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Supplementary

8.3. Proof of Lemma 1

From the optimality condition of the x problem (7a) we have

∇f(xr+1) +AT (μr + βAxr+1) + βBTB(xr+1 − xr) = 0.

Applying (7b), we have

ATμr+1 = −∇f(xr+1)− βBTB(xr+1 − xr). (33)

From equation (7b) (μr+1 = μr + βATμr) it is clear the difference of the dual variables lies in the column space
of A. Therefore the following is true

σ
1/2
min‖μr+1 − μr‖ ≤ ‖AT (μr+1 − μr)‖.

This inequality combined with (33) implies that

‖μr+1 − μr‖ ≤ 1

σ
1/2
min

‖ − ∇f(xr+1)− βBTB(xr+1 − xr)− (−∇f(xr)− βBTB(xr − xr−1))‖

=
1

σ
1/2
min

∥∥∇f(xr)−∇f(xr+1)− βBTBwr
∥∥ .

Squaring both sides and dividing by β, we obtain the desired result. Q.E.D.

8.4. Proof of Lemma 2

Since f(x) has Lipschitz continuous gradient, and that ATA+BTB � I by Assumption [A1], it is known that if
β > L, then the x-problem (7a) is strongly convex with modulus γ := β − L > 0; See (Zlobec, 2005) [Theorem
2.1]. That is, we have

Lβ(x, μ
r) +

β

2
‖x− xr‖2BTB − (Lβ(z, μ

r) +
β

2
‖z − xr‖2BTB)

≥ 〈∇xLβ(z, μ
r) + β(BTB(z − xr)), x− z〉+ γ

2
‖x− z‖2, ∀ x, z ∈ R

N , ∀ μr. (34)

Using this property, we have

Lβ(x
r+1, μr+1)− Lβ(x

r, μr)

= Lβ(x
r+1, μr+1)− Lβ(x

r+1, μr) + Lβ(x
r+1, μr)− Lβ(x

r, μr)

≤ Lβ(x
r+1, μr+1)− Lβ(x

r+1, μr) + Lβ(x
r+1, μr) +

β

2
‖xr+1 − xr‖2BTB − Lβ(x

r, μr)

(i)

≤ ‖μr+1 − μr‖2
β

+ 〈∇xLβ(x
r+1, μr) + β(BTB(xr+1 − xr)), xr+1 − xr〉 − γ

2
‖xr+1 − xr‖2

(ii)

≤ ‖μr+1 − μr‖2
β

− γ

2
‖xr+1 − xr‖2

≤ 1

σmin

(
2L2

β

∥∥xr − xr+1
∥∥2

+ 2β
∥∥BTBwr

∥∥2
)
− γ

2
‖xr+1 − xr‖2

= −
(
β − L

2
− 2L2

βσmin

)
‖xr+1 − xr‖2 + 2β

σmin

∥∥BTBwr
∥∥2

(35)

where in (i) we have used (34) with the identification z = xr+1 and x = xr and the fact that

Lβ(x
r+1, μr+1)− Lβ(x

r+1, μr) = 〈μr+1 − μr, Axr+1〉 = 1

β
‖μr+1 − μr‖2

; in (ii) we have used the optimality condition for the x-subproblem (7a). The claim is proved. Q.E.D.
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8.5. Proof of Lemma 3

From the optimality condition of the x-subproblem (7a) we have

〈∇f(xr+1) +ATμr + βATAxr+1 + βBTB(xr+1 − xr), xr+1 − x〉 ≤ 0, ∀ x ∈ R
Q.

(36)

If we shift r to r − 1, we get

〈∇f(xr) +ATμr−1 + βATAxr + βBTB(xr − xr−1), xr − x〉 ≤ 0, ∀ x ∈ R
Q.

Plugging x = xr into the first inequality and x = xr+1 into the second, adding the resulting inequalities and
utilizing the μ-update step (7b) we obtain

〈∇f(xr+1)−∇f(xr) +AT (μr+1 − μr) + βBTBwr, xr+1 − xr〉 ≤ 0.

Rearranging, we have

〈AT (μr+1 − μr), xr+1 − xr〉 ≤ −〈∇f(xr+1)−∇f(xr) + βBTBwr, xr+1 − xr〉. (37)

Let us bound the lhs and the rhs of (37) separately.

First the lhs of (37) can be expressed as

〈AT (μr+1 − μr), xr+1 − xr〉 = 〈βATAxr+1, xr+1 − xr〉
= 〈βAxr+1, Axr+1 −Axr〉
= β‖Axr+1‖2 − β〈Axr+1, Axr〉
=

β

2

(‖Axr+1‖2 − ‖Axr‖2 + ‖A(xr+1 − xr)‖2) . (38)

Second we have the following bound for the rhs of (37)

− 〈∇f(xr+1)−∇f(xr) + βBTBwr, xr+1 − xr〉
≤ L‖xr+1 − xr‖2 − β〈BTBwr, xr+1 − xr〉

= L‖xr+1 − xr‖2 + β

2

(
‖xr − xr−1‖2BTB − ‖xr+1 − xr‖2BTB − ‖wr‖2BTB

)
. (39)

Combining the above two bounds, we have

β

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

) ≤ L‖xr+1 − xr‖2 + β

2

(‖xr − xr−1‖2BTB + ‖Axr‖2)
− β

2

(‖wr‖2BTB + ‖A(xr+1 − xr)‖2) .
The desired claim is proved. Q.E.D.

8.6. Proof of Lemma 4

Multiplying both sides of (10) by the constant c and then add them to (9), we obtain

Lβ(x
r+1, μr+1) +

cβ

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

)
≤ Lβ(x

r, μr) + cL‖xr+1 − xr‖2 + cβ

2

(‖xr − xr−1‖2BTB + ‖Axr‖2)
−

(
β − L

2
− 2L2

βσmin

)
‖xr+1 − xr‖2 + 2β

σmin

∥∥BTBwr
∥∥2

− cβ

2

(‖wr‖2BTB + ‖A(xr+1 − xr)‖2)
≤ Lβ(x

r, μr) +
cβ

2

(‖xr − xr−1‖2BTB + ‖Axr‖2)
−

(
β − L

2
− 2L2

βσmin
− cL

)
‖xr+1 − xr‖2 −

(
cβ

2
− 2β‖BTB‖F

σmin

)
‖wr‖2BTB .
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The desired result is proved. Q.E.D.

8.7. Proof of Lemma 5

To prove this we need to utilize the boundedness assumption in [A2].

First, we can express the augmented Lagrangian function as following

Lβ(x
r+1, μr+1) = f(xr+1) + 〈μr+1, Axr+1〉+ β

2
‖Axr+1‖2

= f(xr+1) +
1

β
〈μr+1, μr+1 − μr〉+ β

2
‖Axr+1‖2

= f(xr+1) +
1

2β

(‖μr+1‖2 − ‖μr‖2 + ‖μr+1 − μr‖2)+ β

2
‖Axr+1‖2.

Therefore, summing over r = 1 · · · , T , we obtain

T∑
r=1

Lβ(x
r+1, μr+1) =

T∑
r=1

(
f(xr+1) +

β

2
‖Axr+1‖2 + 1

2β
‖μr+1 − μr‖2

)
+

1

2β

(‖μT+1‖2 − ‖μ1‖2) .
Suppose Assumption [A2] is satisfied and β is chosen according to (13) and (14), then clearly the above sum is
lower bounded since

f(x) +
β

2
‖Ax‖2 ≥ f(x) +

δ

2
‖Ax‖2 ≥ 0, ∀ x ∈ R

Q.

This fact implies that the sum of the potential function is also lower bounded (note, the remaining terms in the
potential function are all nonnegative), that is

T∑
r=1

Pc,β(x
r+1, xr, μr+1) > −∞, ∀ T > 0.

Note that if c and β are chosen according to (13) and (14), then Pc,β(x
r+1, xr, μr+1) is nonincreasing. Combined

with the lower boundedness of the sum of the potential function, we can conclude that the following is true

Pc,β(x
r+1, xr, μr+1) > −∞, ∀ r > 0. (40)

This completes the proof. Q.E.D.

8.8. Proof of Theorm 1

First we prove part (1). Combining Lemmas 4 and 5, we conclude that ‖xr+1 − xr‖2 → 0. Then according to
(8), in the limit we have μr+1 → μr, or equivalently Axr → 0. That is, the constraint violation will be satisfied
in the limit.

Then we prove part (2). From the optimality condition of x-update step (7a) we have

∇f(xr+1) +ATμr + βAT (Axr+1) + βBTB(xr+1 − xr) = 0.

Then we argue that {μr} is a bounded sequence if ∇f(xr+1) is bounded. Indeed the fact that ‖xr+1− xr‖2 → 0
and Axr+1 → 0 imply that both (xr+1 − xr) and Axr+1 are bounded. Then the boundedness of μr follows from
the assumption that ∇f(x) is bounded for any x ∈ R

Q, and that μr lies in the column space of A.

Then we argue that {xr} is bounded if f(x) + β
2 ‖Ax‖2 is coercive. Note that the potential function can be

expressed as

Pc,β(x
r+1, xr, μr+1) = f(xr+1) + 〈μr+1, Axr+1〉+ β

2
‖Axr+1‖2 + cβ

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

)
= f(xr+1) +

1

2β
(‖μr+1‖2 − ‖μr‖2 + ‖μr+1 − μr‖2) + β

2
‖Axr+1‖2

+
cβ

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

)
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and by our analysis in Lemma 5 we know that it is decreasing thus upper bounded. Suppose that {xr} is
unbounded and let K denote an infinite subset of iteration index in which limr∈K xr = ∞. Passing limit to

Pc,β(x
r+1, xr, μr+1) over K, and using the fact that xr+1 → xr, μr+1 → μr, we have

lim
r∈KPc,β(x

r+1, xr, μr+1) = lim
r∈K f(xr+1) +

cβ + β

2
‖Axr+1‖ =∞

where the last equality comes from the coerciveness assumption. This is a contradiction to the fact that the
potential function Pc,β(x

r+1, xr, μr+1) is upper bounded. This concludes the proof for the second part of the
result.

Then we prove part (3). Let K denote any converging infinite iteration index such that {(μr, xr)}r∈K converges
to the limit point (μ∗, x∗). Passing limit in K, and using the fact that ‖xr+1 − xr‖ → 0, we have

∇f(x∗) +ATμ∗ + βATAx∗ = 0.

Combined with the fact that Ax∗ = 0, we conclude that (μ∗, x∗) is indeed a stationary point of the original
problem (5), satisfying (16).

Additionally, even if the sequence {xr+1, μr+1} does not have a limit point, from part (1) we still have ‖μr+1 −
μr‖ → 0 and ‖xr − xr+1‖ → 0. Hence

lim
r→∞∇xLβ(x

r+1, μr) = lim
r→∞∇f(xr+1)

(i)
= lim

r→∞−βB
TB(xr+1 − xr) = 0

where (i) is from the optimality condition of the x-subproblem (7a). Therefore we have Q(xr+1, μr)→ 0.

Finally we prove part (4). Our first step is to bound the size of the gradient of the augmented Lagrangian. From
the optimality condition of the x-problem (7a), we have

‖∇xLβ(x
r, μr−1)‖2 = ‖∇xLβ(x

r+1, μr) + βBTB(xr+1 − xr)−∇xLβ(x
r, μr−1)‖2

= ‖∇f(xr+1)−∇f(xr) +AT (μr+1 − μr) + βBTB(xr+1 − xr)‖2
≤ 3L2‖xr+1 − xr‖2 + 3‖μr+1 − μr‖2‖ATA‖+ 3β2‖BTB(xr+1 − xr)‖2.

By utilizing the estimate (8), we see that there must exist a constant ξ > 0 such that the following is true

Q(xr, μr−1) = ‖∇xLβ(x
r, μr−1)‖2 + β‖Axr‖2 ≤ ξ

∥∥xr − xr+1
∥∥2

+ ξ
∥∥BTBwr

∥∥2
.

From the descent estimate (9) we see that there must exist a constant ν > 0 such that

Pc,β(x
r+1, xr, μr+1)− Pc,β(x

r, xr−1, μr) ≤ −ν‖xr+1 − xr‖2 − ν
∥∥BTBwr

∥∥2
.

Matching the above two bounds, we have

Q(xr, μr−1) ≤ ν

ξ

(
Pc,β(x

r, xr−1, μr)− Pc,β(x
r+1, xr, μr+1)

)
.

Summing over r, and let T denote the first time that Q(xr, μr−1) reaches below ϕ, we obtain

ϕ ≤ 1

T − 1

T−1∑
r=1

Q(xr, μr−1) ≤ 1

T − 1

ν

ξ

(
Pc,β(x

1, x0, μ1)− Pc,β(x
T , xT−1, μT )

)

≤ 1

T − 1

ν

ξ

(
Pc,β(x

1, x0, μ1)− P
)
:=

ν

T − 1
.

We conclude that the convergence in term of the optimality gap function Q(xr+1, μr) is sublinear. Q.E.D.
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8.9. The Analysis Outline for Prox-GPDA

First, following the derivation leading to (8) we obtain

1

β
‖μr+1 − μr‖2 ≤ 2L2

βσmin

∥∥xr − xr−1
∥∥2

+
2β

σmin

∥∥BTBwr
∥∥2

. (41)

Note that the first term is now related to the square of the difference between the previous two iterations.

Following the proof steps in Lemma 2, the descent of the augmented Lagrangian is given by

Lβ(x
r+1, μr+1)− Lβ(x

r, μr)

≤ −β − L

2
‖xr+1 − xr‖2 + 2β

σmin

∥∥BTBwr
∥∥2

+
2L2

βσmin

∥∥xr − xr−1
∥∥2

. (42)

In the third step we have the following estimate

β

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

)
≤ L

2
‖xr−1 − xr‖2 + L

2
‖xr+1 − xr‖2 + β

2

(‖xr − xr−1‖2BTB + ‖Axr‖2)
− β

2

(‖wr‖2BTB + ‖A(xr+1 − xr)‖2) . (43)

Note that the first two terms come from the following estimate

−〈xr+1 − xr,∇f(xr)−∇f(xr−1)〉 ≤ L

2
‖xr+1 − xr‖2 + 1

2L
‖∇f(xr)−∇f(xr−1)‖2

≤ L

2
‖xr+1 − xr‖2 + L

2
‖xr − xr−1‖2,

where the first inequality is the application of Young’s inequality.

In the fourth step we have the following overall descent estimate

Lβ(x
r+1, μr+1) +

cβ

2

(‖Axr+1‖2 + ‖xr+1 − xr‖2BTB

)
≤ Lβ(x

r, μr) +
cβ

2

(‖xr − xr−1‖2BTB + ‖Axr‖2)− (
β − L

2
− cL

2

)
‖xr+1 − xr‖2

+

(
2L2

βσmin
+

cL

2

)
‖xr−1 − xr‖2 −

(
cβ

2
− 2β‖BTB‖

σmin

)
‖wr‖2BTB . (44)

Note that there is a slight difference between this descent estimate and our previous estimate (12), because now
there is a positive term in the rhs, which involves ‖xr − xr−1‖2. Therefore the potential function is difficult to
decrease by itself. Fortunately, such extra term can be bounded by the descent of the previous iteration. We can
take the summation over all the iterations and obtain

Lβ(x
T+1, μT+1) +

cβ

2

(‖AxT+1‖2 + ‖xT+1 − xT ‖2BTB

)
≤ Lβ(x

1, μ1) +
cβ

2

(‖x1 − x0‖2BTB + ‖Ax1‖2)+ (
2L2

βσmin
+ cL

)
‖x0 − x1‖2

−
T−1∑
r=1

(
β − L

2
− 2L2

βσmin
− cL

)
‖xr+1 − xr‖2 −

T∑
r=1

(
cβ

2
− 2β‖BTB‖

σmin

)
‖wr‖2BTB .

Clearly as long as the potential function is lower bounded, we have xr+1 → xr and xr+1 − xr → xr − xr−1. The
rest of the proof follows similar steps leading to Theorem 1, hence is omitted.
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9. Proof of Convergence for Prox-PDA-IP

In this part we present the convergence analysis for Prox-PDA-IP algorithm which main steps are given in (19)
and (20). Our analysis consists of a series of steps.

Step 1. Our first step is again to bound the size of the successive difference of {μr}. To this end, write down
the optimality condition for the x-update (19) as

ATμr+1 = −∇f(xr+1)− βr+1BTB(xr+1 − xr). (45)

Subtracting the previous iteration, we obtain

AT (μr+1 − μr) = −(∇f(xr+1)−∇f(xr))− βrBTB (wr)− (βr+1 − βr)BTB(xr+1 − xr). (46)

Therefore, using the fact that μr+1 − μr ∈ col(A), we have

1

βr+1
‖μr+1 − μr‖2 ≤ 3

βr+1σmin

(
L2 + (βr+1 − βr)2‖BTB‖) ‖xr+1 − xr‖2 + 3(βr)2

βr+1σmin

∥∥BTB (wr)
∥∥2

. (47)

Also from the optimality condition we have the following relation

xr+1 = xr − 1

βr+1
(BTB)−1

(∇f(xr+1) +ATμr+1
)
:= xr − 1

βr+1
vr+1, (48)

where we have defined the primal update direction vr+1 as

vr+1 = (BTB)−1
(∇f(xr+1) +ATμr+1

)
.

Step 2. In the second step we analyze the descent of the augmented Lagrangian. We have the following estimate

Lβr+1(xr+1, μr+1)− Lβr (xr, μr)

= Lβr+1(xr+1, μr+1)− Lβr+1(xr+1, μr) + Lβr+1(xr+1, μr)− Lβr+1(xr, μr) + Lβr+1(xr, μr)− Lβr (xr, μr)

(i)

≤ 1

βr+1
‖μr+1 − μr‖2 + βr+1 − βr

2(βr)2
‖μr − μr−1‖2 − βr+1 − L

2
‖xr+1 − xr‖2

(ii)

≤ −
(
βr+1 − L

2
− 3

βr+1σmin

(
L2 + (βr+1 − βr)2‖BTB‖)) ‖xr+1 − xr‖2 + βr+1 − βr

2(βr)2
‖μr − μr−1‖2

+
3(βr)2

βr+1σmin

∥∥BTB (wr)
∥∥2

(49)

where in (i) we have used the optimality of the x-subproblem (cf. the derivation in (35)), and the fact that

Lβr+1(xr, μr)− Lβr (xr, μr) =
βr+1 − βr

2
‖Axr‖2 =

βr+1 − βr

2(βr)2
‖μr − μr−1‖2; (50)

in (ii) we have applied (47).

Step 3. In the third step, we construct the remaining part of the potential function. We have the following two
inequalities from the optimality condition of the x-update (19)〈∇f(xr+1) +ATμr+1 + βr+1BTB(xr+1 − xr), xr+1 − x

〉 ≤ 0, ∀ x ∈ R
Q〈∇f(xr) +ATμr + βrBTB(xr − xr−1), xr − x

〉 ≤ 0, ∀ x ∈ R
Q.

Plugging x = xr and x = xr+1 to these two equations and adding them together, we obtain

〈AT (μr+1 − μr), xr+1 − xr〉
≤ −〈∇f(xr+1)−∇f(xr), xr+1 − xr〉 − 〈BTB(βr+1(xr+1 − xr)− βr(xr − xr−1)), xr+1 − xr〉.
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The lhs of the above inequality can be expressed as

〈AT (μr+1 − μr), xr+1 − xr〉

=
βr+1

2

(‖Axr+1‖2 − ‖Axr‖2 + ‖A(xr+1 − xr)‖2)
=

βr+1

2
‖Axr+1‖2 − βr

2
‖Axr‖2 + βr+1

2
‖A(xr+1 − xr)‖2 + βr − βr+1

2
‖Axr‖2,

while its rhs can be bounded as

− 〈∇f(xr+1)−∇f(xr), xr+1 − xr〉 − 〈BTB(βr+1(xr+1 − xr)− βr(xr − xr−1)), xr+1 − xr〉
≤ L‖xr+1 − xr‖2 − (βr+1 − βr)‖xr+1 − xr‖2BTB

+
βr

2

(‖xr − xr−1‖2BTB − ‖xr − xr+1‖2BTB − ‖wr‖2BTB

)
= L‖xr+1 − xr‖2 − βr+1 − βr

2
‖xr+1 − xr‖2BTB

+
βr

2
‖xr − xr−1‖2BTB −

βr+1

2
‖xr − xr+1‖2BTB −

βr

2
‖wr‖2BTB

(21)

≤ L‖xr+1 − xr‖2 + βr

2
‖xr − xr−1‖2BTB −

βr+1

2
‖xr − xr+1‖2BTB −

βr

2
‖wr‖2BTB .

Therefore, combining the above three inequalities we obtain

βr+1

2
‖Axr+1‖2 + βr+1

2
‖xr − xr+1‖2BTB

≤ βr

2
‖Axr‖2 + βr

2
‖xr − xr−1‖2BTB +

βr+1 − βr

2(βr)2
‖μr−1 − μr‖2 + L‖xr+1 − xr‖2 − βr

2
‖wr‖2BTB .

Multiplying both sides by βr, we obtain

βr+1βr

2
‖Axr+1‖2 + βr+1βr

2
‖xr − xr+1‖2BTB

≤ βrβr−1

2
‖Axr‖2 + βrβr−1

2
‖xr − xr−1‖2BTB +

βr+1 − βr

2βr
‖μr−1 − μr‖2 + βrL‖xr+1 − xr‖2

− (βr)2

2
‖wr‖2BTB +

βr(βr − βr−1)

2
‖Axr‖2 + βr(βr − βr−1)

2
‖xr − xr−1‖2BTB

=
βrβr−1

2
‖Axr‖2 + βrβr−1

2
‖xr − xr−1‖2BTB +

βr+1 − βr−1

2βr
‖μr−1 − μr‖2 + βrL‖xr+1 − xr‖2

− (βr)2

2
‖wr‖2BTB +

βr(βr − βr−1)

2
‖xr − xr−1‖2BTB (51)

where in the last equality we have merged the terms βr+1−βr

2βr ‖μr−1 − μr‖2 and βr(βr−βr−1)
2 ‖Axr‖2.

Step 4. In this step we construct and estimate the descent of the potential function. For some given c > 0, let
us define the potential function as

Pβr+1,c(x
r+1, xr, μr+1) = Lβr+1(xr+1, μr+1) +

cβr+1βr

2
‖Axr+1‖2 + cβr+1βr

2
‖xr − xr+1‖2BTB .

Note that this potential function has some major differences compared with the one we used before; cf. (11).
In particular, the second and the third terms are now quadratic, rather than linear, in the penalty parameters.
This new construction is the key to our following analysis.
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Then combining the estimate in (51) and (49), we obtain

Pβr+1,c(x
r+1, xr, μr+1)− Pβr,c(x

r, xr−1, μr)

≤ −
(
βr+1 − L

2
− 3

βr+1σmin

(
L2 + (βr+1 − βr)2‖BTB‖)− cβrL

)
‖xr+1 − xr‖2

+
βr+1 − βr−1

2βr
(
1

βr
+ c)‖μr − μr−1‖2 + cβr(βr − βr−1)

2
‖xr − xr−1‖2BTB

−
(
c(βr)2

2
− 3(βr)2‖BTB‖

βr+1σmin

)
‖wr‖2BTB (52)

where in the inequality we have also used the fact that βr ≥ βr−1.

Taking the sum of r from t to T (for some T > t > 1) and utilize again the estimate in (47), we have

PβT+1,c(x
T+1, xT , μT+1)− Pβt,c(x

t, xt−1, μt)

≤
T∑

r=t

−
(
βr+1 − L

2
− 3 + 3(1/βr + c)(βr+1 − βr−1)/2βr

βr+1σmin

(
L2 + (βr+1 − βr−1)2‖BTB‖)

− cβrL− cβr+1(βr+1 − βr)‖BTB‖
2

)
‖xr+1 − xr‖2

−
(
c(βr)2

2
− (3 + 3(1/βr + c)(βr+1 − βr−1)/2βr)(βr)2‖BTB‖

βr+1σmin

)
‖wr‖2BTB

+
cβt(βt − βt−1)

2
‖xt − xt−1‖2BTB +

βt+1 − βt−1

2βt
(1/βt + c)‖μt − μt−1‖2. (53)

First, note that for any c ∈ (0, 1), the coefficient in front of ‖wr‖2BTB becomes negative for sufficiently large
(but finite) t. This is because {βr} → ∞, and that the first term in the parenthesis scales in O((βr)2) while the
second term scales in O(βr) . For the first term to be negative, we need c > 0 to be small enough such that the
following is true for large enough r

βr+1 − L

2
− cβrL− cβr+1(βr+1 − βr)‖BTB‖

2
>

βr+1

24
.

Suppose that r is large enough such that (βr+1 − L)/2 > βr+1/3, or equivalently βr+1 > 3L. Also choose
c = min{1/(4L), 1/(12κ‖BTB‖)}, where κ is given in (21). Then we have

βr+1 − L

2
− cβrL− cβr+1(βr+1 − βr)‖BTB‖

2
>

βr+1

3
− βr+1

4
− βr+1

24
=

βr+1

24
. (54)

For this given c, we can also show that the following is true for sufficiently large r

3 + 3(1/βr + c)(βr+1 − βr−1)/2βr

βr+1σmin

(
L2 + (βr+1 − βr)2‖BTB‖) ≤ βr+1

48(
c(βr)2

2
− (3 + 3(1/βr + c)(βr+1 − βr−1)/2βr)(βr)2‖BTB‖

βr+1σmin

)
≥ c(βr)2

48
.

In conclusion we have that for sufficiently large but finite t0, we have

PβT+1,c(x
T+1, xT , μT+1)− Pβt0 ,c(x

t0−1, xt0 , μt0)

≤
T∑

r=t0

(
−βr+1

48
‖xr+1 − xr‖2 − c(βr)2

48
‖wr‖2BTB

)

+
cβt0(βt0 − βt0−1)

2
‖xt0 − xt0−1‖2BTB +

βt0+1 − βt0−1

2βt0
(1/βt0 + c)‖μt0 − μt0−1‖2. (55)
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Therefore we conclude that if {βr+1} satisfies (21), and for c > 0 sufficiently small, there exits a finite t0 > 0
such that for all T > t0, the first two terms of the rhs of (53) are negative.

Step 5. Next we show that the potential function must be lower bounded. Observe that the augmented
Lagrangian is given by

Lβr+1(xr+1, μr+1)

= f(xr+1) + 〈μr+1, Axr+1〉+ βr+1

2
‖Axr+1‖2

= f(xr+1) +
1

2βr+1

(‖μr+1‖2 − ‖μr‖2 + ‖μr+1 − μr‖2)+ βr+1

2
‖Axr+1‖2

= f(xr+1) +
1

2βr+1
‖μr+1‖2 − 1

2βr
‖μr‖2 + 1

2βr+1
‖μr+1 − μr‖2 +

(
1

2βr
− 1

2βr+1

)
‖μr‖2 + βr+1

2
‖Axr+1‖2

≥ f(xr+1) +
1

2βr+1
‖μr+1‖2 − 1

2βr
‖μr‖2 + 1

2βr+1
‖μr+1 − μr‖2 + βr+1

2
‖Axr+1‖2

where we have used the fact that βr+1 ≥ βr. Note that t0 in (55) is a finite number hence 1
2βt0

‖μt0‖2 is finite,

and utilize Assumption [A2], we conclude that

∞∑
r=t0

Lβr+1(xr+1, μr+1) > −∞. (56)

By noting that the remaining terms of the potential function are all nonnegative, we have

∞∑
r=1

Pβr+1,c(x
r+1, xr, μr+1) > −∞. (57)

Combining (57) and the bound (55) (which is true for a finite t0 > 0), we conclude that the potential function
Pβr+1,c(x

r+1, xr, μr+1) is lower bounded for all r.

Step 6. In this step we show that the successive differences of various quantities converge.

The lower boundedness of the potential function combined with the bound (55) (which is true for a finite t0 > 0)
implies that

∞∑
r=1

βr+1‖xr+1 − xr‖2 <∞, (58a)

∞∑
r=1

(βr)2 ‖wr‖2BTB <∞. (58b)

Therefore, we have

βr+1‖xr+1 − xr‖2 → 0, (59a)(
βr)2‖wr

∥∥2

BTB
→ 0. (59b)

These two facts applied to (46), combined with μr+1 − μr ∈ col(A), indicate that the following is true

μr+1 − μr → 0. (60)

Also (55) implies that the potential function is upper bounded as well, and this indicates that

cβr+1βr

2
‖Axr+1‖2 is bounded,

cβr+1βr

2
‖xr − xr+1‖2 is bounded. (61)

The second of the above inequality implies that βr+1BTB(xr+1 − xr) is bounded. If we further assume that
∇f(x) is bounded, and use (45), we can conclude that {μr} is bounded.
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Step 7. Next we show that every limit point of (xr, μr) converges to a stationary solution of problem (5). Let us
pass a subsequence K to (xr, μr) and denote (x∗, μ∗) as its limit point. For notational simplicity, in the following
the index r all belongs to the set K.
From relation (58a) we have that any given ε > 0, there exists t large enough such that the following is true

∞∑
r=t−1

βr+1‖xr+1 − xr‖2 ≤ ε

cκ16
. (62)

Utilizing (48), we have that the following is true

∞∑
r=1

1

βr+1
‖vr+1‖2 <∞, lim

t→∞

∞∑
r=t

(βr)2 ‖wr‖2BTB = 0. (63)

The first relation implies that lim infr→∞ ‖vr+1‖ = 0. Applying these relations to (47), we have

∞∑
r=1

1

βr+1
‖μr+1 − μr‖2 <∞.

This implies that for any given ε > 0, c > 0, there exists an index t sufficiently large such that

∞∑
r=t−1

1

βr+1
‖μr+1 − μr‖2 <

ε2

4096L‖BTB‖Fκ(1 + c)
. (64)

Applying this inequality and (62) to (55), we have that for large enough t and for any T > t the following is true

PβT+1,c(x
T+1, xT , μT+1)− Pβt,c(x

t, xt−1, μt) ≤ −
T∑

r=t

(
βr+1

48
‖xr+1 − xr‖2

)
+

ε2

4096L‖BTB‖ . (65)

Next we modify a classical argument in (Bertsekas & Tsitsiklis, 1996)[Proposition 3.5] to show that

lim
r→∞ ‖v

r+1‖ → 0.

We already know from the first relation in (63) that lim infr→∞ ‖vr+1‖ = 0. Suppose that ‖vr+1‖ does not
converge to 0, then we must have lim supr→∞ ‖vr+1‖ > 0. Hence there exists an ε > 0 such that ‖vr+1‖ < ε/2
for infinitely many r, and ‖vr+1‖ > ε for infinitely many r. Then there exists an infinite subset of iteration
indices R such that for each r ∈ R, there exits a t(r) such that

‖vr‖ < ε/2, , ‖vt(r)‖ > ε,

ε/2 < ‖vt‖ ≤ ε, ∀ r < t < t(r).

Using the fact that limr∈K μr = μ∗, we have that for r large enough, the following is true for all t ≥ 0

‖μr − μr+t‖ ≤ ε

8

1

‖(BTB)−1‖‖ATA‖ . (66)

Without loss of generality we can assume that this relation holds for all r ∈ R. Note that the following is true

ε

2
≤ ‖vt(r)‖ − ‖vr‖ ≤ ‖vt(r) − vr‖ =

∥∥∥∥(BTB)−1

t(r)−1∑
t=r

(∇f(xt+1)−∇f(xt) +AT (μt+1 − μt)
) ∥∥∥∥

≤ ‖(BTB)−1‖
( t(r)−1∑

t=r

‖∇f(xt+1)−∇f(xt)‖+ ‖ATA‖‖μt(r) − μr‖
)

(48)

≤ ‖(BTB)−1‖
( t(r)−1∑

t=r

L

βt+1
‖vt+1‖+ ‖ATA‖‖μt(r) − μr‖

)

≤ εL‖(BTB)−1‖
t(r)−1∑
t=r

1

βt+1
+

ε

8
(67)
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where in the last inequality we have used (66) and the fact that for all t ∈ (r + 1, t(r)), we have ‖vt‖ < ε. This
implies that

3

8L‖(BTB)−1‖ ≤
t(r)−1∑
t=r

1

βt+1
. (68)

Using the descent of the potential function (65) we have, for r ∈ R and r large enough

Pβt(r),c(x
t(r), xt(r)−1, μt(r))− Pβr,c(x

r, xr−1, μr)

≤ −
t(r)−1∑
t=r

1

48βt+1
‖vt+1‖2 + ε2

4096L‖BTB‖
(i)

≤ −
( ε

4

)2
t(r)−1∑
t=r

1

48βt+1
+

ε2

4096L‖BTB‖
(ii)

≤ − ε2

2048L‖BTB‖ +
ε2

4096L‖BTB‖
≤ − ε2

4096L‖BTB‖ (69)

where in (i) we have used the fact that for all r ∈ R, ‖vr+i‖ ≥ ε
2 for i = 1, · · · , t(r); in (ii) we have used (68).

However we know that the potential function is convergent, i.e.,

lim
r→∞Pβt(r),c(x

t(r), xt(r)−1, μt(r))→ Pβr,c(x
r, xr−1, μr) = 0

which contradicts to (69). Therefore we conclude that ‖vr+1‖ → 0.

Finally, combining ‖vr+1‖ → 0 with the convergence of μr+1 − μr (cf. (60)), we conclude that every limit point
of {xr, μr} satisfies

∇f(x∗) +ATμ∗ = 0, Ax∗ = 0.

Therefore it is a stationary solution for problem (5). This completes the proof.

10. Proof of Convergence for Algorithm 2

To make the derivation compact, define the following matrix

M r+1 := ∇Xf(Xr+1, Y r+1)

=
[
((Xr+1

1 yr+1
1 )− z1)(y

r+1
1 )T + 2γXr+1

1 ; · · · ; ((Xr+1
N yr+1

N )− zN )(yr+1
N )T + 2γXr+1

N

]
. (70)

The proof consists of six steps.

Step 1. First we note that the optimality condition for the X-subproblem (30c) is given by

ATΩr+1 = −M r+1 − β〈BTB, (Xr+1 −Xr)〉. (71)

By utilizing the fact that Ωr+1 −Ωr lies in the column space of A, and the eigenvalues of ATA equal to those
of ATA, we have the following bound

‖Ωr+1 −Ωr‖2F ≤
2

σmin

(
‖M r+1 −M r‖2F + β2‖BTB[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F

)
.
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Next let us analyze the first term in the rhs of the above inequality. The following identity holds true

‖M r+1 −M r‖2F

=

N∑
i=1

‖(Xr+1
i yr+1

i − zi)(y
r+1
i )T − (Xr

i y
r
i − zi)(y

r
i )

T + 2γ(Xr+1
i −Xr

i )‖2F

≤
N∑
i=1

4‖Xr+1
i −Xr

i ‖2F ‖yr+1
i (yr+1

i )T ‖2 + 4‖Xr
i y

r
i − zi‖2‖yr+1

i − yri ‖2 + 4‖Xr
i (y

r+1
i − yri )‖2‖yr+1

i ‖2

+ 16γ2‖Xr+1
i −Xr

i ‖2F

≤
N∑
i=1

4(τ2 + 4γ2)‖Xr+1
i −Xr

i ‖2F + 4θri ‖yr+1
i − yri ‖2 + 4τ‖Xr

i (y
r+1
i − yri )‖2 (72)

where in the last inequality we have defined the constant θri as

θri := ‖Xr
i y

r
i − zi‖2. (73)

Therefore, combining the above two inequalities, we obtain

1

β
‖Ωr+1 −Ωr‖2F ≤

8

βσmin

N∑
i=1

(
(τ2 + 4γ2)‖Xr+1

i −Xr
i ‖2F + θri ‖yr+1

i − yri ‖2 + τ‖Xr
i (y

r+1
i − yri )‖2

)

+
2β

σmin
‖BTB[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F (74)

Step 2. Next let us analyze the descent of the augmented Lagrangian. First we have

Lβ(X
r, Y r+1,Ωr)− Lβ(X

r, Y r,Ωr)

=

N∑
i=1

(
1

2
‖Xr

i y
r+1
i − zi‖2 + hi(y

r+1
i )− 1

2
‖Xr

i y
r
i − zi‖2 − hi(y

r
i )

)

≤
N∑
i=1

(
1

2
‖Xr

i y
r+1
i − zi‖2 + hi(y

r+1
i ) +

θri
2
‖yr+1

i − yri ‖2 −
1

2
‖Xr

i y
r
i − zi‖2 − hi(y

r
i )

)

≤
N∑
i=1

(〈
(Xr

i )
T (Xr

i y
r+1
i − zi) + θri (y

r+1
i − yri ), y

r+1
i − yri

〉− 1

2
‖Xr

i (y
r+1
i − yri )‖2 −

θri
2
‖yr+1

i − yri ‖2

+ 〈ζr+1
i , yr+1

i − yri 〉
)

≤ −
N∑
i=1

(
1

2
‖Xr

i (y
r+1
i − yri )‖2 +

θri
2
‖yr+1

i − yri ‖2
)

(75)

where in the second to the last equality we have used the convexity of hi, and ζr+1
i ∈ ∂hi(y

r+1
i ); the last

inequality uses the optimality condition of the y-step (30b). Similarly, we can show that

Lβ(X
r+1, Y r+1,Ωr)− Lβ(X

r, Y r+1,Ωr) ≤ −β + 2γ

2
‖Xr+1 −Xr‖2F (76)

where we have utilized the fact that ATA + BTB = 2D � INM . Therefore, combining the estimate (74), we
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obtain

Lβ(X
r+1, Y r+1,Ωr+1)− Lβ(X

r, Y r,Ωr)

≤ −
(
β + 2γ

2
− 8(τ2 + 4γ2)

βσmin

) N∑
i=1

‖Xr+1
i −Xr

i ‖2F −
N∑
i=1

(
θri
2
− 8θri

βσmin

)
‖yr+1

i − yri ‖2

−
(
1

2
− 8τ

σminβ

) N∑
i=1

‖Xr
i (y

r+1
i − yri )‖2

+
2β

σmin
‖BTB[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F . (77)

Step 3. This step follows Lemma 3 in the analysis of Algorithm 1. In particular, after writing down the
optimality condition of the Xr+1 and Xr step, we can obtain

〈AT (Ωr+1 −Ωr),Xr+1 −Xr〉
≤ −

〈
M r+1 −M r + βBTB

[
(Xr+1 −Xr)− (Xr −Xr−1)

]
,Xr+1 −Xr

〉
.

Then it is easy to show that the above inequality implies the following

β

2

(
〈AXr+1,AXr+1〉+ 〈BTB(Xr+1 −Xr),Xr+1 −Xr〉

)
≤ β

2

(
〈AXr,AXr〉+ 〈BTB(Xr −Xr−1),Xr −Xr−1〉

)
− β

2
〈A(Xr+1 −Xr),A(Xr+1 −Xr)〉

− 〈M r+1 −M r,Xr+1 −Xr〉 − β

2
‖B[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F .

Note the following fact

− 〈M r+1 −M r,Xr+1 −Xr〉
= −〈∇Xf(Xr+1, Y r+1)−∇Xf(Xr, Y r),Xr+1 −Xr〉
= −〈∇Xf(Xr+1, Y r+1)−∇Xf(Xr, Y r+1) +∇Xf(Xr, Y r+1)−∇Xf(Xr, Y r),Xr+1 −Xr〉
(i)

≤ −〈∇Xf(Xr, Y r+1)−∇Xf(Xr, Y r),Xr+1 −Xr〉
(ii)

≤ 1

2d
‖∇Xf(Xr, Y r+1)−∇Xf(Xr, Y r)‖2F +

d

2
‖Xr+1 −Xr‖2F

(iii)

≤ 1

d

N∑
i=1

(
θri ‖yr+1

i − yri ‖2 + τ‖Xr
i (y

r+1
i − yri )‖2

)
+

d

2
‖Xr+1 −Xr‖2F (78)

where in (i) we utilize the convexity of f(X, Y ) wrt X for any fixed y; in (ii) we use the Cauchy-Swartz inequality,
where d > 0 is a constant (to be determined later); (iii) is true due to a similar calculation as in (72).

Overall we have

β

2

(
〈AXr+1,AXr+1〉+ 〈BTB(Xr+1 −Xr),Xr+1 −Xr〉

)
≤ β

2

(
〈AXr,AXr〉+ 〈BTB(Xr −Xr−1),Xr −Xr−1〉

)
− β

2
〈A(Xr+1 −Xr),A(Xr+1 −Xr)〉

+
1

d

N∑
i=1

(
θri ‖yr+1

i − yri ‖2 + τ‖Xr
i (y

r+1
i − yri )‖2

)
+

d

2
‖Xr+1 −Xr‖2F

− β

2
‖B[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F (79)
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Step 4. Let us define the potential function as

Pβ,c(X
r+1,Xr, Y r+1,Ωr+1)

:= Lβ(X
r+1, Y r+1,Ωr+1) +

cβ

2

(
〈AXr+1,AXr+1〉+ 〈BTB(Xr+1 −Xr),Xr+1 −Xr〉

)
. (80)

Then utilize the bounds (77) and (79), we obtain

Pβ,c(X
r+1,Xr, Y r+1,Ωr+1)− Pβ,c(X

r,Xr−1, Y r,Ωr)

≤ −
(
β + 2γ

2
− 8(τ2 + 4γ2)

βσmin
− cd

2

) N∑
i=1

‖Xr+1
i −Xr

i ‖2F

−
N∑
i=1

(
θri
2
− 8θri

βσmin
− cθri

d

)
‖yr+1

i − yri ‖2 −
(
1

2
− 8τ

σminβ
− cτ

d

) N∑
i=1

‖Xr
i (y

r+1
i − yri )‖2

−
(
cβ

2
− 2β‖BTB‖

σmin

)
‖B[(Xr+1 −Xr)− (Xr −Xr−1)]‖2F .

Therefore the following are the condition that guarantees the descent of the potential function

β + 2γ

2
− 8(τ2 + 4γ2)

βσmin
− cd

2
> 0,

1

2
− 8

σminβ
− c

d
> 0

1

2
− 8τ

σminβ
− cτ

d
> 0,

cβ

2
− 2β‖BTB‖

σmin
> 0.

(81)

To see that it is always possible to find the tuple (β, c, d), first let us set c such that the last inequality is satisfied

c >
4‖BTB‖
σmin

. (82)

Second, let us pick any d such that the following is true

d > max{2cτ, 2c}.
Then clearly it is possible to make β large enough such that all the four conditions in (81) are satisfied.

Step 5. We need to prove that the potential function is lower bounded. We lower bound the augmented
Lagrangian as follows

Lβ(X
r+1, Y r+1,Ωr+1)

=

N∑
i=1

(
1

2
‖Xr+1

i yr+1
i − zi‖2 + γ‖Xr+1

i ‖2F + hi(y
r+1
i )

)
+ 〈Ωr+1,AXr+1〉+ β

2
〈AXr+1,AXr+1〉

=

N∑
i=1

(
1

2
‖Xr+1

i yr+1
i − zi‖2 + γ‖Xr+1

i ‖2F + hi(y
r+1
i )

)
+

β

2
〈AXr+1,AXr+1〉

+
1

2β

(‖Ωr+1 −Ωr‖2F + ‖Ωr+1‖2F − ‖Ωr‖2F
)
. (83)

Then by the same argument leading to (40), we conclude that as long as hi is lower bounded over its domain,
then the potential function will be lower bounded.

Step 6. Combining the results in Step 5 and Step 4, we conclude the following

N∑
i=1

‖Xr+1
i −Xr

i ‖2F → 0,

N∑
i=1

‖yr+1
i − yri ‖2 → 0 (84a)

N∑
i=1

‖Xr
i (y

r+1
i − yri )‖2 → 0,

∥∥∥BTB[(Xr+1 −Xr)− (Xr −Xr−1)]
∥∥∥
F
→ 0. (84b)
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Then utilizing (74), we have

Ωr+1 −Ωr → 0, or equivalently AXr+1 → 0.

That is, in the limit the network-wide consensus is achieved. Next we show that the primal and dual iterates are
bounded.

Note that the potential function is both lower and upper bounded. Combined with (84) we must have that the
augmented Lagrangian is both upper and lower bounded. Using the expression (83), the assumption that hi(yi)
is lower bounded, and the fact that yi is bounded, we have that in the limit, the following term is bounded

N∑
i=1

1

2
‖Xr+1

i yr+1
i − zi‖2 + γ‖Xr+1

i ‖2F .

This implies that the primal variable sequence {Xr+1
i } are bounded for all i. To show the boundedness of the

dual sequence, note that Ωr+1 ∈ col(A) (due to the initialization that Ω0 = 0). Therefore using (71) we have

σmin(A
TA)‖Ωr+1‖2F ≤ 2‖M r+1‖2F + 2β‖BTB(Xr+1 −Xr)‖2F

Note that from the expression of M in (70), we see that {M r+1} is bounded because both Xr+1 and Y r+1 are
bounded. Similarly, the second term on the rhs of the above inequality is bounded because Xr+1 →Xr. These
two facts imply that {Ωr+1} is bounded as well.

Arguing the convergence to stationary point as well as the convergence rate follows exactly the same steps as in
the proof of Theorem 1.

10.1. Prox-PDA-IP for Distributed Matrix Factorization

In this section we extend the Prox-PDA for distributed matrix factorization utilizing increasing penalty pa-
rameters, just as what we have done in Section 5. In particular, when replacing the penalty parameter β by an
increasing sequence {βr} that satisfies (21), the resulting algorithm also generates bounded {Xr+1} and {Ωr+1},
whose limit points are stationary points of problem (26). The detailed steps of this variant is given in Algorithm
3.

Algorithm 3 Prox-PDA-IP for Distributed Matrix Factorization

1: At iteration 0, initialize Ω0 = 0, and X0, y0

2: At each iteration r + 1, update variables by:

θri = ‖Xr
i y

r
i − zi‖2, ∀ i; (85a)

yr+1
i = arg min

‖yi‖2≤τ

1

2
‖Xr

i yi − zi‖2 + hi(yi)

+
βr+1θri

2
‖yi − yr

i ‖2 + βr+1

2
‖Xr

i (yi − yr
i )‖2, ∀ i; (85b)

Xr+1 = arg min
X∈RNM×K

f
(
X, Y r+1)+ 〈Ωr,AX〉+ βr+1

2
〈AX,AX〉+ βr+1

2
〈B(X−Xr),B(X−Xr)〉 ; (85c)

Ωr+1 = Ωr + βr+1AXr+1. (85d)

Now, we provide the proof of convergence for Algorithm 3. Our convergence claim is given below.

Theorem 4 Consider using Algorithm 3 to solve the distributed matrix factorization problem (27). Suppose that
h(Y ) is lower bounded over dom h, the penalty parameter {βr} satisfies (21), and that the matrix B satisfies

BTB 
 0, and ‖BTB‖ > 1. (86)

Then in the limit, consensus will be achieved, i.e.,

Xi = Xj , ∀ (i, j) ∈ E .
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Further, the sequences {Xr+1} and {Ωr+1} are both bounded, and every limit point generated by Algorithm 5 is
a stationary point for problem (27).

The proof essentially combines the analysis steps of Theorem 2 and 3. However the notation is significantly
more complicated due to the increased number of terms involved in the analysis. We include the proof here for
completeness.

Step 1. Bound the size of the successive difference of {Ωr}. Similarly as in the proof of Theorem 3, the
optimality condition for the X-update can be written as

ATΩr+1 = −Mr+1 − βr+1BTB(Xr+1 −Xr) (87)

ATΩr = −Mr − βrBTB(Xr −Xr−1). (88)

Subtracting the above equations, we obtain

AT
(
Ωr+1 −Ωr

)
= − (

Mr+1 −Mr
)− βrBTB

(
(Xr+1 −Xr)− (Xr −Xr−1)

)− (
βr+1 − βr

)
BTB(Xr+1 −Xr)

Since Ωr+1 −Ωr lies in the column space of A, and the eigenvalues of ATA equal to that of ATA, we have

σmin(A
TA)

∥∥Ωr+1 −Ωr
∥∥2

F
≤ ∥∥A (

Ωr+1 −Ωr
)∥∥2

F
,

which results in

1
βr+1

∥∥Ωr+1 −Ωr
∥∥2

F

≤ 1
βr+1σmin(ATA)

∥∥− (
Mr+1 −Mr

)− βrBTB
(
(Xr+1 −Xr)− (Xr −Xr−1)

)− (
βr+1 − βr

)
BTB(Xr+1 −Xr)

∥∥2

≤ 3
βr+1σmin(ATA)

( ∥∥Mr+1 −Mr
∥∥2

F
+ (βr)

2 ∥∥BTB
(
(Xr+1 −Xr)− (Xr −Xr−1)

)∥∥2

F

+
(
βr+1 − βr

)2∥∥BTB(Xr+1 −Xr)
∥∥2

)
.

(89)
Also, from (72) we have

∥∥Mr+1 −Mr
∥∥2

F
≤

N∑
i=1

4(τ2 + 4γ2)
∥∥Xr+1

i −Xr
i

∥∥2

F
+ 4θri

∥∥yr+1
i − yri

∥∥2
+ 4τ

∥∥Xr
i

(
yr+1
i − yri

)∥∥2
. (90)

Thus, we have the following bound

1
βr+1

∥∥Ωr+1 −Ωr
∥∥2

F

≤ 12
βr+1σmin(ATA)

N∑
i=1

(τ2 + 4γ2)
∥∥Xr+1

i −Xr
i

∥∥2

F
+ θri

∥∥yr+1
i − yri

∥∥2
+ τ

∥∥Xr
i

(
yr+1
i − yri

)∥∥2

+ 3(βr)2

βr+1σmin(ATA)

∥∥BTB
(
(Xr+1 −Xr)− (Xr −Xr−1)

)∥∥2

F
+

3(βr+1−βr)
2

βr+1σmin(ATA)

∥∥BTB(Xr+1 −Xr)
∥∥2

F
.

(91)

Step 2. We analyze the descent of the augmented Lagrangian.

First, as in (76), we utilize the strong convexity of the objective function of the X-update (cf. (85c)) and obtain
the following descent estimate for the X-update

Lβr+1

(
Xr+1, Y r+1,Ωr

)− Lβr+1

(
Xr, Y r+1,Ωr

) ≤ −βr+1+2γ
2

∥∥Xr+1 −Xr
∥∥2

F
. (92)

Note that compared with (76) we have replaced β with βr+1.
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Similarly, we have the following estimate for the descent of the Y -update

Lβr+1
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=
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N∑
i=1

( 〈
(Xr

i )
T (

Xr
i y

r+1
i − zi

)
+ βr+1θri

(
yr+1
i − yri

)
+ βr+1(Xr
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∥∥2
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(93)

where in the second to last inequality, ςr+1
i ∈ ∂hi(y

r+1
i ); the last inequality is true due to the optimality condition

of the Y -update.

Next we analyze the descent of the augmented Lagrangian. Let us first decompose the successive difference of
the augmented Lagrangian into the following

Lβr+1

(
Xr+1, Y r+1,Ωr+1

)− Lβr (Xr, Y r,Ωr)
=Lβr+1

(
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(
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≤ 1
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∥∥2

F
− βr+1+2γ

2

∥∥Xr+1 −Xr
∥∥2

F
−

N∑
i=1

(
1+βr+1

2

∥∥Xr
i

(
yr+1
i − yri

)∥∥2
+

βr+1θr
i

2

∥∥yr+1
i − yri

∥∥2
)

+βr+1−βr

2(βr)2

∥∥Ωr −Ωr−1
∥∥2

F

where in the last inequality we have used the estimate given in (92) and (93). Plugging in the estimate (91), and
(90), we have
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(
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F
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(94)

Step 3. We construct the remaining part of the potential function. From the optimality condition of the
X-update, we obtain 〈

ATΩr+1 +Mr+1 + βr+1BTB
(
Xr+1 −Xr

)
,Xr+1 −X

〉 ≤ 0, (95)
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Title Suppressed Due to Excessive Size〈
ATΩr +Mr + βrBTB

(
Xr −Xr−1

)
,Xr −X

〉 ≤ 0. (96)

Plugging X = Xr and X = Xr+1 into (95) and (96) and adding them together, we have

〈
AT

(
Ωr+1 −Ωr

)
,Xr+1 −Xr

〉
≤ − 〈

Mr+1 −Mr,Xr+1 −Xr
〉− 〈
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(
βr+1

(
Xr+1 −Xr

)− βr
(
Xr −Xr−1

))
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〉
.

(97)

The lhs of (97) can be expressed as

〈
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(
Ωr+1 −Ωr

)
,Xr+1 −Xr

〉
=

〈
βr+1AXr+1,AXr+1 −AXr
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F
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(98)

Noting the following fact (cf. (78))

− 〈
Mr+1 −Mr,Xr+1 −Xr

〉 ≤ 1

d
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F
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where d > 0 is a constant. The rhs of (97) can be rewritten as

− 〈
Mr+1 −Mr,Xr+1 −Xr

〉− 〈
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(100)

where the first inequality is obtained by plugging in (99); in the last inequality we have used the fact that
βr+1 ≥ βr.

Therefore, combining (98) and (100), we obtain
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Multiplying both sides by βr, we have
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∥∥yr+1
i − yri

∥∥2
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(101)

Step 4. In this step, we construct and estimate the descent of the potential function. With c > 0, let us define
the potential function as

Pβr+1,c

(
Xr+1,Xr, Y r+1,Ωr+1

)
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Combining the estimate in (94) and (101), we obtain
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(103)

where the first inequality is obtained by plugging in (94) and (101); in the last inequality we have used the fact
that βr+1 ≥ βr. Taking the sum of r from t to T + 1 (for some T > t > 1) and utilize the estimate in (91), we
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∥∥yr+1
i − yri

∥∥2

+
(

12τ
βr+1σmin(ATA)

− 1+βr+1

2 + cβrτ
d

) N∑
i=1

∥∥Xr
i

(
yr+1
i − yri

)∥∥2

+

(
3(βr)2‖BTB‖
βr+1σmin(ATA)

− c(βr)2

2

)∥∥((Xr+1 −Xr)− (Xr −Xr−1)
)∥∥2

BTB

+

(
12(τ2+4γ2)

βr+1σmin(ATA)
+

3(βr+1−βr)
2‖BTB‖2

F

βr+1σmin(ATA)
− βr+1+2γ

2 + dcβr

2

)∥∥(Xr+1 −Xr)
∥∥2

F

+

(
βr+1−βr−1

2(βr)2
+

c(βr+1−βr−1)
2βr

)∥∥Ωr −Ωr−1
∥∥2

F
+

cβr(βr−βr−1)
2

∥∥Xr −Xr−1
∥∥2

BTB

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

≤
T∑

r=t

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
12θr

i

βr+1σmin(ATA)
− βr+1θr

i

2 +
cβrθr

i

d +
(

βr+2−βr

2βr+1

)(
1

βr+1 + c
)

12θr
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) N∑
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∥∥yr+1
i − yri

∥∥2

+
(

12τ
βr+1σmin(ATA)
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2 + cβrτ
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(
βr+2−βr

2βr+1
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1

βr+1 + c
)

12τ
σmin(ATA)

) N∑
i=1

∥∥Xr
i

(
yr+1
i − yri

)∥∥2

+

⎛
⎝ 3(βr)2‖BTB‖

βr+1σmin(ATA)
− c(βr)2

2

+
(

βr+2−βr

2βr+1

)(
1

βr+1 + c
)

3(βr)2‖BTB‖
σmin(ATA)

⎞
⎠∥∥((Xr+1 −Xr)− (Xr −Xr−1)

)∥∥2

BTB

+

⎛
⎜⎜⎜⎜⎝

12(τ2+4γ2)
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+
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βr+1σmin(ATA)
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2
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2 +
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2 +
(
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)(
1
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)

12(τ2+4γ2)
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(
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1
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)
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⎟⎟⎟⎟⎠
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cβt(βt−βt−1)

2

∥∥Xt −Xt−1
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BTB
+

(
βt+1−βt−1

2(βt)2
+

c(βt+1−βt−1)
2βt
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∥∥2

F
.

(104)

It can be observed that the coefficient in front of
∥∥((Xr+1 −Xr)− (Xr −Xr−1)

)∥∥2

BTB
becomes negative for

sufficiently large (but finite) t.

Suppose that r is large enough such that 12(τ2+4γ2)
βr+1σmin(ATA)

+
3(βr+1−βr)

2‖BTB‖2
F

βr+1σmin(ATA)
− βr+1+2γ

2 < −βr+1

3 and choose

c = min{1/(2d), 1/(12κ‖BTB‖)}, then we have

12(τ2+4γ2)
βr+1σmin(ATA)

+
3(βr+1−βr)

2‖BTB‖2
F

βr+1σmin(ATA)
− βr+1+2γ

2 + dcβr

2 +
cβr+1(βr+1−βr)‖BTB‖

2

< −βr+1

3 + βr

4 + βr

24 = −βr+1

24

We can also show that for sufficiently large r, the following is true

(
βr+2 − βr

2βr+1

)(
1

βr+1
+ c

)
12(τ2 + 4γ2)

σmin(ATA)
+

(
βr+2 − βr
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)(
1

βr+1
+ c

)
3
(
βr+1 − βr

)2 ∥∥BTB
∥∥2

F

σmin(ATA)
≤ βr+1

48
,

3(βr)
2 ∥∥BTB

∥∥
βr+1σmin(ATA)

− c(βr)
2

2
+

(
βr+2 − βr

2βr+1

)(
1

βr+1
+ c

)
3(βr)

2 ∥∥BTB
∥∥

σmin(ATA)
≤ −c(βr)

2

48
.

Furthermore, if we choose d = max{1,√τ}, the coefficients in front of the following terms would be negative for
sufficiently large r

N∑
i=1

∥∥yr+1
i − yri

∥∥2
,

N∑
i=1

∥∥Xr
i

(
yr+1
i − yri

)∥∥2
,
∥∥((Xr+1 −Xr)− (Xr −Xr−1)

)∥∥2

BTB
,
∥∥(Xr+1 −Xr)

∥∥2

F
.
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In conclusion, we have that for sufficiently large but finite t0, we have

PβT+1,c

(
XT+1,XT , Y T+1,ΩT+1

)− Pβt0 ,c

(
Xt,Xt−1, Y t,Ωt

)
≤

T∑
t=t0

−βr+1

48

∥∥(Xr+1 −Xr)
∥∥2

F
− c(βr)2

48

∥∥((Xr+1 −Xr)− (Xr −Xr−1)
)∥∥2

BTB

+
cβt0(βt0−βt0−1)

2
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∥∥2
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βt0+1−βt0−1

2(βt0 )2
+

c(βt0+1−βt0−1)
2βt0

)∥∥Ωt0 −Ωt0−1
∥∥2

F
.

Step 5. In this step, we show that the potential function must be lower bounded. Observe that the augmented
Lagrangian is given by

Lβr+1

(
Xr+1, Y r+1,Ωr+1

)
= f

(
Xr+1, Y r+1

)
+

〈
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〉
+ βr+1

2

〈
AXr+1,AXr+1

〉
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(
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)
+

〈
Ωr+1, Ωr+1−Ωr

βr+1

〉
+ βr+1

2

〈
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〉
= f

(
Xr+1, Y r+1

)
+ 1

2βr+1

(∥∥Ωr+1
∥∥2

F
− ‖Ωr‖2F +

∥∥Ωr+1 −Ωr
∥∥2

F

)
+ βr+1

2
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AXr+1,AXr+1

〉
= f

(
Xr+1, Y r+1

)
+ 1

2βr+1

∥∥Ωr+1
∥∥2

F
− 1

2βr ‖Ωr‖2F +
(

1
2βr − 1

2βr+1

)
‖Ωr‖2F + 1
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∥∥2
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+βr+1

2
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≥ f

(
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+ 1

2βr+1
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∥∥2

F
− 1

2βr ‖Ωr‖2F + 1
2βr+1
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∥∥2

F
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2

〈
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〉
Thus, following the similar argument in the Step 5 of the proof of Theorem 2, we conclude that the potential
function Lβr+1

(
Xr+1, Y r+1,Ωr+1

)
is lower bounded for all r.

Now that we have shown the descent and the lower boundedness of the potential function, the rest of the proof
follows the same arguments as Step 6 - Step 7 of Theorem 2, therefore is omitted.
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