Variational Policy for Guiding Point Processes

A. Derivations of the Optimal Measure

The problem of finding the optimal measure is as follows:
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The minimum in (18) is attained at optimal measure Q* given by:
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Next, we show the derivations of (19), which contain two parts. First, we will show the following inequality:
1
7log (Ep[exp (- 75(96))D < []EQ[S(w)] +'YDKL(Q||ED)] (20)

The second part is to show the minimum of the above inequality is reached at (19).

To prove the first part, we first express Ep in the left-hand-side of (20) as a function of the expectation Eg. More specifically,
we have:
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where (23) is due to the Jensen’s inequality that puts the log operator inside the integral. The measure P is absolute

continuous with respect to Q, hence the derivative % exists.

Moreover, using the property that log(ab) = loga + logb and log(1/a) = —log a, the right-hand-side of the above
inequality can be written as:
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Hence, combining (23) and (24), we have:
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Finally, since » > 0, multiply both sides of (25) by — yields:

—vlog (EP[QXP (- iS(fv))D < Eg[S(x)] + D (Q|[P) (26)

This finishes the proof of (20), the first part of the theorem. Next, we will show the minimum is reached at Q* given by (19).
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To prove the second part, we will substitute (19) to the right-hand-side of (25) to show that the infimum is reached with this
Q*. More specifically,
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where (27) is due to the property log(a/b) = log a —log b and (28) is because Q* is a probability measure hence [ dQ* = 1.
Hence the infimum is reached and this finishes the proof of the second part.
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B. Proof of Theorem 3

Theorem 3. For the intensity control problem in (4), we have: ﬁfu) = exp (D(u)), where D(u) is expressed as
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Proof. Intuitively, the derivative dP/dQ(w) means the relative density of probability distribution P with respect to Q. The
change of probability measure happens because the intensity of the point process that drives the SDE in (2) is changed
from A(t) to A(u, t) in (4). Hence dPP/dQ(w) describes the change of probability measure for point processes and is the
likelihood ratio between the uncontrolled and controlled point process (Brémaud, 1981):

dP exp (LX) e
dQ(u) — exp (L(A(w))) p (D(u)),

where L is the log-likelihood for the multi-dimension point process with £L(A) = Zf\il L(A;). Itis defined as the summation
of log-likelihood £()\;) of each dimension i, where £(\;) is defined as follows (Aalen et al., 2008):

L(Xi(t))
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/ log(A: (£))dN; (t) — / Ai()dt (29)
0 0

where the operation [ f(¢)dN(¢) is defined as the summation of the value of function f at each event time: [ f(¢)dN(t) :=
2 f(ta).

Hence, D(u) denotes the difference of the log-likelihood between these two point processes:

D(u) = L)) = L(A(u(?),1))

(/OT (:\i(ui(s)7s) - >\i(3)>d5 _ /OT log (W)d]%(s))
( /OT (wils)hils) = Ai(s) ) ds — /OT log (ui(s))dm(so o)
( /OT (1) = 1)xtopas - | log (ui<s>)dzvi<s>)

where M is the dimension of point process. (30) comes from the form of control in (4). A;(t), N;(t), u;(t) denote the i-th
dimension of A(t), N (t), u(t).
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C. Derivations of the Optimal Control Policy in (14)

We will formulate our objective function based on the form of optimal measure Q* in (10). More specifically, we find a
control w which pushes the controlled measure Q(w), as close to the optimal measure as possible. This leads to minimizing
the Kullback-Leibler (KL) distance:

u” = argmin Dy, (Q*]|Q(w)) 31
u>0
This objective function is in sharp contrast to traditional methods that solve the optimal control problem by computing the
solution the HIB PDE, which have severe limitations in scalability and feasibility to nonlinear jump diffusion SDE:s.

Next we simplify the objective function. According to the definition of KL divergence and chain rule of derivatives, we have:

Dres(Q'1Qw) = Eo- [tog (30| = Ea- [log (5 15| 32)

The derivative dQ*/dP is given in (19) and dP/dQ(w) is given in Theorem 3. Hence, we then substitute dQ*/dP and
dP/dQ(u) to (32). After removing terms which are independent of u, the objective function (31) is simplified as:

u* = argmin Eqg- [D(u)]
u>0

Next we parameterize u(t) as a piecewise constant function on [0, T'] as follows.

u(t) =< uk fort € [kAt, (k+1)At)

More specifically, the k-th piece is defined on [kAt, (k + 1)At) as u®, where k =0, | K — 1,t; = kAt and T = tg.
Then we have:

M

Eq-[D i (EQ* [ / tk“(uf - 1)>\i(s)ds] — Eg- { / o log(uf)dNi(s)}> (33)
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where u¥ is the i-th dimension of u¥. To compute u¥, we can neglect the two summation terms in (33) and only focus on
the parts that involves u*. Then we move u¥ out51de of the expectation and discard any constant terms. This yields the

function that only 1nV01ves uk:

tht1

f(uf) = ufEQ* [/ o )\i(s)ds} - log(uf)EQ* [/ dNZ-(s)] (34)

ty ty

We can then show f(u¥) is convex in u¥. More spec1ﬁcally, it is in the form of f(x) = ax — log(x)b with @ > 0,b > 0 and
f"(z) > 0. Finally, setting f’(u}) = O yields uf*

o [/ dNi(s)]
b B [ Mi(s)ds]
However, u¥* is still not computable since the expectation is taken under the optimal probability measure Q*. Since we

only known the SDE of the uncontrolled dynamics and can only compute the expectation under P, we need to change the
expectation from Eg- to Ep to compute u**

(35)

To do this, we will use the following lemma.
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Lemma 4. Let the probability measure Q* be defined as 5 =

measurable function. Then we have:
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Finally, applying Lemma 4 to (35) yields the following expression for the optimal policy:
) Er [ exp(~15(@)) f,+ dN;(s)] )
o= B LW ANE) T eleocise]  Bele(sS@) T ANGE]
" B[ [ Ni(s)ds]  Ee[ewm(-3S@) it Meds]  Ep[exp(—18()) f,5 Ai(s)ds]
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The derivation of the optimal policy is now complete.
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D. Derivations of the Control Cost

We will derive the control cost in (9), which comes naturally from the dynamics. According to the definition of the KL
divergence, we have:

dQ

Dic1 (QIIP) i= Egllog(53 )

= Eq[C(u)] 37)

Hence, the next step is to compute the derivative 4 d]P, This derivative means the relative density of probability distribution Q
with respect to P. According to (Brémaud, 1981), we have:

9Q _ p (Z / log ( ﬁ DY an ). 1) - / " Celus(e), ) - w))dt), (38)
Using the relationship that A; (u;(t),t) = A;(t)u;(t), we have:
Bollos(00) = Bo| 3 [ tog (MDD axi o - [ Ot -nnar] @
= Eq Z /O ! log (ui(t)>dNi(ui(t),t) - /O ! (1 - Uil(t)>:\i(ui(t),t)dt] (40)
— Eqg Z/OT log (ui(t)>5\i(ui(t)7t)dt+/OT (1 - Uil(t))ﬂi(ui(t),t)dt} @41)

Note that (40) to (41) follows from the Campbell theorem (Daley & Vere-Jones, 2007). Therefore, the control cost is:

= /OT Zi (log(ui(t)) + %(t) - 1)5\i(ui(t),t)dt
_ / by (tos(us(t)) + uj(t) — Dut)Ma(t)ee




