Supplementary Material:
Faster Greedy MAP Inference for Determinantal Point Processes

A. Proof of Theorem 1

For given X C ), we denote that the true marginal gain A;
and the approximated gain A; (used in Algorithm 1) as

A; :=logdet Lxyy;y — logdet Lx
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where an item ¢ € )\ X is in the partition j. We also use
topr = argmax; A; and ip.x = argmax; A;. Then, we
have

A > A

imax 2 imaX*é“ZA *€ZA — 2e

%opT 0T

where the first and third inequalities are from the definition
of g, ie., |[A; — A;] < ¢, and the second inequality holds
by the optimality of ¢,,.x. In addition, when the small-
est eigenvalue of L is greater than 1, log det Lx is mono-
tone and non-negative (Sharma et al., 2015). To complete
the proof, we introduce following approximation guarantee
of the greedy algorithm with a ‘noise’ during the selection
(Streeter & Golovin, 2009).

Theorem. (Noisy greedy algorithm) Suppose a submod-
ular function f defined on ground set ) is monotone and
non-negative. Let Xg = () and Xy, = Xj;—1 U {imax } Such
that

f(Xk—1 U {imax}) — f(Xk-1)

> seax (f(Xp—1 U{d}) — f(Xi—1)) —

for some €, > 0. Then,

f(Xx) = (1=1/e)
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k
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Theorem 1 is straightforward by substituting 2¢ into ey.
This completes the proof of Theorem 1.

B. Proof of Theorem 2

As we explained in Section 2.3, Chebyshev expansion of
logz in [§,1 — §] with degree n is defined as p,, (). This

can be written as
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where the coefficient c;, and the k-th Chebyshev polyno-
mial T}, (x) are defined as
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Tiv1(x) = 22Tk (x) — Trp—1(x) for k>1 (8)
where x; = cos <7r(gn+7+11/2)) for 5 = 0,1,...,n and

To(z) = 1, Th (z) = = (Mason & Handscomb, 2002). For
simplicity, we now use H := p,, (A) — p, (B) and denote
A= 2 A — LT where I is identity matrix with same
dimension of A and same for B.

We estimate the log-determinant difference while random
vectors are shared, i.e.,

1 &N . .
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To show that the variance of v(WT Hv(® is small as
||A — Bl p, we provide that

Var [Tln iz_;v(i)THv(i) = %Var [VTHV]
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where the first inequality holds from (Avron & Toledo,
2011) and the second is from combining (6) with the tri-
angle inequality. To complete the proof, we use following
two lemmas.
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Lemma 3. Let T}, (-) be Chebyshev polynomial with k-
degree and symmetric matrices B, E satisfied with || B||, <
L ||B + E||, < 1. Then, for k > 0,

| T (B + E) = Tie (B)llp < k* | Ell

Lemma 4. Let ¢y be the k-th coefficient of Chebyshev ex-
pansion for f (x). Suppose [ is analytic with |f (z)| < M
in the region bounded by the ellipse with foci =1 and the
length of major and minor semiaxis summing to p > 1.
Then,

Zk2 ‘Ck| < 2Mp(p +31)

P (p—1)

In order to apply Lemma 4, we should consider f(x) =
log (1_—22‘5x + %) Then it can be easily obtained M =

5log(2/6) and p = 1 + ﬁ as provided in (Han
etal., 2015).

Using Lemma 3 and 4, we can write
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where the second inequality holds from Lemma 3 and the
thrid is from Lemma 4. This completes the proof of Theo-
rem 2.

B.1. Proof of Lemma 3

Denote Ry, := T} (B + E) — T}, (B). From the recurrence
of Chebyshev polynomial (8), Ry, has following

Ryy1 =2 (B + E) Ry — Ryp_1 +2E T} (B) ©)]

for k > 1 where R; = E, Ry = 0 where 0 is defined as
zero matrix with the same dimension of B. Solving this,
we obtain that

k

Rit1=gry1 (B+E)E+Y hi(B+E)E Tip1-i (B)
=0
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for k > 1 where both gy, (+) and hy, (-) are polynomials with
degree k and they have following recurrences

g1 () = 229, () — gr—1(2) , 91 (z) = 1,90 (x) =0,
hi+1 (x) = 2xhy () — hg—1 (z) , hy () = 2, b (z) = 0.

In addition, we can easily verify that

max |hy ()] = 2k.

2 =
max g (x) = max

ze[—1,1

Putting all together, we conclude that
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where the second inequality holds from ||V X| . =
| XYz < || X5 Y]z for matrix X, Y and the third in-
equality uses that |7 ()] < 1 for all K > 0. This com-
pletes the proof of Lemma 3.

B.2. Proof of Lemma 4

For general analytic function f, Chebyshev series of f is
defined as

f@T@),
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and from (Mason & Handscomb, 2002) it is known that
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and |ag| < 22 for 0 < k < n. We remind that ¢, is
defined in (7). Using this facts, we get

o0
K lerl <K | larl + Y lagjnrn k| + |ty 4]
j=1

< k? lax| + Z k? |a2j(n+1)—k’ + k2 ’a2j(n+1)+k|
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+(2j(n+1)+ k)2 |a2j(n+1)+k‘

Therefore, we have

SOk ekl <Y K arl + Y K ax|
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This completes the proof of Lemma 4.
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