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A. Proof of Theorem 1 and Lemma 2
Proof of Theorem 1. In the specification of L we have that
Eq[ln p̂(βt|λt−1, ρt)] (defined in Equation (7)) can be ex-
panded as (ignoring the base measure) :

Eq[(ρtλt−1+(1−ρt)αu)t(βt)−ag(ρtλt−1+(1−ρt)αu)].

Since ag is convex we have

ag(ρtλt−1+(1−ρt)αu) ≤ ρtag(λt−1)+(1−ρt)ag(αu),

which combined with Equation (10) gives

Eq[ln p(xt,Zt|βt)] + Eq[(ρtλt−1 + (1− ρt)αu)t(βt)
− ρtag(λt−1)− (1− ρt)ag(αu)] + Eq[p(ρt|γ)]
− Eq[ln q(Zt|φt)]− Eq[q(βt|λt)]− Eq[q(ρt|ωt)] ≤ L.

Lastly, by exploiting the mean field factorization of q and
using the exponential family form of pδ(βt|λt−1) and
pu(βt) we get the desired result. �

Proof of Lemma 2. Firstly, by ignoring the terms in L̂
(Equation (11)) that do not involve ωt we get

L̂(ωt) = Eq[ρt](Eq[ln(pδ(βt|λt−1))− Eq[ln pu(βt)])
+ Eq[p(ρt|γ)]− Eq[q(ρt|ωt)].

Assuming that the sufficient statistics function t(ρt) for
p(ρt|γ) and q(βt|λt) is the identity function (t(ρt) = ρt)
we have

L̂(ωt) = Eq[ρt](Eq[ln(pδ(βt|λt−1))− Eq[ln pu(βt)])
+ γEq[ρt]− (ωtEq[ρt]− ag(ωt)) + cte.

Using Eq[t(ρt)] = Eq[ρt] = ∇ωt
ag(ωt) we get

L̂(ωt) = ∇ωtag(ωt)(Eq[ln(pδ(βt|λt−1))− Eq[ln pu(βt)])
+ γ∇ωtag(ωt)− (ωt∇ωtag(ωt)− ag(ωt)).
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and thereby

∇ωtL̂ = ∇2
ωt
ag(ωt)(Eq[ln(pδ(βt|λt−1))−ln pu(βt)]+γ−ωt).

We can now find the natural gradient by premultiplying
∇ωt
L̂ by the inverse of the Fisher information matrix,

which for the exponential family corresponds to the inverse
of the Hessian of the log-normalizer:

∇̂ωt
L̂ = (∇2

ωt
ag(ωt))

−1∇ωt
L̂

= Eq[ln(pδ(βt|λt−1))− ln pu(βt)] + γ − ωt.

Lastly, by introducing q(βt|λt) − q(βt|λt) in-
side the expectation we get the difference in
Kullbach-Leibler divergence KL(q(βt|λt), pu(βt)) −
KL(q(βt|λt), pδ(βt|λt−1)). �

B. Experimental Evaluation
B.1. Probabilistic Models

We provide a (simplified) graphical description of the prob-
abilistic models used in the experiments. We also detail
the distributional assumptions of the parameters, which are
then used to define the variational approximation family.
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Figure 1. Simplified DAG for the financial model

p ∼ Dirichlet(1, . . . , 1)
pk ∼ Dirichlet(1, . . . , 1)

(µi;j,k, γi;j,k) ∼ NormalGamma(1, 1, 0, 1e− 10)

Defaultt ∼ Binomial(p)
(zt|Defaultt = k) ∼Multinomial(pk)

(xi,t|zt = j,Dayt = k) ∼ N (µi;j,k, γi;j,k)

B.2. Real Life Data Sets

In the experimental section of the original paper, we plot
the relative values for the TMLLt measure with respect to

the SVB method. Here, we provides the plots of the abso-
lute values of the TMLLt series for the different methods
studied in the paper.
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Figure 2. Electricity
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Figure 3. GPS
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Figure 4. Finance


