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Abstract

We address the statistical and optimization im-
pacts of using classical sketch versus Hessian
sketch to solve approximately the Matrix Ridge
Regression (MRR) problem. Prior research has
considered the effects of classical sketch on least
squares regression (LSR), a strictly simpler prob-
lem. We establish that classical sketch has a
similar effect upon the optimization properties
of MRR as it does on those of LSR—namely,
it recovers nearly optimal solutions. In contrast,
Hessian sketch does not have this guarantee; in-
stead, the approximation error is governed by a
subtle interplay between the “mass” in the re-
sponses and the optimal objective value. For
both types of approximations, the regularization
in the sketched MRR problem gives it signif-
icantly different statistical properties from the
sketched LSR problem. In particular, there is
a bias-variance trade-off in sketched MRR that
is not present in sketched LSR. We provide up-
per and lower bounds on the biases and vari-
ances of sketched MRR; these establish that the
variance is significantly increased when classical
sketches are used, while the bias is significantly
increased when using Hessian sketches. Empiri-
cally, sketched MRR solutions can have risks that
are higher by an order-of-magnitude than those
of the optimal MRR solutions. We establish the-
oretically and empirically that model averaging
greatly decreases this gap. Thus, in the dis-
tributed setting, sketching combined with model
averaging is a powerful technique that quickly
obtains near-optimal solutions to the MRR prob-
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lem while greatly mitigating the statistical risks
incurred by sketching.

1. Introduction

Regression is one of the most fundamental problems in ma-
chine learning. The simplest and most thoroughly studied
regression model is least squares regression (LSR). Given
features X = [x7;...,xF] € R™*9 and responses y =
[Y1,...,yn]T € R™, the LSR problem miny, | Xw — y||3
can be solved in O(nd?) time using the QR decomposition
or in O(ndt) time using accelerated gradient descent algo-
rithms. Here, ¢ is the number of iterations, which depends
on the initialization, the condition number of X, and the
stopping criterion.

This paper considers the n >> d problem, where there
is much redundancy in X. Matrix sketching, as used
within Randomized Linear Algebra (RLA) (Mahoney,
2011; Woodruff, 2014), works by reducing the size of X
without losing too much information; this operation can
be modeled as taking actual rows or linear combinations
of the rows of X with a sketching matrix S to form the
sketch STX. Here S € R™** satisfies d < s < n so that
STX generically has the same rank but much fewer rows
as X. Sketching has been used to speed up LSR (Drineas
et al., 2006; 2011; Clarkson & Woodruff, 2013; Meng &
Mahoney, 2013; Nelson & Nguyén, 2013) by solving the
sketched LSR problem miny, ||[STXw — STy/||3 instead
of the original LSR problem. Solving sketched LSR costs
either O(sd? + T) time using the QR decomposition or
O(sdt + Ts) time using accelerated gradient descent al-
gorithms, where ¢ is as defined previously' and T} is the
time cost of sketching. For example, T, = O(ndlog s)
when S is the subsampled randomized Hadamard trans-
form (Drineas et al., 2011), and Ts = O(nd) when S is
a CountSketch matrix (Clarkson & Woodruff, 2013).

There has been much work in RLA on analyzing the
quality of sketched LSR with different sketching methods

and different objectives; see the reviews (Mahoney, 2011;

!The condition number of XTSSTX is very close to that of
XTX, and thus the number of iterations ¢ is almost unchanged.



Sketched Ridge Regression

Table 1. The time cost of the solutions to MRR. Here T (X) and
T+(Y) denote the time cost of forming the sketches STX ¢
R**?and STY € R**™.

Definition
Optimal 2)
Classical 3)
Hessian (@)

Time
O(nd* + nmd)
O(sd? + smd) + Ts(X) + T:(Y)
O(sd? + nmd) + Ts(X)

Woodruff, 2014) and the references therein.

The concept of sketched LSR originated in the theoreti-
cal computer science literature, e.g., (Drineas et al., 2006;
2011), where the behavior of sketched LSR was studied
from an optimization perspective. Let w* be the optimal
LSR solution and w be the solution to sketched LSR. This
line of work established that if s = O(d/e + poly(d)),

then the objective function value || Xw — yH2 is at most €

times worse than || Xw* — sz These works also bounded

||[W —w*||3 in terms of the difference in the objective func-
tion values and the condition number of X7 X.

A more recent line of work has studied sketched LSR from
a statistical perspective: (Ma et al., 2015; Raskutti & Ma-
honey, 2016; Pilanci & Wainwright, 2015; Wang et al.,
2016b) considered statistical properties of sketched LSR
like the bias and variance. In particular, Pilanci & Wain-
wright (2015) showed that sketched LSR has much higher
variance than the optimal solution.

Both of these perspectives are important and of practical
interest. The optimization perspective is relevant when the
data can be taken as deterministic values. The statistical
perspective is relevant in machine learning and statistics
applications where the data are random, and the regression
coefficients are therefore themselves random variables.

In practice, regularized regression, e.g., ridge regression
and LASSO, exhibit more attractive bias-variance trade-
offs and generalization errors than vanilla LSR. Further-
more, the matrix generalization of LSR, where multiple
responses are to be predicted, is often more useful than
LSR. However, the properties of sketched regularized ma-
trix regression are largely unknown. Hence, the question:
How, if at all, does our understanding of the optimiza-
tion and statistical properties of sketched LSR generalize
to sketched regularized regression? We answer this ques-
tion for sketched matrix ridge regression (MRR).

Recall that X is n x d. Let Y € R™*™ denote the matrix
of corresponding responses. We study the MRR problem

. A 2
min {£(W) 2 L|XW - Y[ ++WIE}, @
which has optimal solution
WY = (X'X+n)'XTY. 2)

Here, (-)' denotes the Moore-Penrose inversion operation.

LSR is a special case of MRR, with m = 1 and v = 0. The

optimal solution W* can be obtained in O(nd? + nmd)
time using a QR decomposition of X. Sketching can be
applied to MRR in two ways:

(XTSSTX + nvly) T (XTss”Y), 3)
(XTSSTX + nyLy) ' X"Y. )

W =
wh =

Following the convention of Pilanci & Wainwright (2015);
Wang et al. (2016a), we call W¢ classical sketch and W"
Hessian sketch, which approximate the optimal solution
‘W*. Table 1 lists the time costs of the three solutions to
MRR.

1.1. Main Results and Contributions

We first study classical and Hessian sketches from the op-
timization perspective. Theorems 1 and 2 show that

e Classical sketch achieves relative error in the objective
value. With sketch size s = O(d/¢), the objective
satisfies f(W¢) < (1 +¢)f(W™).

e Hessian sketch does not achieve relative error in the
objective value. In particular, if L{|Y||% is much
larger than f(W*), then f(W™") can be far larger than
JWX).

e For both classical and Hessian sketch, the relative
quality of approximation improves as the regulariza-
tion parameter -y increases.

We then study classical and Hessian sketches from the sta-
tistical perspective, by modeling Y = XW, + = as the
sum of a true linear model and random noise, decompos-
ing the risk R(W) = E[|XW — XW,||% into bias and
variance terms, and bounding these terms. We draw the
following conclusions (see Theorems 4, 5, 6):

e The bias of the classical sketch can be nearly as
small as that of the optimal solution. The variance
is ©(2) times that of the optimal solution; this bound
is optimal. Therefore over-regularization, i.e., large
v, should be used to supress the variance. (As 7y
increases, the bias increases, and the variance de-
creases.)

e Since Y is not sketched with Hessian sketch, the vari-
ance of Hessian sketch can be close to the optimal so-
lution. However, Hessian sketch has high bias, espe-
cially when n+y is small compared to ||X||3. This indi-
cates that over-regularization is necessary for Hessian
sketch to have low bias.

Our empirical evaluations bear out these theoretical results.
In particular, in Section 4, we show in Figure 2 that even
when the regularization parameter v is fine-tuned, the risks
of classical sketch and Hessian sketch are worse than that
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of the optimal solution by an order of magnitude. This is
an empirical demonstration of the fact that the near-optimal
properties of sketching from the optimization perspective
are much less relevant in a statistical setting than its sub-
optimal statistical properties.

We propose to use model averaging, which averages the
solutions of g sketched MRR problems, to attain lower op-
timization and statistical errors. Without ambiguity, we de-
note classical and Hessian sketches with model averaging
by W€ and wh, respectively. Theorems 7, 8, 10, 11 give
the following results:

e Classical Sketch. Assume the sketch size s = (%)
and ¢ < ; then the bound on f(W*) — f(W*) i

is
proportional to £. Assume that s = (5(6%) and €2 <
é; the bias does not increase; the variance bound is
proportional to -

o Hessian Sketch. Assume that s = (9( )and € < %

then the bound on f(W") — f(W*) is proportlonal
to 7. Assume that s = (7)(5%), the variance does
not increase; if, additionally, € < L and n7y is much
smaller than the squared spectral norm of X, then the

bias bound is proportional to g

Note that classical sketch with uniform sampling and
model averaging is very well known as bagging (Breiman,
1996) (or pasting (Breiman, 1999) or bootstrap aggregat-
ing). Different from bagging, our model averaging ap-
proach is not limited to uniform sampling.

Classical sketch with model averaging has three immediate
applications. In the single-machine setting,

e Classical sketch with model averaging offers a way to
improve the statistical performance in the presence of
heavy noise. Assume the sketch size is s = O(v/nd).
As g grows larger than 2, the variance of the averaged
solution can be even lower than the optimal solution.
See Remark 1 for further discussion. This observation
is in accordance with the observation that bagging re-

duces variance.

In the distributed setting, the feature-response pairs
(x1,¥1), ", (Xn, yn) € R4 x R™ are divided among g
machines. Assuming that the data have been shuffled ran-
domly, each machine contains a sketch constructed by uni-
formly sampled rows from the dataset without replacement.
In this setting, the model averaging procedure will com-
municate the g local models only once to return the final
estimate; this process has very low communication com-
plexity and latency, and it suggests two further applications
of classical sketch with model averaging:

e Model Averaging for Machine Learning. If a low-
precision solution is acceptable, the averaged solution
can be used in lieu of distributed numerical optimiza-
tion algorithms requiring multiple rounds of commu-
nication. If 2 is big enough compared to d and the row
coherence of X is small, then “one-shot” model aver-
aging has bias and variance comparable to the optimal
solution.

e Model Averaging for Optimization. If a high-
precision solution to MRR is required, then an iter-
ative numerical optimization algorithm must be used.
The cost of such numerical optimization algorithms
heavily depends on the quality of the initialization.?
A good initialization saves lots of iterations. The av-
eraged model is provably close to the optimal solution,
so model averaging provides a high-quality initializa-
tion for more expensive algorithms.

1.2. Prior Work

The body of work on sketched LSR mentioned earlier
(Drineas et al., 2006; 2011; Clarkson & Woodruff, 2013;
Meng & Mahoney, 2013; Nelson & Nguyén, 2013) shares
many similarities with our results. However, the theories of
sketched LSR developed from the optimization perspective
do not obviously extend to MRR, and the statistical analy-
sis of LSR and MRR differ: among other differences, LSR
is unbiased while MRR has a nontrivial bias and therefore
has a bias-variance tradeoff that must be considered.

Lu et al. (2013) has considered a different application of
sketching to ridge regression: they assume d > n, reduce
the number of features in X using sketching, and conduct
statistical analysis. Our setting differs in that we consider
n > d, reduce the number of samples by sketching, and
allow for multiple responses.

The model averaging analyzed in this paper is similar in
spirit to the AVGM algorithm of (Zhang et al., 2013). When
classical sketch is used with uniform row sampling without
replacement, our model averaging procedure is a special
case of AVGM. However, our results do not follow from
those of (Zhang et al., 2013): first, we make no assumption
on the data, whereas they assumed xi,--- ,x, are i.i.d.
from an unknown distribution; second, our results apply
to many other sketching ensembles than uniform sampling
without replacement; and third, we provide both optimiza-
tion and statistical perspectives, whereas they provide only
a statistical perspective. Our results clearly indicate that the

2For example,

) _we
M < #%; the stochastic block coordinate descent (Tu

(t)
et al., 2016) satisfies W < 65. Here W® is the
output of the ¢-th iteration; 61,02 € (0,1) depend on the condi-

tion number of XX + nvyI, and some other factors.

the conjugate gradient method satisfies
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performance critically depends on the row coherence of X;
this dependence is not captured in (Zhang et al., 2013). For
similar reasons, our work is different from the divide-and-
conquer kernel ridge regression algorithm of (Zhang et al.,
2015).

Iterative Hessian sketch has been studied by Pilanci &
Wainwright (2015); Wang et al. (2016a). By way of com-
parison, all the algorithms in this paper are “one-shot”
rather than iterative. Upon completion of this paper, we no-
ticed the contemporary works (Avron et al., 2016; Thanei
et al., 2017). Avron et al. (2016) studied classical sketch
from the optimization perspective, and Thanei et al. (2017)
studied LSR with model averaging.

1.3. Paper Organization

Section 2 defines our notation and introduces the sketching
schemes we consider. Section 3 presents our theoretical
results. Section 4 conducts experiments to verify our the-
ories and demonstrates the usefulness of model averaging.
Proofs of our claims and more empirical evaluations can be
found in the technical report version (Wang et al., 2017).

2. Preliminaries

Throughout, we take I,, to be the n x n identity matrix and
0 to be a vector or matrix of all zeroes of the appropriate
size. Given a matrix A = [a;;], the i-th row is denoted
by a;., and a.; denotes the j-th column. The Frobenius
and spectral norms of A are written as, respectively, || A | r
and ||A]|2. The set {1,2,--- ,n} is written [n]. Let O, Q,
and © be the standard asymptotic notation. Let O conceal
logarithm factors.

Throughout, we fix X € R"*¢ as our matrix of features.
We set p = rank(X) and write the SVD of X as X =
UXVT, where U, X, V are respectively n X p, p X p,
and d x p matrices. We let oy > --- > o, > 0 be the
singular values of X. The Moore-Penrose inverse of X
is defined by X = VX 7'U”. The row leverage scores
of X are I; = ||u,||3 for i € [n]. The row coherence of
Xis p(X) = % max; |la.;]|3. Throughout, we let 1 be
shorthand for p(X).

Matrix sketching turns big matrices into smaller ones with-
out losing too much information useful in tasks like linear
regression. We denote the process of sketching a matrix
X € R™*4 by X’ = STX. Here, S € R™"** is called a
sketching matrix and X’ € R**? is called a sketch of X.
In practice, except for Gaussian projection (where the en-
tries of S are i.i.d. sampled from N (0, 1/s)), the sketching
matrix S is not formed explicitly. Matrix sketching can be
accomplished by random sampling or random projection.

Random sampling corresponds to sampling rows of X

i.i.d. with replacement according to given row sampling
probabilities p1, - -+ , py, € (0,1). The corresponding (ran-
dom) sketching matrix S € R"** has exactly one non-zero
entry per column, whose position indicates the index of the
selected row; in practice, this S is not explicitly formed.
Uniform sampling fixes p; = --- = p, = 1. Leverage
score sampling sets p; proportional to the (exact or approx-
imate (Drineas et al., 2012)) row leverage scores [; of X. In
practice shrinked leverage score sampling can be a better
choice than leverage score sampling (Ma et al., 2015). The
sampling probabilities of shrinked leverage score sampling
are defined by p; = %(an s %)3
j=1"J

Gaussian projection is also well-known as the prototypi-
cal Johnson-Lindenstrauss transform (Johnson & Linden-
strauss, 1984). Let G € R™*° be a standard Gaus-
sian matrix, i.e., each entry is sampled independently from
N(0,1). The matrix S = %G is a Gaussian projection
matrix. It takes O(nds) time to apply S € R™** to any
n X d dense matrix, which makes Gaussian projection in-
efficient relative to other forms of sketching.

Subsampled randomized Hadamard transform (SRHT)
(Drineas et al., 2011; Lu et al., 2013; Tropp, 2011) is
a more efficient alternative to Gaussian projection. Let
H,, € R™*" be the Walsh-Hadamard matrix with +1 and
—1 entries, D € R™*™ be a diagonal matrix with diagonal
entries sampled uniformly from {+1, —1}, and P € R"**®
be the uniform row sampling matrix defined above. The
matrix S = ﬁDHnP € R™*% is an SRHT matrix, and
can be applied to any n x d matrix in O(ndlog s) time.
In practice, the subsampled randomized Fourier transform
(SRFT) (Woolfe et al., 2008) is often used in lieu of the
SRHT, because the SRFT exists for all values of n, whereas
H,, exists only for some values of n. Their performance
and theoretical analyses are very similar.

CountSketch can be applied to any X € R"*? in O(nd)
time (Charikar et al., 2004; Clarkson & Woodruff, 2013;
Meng & Mahoney, 2013; Nelson & Nguyén, 2013; Pham
& Pagh, 2013; Weinberger et al., 2009). Though more ef-
ficient to apply, CountSketch requires a bigger sketch size
than Gaussian projections, SRHT, and leverage score sam-
pling to attain the same theoretical guarantees. The readers
can refer to (Woodruff, 2014) for a detailed description of
CountSketch.

3. Main Results

Sections 3.1 and 3.2 analyze sketched MRR from, re-
spectively, optimization and statistical perspectives. Sec-
3n fact, pi can be any convex combination of Z,fill and %
j=1"J
(Maet al., 2015). We use the weight % for simplicity; our conclu-
sions extend in a straightforward manner to other weightings.
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tions 3.3 and 3.4 capture the impacts of model averaging

on, respectively, the optimization and statistical properties
of sketched MRR.

We described six sketching methods in Section 2. For sim-
plicity, in this section, we refer to leverage score sampling,
shrinked leverage score sampling, Gaussian projection, and
SRHT as the four sketching methods; and we will men-
tion explicitly uniform sampling and CountSketch. The no-
tation defined in Table 2 are used throughout.

Table 2. The commonly used notation.

Notation Definition
X € R"*1 each row is a data sample (feature vector)
Y € R™™™  each row contains the corresponding responses
uxv’ the SVD of X
m the row coherence of X
vy the regularizzation parameter
X
8 B= mpzem <1
S e R"*® a sketching matrix

3.1. Sketched MRR: Optimization Perspective

Theorem 1 shows that f(W¢), the objective value of clas-
sical sketch, is very close to the optimal objective value
f(W™*). The approximation quality improves as ~ in-
creases.

Theorem 1 (Classical Sketch). For the four sketching
methods with s = (’j(%) uniform sampling with s =

O(u%), and CountSketch with s = O(ﬁ—f), the in-
equality

FIW) = f(W?) < ef(W7)

holds with probability at least 0.9.

The corresponding guarantee for the performance of Hes-
sian sketch is given in Theorem 2. It is weaker than the
guarantee for classical sketch, especially when ['Y|%. is
far larger than f(W™). If Y is nearly noiseless—Y is well-
explained by a linear combination of the columns of X—
and ~ is small, then f(W™) is close to zero, and conse-
quently f(W*) can be far smaller than %[ Y||%. There-
fore, in this case which is ideal for MRR, f(W") is not
close to f(W*) and our theory suggests Hessian sketch
does not perform as well as classical sketch. This is veri-
fied by our experiments, which show that unless + is big or
a large portion of Y is outside the column space of X, the

ratio J]:(Q}’vvz)) can be large.

Theorem 2 (Hessian Sketch). For the four sketching meth-
~ 2

ods with s = (’)(@), uniform sampling with s =

O(M), and CountSketch with s = O(ﬁi—dz), the in-

equality

FOWh = pwWr) < e (P pew).

holds with probability at least 0.9.

These two results imply that f(W¢) and f(W") can be
close to f(W™*). When this is the case, curvature of the
objective function ensures that the sketched solutions W*
and W" are close to the optimal solution W*. Lemma 3
studies the Mahalanobis distance | M(W — W*)||%. Here
M is any non-singular matrix; in particular, it can be the
identity matrix or (X7X)/2,.

Lemma 3. Let f be the objective function of MRR defined
in (1), W € REX™ pe arbitrary, and W* be the optimal
solution defined in (2). For any non-singular matrix M, the
Mahalanobis distance satisfies

§ FOW) — F(W)

= "3 [(XTSSTX + ’I’L’)/Id)l/QMfl} .

O min

v ew w2

By choosing M = (X7X)!/2, we can bound L[| XW —
XW*||% in terms of the difference in the objective values:

LIXw —XW*|7 < B[F(W) - F(W")].

With Lemma 3, we can directly apply Theorems 1 or 2 to
bound 1 [ XW¢ — XW*[|% or 1| XW" — XW*|)2..

3.2. Sketched MRR: Statistical Perspective

We consider the following fixed design model. Let X €

R™*4 be the observed feature matrix, W, € R4*™ be the
true and unknown model, & € R"*™ contain unknown
random noise, and

Y = XWo+E ®)
be the observed responses. We make the following standard
weak assumptions on the noise:
E[E] =0 and E[EE"]=¢L,.
We observe X and Y and seek to estimate W,.
We can evaluate the quality of the estimate by the risk:
2

R(W) = L1E|XW — XWy|| ., (6)
where the expectation is taken w.r.t. the noise Z. We study
the risk functions R(W*), R(W¢), and R(W™) in the fol-
lowing.
Theorem 4 (Bias-Variance Decomposition). We consider
the data model described in this subsection. Let W be W*,

W¢, or W as defined in (2), (3), (4), respectively; then
the risk function can be decomposed as

R(W) = bias’(W) + var(W).

Recall the SVD of X: X = UXVT. The bias and variance
terms can be written as

bias(W*) = 7/1[|(Z? + n9T,) BV W

o L & —2y-1]|?
var(W*) = ;H(IP‘F”VE ) pr

bias(W*) = /|| (SUTSSTUS + n91,) 'SV W,

)
F

var(W¢) = %H (UTSS”U + mz—?)TUTSSTHi,
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bias(W") = v/n||(272 + TS50

~y

(UTSSTU+my= ) BVIW|

2
var(W") = %H (UTSSU + nyx~2)! Hi

Theorem 5 provides upper and lower bounds on the bias
and variance of the classical sketch. In particular, we see
that that bias(W¢) is within a factor of (14¢) of bias(W™).
However, var(W¢) is ©(%) times worse than var(W*).

Theorem 5 (Classical Sketch). For Gaussian projection

and SRHT sketching with s = O(%), uniform sampling

€
with s = O(u%), or CountSketch with s = (’)(‘z—j), the
inequalities

bias(W¢)
1—¢ < <1
= bias(wr) = €
n var(W¢) n
—_al <« < i
(1 6)s -~ var(W*) — (1+6)s

hold with probability at least 0.9.

For shrinked leverage score sampling with s = O (%),

these inequalities, except for the lower bound on the vari-
ance,* hold with probability at least 0.9.

Theorem 6 establishes similar upper and lower bounds on
the bias and variance of Hessian sketch. The situation is the
reverse of that with classical sketch: the variance of W" is
close to that of W™ if s is large enough, but as the regular-
ization parameter y goes to zero, bias(W") becomes much
larger than bias(W™*).

Theorem 6 (Hessian Sketch). For the four sketching
methods with s = O(E%), uniform sampling with s =
(’)(,udlfzgd), and CountSketch with s = O(f—z), the in-
equalities

bias(W™) €| X||3
—= = < (1 14 =12
bias(W) = ¢ +o(1+ Y ):
var(W")
—e < =21 <
l=es var(W+) — 1+e

hold with probability at least 0.9. Further assume that
U,% > ™1, Then

bias(W™) 1 (eaf, 1)

bias(W*) = 1+¢ \ny

holds with probability at least 0.9.

The lower bound on the bias shows that Hessian sketch
can suffer from a much higher bias than the optimal so-
lution. The gap between bias(W™") and bias(W*) can be

*For shrinked leverage score sampling, ||S||3 does not enjoy
nontrivial lower bound. This is why we do not have a lower bound
on the variance.

lessened by increasing the regularization parameter -y, but
such over-regularization increases the baseline bias(W*)
itself. It is also worth mentioning that unlike bias(W™*)
and bias(W¢), bias(W") is not monotonically increasing
with +, as is empirically verified in Figure 2.

In sum, our theories show that classical and Hessian
sketches are not statistically comparable to the optimal so-
lutions: classical sketch has too high a variance, and Hes-
sian sketch has too high a bias for reasonable amounts of
regularization. In practice, the regularization parameter y
should be tuned to optimize the prediction accuracy. Our
experiments in Figure 2 show that even with fine-tuned ~,
the risks of classical and Hessian sketches can be higher
than the risk of the optimal solution by an order of magni-
tude. Formally speaking, min, R(W¢) > min, R(W*)
and min, R(W") >> min,, R(W™*) hold in practice.

Our empirical study in Figure 2 suggests classical and Hes-
sian sketches both require over-regularization, i.e., setting
~ larger than what is best for the optimal solution W*. For-
mally speaking, argmin,, R(W¢) > argmin_, R(W*) and
argmin, R(W") > argmin_ R(W*). Although this is the
case for both types of sketches, the underlying explanations
are different. Classical sketch has a high variance, so a
large ~ is required to supress the variance (its variance is
non-increasing with «y). Hessian sketch has very high bias
when ~ is small, so a reasonably large 7 is necessary to
lower its bias.

3.3. Model Averaging: Optimization Perspective

We consider model averaging as an approach to increas-
ing the accuracy of sketched MRR solutions. The model
averaging procedure is straightforward: one independently
draws g sketching matrices Sq,--- , S, € R™**, uses these
to form g sketched MRR solutions, denoted by {W¢}7_;
or {W!}9_ ., and averages these solutions to obtain the fi-
nal estimate W = 377 | 'W¢or WP = 577 ‘Wi
Practical applications of model averaging are enumerated
in Section 1.1.

Theorems 7 and 8 present guarantees on the optimization
accuracy of using model averaging to combine the classical
or Hessian sketch solutions. We can contrast these with the
guarantees provided for sketched MRR in Theorems 1 and
2. For classical sketch with model averaging, we see that
when e < %, the bound on f(W™)— f(W*) is proportional
to €/g. From Lemma 3 we can see that the distances from
W€ to W™ also decreases accordingly.

Theorem 7 (Classical Sketch with Model Averaging). For
the four methods, let s = O (@), for uniform sampling, let
s = O(M). Then the inequality

FOW) = (W) < (£46%) F(W)



Sketched Ridge Regression

£=1072

£=10"

S,
R

o

o
Objective Function
<, o,
5 &
Iy
—_
o
|
w
Objective Function
3
&
g

o
o
>

]

=
FITETE Ry

I
2

Objective Function

= =@ == Uniform Sampling
— 4% =— Leverage Sampling

29
S
N
)
5
S
&
o
&
=)
IS
S,
o
S
s
S,
3
S
&
>
S
&
S

0.005
- 102 — —¢- — Shrinkage Lev. Sampling

——w—— Gaussian Projection
0.05

S
T
4.
S
o

=
Objective Function
5]
&
i
|
r
|
¢
#
4 ¢
b
h: :
> F
oL
i
Objective Function
3
&

S,

107
1072 10" 10" 10® _ 10% 10

107 10® _10° 10" 10°

SRFT
—-—g=-—=- Count Sketch
= =w = Optimal Solution

Figure 1. Empirical study of classical sketch and Hessian sketch from optimization perspective. The x-axis is the regularization param-
eter v (log-scale); the y-axis is the objective function values (log-scale).

holds with probability at least 0.8.

For Hessian sketch with model averaging, if é < L then
the bound on f(W") — f(W*) is proportional to

Theorem 8 (Hessian Sketch with Model Averaging). For
~ 2

the four methods let s = O(@), and for uniform sam-

uB3dlog d)

pling let s = (’)( , then the inequality

FOWD = (W) < (5 + %) (XE — pow)).

holds with probability at least 0.8.

3.4. Model Averaging: Statistical Perspective

Model averaging also has the salutatory property of reduc-
ing the risks of the classical and Hessian sketch solutions.
Our first result conducts a bias-variance decomposition for
the averaged solution of sketched MRR.

Theorem 9 (Bias-Variance Decomposition). We consider
the fixed design model (5). The risk function defined in (6)
can be decomposed as

R(W) = bias?’(W) + var(W).

The bias and variance terms are

g
bias(W*) = 17| LS (zuTsisTus + L)' BVIWo|
i=1
c 52 1o T T -2\ Ty 1T T
var(W):;H;Z(U S,;STU+nym2)'uTs,sT||
i=1

)

- (UTS;STU + nyE’Q)TEVTWOHF,

z Ts,8TU —
bias(W") = V\/ﬁHé Sy %;JIP
=1

SHERN 2
var(W") = FHE > (UTSSTU+nyz )|

=1

Theorems 10 and 11 provide upper bounds on the bias
and variance of model-averaged sketched MRR for, respec-
tively, classical sketch and Hessian sketch. We can contrast
them with Theorems 5 and 6 to see the statistical benefits
of model averaging.

Theorem 10 (Classical Sketch with Model Averaging).
For shrinked leverage score sampling, Gaussian projec-

tion, SRHT with s = (9(6%), or uniform sampling with
s = O(%), the inequalities
bias(W°)
— 2 <1
bias(W+) ~ | T ©
var(W¢) _n
N )
var(W+) — s(
hold with probability at least 0.8.
Remark 1. From this result, we see that if ¢ < %, then
the variance is proportional to é. If g and s are at least

1+e/g + 6)2

g

g= (’)(%) and s= @(\/@),

then the risk R(W*) is close to R(W™). If g and s are
larger, then the variance var(W¢) can even be even lower
than var(W™).

Theorem 11 shows that model averaging decreases the bias
of Hessian sketch without increasing the variance. For Hes-
sian sketch without model averaging, recall that bias(W")
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is larger than bias(W*) by a factor of O(||X||3/(n)).
Theorem 11 shows that model averaging reduces this ra-
tio by a factor of & when e < %.

Theorem 11 (Hessian Sketch with Model Averaging). For
the four methods with s (9(6%), or uniform sampling
with s = O(%), the inequalities

bias(W") e, o X5
2 ) < =

bias(W*) — Jr€+(ng6> ny '
var(W")

—— <1

var(W+) — te

hold with probability at least 0.8.

4. Sketched Ridge Regression Experiments

Following (Ma et al., 2015; Yang et al., 2016), we
constructed X € R™*? to have condition number
k(XTX) = 10'2 and high row coherence, fixed wy
[10.24;0.11¢.64; 10.24), and sety = Xwq+€& € R™, where
the entries of € € R™ were i.i.d. sampled from A/ (0, £?).
The details of this data model are given in the technical re-
port version (Wang et al., 2017). Let S € R™** be any of
the six sketching methods considered in this paper. We fix
n = 10%, d = 500, and s = 5,000. Because the analyti-
cal expressions involve the random sketching matrix S, we
randomly generate S, repeat this procedure 10 times, and
report the averaged results.

In Figure 1, we plot the objective function value f(w)
L||Xw — y||3 + 7v|[w||3 against ~, under different settings
of noise intensity &. The results verify our theory: classical
sketch w* is always close to optimal; Hessian sketch w"
is much worse than the optimal when + is small and y is
mostly in the column space of X.

We conducted experiments on synthetic data to verify The-
orems 5 and 6 and to show the effects of classical and Hes-
sian sketching on the bias and variance. We set the noise
intensity to be & = 0.1. In Figure 2, we plot the analytical
expressions for the squared bias, variance, and risk stated in
Theorem 4 against the regularization parameter . The re-
sults of this experiment match our theory: classical sketch
magnified the variance, and Hessian sketch increased the
bias. Even if ~ is fine-tuned, the risks of classical and Hes-
sian sketches can be much higher than those of the optimal
solution.’ Our experiments also indicate that classical and
Hessian sketches require setting -y larger than the best reg-
ularization parameter for the optimal solution W*.

5. Conclusions

We studied sketched matrix ridge regression (MRR) from
optimization and statistical perspectives. Using classical
sketch, by taking a large enough sketch, one can obtain
an e-accurate approximate solution. Counterintuitively and
in contrast to classical sketch, the relative error of Hes-
sian sketch increases as the responses Y are better approx-
imated by linear combinations of the columns of X. Both
classical and Hessian sketches can have statistical risks that
are worse than the risk of the optimal solution by an order
of magnitude. We proposed the use of model averaging
to attain better optimization and statistical properties. We
have shown that model averaging leads to substantial im-
provements in the theoretical error bounds, suggesting ap-
plications in distributed optimization and machine learning.

>In the experiment yielding Figure 2, Hessian sketch had
lower risk than classical sketch. This is not generally true: if we
used a smaller &, so that the variance is dominated by bias, then
classical sketch results in lower risks than Hessian sketch.
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