How to Escape Saddle Points Efficiently

A. Detailed Proof of Main Theorem

In this section, we give detailed proof for the main theorem. We will first state two key lemmas that show how the algorithm
can make progress when the gradient is large or near a saddle point, and show how the main theorem follows from the two
lemmas. Then we will focus on the novel technique in this paper: how to analyze gradient descent near saddle point.

A.1. General Framework

In order to prove the main theorem, we need to show that the algorithm will not be stuck at any point that either has a large
gradient or is a saddle point. This idea is similar to previous works (e.g.(Ge et al., 2015)). We first state a standard Lemma
that shows if the current gradient is large, then we make progress in function value.

Lemma 12. Assume f(-) satisfies Al, then for gradient descent with stepsize n < %, we have:
J(x41) < Foxe) = S VS x|
Proof. By Assumption Al and its property, we have:
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The next lemma says that if we are “close to a saddle points”, i.e., we are at a point where the gradient is small, but the
Hessian has a reasonably large negative eigenvalue. This is the main difficulty in the analysis. We show a perturbation
followed by small (polylog) number of standard gradient descent steps can also make the function value decrease with high
probability.

Lemma 13. There exist absolute constant Cuax, for f(-) satisfies Al, and any ¢ < cCpax, and x > 1. Let
N, Ty Gihress [fihres, tires Calculated same way as in Algorithm 2. Then, if X, satisfies:

va(it)” < Gthres and Amin(VQf(it)) < —\/ﬁ

Let xy = Xy + & where & comes from the uniform distribution over By(r), and let x;; be the iterates of gradient descent
from x; with stepsize 1, then with at least probability 1 — \;%e*X, we have:

f(xt+trhm) - f(it) < _fthres

The proof of this lemma is deferred to Section A.2. Using this Lemma, we can then prove the main Theorem.

Theorem 3. There exist absolute constant cax such that: if f(-) satisfies Al, then for any § > 0,¢ < %, Ay > f(xo)—f*
and constant ¢ < Cyax, with probability 1 — 6, the output of PGD(x¢, ¢, p, €, ¢, 0, A ¢) will be e—second order stationary

point, and terminate in iterations:
l - f* dlA
0<(f(xo)2 f)10g4( 2f>>
€ €26

Proof. Denote ¢,y to be the absolute constant allowed in Theorem 13. In this theorem, we let ¢pax = min{émax, 1/2},
and choose any constant ¢ < cyax.-

In this proof, we will actually achieve some point satisfying following condition:

HVf(X)” < Jthres = \X/QE € Amin(VQf(X)) > *\/ﬁ (3)

Since ¢ < 1, x > 1, we have g < 1, which implies any x satisfy Eq.(3) is also a e-second-order stationary point.

Starting from x, we know if x( does not satisfy Eq.(3), there are only two possibilities:
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L. |IVf(%0)|| > Gtres: In this case, Algorithm 2 will not add perturbation. By Lemma 12:

2 e

n
f(x1) = f(x0) < 3  Gibres = i T
2. |IVf(%0)|l < ginres: In this case, Algorithm 2 will add a perturbation of radius r, and will perform gradient descent
(without perturbations) for the next s steps. Algorithm 2 will then check termination condition. If the condition is
not met, we must have:
c €3

f(xtlhres) - f(XO) < _fthres = —? . ;

This means on average every step decreases the function value by

f ) = f(x0) & &

< - .
x*

tthres

In case 1, we can repeat this argument for ¢ = 1 and in case 2, we can repeat this argument for t = ¢u,.s. Hence, we can
. . . 3 2

conclude as long as algorithm 2 has not terminated yet, on average, every step decrease function value by at least % 5.

However, we clearly can not decrease function value by more than f(x() — f*, where f* is the function value of global

minima. This means algorithm 2 must terminate within the following number of iterations:

fxo) = 1 X' W) =S _ (f(f(Xo) ) 1ot (dmf»

% . c3 €2 €2 €25

Finally, we would like to ensure when Algorithm 2 terminates, the point it finds is actually an e-second-order stationary
point. The algorithm can only terminate when the gradient is small, and the function value does not decrease after a
perturbation and ¢y, iterations. We shall show every time when we add perturbation to iterate Xy, if )\min(Vz f(x)) <
—/pé€, then we will have f(X;1¢y.) — f(X¢) < —fures- Thus, whenever the current point is not an e-second-order
stationary point, the algorithm cannot terminate.

According to Algorithm 2, we immediately know ||V f(X:)|| < ¢gimres (otherwise we will not add perturbation at time ).
By Lemma 13, we know this event happens with probability at least 1 — %e’x each time. On the other hand, during one

entire run of Algorithm 2, the number of times we add perturbations is at most:

LX) — 1Y) X VR (x0) — )

Lthres 3 €2 €2

By union bound, for all these perturbations, with high probability Lemma 13 is satisfied. As a result Algorithm 2 works
correctly. The probability of that is at least

PP = 1) e d((x0) — )

\/PE c €2 c €2

N
ce2d

Recall our choice of x = 3 max{log( ),4}. Since y > 12, we have y®e =X < e~X/3  this gives:

e dfGx0) ) st = 1) _

c €2 ce? -

which finishes the proof.
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A.2. Main Lemma: Escaping from Saddle Points Quickly

Now we prove the main lemma, which shows near a saddle point, a small perturbation followed by a small number of
gradient descent steps will decrease the function value with high probability. This is the main step where we need new
analysis, as the analysis previous works (e.g.(Ge et al., 2015)) do not work when the step size and perturbation do not
depend polynomially in dimension d.

Intuitively, after adding a perturbation, the current point of the algorithm is a uniform distribution over a d-dimensional ball
centered at X, which we call perturbation ball. After a small number of gradient steps, some points in this ball (which we
call the escaping region) will significantly decrease the function; other points (which we call the stuck region) does not
see a significant decrease in function value. We hope to show that the escaping region constitutes at least 1 — ¢ fraction of
the volume of the perturbation ball.

However, we do not know the exact form of the function near the saddle point, so the escaping region does not have a
clean analytic description. Explicitly computing its volume can be very difficult. Our proof rely on a crucial observation:
although we do not know the shape of the stuck region, we know the “width” of it must be small, therefore it cannot have
a large volume. We will formalize this intuition later in Lemma 15.

The proof of the main lemma requires carefully balancing between different quantities including function value, gradient,
parameter space and number of iterations. For clarify, we define following scalar quantities, which serve as the “units” for
function value, gradient, parameter space, and time (iterations). We will use these notations throughout the proof.

Let the condition number be the ratio of the smoothness parameter (largest eigenvalue of Hessian) and the negative eigen-
value v: K = £/ > 1, we define the following units:

3 2
et o3 St loa—2(
F = n€p2 log™*( 5 ), G =/l ; log™"( 5 )
Y _1,dk IOg(%ﬁ)
S = /ml— - log —), T = =207
o ( 0 ) m

O(1) (which we will prove later) and hide the logarithmic de-

Intuitively, if we plug in our choice of step size nf¢

pendences, we have % = 0(3—2),% = O(%),y = O(%), which is the only way to correctly discribe the units of

function value, gradient, parameter space by just v and p. Moreover, these units are closely related, in particular, we know
.?-log(‘i(;—“) . @-log(%‘) -7

Y Y

For simplicity of later proofs, we first restate Lemma 13 into a slightly more general form as follows. Lemma 13 is directly
implied following lemma.

Lemma 14 (Lemma 13 restated). There exists universal constant cuax, for f(-) satisfies Al, for any 6 € (0, %], suppose
we start with point X satisfying following conditions:

”Vf(i)‘l <9 and )\rnin(v2f(5()) < -y

Let xg = X+ where & come from the uniform distribution over ball with radius .7 / (k- log(%)), and let x; be the iterates
of gradient descent from xo. Then, when stepsize 11 < Cmax /¢, with at least probability 1 — §, we have following for any
T>-*7:

— Cmax

foer) = f(x) < =F

Lemma 14 is almost the same as Lemma 13. It is easy to verify that by substitutingn = 7,7 = \/pe and § = %e‘x into

Lemma 14, we immediately obtain Lemma 13.

Now we will formalize the intuition that the “width” of stuck region is small.

Lemma 15. There exists a universal constant ¢y, for any 6 € (0, df”], let f(-), % satisfies the conditions in Lemma 14,
and without loss of generality let e, be the minimum eigenvector of V> f(X). Consider two gradient descent sequences
{u}, {w:} with initial points o, wq satisfying: (denote radius r = ./ (r: - log(£)))

luo =% <r, wo=up+p-r-e, pels/(2Vd),1]
Then, for any stepsize 1 < ¢max /¢, and any T > ﬁﬂ , we have:
min{ f(ur) — f(wo), f(wr) — f(wo)} < —2.57
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Intuitively, lemma 15 claims for any two points ug, wq inside the perturbation ball, if uy — wy lies in the direction of
minimum eigenvector of V2 f(X), and ||ug — wyo|| is greater than threshold §r/(2+/d), then at least one of two sequences
{us}, {w;} will “efficiently escape saddle point”. In other words, if ug is a point in the stuck region, consider any point
w that is on a straight line along direction of e;. As long as wy is slightly far (67‘/\/&) from uyg, it must be in the escaping
region. This is what we mean by the “width” of the stuck region being small.Now we prove the main Lemma using this
observation:

Proof of Lemma 14. By adding perturbation, in worst case we increase function value by:

S 1 57
=/
ﬂ~10g(%)) + 2 (

We know x( come froms uniform distribution over Bx (7). Let Xyuex C Bz ()

Flxo) ~ F(8) < VIR)TE+ el < r<ls

K - log (%)
On the other hand, let radius r = —<Z .
r-log(55)

denote the set of bad starting points so that if xg € Xyuck, then f(x7) — f(xo) > —2.5.% (thus stuck at a saddle point);
otherwise if xg € Bz(r) — Xyuck, We have f(x7) — f(x0) < —2.5.%.

By applying Lemma 15, we know for any xg € Xk it is guaranteed that (xg & ure;) & Xyuek Where p € [2%/3’ 1].
Denote Ix, . (-) be the indicator function of being inside set Xyye; and vector x = (2, x(=1), where z(1) is the
component along e; direction, and x(~1) is the remaining d — 1 dimensional vector. Recall B(%) (1) be d-dimensional ball
with radius r; By calculus, this gives an upper bound on the volumn of Xgyck:

Vol (Xuuer) = / dx - Iy, ()

BV (r)
:’i;(l)J’, /T27H}~((_1)7X(_1) [E
[, e ] dz®) - Ty, (x)
BV () FO = /r2 [0 XD 2

o - or
< dx(=Y . <2 . r) = Vol(B{* ™ (r)) x —=
< / . N (B 0) > o

Then, we immediately have the ratio:

r d—
Vol (Xyuct) _ < Vol(Bg' ™V (r)) _ 8Ty 0 fd T
VoI BW (1))~ VoI(BY (r)) VrdT(E+3) =~ Vmd V2 27

The second last inequality is by the property of Gamma function that Fl;iit}%) <\/T+ % as long as © > 0. Therefore,

with at least probability 1 — §, xg & Xuck- In this case, we have:

f(xr) = f(%) =f(xr) = f(x0) + f(%0) = f(0)
<257 +15F < -F

which finishes the proof. O

A.3. Bounding the Width of Stuck Region

In order to prove Lemma 15, we do it in two steps:

1. We first show if gradient descent from uy does not decrease function value, then all the iterates must lie within a small
ball around ug (Lemma 16).

2. If gradient descent starting from a point ug stuck in a small ball around a saddle point, then gradient descent from wy
(moving ugy along e; direction for at least a certain distance), will decreases the function value (Lemma 17).

Recall we assumed without loss of generality e; is the minimum eigenvector of V2 f(%). In this context, we denote
H := V2 f(X), and for simplicity of calculation, we consider following quadratic approximation:

Folx) = F3) + VI )T (x = 3) + 5 0x— ) H(x ) @
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Now we are ready to state two lemmas formally:

Lemma 16. For any constant ¢ > 3, there exists absolute constant cyax: for any § € (0, df] let f(-),% satisfies the
condition in Lemma 14, for any initial point ug with |[ug — X|| < 2.7 /(k - log(%£)), define:

T= min{ irtlf {t|qu(ut) — f(ug) < —Bﬁ} ,CT }

then, for any 1) < cmax /¢, we have for all t < T that ||u; — x| < 100(- - &).

Lemma 17. There exists absolute constant cmax, ¢ such that: for any § € (0, %}, let f(-),% satisfies the condition in
Lemma 14, and sequences {u:},{w} satisfy the conditions in Lemma 15, define:

T = mm{ inf {t|fw0 (W) — f(wo) < —3ﬁ} T }
then, for any 1 < cmax /4, if ||uy — X|| < 100(7 - ¢) forallt < T, we will have T' < ¢7.

Note the conclusion 7" < ¢.7 in Lemma 17 equivalently means:
in {t|fw0(wt) ~ fwo) < —39} <7

That is, for some 7' < ¢.7, {w;} sequence “escape the saddle point” in the sense of sufficient function value decrease
fwo (We) — f(wo) < —3.%. Now, we are ready to prove Lemma 15.

Proof of Lemma 15. W.L.O.G, let x = 0 be the origin. Let (c,(g;x, ¢) be the absolute constant so that Lemma 17 holds,

also let cfﬁgx be the absolute constant to make Lemma 16 holds based on our current choice of ¢. We choose cpnax <

min{cﬁ&ix, cfﬁgx} so that our step size 1) < Cmax /¢ is small enough which make both Lemma 16 and Lemma 17 hold. Let
T* := ¢7 and define: 3
T = inf {11, (w) — () < 3.5}

Let’s consider following two cases:
Case 7" < T*: In this case, by Lemma 16, we know |Jur/_1|| < O(.¥), and therefore
[az (| <[fuz || + 9l Vf (ar )| < lug o] + 0l VFZ)] + nfllur ]| < O(F)

By choosing ¢yax small enough and 1 < ¢pax /4, this gives:

f(uT') - f(uo) SVf(uo)T(uT' —ug) + %(UT’ - UO)TVQf(uo)(uT' —up) + gHUT' - uOH3
< Fao(e) = £ (00) + o — %] [ —wol|” + Ellurs — o

<—3F+0(pS%) =-3F+0Wnl-F)< -25F

By choose ¢pax < min{1, %} We know 7 < %, by Lemma 12, we know gradient descent always decrease function value.

Therefore, for any T > ——.7 > ¢.7 = T* > T", we have:

Cmax

flur) — f(u) < f(ur+) — f(ug) < f(ur) — f(ug) < —2.5%

Case 7" > T*: In this case, by Lemma 16, we know ||u|| < O(.) for all t < T™*. Define
T = inf {t| fuy (wi) = f(wo) < 27 }

By Lemma 17, we immediately have 7" < T™. Apply same argument as in first case, we have for all ' > ﬁy that

nax

f(wr) — f(wo) < f(wre) — f(wg) < —2.5.7. O

Next we finish the proof by proving Lemma 16 and Lemma 17.
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A.3.1. PROOF OF LEMMA 16

In Lemma 16, we hope to show if the function value did not decrease, then all the iterations must be constrained in a
small ball. We do that by analyzing the dynamics of the iterations, and we decompose the d-dimensional space into
two subspaces: a subspace S which is the span of significantly negative eigenvectors of the Hessian and its orthogonal
compliment.

Recall notation # := V2 f(%) and quadratic approximation f (x) as defined in Eq.(4). Since d € (0, 951, we always have
1og(d7”) > 1. W.L.O.G, set ug = 0 to be the origin, by gradient descent update function, we have:
uipy =uy — V()
1
—u= V1) < | [ 0w v
0

=T —nH —nA)u, —nV f(0) ®)
Here, A; := fol V2 f(0uy)dd — H. By Hessian Lipschitz, we have ||A¢|| < p(|lu¢|| + ||X]|), and by smoothness of the
gradient, we have ||V £(0)|| < |[Vf&X)|| + {||X]| < 4 + £ 2.7 /(k - log(%£)) < 39.

We will now compute the projections of u, in different eigenspaces of 7. Let S be the subspace spanned by all eigenvectors

of H whose eigenvalue is less than —ﬁ(@). S¢ denotes the subspace of remaining eigenvectors. Let a; and 3; denote
5

the projections of u; onto S and S¢ respectively i.e., a; = Psuy, and 3; = Pscu;. We can decompose the update

equations Eq.(5) into:

oy =(I—nH)oy —nPsApay —nPsV f(0) (6)
/8t+1 Z(I - nH)ﬂt — nPseAyuy — nPse Vf(o) )
By definition of 7', we know for all t < T":

—3.7 < fo(w,) — f(0) =V £(0)Tu, — 1utT3’-[ut < VF(0)Ta; — XM + lﬂ;Hﬂt
2 2 ¢log(%) ' 2

Combined with the fact ||[u;]|? = || ||* + ||3:|?, we have:

2¢log( e 1
ol <) (554 970w+ 3T HB:) + I8P
Gélog(de Felog(%) B HBclog(e
g14.max{g(5)|ut, B0, B HBCORED) e

where last inequality is due to ||V f(0)]| < 3%. This gives:

» 1Bl ®

|lug|| < 14 - max

G log (L) \/yalog(d;) \/ﬂmﬂtelog(d;)
vy Y ’ ¥

Now, we use induction to prove that
Jug]] < 100( - ¢) ©)

Clearly Eq.(9) is true for ¢ = 0 since uy = 0. Suppose Eq.(9) is true for all 7 < ¢. We will now show that Eq.(9) holds for
t+ 1 < T. Note that by the definition of ., .# and ¢, we only need to bound the last two terms of Eq.(8) i.e., || B¢41]]

and B/, 1B 1.
By update function of 3; (Eq.(7)), we have:

Biy1 <(I—nH)B: +nd; (10
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and the norm of ; is bounded as follows:

[6:]] < [|Aell[[aell + IV £(O)]
< p (el + [1X]]) [ael| + [V F(O)]]
< p-100¢(100¢ 4 2/(k - 1og(%")))5ﬂ2 +9

= [100&(100¢ + 2)\/nl + 1% < 29 (11)

The last step follows by choosing small enough constant ¢y < ) and stepsize 1) < Cmax /Y-

1
T00£(1006+2
Bounding ||3;+1]: Combining Eq.(10), Eq.(11) and using the definiton of §¢, we have:

Y
1Bl < (1 + —2

clog(%"‘)

Bl + 2n¥
Since ||By|| = 0and t + 1 < T, by applying above relation recurrsively, we have:

t
1Birall < S 201+ — T V% < 23Ty < 6(.7 - ¢) (12)
= ¢log(%)

The second last inequality is because T' < ¢.7 by definition, so that (1 4+ #{QH))T <3.
C 10, 5

Bounding 5;_1H,6t+1: Using Eq.(10), we can also write the update equation as:

t—1

Be= (I-nH)"8,

7=0

Combining with Eq.(11), this gives

t t
BLaHBi =0 Y Y 8L (T—yH)" H(I - nH)™6,,

Let the eigenvalues of # to be {)\;}, then for any 71,7 > 0, we know the eigenvalues of (I — nH)" H(I — nH)™ are
(1 =)™ T2} Let g4 (M) := A(1 — n\)?, and setting its derivative to zero, we obtain:

Vgr(A) = (1= nA)’ = tpA(L =)~ =0
We see that \} = m is the unique maximizer, and g;() is monotonically increasing in (—oo, A;]. This gives:

1

I— 0 ) H(I = nH)2|| = \i(1— Ai7'1+7'2<5\1_5\7'1+7'2<7
[T =nH)"HA = 7H)™ || = max Ai(1 = nAi) "7 < AL =nA) e

where A = min{¢, A% ., }- Therefore, we have:

t t
Bl HB <A D > (IX = nH) " H(T — i)™
T1:07‘2:0
<£¢2t ~_ 1 < 81T < 8728 - log— (L
<A9? Y0 D T S8R <8¢ log T () (13)

71=012=0
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The second last inequality is because by rearrange summation:

2t

t ot
1 1
E E 715 in{1 204+1—7) - — <2t +1<2T
147 +7 min{l +7, 2641 =7} 147~ +

71=0 172=0 T7=0

Finally, substitue Eq.(12) and Eq.(13) into Eq.(8), this gives:

G log(s) \/yamg(f{;w \/gjmtalog(d;)
b 9 ’)/

u <14 - max , 1B
[TasY| S 5 real
<100(.7 - ¢)
This finishes the induction as well as the proof of the lemma. O

A.3.2. PROOF OF LEMMA 17

In this Lemma we try to show if all the iterates from ug are constrained in a small ball, iterates from wg must be able
to decrease the function value. In order to do that, we keep track of vector v which is the difference between u and w.
Similar as before, we also decompose v into different eigenspaces. However, this time we only care about the projection
of v on the direction e; and its orthognal subspace.

Again, recall notation H := V2 f(%), e; as minimum eigenvector of # and quadratic approximation f (x) as defined in
Eq.(4). Since ¢ € (0, d—:], we always have log(%") > 1. WL.O.G, set ug = 0 to be the origin. Define v; = w; — uy, by

assumptions in Lemma 17, we have vo = u[.%/( - log(%))]e1, p € [§/ (2V/d), 1]. Now, consider the update equation
for w;:

Uit + Vg1 = Wi =W — 'V f(wy)
=u; + vy — nV f(us + vy)

1
=w +vi—nVf(lu)—n [/ sz(ut + 0vy)do| v,
0

=uy + v, —nVf(u) —n(H+ AY)v,
=u, — nVf(uy) + (I —nH —nAp)v,

where A} 1= fol V2 f(u; + 6v;)d0 — H. By Hessian Lipschitz, we have ||A}|| < p(|lug|| + ||v¢| + [|%]|). This gives the
dynamic for v, satisfy:
Vitl = (I — 777'[ — ’I’]A;)Vt (14)

Since [|wo — %|| < [lug — X|| + [[vo| < 7/ (k- log(%)), directly applying Lemma 16, we know w; < 100(.% - ¢) for all
t < T. By condition of Lemma 17, we know ||u|| < 100(. - é) for all t < T'. This gives:

[viel] < JJug|l + ||[we|l < 200( - ¢é) forallt <T 15)
This in sum gives for ¢t < T*:

dr

1AL < pClaell + Tvell + [1%]) < p(30067 + 7/ (s - log(~

) < p7 (3006 + 1)

On the other hand, denote 1); be the norm of v; projected onto e; direction, and ¢, be the norm of v; projected onto

remaining subspace. Eq.(14) gives us:
brar (L4 ym)e — /97 + ¢f

pir1 <(L+0)@r + p/VF + ¢F
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where p = np(300¢ + 1). We will now prove via induction that for all t < T":
or < At - Py (16)

By hypothesis of Lemma 17, we know ¢y = 0, thus the base case of induction holds. Assume Eq.(16) is true for 7 < ¢,

Fort+ 1 < T, we have:
Lt + Dy >4t + 1) ((1 e — a0 + @?)

@1 <Apt(L+ )Yy + py/¥F + ©F

From above inequalities, we see that we only need to show:
(1 +4pu(t+1)) /97 +of <41 +m)e
By choosing \/Cmax < m min{ﬁ, 2} and ) < cpax /¢, we have
Ap(t +1) < 4uT < 4np.7 (300é 4+ 1)e.7 = 44/nl(300¢ + 1)é < 1

This gives:

AL 4 yn)tpy > dapy < 20/ 207 > (L4 4p(t + 1)) \/9VF + ©F

which finishes the induction.

Now, we know ¢; < 4ut -, < )y, this gives:

Pepr > (1 + )by — V2uahy > (1+ %)wt 17

where the last step follows from p = 7p.%(300¢ 4 1) < /Crmax(300¢ 4 1)yn - logfl(dé—“) < k.

S

Finally, combining Eq.(15) and (17) we have for all t < T

2000 - &) ZIlvill = e > (1+ T1)'w

e 0 1 dk e 0 L dk
=14 —)'cp—1 —)> 1+ —=)—=—1 —
(1 e lon™ (5 = (1 ) e ()
This implies:
11og(4005Y4 . ¢log(4e))  log (40054 . ¢log (e
1 log(400%% cw?g((;)) < 0g(400%¥= - elog(‘F)) < (2+ log(4008)) 7
2 log(1 4 %) m
The last inequality is due to § € (0, df”] we have log(%—“) > 1. By choosing constant ¢ to be large enough to satisfy
2 4 log(400¢) < ¢, we will have T' < ¢.77, which finishes the proof. O

B. Improve Convergence by Local Structure

In this section, we show if the objective function has nice local structure (e.g. satisfies Assumptions A3.a or A3.b), then it
is possible to combine our analysis with the local analysis in order to get very fast convergence to a local minimum.

In particular, we prove Theorem 5.

Theorem 5. There exist absolute constant cpax such that: if f(-) satisfies Al, A2, and A3.a (or A3.b), then for any
§ > 0,e > 0,Ar > f(x0) — f* constant ¢ < Cpax, let € = min(0,~2/p), with probability 1 — &, the output of
PGDIi(x0,4, p, € ¢, 0, Ay, B) will be e-close to X* in iterations:

o <£<f<><o~>2 — ) gt (dmf> e log<>
€ « €

€20




How to Escape Saddle Points Efficiently

Proof. Theorem 5 runs PGDIi(xo, ¢, p, €, ¢, 6, Ay, 3). According to algorithm 3, we know it calls PGD(xq, £, p, €, ¢, 6, A y)
first (denote its output as X), then run standard gradient descent with step size % starting from X.

By Corollary 4, we know X is already in the {-neighborhood of X*, where X* is the set of local minima. Therefore, to
prove this theorem, we only need to show prove following two claims:

1. Suppose {x;} is the sequence of gradient descent starting from xo = % with step size %, then x; is always in the
¢-neighborhood of A'™*.

2. Local structure (assumption A3.a or A3.b) allows iterates to converge to points e-close to X'* within O(g log %)
iterations.

We will focus on Assumption A3.b (as we will later see Assumption A3.a is a special case of Assumption A3.b). Assume
Xy is in (-neighborhood of X'*, by gradient updates and the definition of projection, we have:

[xe41 — Pas (x041) I <lIxeq1 — Pas (x0)|* = [[xe — 0V f(x¢) — Pas (x|
=[|x¢ — Pa (x) 1> = 20(V f(x¢),%¢ — P+ (x0)) + 07|V f (x0) ||
<|lxt = Pacs (x0)[|> = marl[xe — Pas (x)[|* + (* — %)||Vf(x)|\2

s

B

<( Mxe = Pae (0|

The second last inequality is due to (v, 3)-regularity condition. The last inequality is because of the choice n = %
There are two consequences of this calculation. First, it shows ||x;41 — P« (x441)[|? < [[x¢ — Pa«(x4)]|%. As a result if
x; in ¢-neighborhood of X'*, x;1 is also in this {-neighborhood. Since x is in the {-neighborhood by Corollary 4, by

induction we know all later iterations are in the same neighborhood.

Now, since we know all the points x; are in the neighborhood, the equation also shows linear convergence rate (1 — %)
The initial distance is bounded by ||xg — P+ (x0)|| < ¢, therefore to converge to points e-close to X'™*, we only need the

following number of iterations:

log(¢/¢) B ¢
——— =0(=log ).
log(1 — «/B) (a oge)
This finishes the proof under Assumption A3.b.

Finally, we argue assumption A3.a implies A3.b. First, notice that if a function is locally strongly convex, then its local
minima are isolated: for any two points x, x’ € X™*, the local region By (¢) and By (¢) must be disjoint (otherwise function
f(x) is strongly convex in connected domain By () U Byx/({) but has two distinct local minima, which is impossible).
Therefore, W.L.O.G, it suffices to consider one perticular disjoint region, with unique local minimum we denote as x*,
clearly, for all x € Bx+({) we have Py« (x) = x*.

Now by a-strong convexity:

FO) 2 ) + (V). x* =) + F[x = x| (18)

On the other hand, for any x in this (-neighborhood, we already proved x — %V f(x) also in this (-neighborhood. By
[3-smoothness, we also have:

1 1 )
Flx= 5V IE) = f(x) = 5lIV ] (19)

Combining Eq.(18) and Eq.(19), and using the fact f(x*) < f(x — %Vf(x)), we get:

1
(Vf(x),x —x") = %HX - x*? + %va(X)HZ

which finishes the proof. O
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C. Geometric Structures of Matrix Factorization Problem

In this Section we investigate the global geometric structures of the matrix factorization problem. These properties are
summarized in Lemmas 6 and 7. Such structures allow us to apply our main Theorem and get fast convergence (as shown
in Theorem 8).

Note that our main results Theorems 3 and 5 are proved for functions f(-) whose input x is a vector. For the current
function in 2, though the input U € R%*" is a matrix, we can always vectorize it to be a vector in R%" and apply our
results. However, for simplicity of presentation, we still write everything in matrix form (without explicit vectorization),
while the reader should keep in mind the operations are same if one vectorizes everything first.

Recall for vectors we use ||-|| to denote the 2-norm, and for matrices we use ||-|| and ||-||r to denote spectral norm, and
Frobenius norm respectively. Furthermore, we always use o;(+) to denote the i-th largest singular value of the matrix.

We first show how the geometric properties (Lemma 6 and Lemma 7) imply a fast convergence (Theorem 8).

Theorem 8. There exists an absolute constant cya.x Such that the following holds.  For matrix factoriza-

tion (2), for any 6 > 0 and constant ¢ < Cpay, let TV? = 2max{||Uo||,3(c7)"/2}, suppose we run
%2 2
PGDIi(Uy, 8T, 120/2, (%l ¢ 5,712 1007), then:

1. With probability 1, the iterates satisfy |U|| < T2 for every t > 0.

2. With probability 1 — 6, the output will be e-close to global minima set X* in
r\* ,/dr or oF
o (r <J:> log <60:> + o log 6)

Proof of Theorem 8. Denote ¢pax to be the absolute constant allowed in Theorem 5. In this theorem, we let cpax =
min{émax, %}, and choose any constant ¢ < Cpax-

iterations.

Theorem 8 consists of two parts. In part 1 we show that the iterations never bring the matrix to a very large norm, while in
part 2 we apply our main Theorem to get fast convergence. We will first prove the bound on number of iterations assuming
the bound on the norm. We will then proceed to prove part 1.

Part 2: Assume part 1 of the theorem is true i.e., with probability 1, the iterates satisfy ||U;|| < I'*/2 for every t > 0. In
this case, although we are doing unconstrained optimization, we can still use the geometric properties that hold inside this
region. .

By Lemma 6 and 7, we know objective function Eq.(2) is 8I-smooth, 12I''/2-Lipschitz Hessian,
(55(07)3/%, Lo, L(0f)/?)-strict saddle, and holds (207, 1007)-regularity condition in %(c7)/? neighborhood of
local minima (also global minima) X*. Furthermore, note f* = 0 and recall I'*/? = 2 max{||Uy||, 3(cF)"/?}, then, we

have:
rI2
f(Uo) — f* = [UoUy — M*|Z < 2r|UgUg — M*||* < -

T2
Thus, we can choose Ay = %

PGDIi(Uy, 8T, 12I'/2 1(()';1:,)12/2 ,C, 0, %, 1007), with probability 1 — 4, the output will be e-close to global minima set X'
in iterations: .
T dI’ x o
0] <r (> log* ( > + ﬂlog UT) .
ox ook oX €

Part 1: We will now show part 1 of the theorem. Recall PGDIi (Algorithm 3) runs PGD (Algorithm 2) first, and then runs
gradient descent within % (o7 )1/2 neighborhood of X*. It is easy to verify that (o} )1/2 neighborhood of X'* is a subset
of {U|||U||? < I'}. Therefore, we only need to show that first phase PGD will not leave the region. Specifically, we now
use induction to prove the following for PGD:

Substituting the corresponding parameters from Theorem 5, we know by running
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1. Suppose at iteration 7 we add perturbation, and denote U, to be the iterate before adding perturbation (i.e., U, =
U, +&,and U, = U, | —nVf(U,_1)). Then, |U,|| < iT, and

2. ||U|| < T forallt > 0.

By choice of parameters of Algorithm 2, we know n = ¢. First, consider gradient descent step without perturbations:

[Upsrl| =IUs = nV £(U)|| = ||U, — n(U, U] — M*)U,||
<[ U = nU, U Uy + [ MU |
< mZaX[Uz‘(Ut) — 1o} (Uy)] + n||M*U,||

For the first term, we know function f(t) = t — 1t is monotonically increasing in [0, 1/4/37]. On the other hand, by
induction assumption, we also know ||U;|| < T'*/2 < /8T'/(3¢) = 1/+/31). Therefore, the max is taken when i = 1:

U]l [T = nl| U + 0| MU
<UL = ([ U|? = o) (| U (20)

We seperate our discussion into following cases.

Case |U,|| > 1I''/2: In this case |[U;|| > max{||Uo|,3(c7)"/?}. Recall I'/2 = 2max{||Ugl|,3(c})'/?}. Clearly,
I' > 3607, we know:

c 1 ol
Uil <IUL) = 01U = oD)I[U]] < (10| ~ z?r(lr - 01)§F”2
1
Ul - Sdro Loylpe U, r1/2
<[[U| 8F(4 36003 10 -

This means that in each iteration, the spectral norm would decrease by at least %Fl/ 2,
Case ||U;|| < 2T'Y/2: From (20), we know that as long as [|[U[|? > ||M*||, we will always have [|[Upy1]| < U] <
AT1/2, For || U||? < |[M* |, we have:

* C *
IOl <IT = (U = oDIU] = [0l + g (ot = [TP)T:]

<G+ (D)2 = [0 % = ()2 + U0

8T
coy N
<UL+ ((a1)2 = |[UL]]) x 741‘ < (o})'/?

Thus, in this case, we always have ||Uy4|| < 3T'1/2.
In conclusion, if we don’t add perturbation in iteration ¢, we have:
o If [|[Uy|| > 302, then ||[Upp || < [|Uy|| — 5T2

o If |Uy|| < 3TY/2, then [[Uyyq || < 2TV/2

Now consider the iterations where we add perturbation. By the choice of radius of perturbation in Algorithm 2 , we increase
spectral norm by at most :

Ve (07)? 71—\1/2

<
||§t|| ||§tHF —= 2 1081"1/2 8 — 2

The first inequality is because y > 1 and ¢ < 1. That is, if before perturbation we have [|U|| < 1T'V/2, then ||U,|| =
[0 + &) <T2.
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On the other hand, according to Algorithm 2, once we add perturbation, we will not add perturbation for next tues =
X240 i—ﬁ > % iterations. Let 7' = min{inf; { U1 ||| Uppi|| < %Fl/z},tthres}:

2 5%
CUT

(T -1)

72)

(&
Uepr—1| < |0 — EFUQ(T —1) <TY2(1 -

This gives T' < 3—06 < 4—68 < timres- Let 7 > ¢ be the next time when we add perturbation (7 > ¢ + tres), we immediately
know [|[Urp| < 3TV2for0 <i <7 —Tand |U,| < iD1/2

Finally, |Uo|| < 1T''/2 by definition of I, so the initial condition holds. This finishes induction and the proof of the
theorem. O

In the next subsections we prove the geometric structures.

C.1. Smoothness and Hessian Lipschitz

Before we start proofs of lemmas, we first state some properties about gradient and Hessians. The gradient of the objective
function f(U) is
Vf(U)=2(UUT - M*)U.

Furthermore, we have the gradient and Hessian satisfy for any Z € R?x":

(Vf(U),Z) =2((UU" - M*")U,Z), and 1)
V2f(U)Z,Z) = [UZT + ZU |2 +2(UU"T —M*,ZZ"). (22)

Lemma 6. For any T’ > o%, inside the region {U|||U||> < T'}, f(U) defined in Eq.(2) is 8T-smooth and 12T'*/?-Hessian
Lipschitz.

Proof. Denote D = {U]|||U||? < T'}, and recall T" > o7.

Part 1: For any U,V € D, we have:
IVF(U) = VA(V)lr =2[(UU" =M*)U — (VV — M) V||
<2[[UUTU ~ VVTV|p + [M*(U ~ V)||¢]
<2[3-T[[U = Vl]g+07[[U— V][] <8 U= V.
The last line is due to following decomposition and triangle inequality:

UU'U-VVIV=UU"(U-V)+UU-V)'V+(U-V)V'V.

Part 2: For any U,V € D, and any Z € R%*", according to Eq.(22), we have:

|V2f(UNZ,Z) - V2 f(V)(Z,Z)|=|[UZT + ZU |2 - [VZ" + ZV"|2+2(UU" —VVT ZZT).

A B

For term 2, we have:
A=UZ"+ZU", (U-V)Z' +ZU-V)) + (U-V)Z" +Z(U-V)" VZT +ZVT)
<JUZT +ZUT [ (U-V)ZT + Z(U = V)" [[p+ (U= V)ZT + Z(U - V) || VZT +ZV |
<4|UIIZIFU — Ve + 4| VI ZIFIU = Ve < 8TV2|Z[F|U - Ve.
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For term B, we have:
B <2|UUT —~ VVT[E|ZZT|lr < ATV2|Z[FU - Vr.
The inequality is due to following decomposition and triangle inequality:
UU' - vV =UUu-v)T +(U-V)VT.
Therefore, in sum we have:

max |V2f(U)(Z,Z) — V2f(V)(Z,Z)] < max 12I'"2||Z|}|U -V
e [VA(U)(2,2) - V2/(V)(Z, D) < max 120 Z[Z[U ~ Ve

<122 U = V.

C.2. Strict-Saddle Property and Local Regularity

Recall the gradient and Hessian of objective function is calculated as in Eq.(21) and Eq.(22). We first prove an elementary
inequality regarding to the trace of product of two symmetric PSD matrices. This lemma will be frequently used in the
proof.

Lemma 18. For A,B € R%4 poth symmetric PSD matrices, we have:

Omin(A)tr(B) < tr(AB) < |Aljr(B)

Proof. Let A = VDV T be the eigendecomposition of A, where D is diagonal matrix, and V is orthogonal matrix. Then

we have:
d

r(AB) = r(DV 'BV) = > "D;;(V'BV),;.
i=1

Since B is PSD, we know VBV is also PSD, thus the diagonal entries are non-negative. That is, (VTBV)M- > 0 for
alli = 1,...,d. Finally, the lemma follows from the fact that o, (A) < Dy; < ||A| and tr(VTBV) = r(BVV ") =
tr(B). O

Now, we are ready to prove Lemma 7.

Lemma 7. For f(U) defined in Eq.(2), all local minima are global minima. The set of global minima is X* =
{V*RIRR" = R"R =1}. Furthermore, f(U) satisfies:

1 (34(co%)%/2, $07, %(0:)1/2)-strict saddle property, and

2. (%07,100%)-regularity condition in % (o7)'/? neighborhood of X*.

Proof. Let us denote the set X* := {V*R|RR" = RTR = I}, in the end of proof, we will show this set is the set of all
local minima (which is also global minima).

Throughout the proof of this lemma, we always focus on the first-order and second-order property for one matrix U. For
simplicity of calculation, when it is clear from the context, we denote U* = P+ (U) and A = U—"Py (U). By definition
of X*, we know U* = V*Ry and A = U — V*Ry, where

Ry = argmin |U-V*RJ?
R:RRT=RTR=I

We first prove following claim, which will used in many places across this proof:

U'U* = UTV*Ry is a symmetric PSD matrix. (23)
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This because by expanding the Frobenius norm, and letting the SVD of V*TU be ADB ', we have:

argmin  |[U—~V*R|f = argmin —(U,V*R)
R:RRT=RTR=I R:RRT=RTR-=I
= argmin —t(U'V*'R) = argmin  —tr(DATRB)
R:RRT=RTR=I R:RRT=RTR=I

Since A, B, R are all orthonormal matrix, we know A " RB is also orthonormal matrix. Moreover for any orthonormal
matrix T, we have:
tr(DT) = Z DiiTii < Z D”
i i

The last inequality is because D;; is singular value thus non-negative, and T is orthonormal, thus T;; < 1. This means
the maximum of tr(DT) is achieved when T = 1, i.e., the minimum of —tr(DA "RB) is achieved when R = AB'.
Therefore, UTV*Ry = BDATABT = BDB' is symmetric PSD matrix.

Part 1: In order to show the strict saddle property, we only need to show that for any U satisfying ||V f(U)||r < 55 (07)3/2
and ||Allg = ||U = U*||g > %(0:)1/2, we always have omin (V2 f(U)) < —107.

Let’s consider Hessian V2(U) in the direction of A = U — U*. Clearly, we have:
UU'—M*=UU" —(U-A)(U-A)T = (UAT +AUT) - AAT
and by (21):

(V£(U),A) =2((UUT — M*)U,A) = (UU" - M*,AUT + UAT)
=(UUT —M*, UU" —M* + AAT)

Therefore, by Eq.(22) and above two equalities, we have:

V2F(U)A,A) =|[UAT + AUT |24+ 2(UUT — M*, AAT)
=|UUT - M* + AAT | +2(UUT - M* AAT)
=[|[AAT|Z =3[ UUT - M*| + 4UUT —M*, UU" — M* + AAT)
=[AAT|E = 3|UUT — M*[f + 4(V f(U), A)

Consider the first two terms, by expanding, we have:

BIUUT - M¥|2 — |AAT[2 = 3[(UFAT + AU*T) + AAT|2 — [|AAT |2

=3-tr QU*TU*ATA +2(U*TA)2 +4U*TAATA + (ATA)?) —tr((ATA)?)

=tr (6U*TU*ATA +6(U*TA)2 + 12U TAATA +2(ATA)?)

=tr((4V3 — 6)U* TU*ATA + (12 — 4V3)U* T (U* + A)ATA +2(vV3U*TA + ATA)?)

>(4V3 — 6)ir(U* TU*ATA) > (43 — 6)o7 || A |2
where the second last inequality is because U* T (U* + A)ATA = U*TUATA is the product of two symmetric PSD
matrices (thus its trace is non-negative); the last inequality is by Lemma 18.
Finally, in case we have ||V f(U)||p < o (07)3/? and ||Allp = [|[U — U*|[p > & (0}) /2

(Vf(U),A)

2 1 2 .
omin (V2 £(U)) SIIAH%V FU)(A,A) < —(4V3 —6)or +4 INE

V(U
1Al

1
<— (4V3—6)or +4 < —(4V3—6.5)0r < —50:



How to Escape Saddle Points Efficiently

Part 2: In 1 (07)/2 neigborhood of X'*, by definition, we know,

IAE = U - U*|§ <

*
o,.

Nl

Clearly, by Wey!’s inequality, we have [|U|| < [[U*|| + [[A| < (01)Y/2, and 0,.(U) > 0,(U*) — |A] > 2(07)V/2
Moreover, since U* T U is symmetric matrix, we have:

P ——
>2 (0 (UTU+ U TUY) - (U~ U4 T(U - UY))
Z% (0+(UTU) + 0, (UTU) — |A)
>4 5 - D)ot = 2t

At a highlevel, we will prove («, 8)-regularity property (1) by proving that:

1. (Vf(x),x — Px+(x)) > ax — Px+(x)||%, and
2. (Vf(x),x = Pa: (x)) > 5[V )|

According to (21), we know:

(Vf(U),U — Py« (U)) =2((UUT - M*)U,A) = 2(UAT + AU*T AUT)
=2(r(UATUAT) + r(AU*TUAT))
=2(|ATU|Z + tr(U*TUATA)). (24)

The last equality is because AT U is symmetric matrix. Since U* " U is symmetric PSD matrix, and recall o,.(U* T U) >
%a;‘. , by Lemma 18 we have:

(VI(U), U~ Py (U)) 2 0, (U TU(ATA) > 207 |AJR. ©3)

On the other hand, we also have:

IVf(U)[F =4(UU"T - M")U, (UU' - M")U)
=4((UAT + AU* U, (UAT + AU*TU)

=4 [tw[(ATUUTA)UTU] + 20[ATUUTU*AT U]+ (U TUUTU*ATA)

A B

For term 2/, by Lemma 18, and ATU being a symmetric matrix, we have:

16,3
9 3
For term B, by Eq.(23) we can denote C = U* U = U " U* which is symmetric PSD matrix, by Lemma 18, we have:

2 < [UTUJ|ATU|E + 2([UTU|[|ATU|E < ( Joi[ATUE < 507 AT U
B =tr(C?ATA) = tr(C(C/2ATACY?))
4
<||Cljtr(C2ATACY?) = |C|jr(CATA) < gaftr(U*TUATA).
Combining with (24) we have:

IVF(U)[# < o7 (20| AT U} + ?tr(U*TUATA)) < 1007(Vf(U), U = Px-(U)). (26)
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Combining (25) and (26), we have:

1

2

(VH(0), U = Px-(U) 2 307U~ P (U) [ +



