o 3 o)l < Jim, SE(Mo() +1)* =0

ko (s, zar)| < [(b(3), b(war )V k(i, i )| + [(0(3), Vyk(xi, zio))| + [(0(@3), Vak(wi, 30))| + [(Va, Vyk(zi, zir))]
< o)l lloCin) o[k (i, i) [ + o(z) IV y k(2 i)y + [10(zi) o[ Vak (i, zir )l
+ Ve, Vyk(zi, )]
< y(n)(Mo(b) +1)*.
By assumption, v(r) — 0 as 7 — oo. Furthermore, since the second term of (22) is upper bounded by the average of the

terms ko (x;, z}) for i # i’, we have S(Qn, Tp, Gr) — 0 as n — oo. However, (@, ),>1 is not uniformly tight and hence
does not converge to the probability measure P.



