Long Version of Proof of Theorem 3

Supplement to ICML submission “Learning in POMDPs with Monte Carlo Tree Search”

While RS-BA-POMCEP is potentially more efficient, it is not directly whether it still converges to an e-optimal
value function. Here we show the main steps in proving that it is sound. These main steps are similar to the proof
in POMCP. We point out however, that the technicalities of proving the components are far more involved.

Notation

We will use the following notation.

Action-observation histories.
e hy is an action-observation history at depth d of a simulation,
L4 hd = <a07 Zlye-eyGd—1, Zd)'

‘Full’ histories. In addition to actions and observations, full histories also include the states.

e Hj the (unknown) full history (of real experience) at the root of the simulation: i.e., if there have been k
steps of ‘real’” experience Hy = (S_k, @k, S—kt1,2—k—1y---50_1,50,20)

e H,isa full history (of simulated experience) at depth d in the lookahead tree: Hy = (Ho, ag, S1, 21, A1, 52,292, -« -, Gd—1, Sd; Zd)
(Hi-1,aa-1, 84, 2a) = (S0:a, ha)-

) Hg) the full history at depth d corresponding to simulation 3.

e In our proof, we will also need to indicate if a particular full history H is consistent with a full history at the
root, of simulation:

1 if Hy is consistent with the full history at the root Hy ,

Cons(Hy, Hg) =

(Ho, Ha) {0 otherwise.

Dynamics Function. We fold transition and observations function into one:
e D denotes the dynamics model

o Dgtt . | = Di:f = Ds,_y a1 (5t,2t) = D(8¢, 2841, a0-1) = Pr(se, 2¢[s¢-1,a1-1)

e D, denotes the vector: <D§;Zl, .. ,Dgf‘zlzl>

Counts

X577 denotes how often (s, z) occurred after (s, a)

Xsa 1S the vector of counts for (s, a).

X = <X51a1 ey XS\S\“\.A\> is the total collection of all such count vectors.

X(Hg) denotes the vector of counts at simulated full history H,.

If xo is the count vector at the root of simulation, we have that x(Hy) = xo0 + A(Hy), with A(Hy) the vector
of counts of all (s, a, s, z) quadruples occurring in Hy.

Dirichlet distributions
o let v = (71...2x) € AK and a = (o ... ak) be a count vector
e Dir(z|a) = Pr(z;a) = B(a) Hfil zit

i

e with B(a) = % the Dirichlet normalization constant, with I' the gamma function.
e So, in translated in terms of dynamics function and counts, we have:

;O\ X3
— for a particular s, a: Dir(Dga|Xsa) = Pr(Dsa; Xsa) = B(Xsa) H(s’,z)GSXZ (D;az)

/Z

a



— we will also abuse notation and write Dir(D|x) =[], ) Dir(DsalXsa)-

Var.
e 1 denotes a root sampled quantity x.
® [icondition) is the indicator function which is 1 iff condition is true and 0 otherwise.

Definitions

Definition 1. The expected full-history expected transition BA-POMDP rollout distribution is the distribution
over full histories of a BA-POMDP, when performing Monte-Carlo simulations according to a policy m. It is given
by

P™(Hat1) = Dy(r1,)(Sa+1, Zat1las, sa)m(aqlha) P (Ha) (1)

with P™(Hp) = bo((s0, Xo)) the belief ‘now’ (at the root of the online planning).

Definition 2. The full-history root-sampling (RS) BA-POMDP rollout distribution is the distribution over full
histories of a BA-POMDP, when performing Monte-Carlo simulations according to a policy 7 in combination
with root sampling of the dynamics model D. This distribution, for a particular stage d, is given by

where

e K is the number of simulations that comprise the empirical distribution,
e K is the number of simulations that reach depth d (not all simulations might be equally long),

o Hg) is the history specified by the i-th particle at stage d.

Remark: throughout this proof we assume that there is only 1 initial count vector at the root. Or put better:
we assume that there is one unique Hy at which all simulations start. However, for ‘real’ steps ¢t > 0 we could be
in different H7°* all corresponding to the same observed real history h7®. In this case, root sampling from the
belief can be thought of root sampling the initial full history Hy ~ b(H[*%). As such, our proof shows convergence
in probability of

VuoVr, Pg,(HalHo) % P™(Hqy|Ho).

for each such sampled Hy. It is clear that that directly implies that
Vi, Pg,(Hi)=Eg, [PI’}d(Hd|H0) = B, [PT(Hq|Ho)] = P™(Ha).

In the below, we omit the explicit conditioning on Hy.

Proof of Main Theorem

The proof depends on a lemma that follows below.

Theorem 3. The full-history RS-BA-POMDP rollout distribution (Def. 2) converges in probability to full-history
BA-POMDP rollout distribution (Def. 1):

Vi, Pk,(Hg) 5 P™(Ha). (2)

Proof. For ease of notation we prove this for stage d + 1. Note that a history Hy1 = (Ha, ad, Sd+1,2d+1), only
differs from Hy in that it has one extra transition for the (s4, aq, Sa+1, 2d+1) quadruple, implying that x(Hg1) only
differs from x(Hy) in the counts xs,q, for sqaq. Therefore, the expression for ]5};,1 (Hy) derived in Lemma 4 below
(cf. equation (20)) can be written in recursive form as



(Xsa(Ho))
P™(Hyy1) = Cons(Hg, Hy) | | m(at|hs) =
. 0 H) n QBXM(HM»

d—1

Cons(Hy, Hy) Hﬂ' at|he)m(aqlhq) H B
t=0 (s,a)

(HO)) B(Xsa(Hd))
sa(Ha)) B(xsa(Hat1))

d—1

— ons m(a mla B(Xsa(HO)) B(Xsa(Hd))

— C (H07Hd)t1;£ (aelhe)m(aalha) g) Boali) (g B o)

_ = B(Xsa(H0)> B(Xsd,ad(Hd))

= |Cons(Hy, Hy) Ej m(az|hy) g}) Bl () 7r(ad|hd)—B(Xsm (Hu))
B(Xsdad(Hd))

P (Hg)m(aqlha)

B(Xsdad (Hd-‘rl))

with base case P™(Hy) = 1, and

B(Xsqaa(Ha))  B(Xsaas(Ho))  B(Xssay(Ha)) _ B(Xsgas(H0))/B(Xsgaq(Ha+1))
B(Xsd,ad(HdJFl)) B(Xsdad(HdJFl)) B(XSdad(HO)) B(Xsdad(HO))/B(XSd,ad(Hd))

the result of dividing out the contribution of the old counts for s;aq and multiplying in the new contribution, and
similar for the observations probabilities. Now, we investigate these terms more closely.

Again remember that the sole difference between Hyi1 = (Hg, ad, Sd+1, 2a+1) andHy is that it has one extra
transition for the (s4, ad, Sa+1,24+1) quadruple. Let us write T =}, , xg;zad(Hd) for the total of the counts for
sq,aq and N = x52657"" (Hy) for the number of counts for that such a transition was to (s44124+1). Because Hgyq
only has 1 extra transition, we also know that for this history, the total counts is one higher: Z( .2) Xi;’i J(Haypr) =

T +1 and since that transition was to (s4.124+1) the counts xst42**** (Hyy1) = N + 1. Now let us expand the term
from (3):

(3)

B(Xsuaa(Ha)) _ (D)) T1y. T, (Ha)
B(Xsdad(Hd-i-l)) F(T+1)/Hs’z (Xsdad(Hd'i'l))

(T) 1.0, (Hav))

DT +1) ILo.T(xSa,(Ha))
) DO (Ha) Tlasperssssen DOC 2, (Hat1))
F(T + 1) F(Xziiijl—;Zd*—l( d)) H3/Z¢(5d+lzd+l) F(Xg;zad (Hd))
_ D) Txssds ™ (Hawr))  D(T) T(N+1)
DT +1) Tsi ™ (Ha)  T(T+1) T(N)
Now, the gamma function has the property that I'(z + 1) = zT'(z) [DeGroot, 2004], which means that we get

_ I(T) NI(N) N

Therefore we get
B(Xsqaa(Ha)) _ Xsgay " (Ha)

B(Xsdad (Hd+1)) B Z(s’,z) Xg;zad (Hd)

and thus Sz
Xsdgd * (Hd)

Z(s”z) X;:ﬁld (Hd) .

the r.h.s. of this equation is identical to (1) except for the difference in between P™(Hy) and P™(Hg). This can be
resolved by forward induction with base step: P™(Hy) = bo((so, X0, %0)) = P™(Hy), and the induction step (show
P™(Hy) = P™(Hy,1) given P™(H,) = P™(Hy)) directly following from (1) and (4). Therefore we can conclude
that Vg P™(Hy) = P™(Hy).

P™(Hgy1) = PT(Ha)(aqlhq) (4)



Since Lemma 4 already established that YV, IB}Qd(Hd) 2 P7(Hy), we directly have
Vu, PE, (Hg) 5 P™(Hy),
thus proving the result. O
The proof depends on the following lemma:
Lemma 4. The full-history RS-BA-POMDP rollout distribution converges in probability to the following quantity:

d

_ (Hp))
N PE (Hy) 5 bo(s m(ai—1|h (Xsa (5
e PR (Hy 0(0>L[[1<t1to] g[BXde) )

with B(a) = F((;"l;riJr(O‘k) the normalization term of a Dirichlet distribution with parametric vector a.

Proof. Via the weak law of large numbers, we have that the empirical mean of a random variable converges in
probability to its expectation.

Kq
1
i g, 2 ey B “fneen

This expectation can be rewritten as follows

© (i) = X7 () iy = 7 00 .

§240)
Hy

where P™ (Hg) denotes the (true, non-empirical) probability that the RS-BA-POMDP rollout generates full history
H,. This is an expectation over the root sampled model D:

Pm(Hy) = / P (Hd|D)Dir(D\x)dD (7)

/

d
= Cons(Hy, Hy) [Hﬂ(at_ﬂht_l)] ( / [HD(stzﬂst_l,at_l)] Dir(D|>'<)dD> (9)

t=1 t=1

d
Cons(Hy, Hyg) HD stzt|st1,at1)7r(at1|ht1)1 Dir(D|x)dD (8)
t=1

Where Cons(Hy, Hy) is a term that indicates whether (takes value 1 if) Hy is consistent with the full history at the
root Hy.!

LAn earlier version of this proof [anonymous] contained a term bg(so) instead of Cons(Ho, Hy). This was incorrect since it failed to
recognize that this proof assumes Hy to be fixed. See also the remark on page 2.



Now we can exploit the fact that only the Dirichlet for the transitions specified by H; matter.

d
/ [H D(syzi|si-1,a:_1) | Dir(D|xo)dD
t=1

={split up the integral over one big vector into integrals over smaller vectors}

- d r
Sty 2t
// HDSt—hat—l
Lt=1

H DiT(Dsa|X5a(H0)) stlal ce dDS\S\aIA\
(s,a)

={reorder the transition probabilities: A;“S/Z(Hd)is the number of occurences of (s, a, s, z)in Hy}

o[

H Dir(Dsab(sa(HO)) stlal P st\S\a\A\

L (s,a) (s",2) 1 Lis,a)

= / o / H H (D::;Z>A;as o H B(Xsa) H (Di;)xgm - stlal o dDS\s\a\A\
L (s,a) (s",2) 1 Lis,a) (s’,2)

= / o / H H (DE;Z>A;M o B(Xsa) H (DS;Z)XSM - dbslal . dDS|S|a\A|
| (s,a) (s’,2) (s",z) 1/

:// IT | BGa) | I (Di;Z)A;aS " 11 (Dz;z)xé‘” h dDgigr ... dDys g1
| (s,a) (s",2z) (s",z) 1/

X8a5/271+A§a5/z(Hd) . .
) dDg141...dDgs| 44

= [ [ | T 3o T (222

_{s,a) (s",2z)

(11)

(16)

Now we reverse the order of integration and multiplication, which is possible since the different s, a pairs over which

we integrate are disjoint.? We obtain:

sas/z+AsXas/z(Hd)71

~ 1 Bttt [ ] (Dats'2))™ dDsq
(s',2)

(s,a)

—={since we integrate over the entire vector D,q, the integral equals 1/B(xsq(Ho) + AY'(Ha))}

1
g:];) B(Xsa(HO))B(Xsa(HO) 4 A;a(Hd))
_ 17 Bsa(Ho))
- <g> B(Xsa(Hd))

Therefore

d—1
P™(Hy) = Cons(Hy, Hy) [H 7T(azt|hzt)]

t=0

proving (5).

2E.g, consider two sets A; = {agl), a%m} and As = {ag), aéz)ﬂgs)}. Equation (16) is of the same form as

2
S S Hus ¥ 5w ol +ofafd + ofafd + o@afd + ofPafd + of?af?
a1 €A1 az€Ag 1=1 a1 €A1 ag€Ay

= (o + o +af) + o (o + 0 +af) = (o + ) (o + o +af?)

ER[EER

a1 €A ag €Ay i=la;€EA;

(17)
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