A Universal Variance Reduction-Based Catalyst for Nonconvex Low-Rank Matrix Recovery

A. Additional Applications and Experimental Results

In this section, we present the application of our generic framework to one-bit matrix completion as well as additional
experimental results for matrix sensing.

A.1. One-bit Matrix Completion

Compared with matrix completion, we only observe the sign of each noisy entries of the unknown low-rank matrix X* in
one-bit matrix completion (Davenport et al., 2014; Cai & Zhou, 2013). We consider the uniform sampling model, which
has been studied in existing literature (Davenport et al., 2014; Cai & Zhou, 2013; Ni & Gu, 2016). More specifically, we
consider the following observation model, which is based on a differentiable function f : R — [0, 1]

v, +1, with probability f (X]’.‘k),

ik = . - . (A.1)
—1, with probability 1 — f(X jk),

where we use a binary matrix Y to denote the observation matrix in (A.1). In addition, if the function f is a cumulative
distribution function with respect to —Z ., then we can rewrite the observation model (A.1) as follows

v +1, if X5 + Zj > 0,

_ A2
an {1, if X7 + Zjp < 0, A2

where we use Z € R% %% to denote the noise matrix with i.i.d. elements Zj;,. A lot of functions can be applied to
observation model (A.1), and we consider the broadly-used logistic function f(X;x) = e*s* /(1+e%i*) as the observation
probability function in our study, which is equivalent to the fact that each noise element Z;;, in model (A.2) follows the
standard logistic distribution. Similar to matrix completion, we use §2 C [d1] X [dz] to denote the index set of the observed
elements. Therefore, given the logistic function f and the index set 2, we define Fq (U, V) for one-bit matrix completion
as follows

1 n
Fo(U,V) = Lo(UVT) + R(U,V) = - Y Fog,(U,V),
i=1
where Lo(UV ") is the negative log-likelihood function such that
1
Lo(UVT) = -5 > {n{y;-k =1}1log (f(U;V])) + 1{Yj, = —1}log (1 — f(Uj*V*Tk))}.

(5,k)eQ

Therefore, for each component function, we have
Fos, (U, V) = Lo, (UVT) + R(U, V),

where {{s,}7_; denote the mutually disjoint subsets such that U} ;Qs, = Q. In addition, we have |Qs,| = b for
i=1,...,nsuch that [2] = nb. And Lo, (UV ) is defined as

1
Los (OV) =3 30 {1{¥ = 1108 (F(U,.VED) + 1{¥ = ~1}log (1 - £(U,.VT) |
(4,k)€Qs;
A.2. Theoretical Guarantees for One-bit Matrix Completion

We establish the theoretical guarantee of our algorithm for one-bit matrix completion. We obtain the restricted strong
convexity and smoothness conditions for £y with parameters i = Cp, and L = CyL,. In addition, we are able to get
the restricted strong smoothness condition for each component function £; with parameter L' = ¢yL,, > L. Here, p1, and

L, are defined as
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where f(x) is the function used in (A.1), and each element X, satisfies | X ;5| < . Note that given the function f(z) and
constant «, we can calculate u,, and L, which are fixed constants and do not rely on dimension of the unknown low-rank
matrix. For example, if we have logistic function, we can get i, = ¢*/(1 + ¢*)? and L,, = 1/4. Furthermore, we define
Yo as follows, which reflects the steepness property of the sample loss function £y (+)

@l
= \i\uspa { flx)(1 = f(x)) } (A.5)

Moreover, we can derive the upper bound of the V£ (X*) in terms of spectral norm. If we choose the step size n = ¢} /o1,
where ¢} = 1/ /(cyr), and the inner loop iterations m > cr?, where c{), ¢j and ¢ are some constants, then we have the
following convergence result of our algorithm for the model of matrix completion.

Corollary A.1. Consider one-bit matrix completion under uniform sampling model with log-concave function f in (A.1).
Suppose X* satisfies the incoherence condition. There exist constants {c;}7_; such that if we choose parameters 1 =
c1/o1, where ¢1 = '/ (02/@), m > czk2, and the number of observations satisfies N > c4r2dlog d, then for any initial

solution Z° € B(c54/0 ), with probability at least 1 — ¢g/d, the output of our Algorithm 1 satisfies

rdlogd

E[d2(257z*)] < pSd*(Z°,Z*) + cy max{~2,rB%c7} N

(A.6)

where the contraction parameter p < 1.

Remark A.2. For one-bit matrix completion, our algorithm achieves O(r\/ dlogd/N ) statistical error after
O(log(N/(r*dlogd))) number of outer loop iterations. We note that this statistical error is near optimal, compared
with the minimax lower bound of one-bit matrix completion O(\/ rdlogd/N) established in (Davenport et al., 2014; Cai

& Zhou, 2013). Moreover, Remark 3.10 tells us that for our estimator 75 to achieve € accuracy, the overall computational
complexity required by our algorithm is O((N + K2b)r3dlog(1/ e)) Nevertheless, the overall computational complexity
for the state-of-the-art gradient descent based algorithm (Wang et al., 2016) to obtain € accuracy is O(N kridlog(1/ e))
Therefore, as long as we have x < n, our approach is more efficient than the state-of-the-art gradient descent method.
Furthermore, the overall computational complexities for the state-of-the-art projected gradient descent algorithm (Chen
& Wainwright, 2015) and the conditional gradient descent (a.k.a., Frank-Wolfe) algorithm (Ni & Gu, 2016) to obtain €
accuracy are both O (N r?log(1/ e))z. If we have k2 < nr, our method clearly has a lower computational complexity than
theirs.

A.3. Experimental Results for Matrix Sensing and One-bit Matrix Completion

In this section, we present our experimental results for matrix sensing and one-bit matrix completion respectively.

A.3.1. MATRIX SENSING

For matrix sensing, we use the same procedure as in matrix completion to generate the unknown low-rank matrix X*.
Then, we obtain linear measurements from the following observation model y; = (A;, X*) + ¢;, where each element of
the sensing matrix A; follows i.i.d. standard normal distribution. We also consider the same noisy and noiseless settings
as in matrix completion.

For the results of the convergence rate, Figure 2(a) and 2(c) illustrate the squared relative error H)A( — X*||2./||X*||% in log
scale versus number of effective data passes for both methods under setting (i). These results show the linear convergence
rate of our method. Most importantly, it clearly demonstrates the superiority of our approach, since our algorithm shows
better performance after the same number of effective data passes compared with the state-of-the-art gradient descent
algorithm (Zheng & Lafferty, 2015; Wang et al., 2016). Since we get results with similar patterns for other settings, we
leave them out for simplicity. Figure 2(b) shows the empirical recovery probability of different methods under setting (i).
The result implies a phase transition around N = 3rd, which is consistent with the optimal sample complexity that N is
linear with rd. Besides, since we get results with similar patterns for other settings, we leave them out to save space. For
the results of statistical error, Figure 2(d) shows, in the noisy case, how the estimation errors scale with the rescaled sample
size N/(rd), which confirms our theoretical results.

Note that the overall computational complexities for the projected gradient descent (Chen & Wainwright, 2015) and conditional
gradient descent (Ni & Gu, 2016) algorithms also depend on some problem dependent parameters, which we omit here but actually can
make their computational complexities worse. Please refer to their papers for more accurate complexity results.
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Figure 2. Numerical results for matrix sensing. (a) and (c) Convergence rates for matrix sensing in the noiseless and noisy case, respec-
tively: logarithm of || X — X*||%./||X*||% versus number of effective data passes. They demonstrate the linear convergence rate and the
superiority of our method; (b) Empirical probability of exact recovery versus N/(rd), which confirms the optimal sample complexity in
the noiseless case that N = O(rd); (d) Statistical error: | X — X*||%./||X*||% versus N/(rd), which matches the statistical error of our
theory.

A.3.2. ONE-BIT MATRIX COMPLETION

We use the same settings of X* for one-bit matrix completion as before. In order to obtain X*, we adopt the similar
procedure as in (Davenport et al., 2014; Bhaskar & Javanmard, 2015; Ni & Gu, 2016). In detail, we first randomly
generate U* € R4*" V* € R%*" from a uniform distribution on [—1/2,1/2]. Then we get X* by X* = U*V*T,
Finally, we scale X* to make it satisfies || X*||.c = @ = 1. Here we consider the uniform observation model with function
f(Xij) = ®(X;;/0) in (A.1), where ® is the cumulative distribution function of the standard normal distribution, and o
is the noise level, which we set it to be o = 0.5.

For the results of convergence rate, we compute the logarithm of the squared relative error | X — X*| 2 /|X*||%, which are
displayed in Figure 3(a). Note that, for the ease of illustration, we show the results of convergence rate after the first data
pass. The results not only confirm the linear rate of convergence of our algorithm, but also demonstrate the effectiveness
of our method after the same number of effective data passes. Besides, since we get results with similar patterns for other
settings, we leave them out for simplicity. For the results of statistical error, Figure 3(b) illustrates that with the same
percentage of observations, the squared relative error decreases as the ratio r/d decreases. Although our theoretical results
give O(r?dlog d/|Q)|) statistical error, the simulation results suggest that our method can achieve the minimax statistical
error.
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Figure 3. Numerical results for one-bit matrix completion. (a) Convergence rates for one-bit matrix completion: logarithm of squared
relative error || X — X*||%/||X*||% versus number of effective data passes. It illustrates the superiority of our method after the same
number of effective data passes; (b) Statistical error for one-bit matrix completion: squared relative error ||5i — X*||1%/IIX*||% versus
||/ (d1d2), which verifies the statistical rate.

B. Proof of the Main Theory

We provide the proof of our main theoretical results in this section. Since we aim to minimize the following objective
function in terms of Z = [U; V]

~ 1
Fy(Z) = Fy(U,V) = Ly(UVT) + U0 = VIV (B.1)
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Therefore, we obtain the corresponding gradient

Vuly(UVT) +lUUTU-VTV)

VEN(Z) = |Gy Ln(UVT) 4 EV(UTU - VTV

(B.2)

B.1. Proof of Theorem 3.8

In order to prove Theorem 3.8, we need following lemmas, and we present the corresponding proofs in Sections D.2 and
D.3, respectively.
Lemma B.1 (Local Curvature Condition). Suppose the sample loss function £y satisfies Conditions 3.3 and 3.4. For
any matrix Z = [U; V] € R(41+92)x7 \where U € RU*" and V € R%2*", denote Z = [U; —V]. In addition, we use
R = argming , [|Z — Z*R/|r to denote the optimal rotation with respect to Z, and H = Z — Z*R, then the following
inequality holds

- o * NJT 7
(VFN(Z),H) > TIIX = X" + =57 HF + 6||ZTZ||2F

3L+1 4r r .
I ( b o) IVEN (X

where X = UV T, and ¢/ = min{y, 1}.

Lemma B.2 (Local Smoothness Condition). Assume the component loss function £; satisfies Condition 3.7. Suppose we
randomly pick i € [n]. Forany U € R"*", V € RZ*" and rank-r matrix X € R% %, we denote Z = [U; V] and

X = UV'. Let Gy = VuFy(U, V) = VL(X)V + VLN (X)V, Gl = Vv F, (U, V) = VLX) U+ VLN (X)TU,
and G = [Gy; Gy]. Then we have
E|GI% < 24(2L7|X - X*[[} + (2L + L) - |X = X*[1}) - |1 Z])3
FIUTU = VTV 1213 + 120 VL (X B - 1213,

Proof of Theorem 3.8. According to stochastic variance reduced gradient descent Algorithm 1, consider iteration ¢ in the
inner loop, we have the following update

Ut = e (U — nGY), and VI = P, (VE - nGl)),
where we denote

G = VuF, (U, V) = VL, (X)VE + VLy(X)V

Gl = VvF, (U, V) - VL, (X) U + VLN (XY TUL
Since 4; is uniformly picked from [n], we have E[G},] = VuFy(U% V?) and E[G},] = Vv Fy (U, V?), where the
expectation is taken with respect to i;. Recall Z' = [U*; V'], and R’ = argming g, [|Z" — Z*R/| r as the optimal

rotation with respect to Z*. Denote H* = Z' — Z*R' and G' = [G},; G},]. By induction, for any ¢ > 0, we assume
Z' € B(ca+/,). Thus, by taking the expectation of H**! over i; conditioned on Z!, we have

E[|H™% < E|[Pe, (U = 1Gp) — UR|[5 + E[[Pe, (V' = nGY) - V'R
<E|U' -Gy — UR[[5 + E[V' -G}, - V'R'|[%
= |[H"|% — 2E(G", H') + °E||G'| %
= |||} - 20(VEN (Z'), H') + °E|| G| 3, (B.3)
where the first inequality follows from the definition of H!, the second inequality follows from the non-expansive property
of the projection P¢, onto C; and the fact that U* € C;,V* € Ca, and the last equality holds because conditioned on Z?,

E(H', G') = (H',EG') = (H', VEN(Z')), where Fy is defined in (B.1) . According to Lemma B.1, we can obtain the
lower bound of (V Fy (Z), HY).

3L+1

- o * 1
(VFN(Z'),H") > §||Xt - X*||% T6||UtTUt VIV - IH||

4
= ( "+ er) IVLN (X3, (B.4)
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where p/ = min{u, 1}. According to Lemma B.2, we have
E[G[3 < 24(2L7| X" — X*|[} + (217 + L?) - | X" = X7||%) - |1 2']13
+H[IUTTU = VIV 1283 + 120 VL (X3 - (1273 B.5)

Note that for any Z € B(,/0,/4), denote R as the optimal rotation with respect to Z, we have ||Z|2 < ||Z*]2 +
|Z — Z*R||s < 2,/01. Thus, we have |Z!||3 < 40;. Denote L,, = max{L,L'}, and we let n = c1/o1, where
c1 <min{1/32, u/(1152L2,))}. Therefore, combining (B.4) and (B.5), we have

~ nu'oy nB3L+1 % .
o (VEy(2), 1) + B3 < 7 e+ ORI e 41020, 12 - X7
8 T Y (12 2 BN
i\t VLN (X)) + 4807017 || VLN (X))

Note that according to our assumption, | H!||% < 3o, with ¢3 < 24/ /(5(3L + 1)). Thus, according to Condition 3.6, we

further have

np' oy
10

holds with probability at least 1 — &, where ¢z > 48¢y + 8/p + 1/ L. Therefore, plugging (B.6) into (B.3), with probability

at least 1 — 4§, we have

—20(VFy(Z), H) + ’E||G'|% < - [H[% + 19200, L?| X" — X* |3 + cznre?(N,5),  (B.6)

/ ~
E[H™ |} < (1 = ”‘ig) EE 2 + 1920200 L2||XE — XF||2 + canre2(N, 6). (B.7)

Finally, for a fixed stage of s, we have X =Xs1 accordingly. Denote 7 = [fjs; \N/'S] for any s. According to Algorithm
1, we randomly choose Z? after all of the updates are completed. Therefore, we first take summation of the previous

inequality (B.7) over t € {0,1,--- ,;m — 1}, and then take expectation with regard to all the history, we can get
’ m—1

E|H™|2 — E[H°|% < f”iog’“ S EIH} +1920%0 L2mE|X* " — X*|% + canmre (N, ).
t=0

For any s, we denote R® = argming g, |Z* — Z*R||p and H® = Z* — Z*R*®. According to the choice of Z* in
Algorithm 1, we have

E[H"|F =

=

m—1

> E[H|[3.

t=0

Note that according to Algorithm 1, we have H° = ﬁs_l, thus we further obtain

nmy' oy

E|[H"||% - EIH |7 < E|[H°|3 + 1920° 01 L?mE|X* ™! — X*[[} + canmre*(N, ).

Note that Z*~! € B(/5,/4), thus according to Lemma F.3, we have
X! = XT3 < 31273 - d*(Z°7 1 Z7) = Gon|H 3
where the first inequality follows from Lemma F.3 and the second inequality holds because ||Z*||2 = v/20,. Therefore,
we obtain
nmp' o,
10
holds with probability at least 1 — &, which gives us following contraction parameter
10 1
p=—r ( + 115217[/2).
uo\mmaoy
Note that 7 = ¢1 /01, hence we can let p € (0,1) by choosing sufficiently small constant ¢; and sufficiently large number
of iterations m. Therefore, with probability at least 1 — §, we can get
1063

/
o,

E|[H°||3 < (11520707 L%m + 1) - E|[H*"" 3. + cynmre® (N, 6),

E[|B°(3 < pB[H[ + -re*(N, ).




A Universal Variance Reduction-Based Catalyst for Nonconvex Low-Rank Matrix Recovery

C. Proofs of Specific Models
C.1. Proof of Corollary 3.12

In order to prove the theoretical guarantees for matrix sensing, we only need to verify the restricted strong convexity
and smoothness conditions for sample loss function Ly, the restricted strong smoothness condition for each component
function L, and the upper bound of ||[VLx (X*)||2. In the following discussions, we use [|A][, = >_7_, 0;(A) to denote
the nuclear norm of matrix A, where 7 is the rank of A.

First, we briefly introduce the definition of 3-ensemble which has been used in (Negahban & Wainwright, 2011) to verify
the similar property of random sensing matrix A; with dependent elements. Let vec(A;) € R%92 be the vectorization of
sensing matrix A;. If vec(A;) ~ N(0, X), we say that the sensing matrix A; is sampled from X-ensemble. In addition, we
define 7%(3) = SUD|jy|,=1,jv]»=1 Var(u" Av). Specifically, in classical matrix sensing, we have ¥ = I and 7r(I) = 1.

Recall that we have linear measurement operators Ay (X) = ((A1,X), (A2, X),...,(Ax,X))T, and As,(X) =
(A, X), (A, X), ..., (A;,,X))T fori = 1,...,n. In order to prove the restricted strongly convex and smooth con-
ditions of our Ob_]CCtIVC functlon we need to ultilize the following lemma, which has been used in (Agarwal et al., 2010;
Negahban & Wainwright, 2011).

Lemma C.1. Suppose each sensing matrix A; of the linear measurement operator 4, is sampled from X-ensemble,
where M is the number of sensing matrices. Then there exist constants Cyy and C, such that the following inequalities
hold for all A € R% >4z with probability at least 1 — exp(—Co M)

IAA)I3 > 1||\/§V€C(A)

25 12 - Cim®( (C.1)
HA(]\?)H < %H\/ivec(A)H2 + Cy( (C2)

where d = max{d;, ds}.

In order to bound the gradient of sample loss function VL, (X*) with respect to M observations, we need to ultilize the
following lemma, which has been used in (Negahban & Wainwright, 2011).

Lemma C.2. Suppose each sensing matrix A; of the linear measurement operator 4, is sampled from X-ensemble,
where M is the number of sensing matrices. Furthermore, suppose the noise vector € satisfies that ||€||s < 2v+/ M. Then

we have the following inequality
— Y €A < 014/i
M &~ ~ M’

holds with probability at least 1 — C exp(—Cad), where C, C; and Cs are universal constants.

Note that Lemma C.2 requires the noise vector € satisfies ||€|l2 < 2v+v/ M for some constant v. For any bounded noise
vector, this condition obviously holds. And if the noise vector follows sub-Gaussian distribution with parameter v, it has
been proved in (Vershynin, 2010) that this condition holds with high probability.

Proof of Corollary 3.12. First, we prove the restricted strong convexity condition for sample loss function £y . First, we
have

1 I 2 1 I 2
Ln(X) = N Z (A, X) —yi)" = IN Z (A, X = X*) — )"

Consider two rank-r matrices X, Y € R“ %9 TLet A =Y — X, then we have the following equality
Ln(Y) = Ly(X) = (VLN(X), A)

- % zN: ((AiaY - X*>2 - <Ai7X - X*>2 B 2<Ai7 X - X*><A“ A>>

2
”A;N)HQ' 3
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Therefore, according to (C.3), in order to establish the restricted strongly convex and smooth conditions for £, we need
to bound the term ||A(A)||3/N. According to (C.1) in Lemma C.1, we get

2
ARG > L vEvee(a)]2 - i) & a2

Furthermore, note that A = Y — X has rank at most 2r. Thus, we conclude that ||A|. < /27| Al F, which further
implies

|AA)I3
N

)\min b)) 2 d 2
z{ ") oy (E)N}HAHF.

Therefore, as long as N > C372(2)rd/Amin(2) for some sufficiently large constant C3, we get

||A(A)||§ > 4)‘min(2)
N - 9

Since ¥ = I in matrix sensing, we obtain the restricted strongly convex parameter ;1 = 4/9.

Al

Second, we prove the restricted strong smoothness condition for £ using (C.2) in Lemma C.1. Similar to the proof of the
restricted strong convexity condition, we get
LA _ 5hmnl2)
N - 9

1A%,

as long as N > C3m%(X)rd/Ain(X) for some sufficiently large constant C3. Therefore, because ¥ = I in matrix
sensing, we accordingly obtain L = 5/9.

Next, we prove each component loss function Lg, is restricted strongly smooth, for s = 1,...,n. Recall that we have

1 1
L5.(X) = g llvs, — As.(UVDB = 55 > (A X -X7) =)’

JEQs;
Thus, for each component loss function Ls,, where ¢ = 1,...,n, we have
Ags. (A2
£5.(Y) ~ £5,(X) — (VL5 (X), &) = A2 (4

Following the same steps as in the proof of restricted strong smoothness condition for £y, for each component function
Ls,, we get

"431' A) 5
A < o)A

if b > Cym?(X)rd/Amin(X) for some sufficiently large constant Cy. Therefore we have L' = Cj since ¥ = L.

Finally, we bound the statistical error term || V£ (X*)||2. According to the definition of £, we have
L
VLN(X") =+ ; €A,

Based on Lemma C.2, we have the following inequality holds with probability at least 1 — C exp(—C%d)
[ d
1 < ovy/ =,
2 VN

d
IVLN (XS < C*° -

which implies that
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C.2. Proof of Corollary 3.14

In order to prove the theoretical guarantees for matrix completion we only need to verify the restricted strong convexity
and smoothness conditions for sample loss function Lg, the restricted strong smoothness condition for each component
function Lo and the upper bound of [[VLq(X*)||2.

To establish the restricted strong convexity and smoothness conditions for Lq, and the restricted strong smoothness condi-
tion for Log, we need to ultilize the following lemma, which used in (Negahban & Wainwright, 2012).

Lemma C.3. Suppose the number of observations M satisfying M > c;7d log d. Furthermore, if for all A € R%*%2 we
have

dids ||AH00 ) HA”* 1
=y < —+/n/(dlogd), (C.5)
rAlr Al T e

then the following inequality holds with probability at least 1 — ¢5/d

A2 [|AllF 1AllF (), esVdida]| Alloo,oo
7 :

<ec
Vidida | 4\/dld2 VillAlr

where c1, o, c3, C4, C5 are universal constants .

Moreover, in order to upper bound of the gradient VLq at X*, we need to use the following lemma.

Lemma C.4. (Negahban & Wainwright, 2012) Suppose A; is uniformly distributed over X. In addition, each noise
¢; follows i.i.d. zero mean distribution with variance 2. Then the following inequality holds with probability at least

1761/d
M
1 dlogd
iAz < ’
H M ;6 L= PN ddy

where M is the number of observations, and c1, co are universal constants.

Proof of Corollary 3.14. Let |Q| = N, |Qs,| = b. For any (j,k) € €, we denote A, = eje/, where e;, e are unit
vectors with dimensionality d; and do respectively. Similarly, for any (j, k) € Qs,, we let A;-k = eé-e}j. Thus, we can
rewrite the sample loss function as follows (here for simplicity, we use Ly and Ls, to denote Lq and Lg respectively)

1
En(X) =5 D0 (A X) —¥)™,
p(j,k)efz

where p = N/(d1dz). In addition, we can rewrite each component loss function as follows

LX) =50 S0 ((ALX) - Vi)

(4,k)€Qs;

where p’ = b/(d1ds). For simplicity we let A and Ag, be the corresponding transformation operator with respect to £
and Lgs,, respectively. First, we prove the restricted strong convexity and smoothness conditions for £ . Consider any two
rank-r matrices X, Y, which satisfy the incoherence condition. In the following discussion, denote A =Y — X.

Case 1: If condition (C.5) is violated. Then we obtain

dlogd dlogd
1A[IE < Co(Vdidal|Alle) - Al == < 2C0ar/dida | Al | —=,

where « = roy /+/dyds. Furthermore, we get

dlogd
|Al} < 2Cov2aV/didsl| Al r | =25,
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where the inequality holds because rank(A) < 2r, which implies the following bound
dlogd

1
—dQIIAH% < Co? (C.6)

Case 2: If condition (C.5) is satisfied. We first establish the restricted strongly convex condition for £ . In particular, we
have

Ly(Y) = Ln(X) = (VLN (X), A)

1 . . .
=% ST (A, Y = X924 (Aj, X — X2 = 2(A5, X — X*) (A, A))
(4:k)€Q
_ [AA )||27 ©
2p
Thus, as long as c5v/d1da||A||oo.00 /|| Al F > /N, by the definition of spikiness ration a.,, (A), we get
1 1
——lAf < do? c8
AL I < a5 (C.8)

If c51/d1dz||Al|c.0o /|| AllF < VN, according to Lemma C.3, we obtain

IABIE 8 51
Allz,
> DAl

which implies the restricted strong convexity parameter p = 8/9.

Next, for sample loss function £, we establish the restricted strong smoothness condition by similar proof. According to
(C.7) and Lemma C.3, as long as ¢5v/d1dz||Al|cc,00 /|| Al F < \/]V we have

IA(A)13
: IIAII2
p
which gives us the restricted strong smoothness parameter L = 10/9.
Similarly, we show the restricted strong smoothness condition for each component loss function Ls,, where i = 1,...,n.
Since we have
As, (A)]2
La.(Y) — £6,(X) - (VL5 (%), &) = DL
thus according to Lemma C.3, as long as c5v/d1da|| Al s 00 /| Al r/Vb < c6, we have
[As, (A)]l5
TR <o|AlE,

which implies that L’ = ¢;. Otherwise, it is sufficient to ensure « = O(1/y/n).
Finally, for the statistical error term ||V £ x (X*)||3, according to the definition of £, we have
" 1
VEN(X ) = — Z ejkAjk-
p (3,k)EQ

Remember that each elements of the noise matrix follows i.i.d. Gaussian distribution with variance /> /dyds. Therefore,
according to Lemma C.4, we obtain

1 dlogd
H > egrA| <cCv ;)\;g ;
P e 2
holds with probability at least 1 — C’/d, which implies that
dlogd
VLN (X3 < 021/27;? , (€.9)

holds with probability at least 1 — C’/d. Combining error bounds (C.6), (C.8) and (C.9), we conclude the following upper
bound in Condition 3.6 as C; max{r3%ay,v?}dlogd/|Q)|. O
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C.3. Proof of Corollary A.1

In order to prove the theoretical guarantees for one-bit matrix completion, we only need to verify the restricted strong
convexity and smoothness conditions for the sample loss function Lgq, the restricted strong smoothness condition for each
component function Lo , and the upper bound of ||V Lo (X*)||2. Note that we have the estimator X satisfies incoherence
condition such that || X[/, 00 < 7801/v/d1d2. Thus we should consider the twice differentiable function f(x) = g(z/7),

where 7 is a scale parameter with order O(v/+/d1dz).

Proof of Corollary A.1. Let|Q)] = N, |Qs,| = b. Forany (j,k) € Q, we denote A j;, = e;e/ , where e;, e; are unit vectors
with d; and do dimensions. Similarly, for any (j, k) € Qg,, we let A;- B = eée?j. Note that for simplicity we use .4 and
As, to denote the corresponding transformation operator with respect to Ly and Lgs,, respectively. We can rewrite the
sample loss function as follows (here for simplicity, we use L and Ls, to denote Lg and Lo respectively)

1
LhX) = Y { [¥ = 1} log (9((Age. X)/)) + 1{Y; = —1}og (1 — g((Ass, >/T))}
(7,k)eQ
Therefore, we have each component loss function L, as
1 A
Lo (0= 5 3 {00 = 1) lom (o (A3k.X)/7) + {5 = =1} 1og (1~ g((AL. X/7)
(4,k)EQs;

Therefore, we get

Vdids ( g ((Ajr, X) /T g (A, X)/7) )
VLn(X) = fj—’ny —1+ 25 1Y, =1} )A;,.  (C.10
N( ) Nv (]%EQ g((Ajk,X> { Jk } g(< ks X>/7_ { jk = } Jjk ( )
Furthermore, we obtain
VzﬁN Z Bjk vec jk)VGC(AJ‘k)T, (Cll)
(j k)eQ

where we have

o AR XT) (AX)
B]’“(X)Kg« A X)) " ollAn X >/r>“Y b

)
ALK (A X)) )
*(1— (A X) /1)~ (1= g((Agy X/ )“Y 1}}

First, we establish the strong convexity and smoothness conditions for £ . For any X, M € R4 %92 et W = M +a(X —
M) for a € [0, 1], x = vec(X) and m = vec(M). According to the mean value theorem, we get

Ln(X) = L (M) + (VLy (M), X — M) + %(x —m) V2L (W) (x — m),

Moreover, according to (C.11), we further obtain

(x —m) ' V2LN(W)(x —m) = % Z B (W) ({vec(Ajx) " (x — m),vec(Ajx) " (x — m))

PY™ imea

> Bin(W)(Aju, A)?,

(J,k)eQ
where A = X — M. Thus, according to the definition of i, in (A.3), we obtain

IAA)I3

1 2
e Z Bjr(W)(Aji, A)* > pq PO

(j,k)EQ
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Therefore, following the same steps in the proof of matrix completion, we have

|A(A)]3 2
HapT > Crpa|AllE,

which implies
1
£3(X) 2 Ly(M) + (VLx(M), X = M) + SCipal A3
Therefore it gives us the restricted strong convexity parameter ;¢ = C7 .. On the other hand, according to the definition
of L, in (A.4), we obtain
1 A(A)|)3
LY Bawyag Ay < L, ABIE

2 2
1% 1%
(F)e p

Therefore, following the same steps in the proof of the restricted strong smoothness condition in matrix completion, we get
1
£y (X) < Ly (M) + (VLN (M), X = M) + 5L A3,

which implies the restricted strong smoothness parameter L = C3L,. By the similar procedure, for each component
function, we can derive that

1
£5,(X) < Ls,(M) + (VL (M), X = M) + 5CsLal| A3

Finally, for the term || VL (X*)||3, according to Lemma C.4, we have

[dlogd
VLN (XF) ]2 < Cra ‘Tﬁ, (C.12)

where 7, is defined in (A.5). In addition, we also have the following bounds, which have been shown in proofs of matrix
completion when condition (C.5) is not satisfied
1

1 rdlogd
— A% < 2 (O'a? . 1
d1d2” ||F_maX{C'a |Q‘,C’a 0 } (C.13)

Therefore, combining error bounds (C.13) and (C.12), we have the following bound in Condition 3.6
C max{rf3%cy,72}dlogd/|Q|. O

D. Proofs of Technical Lemmas

In this section, we present the proofs of several technical lemmas. Before proceeding to the theoretical proof, we first
introduce the following notations and definitions, which are essential for proving the following lemmas. For any Z €
R(@1+d2)x7 we denote Z = [U; V], where U € R“*" and V € R%*", Denote X = UV . Let R = argming ., [|Z—

Z*R/||p be the optimal rotation with respect to Z, and H = Z — Z*R = [Hy; Hy], where Hy € RU%" Hy, € Ré2x7.

Moreover, let ﬁi , ﬁz,@ be the left singular matrices of X, U, Hy;, respectively. Define U as the matrix spanned by the
column of Uy, Uy and Uj such that

col(U) = span{ U1, Uy, U3} = col(U;) + col(Us) + col(TUs). (D.1)

Note that for the above subspace, each column vector of U is a basis vector. In addition, we define the sum of two subspaces
U;,Usyas Uy + Uy = {u; + us | u; € Uy, uy € Us}. Obviously, U is an orthonormal matrix with at most 3r columns.

Similarly, let V1, V5, V3 be the right singular matrices of X, V, Hy, respectively. Define V as the matrix spanned by the
column of V1, V5 and V3 such that

col(V) = span{ V1, V3, V3} = col(Vy) + col(V3) + col(V3), (D.2)

where V has at most 3r columns.
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D.1. Proof of Lemma 3.5
Proof. Define reference function fy : R%*% — R such that

Fy(X) = Ly(X) = Ly(Y) = (VLN (Y), X = Y). (D.3)
Since £ satisfies restricted strong convexity Condition 3.3, we have fy(X) > 0, for any matrix X with rank at most 3r.

Obviously, fy (Y) = 0. Recall the SVD of X is X = U, 3,V . Since col(U;) C col(U) and U, U; = I, we have
UUTX = X. Thus we have

0= fy(¥) < min fy (OUT[X ¥ fy (X))

= min fy (X - U0V fv(X))

< min {LN (X —qUU "V fy (X)) = Ly (Y) = (VLN (Y),X = nUU "V fy(X) - Y>}, (D.4)

where the first inequality holds because rank(AB) < min{rank(A),rank(B)} and UUT has rank at most 3r, and the
last inequality follows from (D.3). Since £ satisfies restricted strong smoothness Condition 3.4, we have

Ly(X —nUUTVfy (X)) < Ly(X) + (VLN (X), —nUU "V fy (X)) + gllnﬁﬁTVMX)H%. (D.5)

Thus, plugging (D.5) into (D.4), we have

Fe(¥) < min e (0) = VLX)~ VL0 (¥), 00T ¥ (0 + LEIOTT Ve (01

2 L

= e (X) - min { 07T R+ TE TR |

= r(X) — 5 10TV A (X)), D.6)

where the first equality follows from (D.3), the second inequality holds because UT U = I,., and V fy (X) = VLy (X) —
VLN (Y), and the last equality holds because the minimizer is 7 = 1/L. Thus, plugging the definition of fy into (D.6),
we obtain

1 ~
Ln(X) = Ly(Y) = (VLN (Y), X = Y) = = [UTN (VLN (X) = VLN (Y))|[F > 0. (D.7)
Since V is orthonormal matrix with at most 3 columns and XVV T = X, following the same techniques, we obtain

Ly(X) = Ly(Y) = (VLN(Y), X = Y) = —[[(VLN(X) = VLN (Y)) V% > 0. (D.8)

|
2L
Therefore, combining (D.7) and (D.8), we complete the proof. O

D.2. Proof of Lemma B.1

In order to prove the local curvature condition, we need to make use of the following lemmas. In Lemma D.1, we denote
Z c R(i+d2)xr a5 7 — [U; —V]. Recall Z = [U; V], then we have [UTU -~ VT V|2 = ||ZTZ||%, and Vz(|[UTU —
VV|%) = AZ77 7. We refer Wang et al. (2016) to readers for a detailed proof of Lemma D.1. Lemma D.2, proved in
Section E.1, is a variation of the regularity condition of the sample loss function £ (Tu et al., 2015), which is essential to
derive the linear convergence rate in our main theorem.

Lemma D.1. (Wang et al., 2016) Let Z,Z* € R(41+d2)X7 " Denote the optimal rotation with respect to Z as R =
argming o [|Z — Z*R| r, and H = Z — Z*R. Consider the gradient of the regularization term |Z " Z||%, we have

o~ 1 ~ 1 ~
22" 2,0) = 5|2 2% - 512" 2 - [H

where Z = [U; —V].
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Lemma D.2. Suppose the sample loss function £ satisfies Conditions 3.3 and 3.4. For any rank-r matrices X,Y €
Ré1%d2 et the singular value decomposition of X be U, zlvf, then we have

(VLN(X) = VEN(Y), X~ Y) > [T (VLN (X) - VEX(Y))]}

1 S H
+ EH(VEN(X) ~VLN(Y)V|E + §HX - Y|%,

where U € R%*" js an orthonormal matrix with r; < 3r satisfying col(U;) C col(U), and V € R%*"2 is an

orthonormal matrix with 75 < 3r satisfying col(V1) C col(V).

Now, we are ready to prove Lemma B.1.

Proof of Lemma B.1. According to (B.2), we have

(VFN(Z),H) = (VuLy(UVT), Hy) + (Vy Ly (UVT), Hy) +% (ZZ"Z,H), (D.9)

Iy I

where Z = [U; —V]. Recall that X* = U*V*T, and X = UV. Note that VyLy(UVT) = VLy(X)V, and
VvLy(UVT) = VLN(X)TU. Thus, for the term I; in (D.9), we have
I = (VLx(X), UV —U*V*T +t HyHY,)
= (VLy(X) = VLN (X*), X — X* + HyHY,) + (VLy(X*), X — X* + HyHY,) . (D.10)

111 112

First, we consider the term 7,1 in (D.10). Recall the definition of Uand V in (D.1) and (D.2), respectively. According to
Lemma D.2, we have

1 ~
(VLy(X) = VLy(X"), X = X") > EIIUT(VEN(X) — VLN (X))
1 ~
+ VLN X) = VENXDVIE + L IX - X3 @1
Second, for the remaining term in I3, we have

(VLN (X) — VLN (X), HyHY)| = (UT(VLN(X) — VLN (X)), U HyHy)|
TT(VLN(X) = VLN X)) [T ]2 - [[HyHY | 5

IN

AN

1 T *
< SIUT(VENX) = VLN (X)) - [, (D.12)
where the equality holds because UUTHy; = Hy, the first inequality holds because [(A,B)| < ||A|# - |B]||r and

|AB||r < ||A]l2 - |B||r, and the second inequality holds because 2||AB|r < ||A[|% + |B||% and U is orthonormal.
Similarly, we have

(VLN (X) ~ VLN (X), HyH])| < 5[(VEN(X) — VLN (X)V | - [H] (D.13)

N |

Thus combining (D.12) and (D.13), we have

(VLN (X) ~ VLX), HyHD)| < 107 (VLW(X) ~ VEn (X)) |- [H]

1 ~
+ (VLN (X) = VLN (X)) V] - [ (D.14)
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Therefore, combining (D.11) and (D.14), the term 17 can be lower bounded by

I > 2 (JOT(VEN(X) = VLN X2 VLN (X) = VENXNV]Z) + Ex - x4)2

12 4L(|| (VLN (X) NEXDIE + (VLN (X) N(XT)) HF)+2H (3

1 1 * *\\\ 7
= IO (VLN(X) = VEN X))+ [(VEN(X) = VENX)V]r) - [H]
N L
> %HX—X 17— 5 IHE (D.15)

where the last inequality holds because 2ab < ca? + b?/c, for any ¢ > 0. Next, for the term 15 in (D.10), we have

(VLN (X)X = X)] < VLN (X)[l2 - [IX = Xl < V2PIVLN (X [l2 - X = X" p, (D.16)

where the first inequality is due to the Von Neumann trace inequality, and the second inequality is due to the fact that
rank(X — X*) < 2r. Similar for the remaining term in [, we have

(VLy(X*), HyH)| < vV2r|VLy(X)||2 - [[HuHY | p. (D.17)
Thus, combining (D.16) and (D.17), the term ;2 can be lower bounded by

1
e > VBV LN+ (1%~ X7+ 51 )

Y

W N L 4r N
B X - SR - (24 ) I ew I8 ®.13)

where the first inequality follows from the fact that 2| AB||r < ||A||% + ||B||%, and the last inequality is due to 2ab <
ca® + b?/c, for any ¢ > 0. Therefore, plugging (D.15) and (D.18) into (D.10), we obtain the lower bound of I;

T Sy B /oM ST 0.19)
On the other hand, for the term I in (D.9), according to lemma D.1, we have
b> |22~ 51272l [HIF > J1Z7 205 — S IH) (D.20)
where the last inequality holds because 2ab < a? + b2. By plugging (D.19) and (D.20) into (D.9), we have
(VFw(@) ) > X - X+ 12720 - S - (T4 ) e o2

Furthermore, denote Z* = [U*; —=V*], then we obtain
1ZZ|% = (22" —2°Z"7 22" —Z°2* ")+ (Z*2* 27" ) + (22", Z*Z* )
> (22T — 7077, 77T — 77T
= |UUT —UU* T |2+ [VVT = V*V* |7 — 2| UV —U*V* |3, (D.22)
where the first equality is due to Z*TZ* = 0, and the inequality is due to (AAT BBT) = |ATBJ||2 > 0. Thus,
according to Lemma F.2, we have
X - X5+ 1Z72)F = 1227 - Z°Z"T |7 = 4(V2 - L)oo |[H] 7, (D.23)

where the first 1nequa11ty holds because of (D.22), and the second inequality is due to Lemma F.2 and the fact that 02 (Z*) =
20,.. Denote 1/ = min{y, 1}. Therefore, plugging (D.23) into (D.21), we have

= 7 . um >
(VEN(Z),H) 2 TIIX — X 1% + [H[[ + *6||ZTZH%

3L+1 4r T B
I ( b3z ) IVEN (KB

which completes the proof. O
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D.3. Proof of Lemma B.2
Proof. Consider the term Gy first. Denote X = uv'’. According to the definition of G;, we have
IGu% = IVuFi(U, V) = VLX)V + VLN (X) V]

HV&( )WV — VLX)V + VLN (X)V + U(UTU VTV) i

F
<2|VL(X)V = VL(X)V + VLy (X )V||F+*||UTU VIV - U3, (D.24)

I

where the second equality follows from definition of F; in (2.4), and the inequality holds because || A + B||% < 2||A[|% +
2||B||% and |AB||r < ||A|l2 - | B/ . As for the term I; in (D.24), we further have

L = |VL(X)V = VLX)V + VLN(X)V = VLN (X)V + VLN (X)V — VLN (X*)V + VLN (X*) V]2
<3|GulE +3IVLN(X)V — VLN (X)VIE + 3| VLN (X )V
<3||Gul} + 3| VLN (X)V = VLN (X*)VI[E + 3| VLN (X5 [ VI3, (D.25)
where we define Gy = VL;(X)V — VLN (X)V — VLi(X)V + VLy(X)V, the second inequality holds because

|A+B+C|2% < 3||A||% + 3||BJ||% + 3||C||%, and the last inequality holds because || AB||r < ||Al|2 - ||B|  and V has
rank 7. Thus combining (D.24) and (D.25), we have

E|Gull? < 6E||Gu|7 +6 VLN (X)V — VLN (X)V]F
——
Iy I3
1 *
+ §IIUTU ~VIVIE- U3 +6r VLN (X3 - VI3, (D.26)
where the expectation is taken with respect to ¢. Next, we are going to upper bound I, and I3, respectively. First, let us

consider I, in (D.26). Since i is uniformly picked from [n], we have E[VL;(X)V] = VLy(X)V and E[VL;(X)V] =
VLy(X)V. Recall the definition of V in (D.2), we have

EHGUH%:E||[v.ci<X>va£-<~> | - E[VL(X)V = VL(X)V]|[,,
< E||VL(X)V - VLX)V,
<E[(VL:(X) - VL(X)V[3 - [V V|3
1 n
< 2 NVLiX) = VLX) V- VI, (D.27)

where the first inequality holds because E||¢ — E&||3 < E||£||2 for any random vector &, the second inequality holds

because VVV = V and ||AB||r < ||A|2 - |B|| s, and the last inequality holds because ||AB||> < ||Al|2 - | B]|2 and
[I'V|l2 = 1. Similarly, as for the term I5 in (D.26), we have

I = (VLN (X) = VLN(X))VV TV < (VLN (X) — VLN (X)) V]Z - V2, (D.28)

where the equality holds because VVTV =V, and the inequality holds because V is orthonormal. Plugging (D.27) and
(D.28) into (D.26), we obtain

6 .
E|Gulh < - D [(VL(X) = VLX) V|- VI3 + 6] (VL (X) = VEN X)) VIE- [ VIS

1 *
+ 50U = VIVIL - [U]5 + 6r[[ VLN (X5 - VI3 (D.29)
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Asfor E||Gy |

%, by the same techniques, we have
6 o | .
E|Gy [} < = D [TT (VLX) = VLX) [ - U] + 6[[TT (VLN (X) - YLy (X)) - 103
1 *
+ §IIUTU —VIV|% - [ V]5+6r| VLN (X5 - U3, (D.30)

where U is defined in (D.1). Recall Z = [U; V] and note that max{||U||2, | V||2} < ||Z]|2. Thus combining (D.29) and
(D.30), we obtain the upper bound of E||G ||

BIGIE < 23 ([(VA(X) — VL)V + 07 (V%) - VLX) %) - 1212

i=1

Iy
+12(|(VENX) = VLX) V]Z + |[UT (VLN (X) — VLN (X))Z) - 123
Is
+UTU = VIV[5 - 1Z]5 + 120 VLN (X3 - 1Z]3. (D.31)

Finally, according to the Lemma 3.5 and the restricted strong smoothness Conditions 3.4 and 3.7, we obtain the upper
bound of I and I5

I <AL (Li(X) = Li(X) = (VLi(X), X = X)) < 202X = X7 <4L2(|X = X*|[7 + [X = X*[}),  (D32)
where the last inequality holds because || A + B||% < 2||A||% + 2||B||%. Similarly we have
I AL(Ln(X) = Ly (X*) = (VLN (X"), X = X7)) < 207X = X7 7. (D.33)
Hence, plugging (D.32) and (D.33) into (D.31), we obtain

E|G|} < (48L7[|X — X*||3 + 24(2L" + L?)| X — X*||3) - [|1Z]3
+([UT0 = VIV|E + 120 VLN (X)3) - 1213,

which completes the proof. O
E. Proof of Technical Lemma in Appendix D

E.1. Proof of Lemma D.2

Proof. By the restricted strong convexity of £ in Condition 3.3, we have

Ln(Y) > Ly(X) + (VLX) Y = X) + Z|X - Y[} E.1)
Besides, according to lemma 3.5, we have

£x(X) = £3(Y) 2 (VEN(Y),X = Y) + L[0T (VLN (X) - VEN(Y))I
+ VLN (X) ~ VLN (Y)Y €2)
Therefore, combining (E.1) and (E.2), we have
(VLny(X) = VLN (Y),X-Y) > ﬁHﬁT(VﬁN(X) —VLN(Y))|%
+ L IVLN ()~ VEN V)V + 51X - Y3,

which completes the proof. O
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F. Auxiliary lemmas

For the completeness of our proofs, we provide several auxiliary lemmas in this section, which are originally proved in Tu
et al. (2015).

Lemma F.1. (Tu et al., 2015) Assume X,Y € R%*9 are two rank-r matrices. Suppose they have singular value
decomposition X = U1,V and Y = Uy X,V . Suppose || X — Y|z < 0,.(X)/2, then we have

_ 2 IY-Xjp
S V-1 aX)

e ([UQ; Vo322 (U V1]2§/2)
Lemma F.2. (Tu et al., 2015) For any matrices Z, Z' € R(?1+42)X" we have the following inequality

2 l 1
HEE) S E )

Lemma F.3. (Tu et al., 2015) For any matrices Z,Z’ € R(%1+92)x" which satisfy d(Z,Z') < ||Z|2/4, we have the
following inequality

|1ZZ" —Z2'Z'7|%.

9
1227 — 22" |p < 2] - d(Z, 7).



