Bottleneck Conditional Density Estimation

A. Factored Inference

When training the BJDE in the semi-supervised regime,
we introduce a factored inference procedure that reduce the
number of parameters in the recognition model.

In the semi-supervised regime, the 1-layer BJDE recog-
nition model requires approximating three posteriors:
p(zlz,y) o< p(z)p(x,ylz), p(zlz) o p(z)p(x]z), and
p(zly) < p(z)p(y|z). The standard approach would be to
assign one recognition network for each approximate pos-
terior. This approach, however, does not take advantage
of the fact that these posteriors share the same likelihood
functions, i.e., p(z, y|z) = p(x|2)p(y|2).

Rather than learning the three approximate posteriors in-
dependently, we propose to learn the approximate likeli-
hood functions 4(z;x) =~ p(x|z), £(z;y) =~ p(y|z) and
let /(z;2,y) = {(z;2)(z;y). Consequently, this factor-
ization of the recognition model enables parameter sharing
within the joint recognition model (which is beneficial for
semi-supervised learning) and eliminates the need for con-
structing a neural network that takes both x and y as in-
puts. The latter property is especially useful when learning
a joint model over multiple, heterogeneous data types (e.g.
image, text, and audio).

In practice, we directly learn recognition networks for
g(z|z) and £(z;y) and perform factored inference as fol-
lows

q(zl2,y) < q5(2|2)05(2 ), a(zly) < p(2)05(z: ),
(14)

where ¢ parameterizes the recognition networks. To en-
sure proper normalization in Eq. (14), it is sufficient for i
to be bounded. If the prior p(z) belongs to an exponential
family with sufficient statistics 7'(z), we can parameterize

E:;(z; y) = exp ((T(z), n(;(y)}), where 75 (y) is a network
such that n5(y) € {n[{(T(2),n) Vz} is upper bounded}.
Then the approximate posterior can be obtained by simple
addition in the natural parameter space of the correspond-
ing exponential family. When the prior and approximate
likelihood are both Gaussians, this is exactly precision-

weighted merging of the means and variances (Sgnderby
et al., 2016).

B. Derivation of the Hybrid Objective
We first provide the derivation of Eq. (11). We begin with

the factorization proposed in Eq. (7), which we repeat here
for self-containedness,

p(Xl, Yl7 Xua éa 9) = p(é, 0)

PXulO)p(Xil)p(Yi[ X1 6). (15

Since our model includes unpaired y, we modify Eq. (15)
to include

p(X1, Y1, Xy, Yo, 0,0) = p(d,0)
P(Xul0)p(You|0)p(Xi]0)p(Yi|X1,6).  (16)
To account for the variational parameters, we include them
in the joint density as well,
p(Xla Yl7 Xu7 Yu7 9~7 an 97 ¢) = p(é7 (57 67 (b)
p(Xul0, 6)p(Y.|0,9)
p(Xl|97¢)p(Yl|Xla07¢) (17)

By taking the log and replacing the necessary densities with
their variational lower bound,

Inp(Xy, Y1, X, Yo, 0,6,0,¢) 2 np(0,6,0,0) +
jx(6~7 (Z;; Xu) + jy(éa Qg; Yu) +
To (0,63 X1) +C(0,¢: X1, Y1), (18)
we arrive at Eq. (11). We note, however, that a more gen-
eral hybrid objective Eq. (13) is achievable. To derive the
general objective, we consider an alternative factorization
of the joint density in Eq. (17),
p(Xh Yla Xuv Yuv é7 (Z;v 01 ¢) = p(é, ng 97 ¢>7 )
p(X1, Y1, X, Yould, 6,6, 6). (19)
We factorize the likelihood term such that X, and Y, are
always explained by the joint parameters 6, ¢,
p(Xla Yl7 Xu7 Yu|é? (;Sa 97 ¢) = p(Xu|év (ZB)p(Yu‘é, qg)
p(X1,Y110,6.0,0). (20)

We then introduce an auxiliary variable s = {0, 1},

p(Xla Yl|é7 (57 07 d))
= p(s)p(X1,Y1l0,9,0,6,5), (2D

where
p(X1, Y110, 9,6,6,5°) = p(X;, Y116, ) (22)
p(Xl> Yl|éa (ga 97 ¢7 81) = p(XZ |é, (;)p(Y”Xla 9, (b)
(23)
Using Jensen’s inequality, we can lower bound

Inp(X;, Y116, 6,6, 6) with

p(SO) lnp(le Yl ‘éa 95) + p(sl) hlp(X”é, &)p(Yl |Xl7 07 ¢)
(24)

By taking the log of Eq. (19), replacing all remaining
densities with their variational lower bound, and setting
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p(s%) = a,

Inp(X;, Y, Xy, Yy, 0,0,0,0)
>H(0,6,0,¢: X, Y, Xy, Yo (25)
=np(0,9,0,¢) +

To(0, 6 Xu) + Ty (0, 6; Y) +
o Tuy(0,6;X0,Y)) +
(1—a) - |Tu(0,0; X)) +C(0,0: X1, Y|, (26)

we arrive at the general hybrid objective. Note that when
a = 0, Eq. (26) reduces to Eq. (18).

C. Visualizations for CelebA and SVHN

We show visualizations of the hybrid BCDE predictions for
CelebA and SVHN on the top-down prediction task in the
n; = 10000 semi-supervised regime. For each data set, we
visualize both the images sampled during reconstruction as
well as prediction using an approximation of the MAP es-
timate by greedily sampling the mode of each conditional
distribution in the generative path.

(a) Hybrid Rec.

Figure 6. Visualization of the reconstructed and predicted bottom
half of SVHN test set images when conditioned on the top half.

Figure 7. Visualization of the reconstructed and predicted bottom
half of CelebA test set images when conditioned on the top half.



