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A. Appendix A: Convergence Analysis Our goal is to prove that A — AU 4 AP — Al <

AL Proof of Theorem 4.2 —6A§,t) — 6A£lt) to show linear convergence in sub- optimality
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Recall primal, dual and Lagrangian forms: lemma is the middle step that connects to the primal part, and
the remaining part represents the dual progress and will be ana-
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Plx) = - Z ¢i((Ai, z)) + g(), (20)  lyzed later.
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Lzy) = g(@)+ y Az — Z ¢i(yi) @D Proof. The primal and dual gap comes from both primal and dual
progresses:
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where Z(y) : R" — RR< is the optimal primal variable with respect dual progress primal progress

to some y, namely,
z(y) = arg min L(xz,y)
e Dual progress:
For simplicity, we will use % = ef z(y"*) throughout this paper.
Similarly, we also use g(z) : RY — R" to be the optimal dual
variable with respect to some .

By Danskins’ theorem, —D(y) is y-strongly convex. There-
fore for any g € 997, (y), we have,
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smooth and separable. The conjugate of loss function(e.g. smooth - ( (i), ) =90 ~ Y ) 23)
hinge loss used in our experiments): ¢™ is y-strongly convex.
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Recall the primal gap defined as A;t) o Lz y®y) —
D(y"), and dual gap A () & e D(y®). In the proof, e Primal progress:
we will connect the objectlve change in primal/dual update with
the primal/dual gap and show how the sub-optimality: A® =
A,(,t) + A,(;) enjoys linear convergence.
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Lemma A.1. (Primal Progress): <

Therefore,
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, where g € +-9¢% ) (y). e Summing together we have:
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Afterwards, we upper bound the dual progress (1 (A;u), 2™ —

M) — (£(A,), 2" — g)? by dual gap A
Lemma A.3. (Dual Progress).
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Proof. For simplicity, we denote ¢*(y) = = >, ¢} (y:). To
begin with,

. 2,1 _ .
A =D =Dly) < Il Az - 05"y

2n, 1 «
< = AzY - 96" (y D)%
vn

In our algorithm, the greedy choice of i") makes sure || Az") —
96' )l = [24c® — 96" (y®)|loe. However, here
we need the relation between ||%Aa‘:(t> — 99" (y")||;¢) and
[LAZ® — 09" (y")||o (assumed to be reached at coordinate

i*). We bridge their gap by § & LAY —2). Since
1
*(;(Am, D) = (i) W)
1
= (A 2") = —(6l0) (5) + 6i0)?

1 2
< =5 (A 2®) = @70 61)) + %

—_

3\>—'2

1,1 "
= 542 = 09" ()|, + 5w
1 1
< 5 (A2 ®) = (00 ()? + 11615
1.1 —(t) I URNIN) 2 2
—5 (A, 20) = = (01) (4it) = 6:2)" + 6115
11 _(y 1 (t) 31512
< = (A —\Pi 5 )
< g CAE 2" =~ (01) (1)) + 5 119]
= _Lylze 2 3 o0
=~ Az — 06" (o' )||w+2||6||oo
Y oAk, 3 2
< L et
AV L] [

(A, 2"y — g)?

The first inequality follows —(a + b) = —a®> - b —2ab <
—a® — b + a® + 20 = —la —|— b%, and replace a by
LA, 2y — Lt (' (t)) and b= 5, ). And similarly for
the third inequality.

Meanwhile, since || A(2® — )| < R||Z® —2® ||, together
we get Lemma A.3. O

Now we have established the connection between the primal and
dual progress (change in primal/dual gap) with primal and dual gap,
and the only redundant part is ||2(*) — ||, but since £ le® —
2| < L(x®,y®) — £@P,y®), which could be absorbed
in the primal gap. Therefore, back to the main inequality (26):

Proof of Theorem 4.2.
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B  Appendix B: Additional Experimental Results

Finally, we show result for A = 0.01,0.1, and = 0.01,0.1,1. Here are some comments for results under different
parameters.

The winning margin of DGPD is larger on data sets of dense feature matrix than that of sparse feature matrix. One reason
for this is, for data of sparse feature matrix, features of higher frequency are more likely to be active than those of lower
frequency, and therefore, the feature sub-matrix corresponding to the active primal variables are often denser than submatrix
matrix corresponding to the inactive ones. This results in a less overall speedup.
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Figure 2. Relative Objective versus Time (the upper 2 rows) and versus # iterations (the lower 2 rows) for A = 0.1, p = 1.
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We also observe that in order to achieve the best performance of DGPD, both primal and dual sparsity must hold, and the
sparsity is partially controled by the L1/L2 penalty. In particular, when the L1 penalty has too much weight, the primal
iterate would become too sparse to yield a reasonable prediction accuracy, which then results in a particularly dense dual
iterate due to its non-zero loss on most of the samples. Another example is, when the L2 penalty becomes too large, the

classifier would tend to mis-classify many examples in order to gain a large margin, which results in dense dual iterates.

However, in practice such hyperparameter settings are less likely to be chosen due to its inferior prediction performance.
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Figure 3. Relative Objective versus Time (the upper 2 rows) and versus # iterations (the lower 2 rows) for A = 0.1, u = 0.1.
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Figure 4. Relative Objective versus Time (the upper 2 rows) and versus # iterations (the lower 2 rows) for A = 0.01, p = 1.
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Figure 5. Relative Objective versus Time (the upper 2 rows) and versus # iterations (the lower 2 rows) for A = 0.01, ¢ = 0.1.
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Figure 6. Relative Objective versus Time (the upper 2 rows) and versus # iterations (the lower 2 rows) for A = 0.01, p = 0.01.



