Supplementary material for A Unified View of Multi-Label Performance Measures.

A Appendix A: Proofs
In this section, we provide detailed proofs of the theoretical results presented in the manuscript.

A.1 Proof of Theorem 4

Because F' is label-wise effective, its order of prediction value on a specific instance z; is correct.
Therefore, the threshold error ¢€; can happen in either the two ways:

1. ¢; positive labels are predicted as negative labels.
In this case, the true positive number 7'P; on this instance becomes |YZ+| — ¢;, and the false
positive number F'P; is zero, and the false negative number F'N; becomes ¢;.
The precision value and the recall value will be:
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2. €; negative labels are predicted as positive labels.
In this case, the true positive number 7' P; on this instance is still \Yf
number F'P; = ¢; , and the false negative number F'N; is zero.
The precision value and the recall value will be:
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The instance-F1 is lower bounded by the sum of minimum value of F'-measure;, thus:
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Under the assumption that all the instances are i.i.d drawn, micro-F1 equals instance-F1. Theorem 4
is proved. [

A.2 Proof of Theorem 5

Because F' is instance-wise effective, its order of prediction value on a specific label Y _; is correct.
Therefore, the threshold error €; can happen in either the two ways:

1. €; positive instances are predicted as negative instances.
In this case, the true positive number T'P; on this label becomes |Y;r\ — €5, and the false
positive number I'P; is zero, and the false negative number ' N; becomes ¢;.
The precision value and the recall value will be:
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2. €; negative instanaces are predicted as positive instances.
In this case, the true positive number T'P; on this label is still |Yj [, and the false positive
number F'P; = ¢; , and the false negative number F'N; is zero.
The precision value and the recall value will be:
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And the F'-measure; is:
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The macro-F1 is lower bounded by the sum of minimum value of F-measure;, thus:
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Theorem 5 is proved. [

A.3 Proof of LIMO Algorithm

Theorem A.3.1. In each iteration (step 5 to step 15) of Algorithm 1, the updated direction of the
model is an unbiased estimation of the gradient of this objective function:
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Proof.  Suppose that the function in Equation (1)) is f(W), because W can be decomposed into
[wy, wa, - ,w], we consider the partial gradient of a particular wy:
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The second term A;¢; is the gradient of label-wise margin on wy, and the third term Ay¢s is the
gradient of the instance-wise margin on wy.

Assume that (;, yix, ¥i;) is picked in step 5 and 6, the direction will be computed in step 8 or 9
according to:
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Then do the expectation:
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Where C’ and D’ are constants. Similarly, we can prove the expectation of the direction in step 11 to
15:
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Because of the linearity of expectation, and absorbing the constants into A; and As, the gradient
%‘f) can be unbiased estimated. Namely, the updated direction of the algorithm is an unbiased
estimation of the gradient of Equation (TJ. O
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B Appendix B: Detailed Experimental Results

In this section, detailed experimental results are included. The results of synthetic data are in Section
[B.Iland The results of benchmark data are in Section

B.1 Detailed Experimental Results of Synthetic Data

In this section, the detailed experimental results of synthetic data are given.

Table B.1: Original absolute value and rescaled value of experiments on ranking measures. In the left
columns are absolute values, and in the right columns are rescaled relative values.

measure LIMO-inst LIMO LIMO
ranking loss | 0.027 0.00 | 0.015 0.99 | 0.015 1.00
avg. precision | 0.992 0.00 | 0.992 0.58 | 0.992 1.00
one-error 0.000 1.00 | 0.001 0.28 | 0.001 0.00
coverage 1.576  0.00 | 1.557 0.97 | 1.556 1.00
macro-AUC | 0.842 1.00 | 0.828 0.00 | 0.842 0.98
instance-AUC | 0.973 0.00 | 0.985 0.99 | 0.985 1.00
micro-AUC | 0.861 0.14 | 0.854 0.00 | 0.903 1.00

Table B.2: Original absolute value and rescaled value of experiments on classification measures. In
the left columns are absolute values, and in the right columns are rescaled relative values.

measure LIMO-inst-t | LIMO-inst-t(x) | LIMO-label-t | LIMO-label-t(x) | LIMO-t | LIMO-t(x)
Hamming loss [ 0.172 0.28 |0.160 0.48 [0.188 0.00 |0.131 1.00 ]0.163 0.43|0.134 0.94
micro-F1 0.837 0.00 |0.860 0.43 |0.840 0.06 |0.890 1.00 |0.858 0.40|0.885 0.92
macro-F1 |0.869 0.87 |0.857 0.25 |0.861 0.46 [0.859 0.35 |0.872 1.00|0.852 0.00
instance-F1 |0.804 0.00 {0.883 0.79 |0.835 0.32 [{0.904 1.00 [0.858 0.54|0.900 0.96

B.2 Detailed Experimental Results of Benchmark Data

The ranking results in Figure 4 in paper are computed from Table [B.3] Because this table is too large,
we can only rotate it to show in the next page.
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