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Abstract

In this paper we analyze the robustness of
stochastic variants of the greedy algorithm for
submodular maximization. Our main result
shows that for maximizing a monotone submod-
ular function under a cardinality constraint, itera-
tively selecting an element whose marginal con-
tribution is approximately maximal in expecta-
tion is a sufficient condition to obtain the opti-
mal approximation guarantee with exponentially
high probability, assuming the cardinality is suf-
ficiently large. One consequence of our result is
that the linear-time STOCHASTIC-GREEDY algo-
rithm recently proposed in (Mirzasoleiman et al.,
2015) achieves the optimal running time while
maintaining an optimal approximation guaran-
tee. We also show that high probability guaran-
tees cannot be obtained for stochastic greedy al-
gorithms under matroid constraints, and prove an
approximation guarantee which holds in expec-
tation. In contrast to the guarantees of the greedy
algorithm, we show that the approximation ratio
of stochastic local search is arbitrarily bad, with
high probability, as well as in expectation.

1. Introduction

In this paper we study the guarantees of stochastic opti-
mization algorithms for submodular maximization. A func-
tion f : 2V — R is submodular if it exhibits a diminishing
returns property. That is, for any S C T C N and any
a ¢ T, the function respects:

fs(a) = fr(a)

where fg(z) denotes the marginal contribution of an ele-
mentx € Ntoaset H C N,ie. fu(z) = f(HUx) —
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f(H). Many fundamental measures such as entropy, di-
versity, and clustering can be modeled as submodular func-
tions, and as a result submodular optimization is heavily
studied in machine learning for well over a decade now.

It is well known that for the problem of maximizing a
monotone (S C T = f(5) < f(T')) submodular func-
tion under a cardinality constraint, the celebrated greedy al-
gorithm which iteratively adds the element whose marginal
contribution is maximal, obtains an approximation guaran-
tee of 1 — 1 /e (Nemhauser et al., 1978). This is optimal un-
less P=NP (Feige) or alternatively, assuming polynomially-
many function evaluations (Nemhauser & Wolsey, 1978).

In recent years, there have been various adaptations of
the classic greedy algorithm to allow for scalable, dis-
tributed, and noise-resilient optimization. Most notably,
the STOCHASTIC-GREEDY algorithm recently proposed
by (Mirzasoleiman et al., 2015) is a linear-time algorithm
which at every step takes an element, which approximates
in expectation the element with the maximal marginal con-
tribution. Mirzasoleiman et al. show that STOCHASTIC-
GREEDY gives an approximation guarantee which is arbi-
trarily close to 1 — 1/e in expectation, and does very well
in practice (Mirzasoleiman et al., 2015; Lucic et al., 2016).
Variants of this algorithm are used in clustering (Malioutov
et al., 2016), sparsification (Lindgren et al., 2016), Gaus-
sian RBF kernels (Sharma et al., 2015), sensing (Li et al.,
2016), and social data analysis (Zhuang et al., 2016).

More generally, a greedy algorithm that iteratively adds el-
ements that are only approximately maximal in expecta-
tion, may not necessarily be due to a design decision, but
rather an artifact of its application on large and noisy data
sets (see e.g. (Azaria et al., 2013)). One can model this
uncertainty with a probability distribution D: at every it-
eration, a value £ ~ D is being sampled, and the greedy
algorithm adds an element whose marginal contribution is
a {-approximation to the maximal marginal contribution.

In general, we refer to an algorithm that iteratively adds an
element whose marginal contribution is approximately op-
timal in expectation as a stochastic greedy algorithm. It is
easy to show that stochastic greedy algorithms give an ap-
proximation ratio of 1 — 1/e#* in expectation, where p is
the mean of the distribution modeling the uncertainty. This
however is a weak guarantee as it leaves a non-negligible
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likelihood that the algorithm terminates with a solution
with a poor approximation guarantee. Indeed, as we later
show, there are cases where stochastic greedy algorithms
have desirable guarantees in expectation, but with constant
probability have arbitrarily bad approximation guarantees.

Do stochastic optimization algorithms for submodular
maximization have robust approximation guarantees?

1.1. Our results

We prove the following results:

e Optimization under cardinality constraints. For
the problem of maximizing a monotone submodular
function under cardinality constraint k, with uncer-
tainty distribution D with expectation u, we show that
for any € € [0,1], when k& > % a stochastic greedy
algorithm obtains an approximation of 1 — 1/e(1=&)#
w.p. at least 1 — e—rke?/2, Furthermore, we prove that
this bound is optimal by showing that for any § > 0
no algorithm can obtain an approximation ratio better
than 1 — 1/e(1=9)# w.p. 1 — §. For the special case in
which the function is modular, we prove an improved
bound of (1 — &) w.p. at least 1 — e~#k<"/2;

e Optimization under matroid constraints. To fur-
ther study the difference between guarantees that oc-
cur in expectation and guarantees which appear w.h.p,
we study a generalization, where the greedy algorithm
is used to maximize a monotone submodular function
under intersection of matroid constraints, where a dis-
tribution D with mean ;1 generates uncertainty. We
show that in this case, with P matroids the algorithm
obtains an approximation ratio of p /(P + 1) in expec-
tation. However, we show that even for a single ma-
troid no algorithm can give a finite approximate guar-
antee w.p. atleast 1—p—o(1), implying that in general
stochastic greedy algorithms cannot obtain high prob-
ability guarantees under general matroid constraints;

e Stochastic local search. Finally, a natural alternative
to greedy is local search. We show that even for car-
dinality constraints local search performs poorly, and
does not give any meaningful approximation guaran-
tees when there is probabilistic uncertainty about the
quality of the elements. We contrast this with the
case where there is deterministic uncertainty about the
quality of the elements, in which we get an approxi-
mation ratio of (1 + 1/u)~!, where u is our uncer-
tainty. This implies that local search does not enjoy
the same robustness guarantees of the greedy algo-
rithms under uncertainty of the quality of elements.

1.2. Applications

The above results have several immediate consequences:

e Fast algorithms for submodular optimization. Our
analysis applies to the STOCHASTIC-GREEDY algo-
rithm (Mirzasoleiman et al., 2015), thus showing its
approximation guarantee holds with high probability,
implying it is the optimal algorithm in terms of run-
ning time and approximation guarantee for the prob-
lem of maximizing a submodular function under a car-
dinality constraint; ! The same guarantee holds for the
variants studied in (Malioutov et al., 2016; Lindgren
et al., 2016; Sharma et al., 2015; Li et al., 2016);

e Submodular optimization under noise. In (Has-
sidim & Singer, 2017) the problem of maximization
of submodular functions under a cardinality constraint
is considered when given access to a noisy oracle. Our
result simplifies the analysis of one of the algorithms
in this setting, and gives high probability results for
the inconsistent noise model (Singla et al., 2016).

1.3. Organization of the paper

We describe the results for general monotone submodular
functions in Section 2, and the improved analysis for mod-
ular functions in Section 3. In Section 4 we consider the
more general problem of maximizing a submodular func-
tion under matroid constraints, and show the inapproxima-
bilities of stochastic local search algorithms in Section 5.
Finally, we discuss experiments in Section 6.

2. Submodular Functions

In this section we analyze the stochastic greedy algorithm
for general monotone submodular functions. We first ana-
lyze the algorithm, and then show the bound is tight.

2.1. Upper bound

For a given cardinality constraint k, the standard greedy al-
gorithm begins with the empty set as its solution and at each
step {1, ..., k} adds the element whose marginal contribu-
tion to the existing solution is largest. In the stochastic ver-
sion, the algorithm may no longer add the element whose
marginal contribution is largest. Rather, the algorithm adds
the element whose marginal contribution is at least a fac-
tor of ¢ from the maximal marginal contribution, where &
is drawn i.i.d from some distribution D with mean p. We
give a formal description below.

"Formally, the algorithm in (Mirzasoleiman et al., 2015) does
not assume that the expected marginal contribution of the element
selected is approximately optimal, but rather that in expectation
its marginal contribution approximates that of some element in
the optimal solution. Nevertheless our analysis still applies.
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Algorithm 1 STOCHASTIC-GREEDY

input k&
1: S« 0
2: while |S| < k do
3: ¢&~D
4: S« SUarbitrary a s.t. fs(a) > {maxzen fs(x)
5: end while
output S

The following lemma shows that when the sampled mean
of the distribution is close to 1, stochastic greedy algo-
rithms obtain a near optimal performance guarantee.

Lemma 1. Let S be the set of k elements selected by a
stochastic greedy algorithm s.t. in each iteration i € [k]
the algorithm selects an element whose marginal contribu-
tion is an &; approximation to the marginal contribution of
the element with the largest marginal contribution at that
stage, and let fi = Zle &;. Then:

f(S) > (1 - lu) OPT.

e

Proof. Let S; = {ay,...,a;}, and let the optimal solution
be O, ie. O € argmaxy, < f(T). Note that for any
i < k we have that:

f(Sit1) = £(Si) = fs;(ait1)

> ¢ _
> i1 max fs, (0)

> giglfs,,(())

= S (f(0US) — £(5)
> SEL(£(0) - 7(51)

k

Rearranging, we get:

F(Si) = S (1(0) ~ £(80) +4(S)

k

We will show by induction that in every iteration i € [k]:

g

7(5) > 1H( i) 1(0)

j=1

The base case is when ¢ = 1, and Sy = @) and by (1):

51 2 S8 (£10) - £(50) =1 (1- %) 1(0)

For a general iteration ¢ + 1, applying (1) for iteration ¢ 4 1

and using the inductive hypothesis:

f(Si1)
S fi+1f(0) n (1 B §i+1> £(5)
- k/‘ k K2
§it1 §it1 - £
> S50y + (1- 521) 1—j_1(1—,g> 7(0)

Il
—_
|
=G
=
7N\
|
= |Ln
N——
=
Q
S~—"

f(S) = f(Sk)
k
> (1-e kEfl&)ﬂ )

= (1 - e_ﬂ . O

We can now apply concentration bounds on the previous
lemma and prove the main theorem.

Theorem 2. Let f be a monotone submodular function,
which is evaluated with uncertainty coming from a distri-
bution D with mean p. For any ¢ € (0,1), suppose a
stochastic greedy algorithm is being used with k > —2-.

e2p

Then, w.p. 1 — e~ 5" the algorithm returns S s.t.:

f(S) > (1 - d:du) OPT

Proof. Consider an application of the stochastic greedy al-
gorithm with mean p, and let &, ..., &, be the approxi-
mations to the marginal contributions made by i.i.d sam-
ples from a distribution in all iterations 1, ..., k. Since all
the values {&;}*_, drawn from the distribution are bounded
from above by 1, by the Chernoff bound we have:

l Zfz (1—2¢) ]<ew2'k

By applying Lemma 1 we get our result. O

2.2. Tight lower bound

Claim 3. For any § € [0,1) the competitive ratio of
stochastic greedy with mean 1 is at most (1 —1/e*) 4+ o(1)
with probability at least 1 — §.

Proof. Consider maximizing a submodular function when
the oracle has probability p of returning the element with
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the largest marginal contribution, and probability 1 — y to
return a random element. We present an instance where
greedy returns an approximation ratio of at most 1 —1/e*+
o(1) with probability at least 1 — 1/k. We use the same bad
instance regardless of .

The construction is as follows. There are k special ele-
ments, m = 4k> plain elements and n = 4(m + k)k>
dummy elements (note that the total number of elements
is not n). The value f(S) depends only on the number of
special elements, plain elements and dummy elements con-
tained in .S (all special elements are identical). Moreover,
dummy elements contribute nothing to f, and hence, we
can write f(S) = f(4, j), where ¢ is the number of special
elements in S, and j is the number of plain elements.

For ¢ > 1, the value of f depends on j as follows:

kF-(k-1)7 kFI71 (k-i) 0<j <kl
£ §) = KF-(k-1)%2((k-i)(2k-2-7)) Kk <j<2k3
)= k¥ -(k-1)%2(3k-i-j-3) 2k-2 < j < 3k-3-4

Kk 3k—i—2<j

Note that for ¢ = 0, we have f(0,5) = f(1,5 — 1), and
£(0,0) = 0. Also, one can verify, by case-by-case analysis
that this function is indeed monotone and submodular.

Since f(0,7) = f(1,7 — 1) for every j > 1, as long as the
greedy algorithm did not choose any special element yet,
the marginal contribution of a special elements is equal to
the marginal contribution of a plain element.

Let ¢ be the number of times in which the oracle sup-
plied the greedy algorithm with the element with the max-
imal marginal contribution. By an additive version of

the Chernoff bound we have that with probability at least
I e

t < kp+2Vklogk

We condition on this event. Next, we argue that with prob-
ability at least 1 — 1/3k all the elements for which the al-
gorithm selected a random element (i.e. did not take an
element whose marginal contribution is a x4 approximation
to the largest marginal contribution) are dummy elements.
Consider one of the times in which greedy was given a ran-
dom element. The probability that it was not a dummy el-
ement is at most Mg%. Applying a union bound,
the probability that in the k£ — ¢ cases in which greedy was
supplied with a random element it was always a dummy
element is at least 1 — 1/3k. We condition on this event.

We will now argue that with probability at least 1 —1/3k all
the non-dummy elements selected are plain. Consider the
first non dummy element chosen by the algorithm. With
probability at least 1 — k/4k® it is a plain element. We

condition on this event. Assuming by induction that the last
i — 1 non dummy elements which were chosen by greedy
were plain, the probability that <’th non dummy element is
plain is 1 — ;. Taking a union bound over all ¢ such
elements, gives that with probability 1 — 1/3k all ¢ non-
dummy elements chosen by greedy were plain.

Combining this together with a union bound, we get that
with probability at least 1 — 1/k greedy chose no special
elements, at most ¢ = uk + 4v/k log k plain elements, and
the rest are dummy elements that do not contribute to the
value of the function. This means that the value of the solu-
tion is at most k* — (k — 1)*k*~*, and thus with probability
at least 1 — 1/k the ratio between the value of greedy and
the optimal value is at least:

kF — (k — 1)tk k
K -
k M+4logk
H+4 log k/\f)
=1—e*+0(1)
Choosing k = 1/§ we get our desired bound. O

3. Modular Functions

In this section we show a tight upper bound for the spe-
cial case in which the function is modular. Recall that a
function f : 2¥ — R is modular if for every set S C NV
we have that f(S) = > .4 f(a). Note that in this case
fs(a) = f(a) forall S C Nanda € N.

Theorem 4. Let S C N be the set returned when applying
a stochastic greedy algorithm with mean pn € [0,1] on a
modular function f : 2N — R. Then, for any € € [0,1],
when k > % wp. 1 — o1k /2,
f(S) > (1 —e)poPT.

Proof. Suppose that at every stage i € [k] element a; € N
is selected and its marginal contribution is at least &; of
the optimal marginal contribution at that stage. Let O be
the optimal solution and o* € argmax,co\ 5 f(0), where
S is the solution retuned by the algorithm, ie. S =
{a1,...,ar}. The basic idea in this proof is to observe
that since o* is not in the solution and throughout the iter-
ations of the algorithm is always a feasible candidate, this
implies that every element a; in the solution S\ O has value
at least as large as &; f(0*). Intuitively, if there are enough
elements in S \ O for concentration bounds to kick in, we
have that 151571 > jes00 & = (1 — €)p and we would be
done since f(S) = f(S\O)+ f(ONS) > (1—e)uf(O).
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The problem is that S\ O may not be sufficiently large, and
we therefore need slightly more nuanced arguments.

We will partition O NS to two disjoint sets of low and high
valued elements: L = {o € ONS : f(o) < f(o*)} and
H={ocOnNS : f(o) > f(0o*)}. Notice that:

f(0)
= f(O\S) + f(L)+ f(H)

= 3 F0+ S Fo)+ 3 £o)

0€O\S o€L o€H

ST HO) D F0)+ D0 f00) + (flo)-f (o)

0€O\S o€L o€eH

k- f(0%) + ) (f(0)-f(0"))

o€cH

IN

Since 0* € O\ S, it is a feasible choice for the algorithm at
every stage, and therefore by the definition of the stochastic
greedy algorithm, for every element a; € S we have that:

flai) > & max fs(a) =& max f(a) > & f(0")

a€N\S

kpe?

Thus, for k > 2/¢2 with probability 1 — e~ "2

£(5)
= f(S\O) + f(H) + f(L)
= > fla)+ Y fla)+ ) flo)
a; ES\O a; €L oceH
> Y Gf0)+ Y &f0)+ D f(o)
a; €S\O a; €L ocH
=) D &+ fo)
a; €(S\O)UL o€H
=) | X &)+ (£ + Fo)-fo)
a; €(S\O)UL o€H
> f(0") S s+ (foren) @
a; €(S\O)ULUH ocH
> (L= kf(o) + Y (£(0)-£(0") ©)
oeH

> (1- ) (W(o*) +3 (f(O)-f(O*))>
o€EH
> (1-)uf(0)

where inequality (2) is due to the fact that f(0*) > &; f(0o*)
since &; < 1; inequality (3) is an application of the Cher-

noff bound for k > 2/c2y; the last inequality is due to the
upper bound we established on f(O). O

The upper bound is tight. An obvious lower bound
holds for the degenerate case where in every stage the
marginal contribution of the element returned isa p1 € [0, 1]
approximation to the maximal marginal contribution with
probability 1. Clearly in this case, the approximation ra-
tio is no better than y (consider n = 2k elements where k
elements have value 1 and k£ elements have value p).

4. General Matroid Constraints

In this section we consider the more general problem of
maximizing a monotone submodular function under ma-
troid constraints. Recall that a matroid is a pair (N,7)
where N is the ground set and Z is a family of subsets
of N called independent that respects two axioms: (1)
AeZ,AAcA = A eZand@2)if A,B € T and
|B| < |A| then 3z € A\ B, st. BU{z} € Z. The rank
of the matroid is the size of the largest set in Z. The car-
dinality constraint, is a special case of optimization under
matroid constraints, where the matroid is uniform.

Submodular maximization under matroid constraints.
The greedy algorithm for maximization under matroid con-
straints is a simple generalization of the uniform case: the
algorithm iteratively identifies the element whose marginal
contribution is maximal and adds it to the solution if it does
not not violate the matroid constraint (i.e. if adding the el-
ement to the set keeps the set in the family of feasible sets
7). This algorithm obtains an approximation ratio of 1/2. 2
More generally, for an intersection of P matroids, this al-
gorithm obtains an approximation guarantee of 1/(1 + P).

Stochastic greedy under intersection of matroids.
Consider an intersection of matroids, a monotone submod-
ular function f defined over the independent sets, and an
uncertainty distribution D with mean p. The stochastic
greedy algorithm begins with the solution S = () and set of
elements not yet considered X = NN. In every iteration the
algorithm maintains a solution S of elements that are in the
intersection of the P matroids and a value £ ~ D is sam-
pled. The algorithm then considers an arbitrary element
a € X whose marginal contribution is £ max,cx fs(z),
and adds a to S if S U a is independent in all P matroids,
and discards a from X.

4.1. Stochastic greedy fails with high probability

We first show that unlike the special case of uniform ma-
troids, even for a single matroid, it is generally impossible
to obtain high probability guarantees for maximization un-

2We note that unlike the uniform case, here greedy is not op-
timal. The optimal guarantee of 1 — 1/e can be obtained via an
algorithm based on a continuous relaxation (Vondrdk, 2008) or
through local search (Filmus & Ward, 2012).
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der matroid constraints, even when the function is modular
and the rank of the matroid is sufficiently large.

Claim 5. Even for a modular function and arbitrarily large
k, a stochastic greedy algorithm with mean . cannot obtain
an approximation better than 0 with probability greater
than u + o(1), for maximization under matroid of rank k.

Proof. Consider the following example, where the ground
set has two types of elements A = {a1,...,a,,},and B =
{b1,...,b,_1} where m = k2. The rank of the matroid
is k, and a set is independent as long as it contains just a
single a; € A. Define a modular function: f(a;) = 1, but
f(a;j) =0forj # 1,and also f(b;) = Oforany j € [k—1].
The distribution returns 1 w.p. p < 1/2 and 0 otherwise.

In the first iteration of the algorithm, the element a; is
correctly evaluated with probability p, and with probabil-
ity 1 — p it is evaluated as having value 0, in which case
we may assume that a random element is selected instead.
Therefore, w.p. p the algorithm takes a;, and obtains the
optimal solution. However, if this is not the case, then w.p.
m—1/(m+k) = (k*—1)/(k*+k) the algorithm chooses
an element from A whose value is 0. In this case, even
if ay is later correctly evaluated it could not be considered
into the solution since its inclusion violates independence.
Hence, while the expected value of greedy is slightly larger
than p, with probability at least (1 — p) — o(1) the value of
the solution would be 0. O

4.2. The guarantee holds in expectation

Although the approximation guarantee cannot hold with
high probability, we now show that in expectation stochas-
tic greedy algorithms achieves the approximation guaran-
tee of non-stochastic greedy when maximizing a monotone
submodular functions under an intersection of P matroids.

Theorem 6. Let F denote the intersection of P > 1 ma-
troids on the ground set N, and f : 2V — R be a monotone
submodular function. The stochastic greedy algorithm re-
turns a solution S € F s.t.:

o

E[f(5)] =

OPT
(P+1)

An equivalent algorithm. To simplify the analysis, it
will be useful to consider the equivalent algorithm, which
at every iteration when the existing solution is S, discards
all elements x for which S U z ¢ F. The following claim
due to Nemhauser et al. is later employed in our analysis:

Claim 7 (Prop. 2.2 in (Nemhauser et al., 1978)). If for
Yt € [k] f;o o; < tandp;_1 > p;, with o;,p; > 0 then:

k—1 k-1
Zpiffi < Zlh
i=0 i=0

Algorithm 2 STOCHASTIC-MATROID-GREEDY

S0, X+ N
while X # S do

X+ X\{z:Su{z} ¢ F}

£~ D.

S+ S Uarbitrary a s.t. fg(a) > Emax,ex fs(z)
end while

AN AN S i e

Proof of Lemma 6. Consider the value obtained by the
following procedure. An adversary chooses some maxi-
mal independent set aq,...ag. Let S; = {aj,as2,...,a;}
with Sy = 0, and for every i € [k] let a} be the element
that maximizes the marginal contribution given .S;, where
the maximization is over elements a such that S; U {a} is
independent in all P matroids. That is @] is defined as:

sit?{ljf(ef fs.(a)

The value of the procedure is then:

k—1
Z sz’ (a:)
=0

We will bound the value obtained by the procedure against
that of the optimal solution, and then argue that the value
obtained by the stochastic greedy is equivalent.

Let O denote the optimal solution. We have that:

FO)<FOUS) <[+ > fale) @&

xz€O0\ Sk

For a set S and a matroid M), in the family 7, we define
rp(S), called the rank of S in M), to be the cardinality of
the largest subset of S which is independent in M,,, and
define sp,(S), called the span of S in M, by:

spp(S) ={a e N :r,(SUa)=r,(5)}

If S is independent in M, we have that r,(sp,(5)) =
rp(S) = |S|. In particular, we have that r,(sp,(S;)) = ¢
for every S;. Now in each 1 < p < P, since O is an
independent set in M, we have:

1p(spp(Si) N (O)) = [spp(Si) N (O)]

which implies that |sp,(S;) N (O)] < 4.

Define U; = Ul sp,,(S;), to be the set of elements which
are not part of the maximization in step ¢ + 1 of the proce-
dure, and hence cannot give value at that stage. We have:

P
U:NO| = [(Uy_15pp(S)NO| < Y |spy(S*)NO| < iP

p=1
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Let V; = (U; \ U;—1) N O be the elements of O which are
not part of the maximization in step ¢, but were part of the
maximization in step ¢ — 1. If z € V; then it must be that:

fSk('r) < fS'i(x) < fsq' (a:)

since x was not chosen in step 7. Hence, we can upper
bound:

k
Yo fs@) <D0 Y fs.(al)

€0\ S}, i=1zeV;
k k
- S WVilfs, (@) < P fi,(a®)
=1 =1

where the last inequality uses 2221 Vil = |U;n O] <
Pi and the arithmetic claim proven in Claim 7 due
to (Nemhauser et al., 1978). Together with (4), we get:

k

FO) < (P+1)) fs,(a})

i=1

Finally, note that STOCHASTIC-MATROID-GREEDY ob-
tains a © = E¢opl€] approximation of the value of the
procedure, in expectation. In each stage, one can add the
element chosen by the algorithm to the procedure. Hence,
at each stage STOCHASTIC-MATROID-GREEDY and the
procedure have the same set of elements available, and the
same a; which maximizes the marginal contribution. [

5. Inapproximability of Local Search

In this section we consider variants of stochastic local
search algorithms. We show that unlike the greedy algo-
rithm, stochastic local search algorithms can end up with
arbitrarily bad approximation guarantees.

Local search for submodular maximization. For N =
{ai,...,a,}, given a set of elements ' C N we will use
T_; to denote the set without element a;, i.e. T_; = T\
{a;}. A solution S is a local maximum if no single element
a; in S can be exchanged for another element a; not in .S
whose marginal contribution to S_; is greater. That is, S is
a local maximum if for every a, € S we have that:

fs_.(a;) > max fs_; ().

It is not hard to show that for any monotone submod-
ular function, if S is a local maximum it is a 1/2 ap-
proximation to the optimal solution. A local search algo-
rithm begins with an arbitrarily set of size k, and at ev-
ery stage exchanges one of its elements with the element
whose marginal contribution is maximal to the set, un-
til it reaches a local maximum. To guarantee that local

search algorithms converge in polynomial time, the con-
vention is to seek approximate local maxima. A solution S
is an a-approximate local maximum if no element a; in S
can be exchanged for another element a; not in .S whose
marginal contribution to S_; is greater by a factor of a. It
is easy to show that an a-approximate local maximum is a
(1+1/a)~! approximation (Filmus & Ward, 2012).

Stochastic local search. A natural question is whether
local search enjoys the same robustness guarantees as the
greedy algorithm. We say that a solution S is a stochas-
tic local maximum up to approximation p if no single ele-
ment in S can be exchanged for another element not in S
whose expected marginal contribution is greater by a factor
w. That is, S is a stochastic local maximum with mean p if
for every a; € S we have that:

E[fs_,(a:)] > - max fs_; ()

If we have uncertaintiy modeled by a distribution D C
[0, 1], a solution is a stochastic local maximum w.r.t D if
for every element a; in S we draw &; ~ D s.t.

fS_,;(ai) > 52 : Iz?gas}’(fs_i (b)

A stochastic local search algorithm will therefore begin
from an arbitrary solution .S of size k, and at every iter-
ation swap an element from the solution with an element
outside the solution if S is not a stochastic local maximum
w.r.t. D. More specifically, the stochastic local search al-
gorithm selects an element a; from S and replaces it with
another element a; whose expected marginal contribution
to S_; is at least fs_, (a;)/&;, and repeats this process until
no such elements are found. This is a similar abstraction of
stochastic greedy algorithms, applicable in settings when
one cannot evaluate the optimal marginal contribution ex-
actly, but approximately well in expectation.

Consistent and inconsistent stochasticity. We consider
two approaches to model the way in which the random vari-
ables &; are assigned to an element a; in the solution:

1. Consistent: For each element a; € NN, §; is a random
variable drawn independently from D C [0, 1], and
fixed for the entire run of the algorithm;

2. Inconsistent: At each step of the algorithm, for ev-
ery element a; € S, & is a random variable drawn
independently from D.

Note that the solution converges, as the distribution D
makes the algorithm more conservative.
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Figure 1: Function value as a function of solution size for greedy and local search with uncertainty

Inapproximability of stochastic local search. We show
that in both consistent and inconsistent models, stochastic
local search performs poorly, even for modular functions.
Consider a setting where there are n elements, and a mod-
ular function. For every ¢ > 1, we have f(a;) = ¢/i for
some negligible ¢ > 0 (e.g. € = 27™), but f(a1) = 1. As
for D, w.p. 0.99 it returns 1, and 0 o.w. Assume k = 1.
Lemma 8. The expected approximation guarantee of
stochastic local search is at most 2~ (") + ¢,

Proof. At the first iteration, local search chooses a,. If
& = 0, we are done, and this is a local maxima. Otherwise,
local search chooses a,,_1. At iteration 7 local search starts
with a;, halts w.p. 0.01 (the probability that D outputs 0),
and otherwise continues. The probability that it will not
halt for 7 steps and reach a; is 0.99" = 2-9(?), O

We note that in the above proof we assumed that the local
search algorithm chooses an arbitrary element at every iter-
ation. If one allows the stochastic local search to randomly
choose an element in every iteration a similar construction
shows an inapproximability of O(k’%) +e.

6. Experiments

We applied the algorithms to an ego-network
from (Leskovec & Krevl, 2014). This network has
333 nodes and 5038 edges. The submodular function
we used is coverage, which models influence in social
networks. In order to emphasize the implications of having
results w.h.p, the graphs do not depict the average of many
runs, but instead each graph is a single run of the algorithm.
In greedy, we present the value of the solution at each
iteration k. In local search and in random we sort elements
of the solution according to marginal contributions.

We start with greedy and describe the different distribu-
tions we used to model uncertainty. The same distributions
were used for local search. Both left panes include the
greedy algorithm without uncertainty (greedy, blue line),
and choosing a random set (random, black line). When
running stochastic greedy, we first sample a value £ € D,

and then pick a random element out of the elements that
have marginal contribution at least £ max, fs(a). The dis-
tribution D varies between the different lines. In the left-
most pane, APX (red line) depicts a D which is the con-
stant distribution 0.5. In Stochastic greedy with mean 0.75,
D is the uniform distribution on [0.5, 1] (purple line), and
in Stochastic greedy with mean 0.5, D is the uniform dis-
tribution on [0, 1]. Tt is expected that APX will behave
smoothly, as D is a degenerate distribution in this case
(note that there is still randomization in which element to
choose at every stage out of the eligible elements). How-
ever, we see that the h.p. result kicks in, and the APX line
is similar (across many values of k) to stochastic greedy
with mean 0.5. Raising the mean to 0.75 makes stochas-
tic greedy behave almost like greedy when k gets large,
so in some cases stochastic greedy makes the same choice
greedy would make.

In the second pane, The purple line (exponential) depicts
D as an exponential distribution with A = 4, which gives
a mean of 0.25. The red line is uniform in [0, 5], and the
yellow is a Gaussian with ¢ = 0.25 and 0 = 0.1. We see
that all graphs are further away from Greedy compared to
the leftmost pane, and that higher variance is generally not
a good thing, although the differences are small.

The two right panes depict the same noise distributions as
the two left panes, but this time we use local search (or
stochastic local search) instead of greedy. It is easy to see
that D affects local search more than it affects greedy. The
plateau is caused since we sort the final solution and then
plot the elements, and since if some elements have a low
value of ¢; they are likely to stay in the solution even if
they contribute very little, as in Lemma 8.
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