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1. Related work

Our work is largely inspired by the entropy search (ES) methods (Hennig & Schuler, 2012; Herndndez-Lobato et al.,
2014), which established the information-theoretic view of Bayesian optimization by evaluating the inputs that are most
informative to the arg max of the function we are optimizing.

Our work is also closely related to probability of improvement (PI) (Kushner, 1964), expected improvement (EI) (Mockus,
1974), and the BO algorithms using upper confidence bound to direct the search (Auer, 2002; Kawaguchi et al., 2015;
2016), such as GP-UCB (Srinivas et al., 2010). In (Wang et al., 2016), it was pointed out that GP-UCB and PI are closely
related by exchanging the parameters. Indeed, all these algorithms build in the heuristic that the next evaluation point needs
to be likely to achieve the maximum function value or have high probability of improving the current evaluations, which
in turn, may also give more information on the function optima like how ES methods queries. These connections become
clear as stated in Section 3.1 of our paper.

Finding these points that may have good values in high dimensional space is, however, very challenging. In the past,
high dimensional BO algorithms were developed under various assumptions such as the existence of a lower dimensional
function structure (Djolonga et al., 2013; Wang et al., 2013), or an additive function structure where each component is
only active on a lower manifold of the space (Li et al., 2016; Kandasamy et al., 2015). In this work, we show that our
method also works well in high dimensions with the additive assumption made in (Kandasamy et al., 2015).

2. Using the Gumbel distribution to sample v/,

To sample the function maximum y,, our first approach is to approximate the distribution for y* and then sample from that
distribution. We use independent Gaussians to approximate the correlated f(x),Va € X where X is a discretization of the
input search space X (unless X is discrete, in which case X = X). A similar approach was adopted in (Wang et al., 2016).
We can show that by assuming { f(z)} . 4, our approximated distribution gives a distribution for an upperbound on f(x).
Lemma 2.1 (Slepian’s Comparison Lemma (Slepian, 1962; Massart, 2007)). Let u,v € R™ be two multivariate Gaussian
random vectors with the same mean and variance, such that

IE[’UZ"UJ'] S E[uin],Vi,j.

Then for every y
Pr[ sup v; <y] < Pr[ sup u; <yl
i€[1,n] i€[1,n]

By the Slepian’s lemma, if the covariance ki(x, ') > 0,Va,a’ € X, using the independent assumption with give us a
distribution on the upperbound g of f(x), Pr[g. < y] = [[,c5 ¥(1y()))-

We then use the Gumbel distribution to approximate the distribution for the maximum of the function values for X, Pr(g. <
Yl = [lpezx Y(yy(x))). If forall z € X, f(x) have the same mean and variance, the Gumbel approximation is in fact
asymptotically correct by the Fisher-Tippett-Gnedenko theorem (Fisher, 1930).
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Theorem 2.2 (The Fisher-Tippett-Gnedenko Theorem (Fisher, 1930)). Let {v;}32, be a sequence of independent and
identically-distributed random variables, and M,, = maxi<;<p v;. If there exist constants a,, > 0,b, € R and a non
degenerate distribution function F' such that lim,,_, Pr(M":li_b" < x) = F(x), then the limit distribution F' belongs to
either the Gumbel, the Fréchet or the Weibull family. !

In particular, for i.i.d. Gaussians, the limit distribution of the maximum of them belongs to the Gumbel distribu-
tion (Von Mises, 1936). Though the Fisher-Tippett-Gnedenko theorem does not hold for independent and differently
distributed Gaussians, in practice we still find it useful in approximating Pr[¢. < y|. In Figure 1, we show an example of
the result of the approximation for the distribution of the maximum of f(z) ~ GP(u, k;)Va € X given 50 observed data
points randomly selected from a function sample from a GP with 0 mean and Gaussian kernel.
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Figure 1. An example of approximating the cumulative probability of the maximum of independent differently distributed Gaussians
Pr[§. < y] (Exact) with a Gumbel distribution G(a, b) (Approx) via percentile matching.

3. Regret bounds

Based on the connection of MES to EST, we show the bound on the learning regret for MES with a point estimate for «(x).

Theorem 3.1. Let F' be the cumulative probability distribution for the maximum of any function f sampled from
GP(u, k) over the compact search space X C RY where k(z,x') < 1,Yx,x’' € X. Let f. = maxgex f(x) and
w = F(f.) € (0,1), and assume the observation noise is iid N'(0,c). If in each iteration t, the query point is chosen
% — log( (v, ())), where e () = % and y! is drawn from F, then with

probability at least 1 — 6, in T' = ZZT:1 log,, 2%_ number of iterations, the simple regret satisfies

as x; = argmaX,cx vy ()

Cpr
T

T < (ve= +Cr) 1
where C' = 2/log(1 + 0~2) and ¢t = (2 log(”TT))%; T satisfies E;il 7t < land m; > 0, and t* = arg max, v; with
= Mingex,yt > 7, Yyt (T), and pr is the maximum information gain of at most T' selected points.

Before we continue to the proof, notice that if the function upper bound 7, is sampled using the approach described in
Section 3.1 and k;(x,x’) > 0,Va,x’ € X, we may still get the regret guarantee by setting ¥, = s (Or yx = §s + €L
if X is continuous) since Primaxs < y] > Pr[g,. < y|. Moreover, Theorem 3.1 assumes . is sampled from a universal
maximum distribution of functions from G P(y, k), but it is not hard to see that if we have a distribution of maximums
adapted from GP(u, ki), we can still get the same regret bound by setting 77 = Z?:l log,,. 2%1’ where w; = F;(f)
and F; corresponds to the maximum distribution at an iteration where y, > f.. Next we introduce a few lemmas and then
prove Theorem 3.1.

Lemma 3.2 (Lemma 3.2 in (Wang et al., 2016)). Pick § € (0, 1) and set ; = (2 log(%))%, where 23:1 <1, m > 0.
Then, it holds that Prlu;—1(xs) — f(x) < Gop—1(xe),VE € [1,T]] > 1 6.
Lemma 3.3 (Lemma 3.3 in (Wang et al., 2016)). If pi—1(xt) — f(@t) < (ior—1(x), the regret at time step t is upper

bounded as 7y < (v + C;)oy—1 (), where vy = minge x %&)m) and my > maxgex f(x), Vt € [1,T].
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Lemma 3.4 (Lemma 5.3 in (Srinivas et al., 2010)). The information gain for the points selected can be expressed in terms
of the predictive variances. If fr = (f(x;)) € RT:

Iy fr) = Zlog L+ o %07 (21)).

t 1

Proof. (Theorem 3.1) By lemma 3.1 in our paper, we know that the theoretical results from EST (Wang et al., 2016) can be
adapted to MES if y, > f.. The key question is when a sampled y. that can satisfy this condition. Because the cumulative
density w = F(f.) € (0,1) and ¢ are independent samples from F, there exists at least one ¢ that satisfies y. > f, with
probability at least 1 — w" in k; iterations.

LetT' = ZL k; be the total number of iterations. We split these iterations to 7" parts where each part have k; iterations,

i=1,---,7T. By union bound, with probability at least 1 — Zle wk

iteration ¢; which samples yii satisfying y% > f.,Vi=1,---,T.

*, in all the T parts of iterations, we have at least one

Let Y./_ w = &, we canset k; = log,, 52 forany 3, (m;)~" = 1. A convenient choice for m; is 7; = =
with probability at least 1 — %, there exist a sampled y!¢ satisfying yti > f,,Vi=1,---,T.

Now let ¢;, = (2log %)%. By Lemma 3.2 and Lemma 3.3, the immediate regret r;, = f. — f(x+,) can be bounded as
Tt; < (Vt.; + Cti)atifl(mti)'

10g(1+0720271(wti))

Note that by assumption 0 < o7 _;(x,) < 1, so we have o7, _; < . Then by Lemma 3.4, we have

log(14+0—2)
Zszl o7 1 (xr,) < WI(yT;fT) where fr = (f(x+,)){Z; € RT,yp = (y:,){=; € RT. From assumptions, we
have I(yp; f1) < pr. By Cauchy-Schwarz inequality, Zz 1 0ti—1(x,) \/T El 108 () < l()g(?%_g). It
follows that with probability at least 1 — 4,
T
2Tpr
< * _—
izzlrtz = (Vt +CT) log(l +O’72)
As a result, our learning regret is bounded as
e i < I/ + g ) L
T Lt = AT Tlog (14 0-2)
where T" = Z;Trzl k; = ZZ , log,, 52 is the total number of iterations. O

At first sight, it might seem like MES with a point estimate does not have a converging rate as good as EST or GP—-UCB.
However, notice that mingcx vy, (€) < minx € Xv,,(x) if y1 < y2, which decides the rate of convergence in Eq. 1. So
if we use y, that is too large, the regret bound could be worse. If we use y, that is smaller than f,, however, its value
won’t count towards the learning regret in our proof, so it is also bad for the regret upper bound. With no principled way
of setting y, since f, is unknown. Our regret bound in Theorem 3.1 is a randomized trade-off between sampling large and
small y,.

For the regret bound in add-GP-MES, it should follow add-GP-UCB. However, because of some technical problems in
the proofs of the regret bound for add-GP-UCB, we haven’t been able to show a regret bound for add-GP-MES either.
Nevertheless, from the experiments on high dimensional functions, the methods worked well in practice.

4. Experiments

In this section, we provide more details on our experiments.

Optimization test functions In Fig. 2, we show the simple regret comparing BO methods on the three challenging
optimization test functions: the 2-D eggholder function, the 10-D Shekel function, and the 10-D Michalewicz function.
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Figure 2. (a) 2-D eggholder function; (b) 10-D Shekel function; (c) 10-D Michalewicz function. PES achieves lower regret on the 2-d
function while MES-G performed better than other methods on the two 10-d optimization test functions.

Choosing the additive decomposition We follow the approach in (Kandasamy et al., 2015), and sample 10000 random
decompositions (at most 2 dimensions in each group) and pick the one with the best data likelihood based on 500 data
points uniformly randomly sampled from the search space. The decomposition setting was fixed for all the 500 iterations
of BO for a fair comparison.
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