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This is the supplemental material for Adaptive Consen-
sus ADMM (ACADMM) (Xu et al., 2017c). We provide
details of proofs and experimental settings, in addition to
more results. Our proof generalizes the variational inequal-
ity approach in (He et al., 2000; He & Yuan, 2012; 2015;
Xu et al., 2017b).

1. Proof of lemmas

1.1. Proof of Lemma 1 (17)

Proof. By using the updated dual variable \**1 in (10), VI
(15) can be rewritten as

Yo, g(v) — g(v* ) — (Bv — BoFTH)TAEFL > 0. (S1)

Similarly, in the previous iteration,

Yo, g(v) — g(v*) — (Bv — Bo®)TA* > 0. (S2)

Let v = v* in (S1) and v = v**1 in (S2), and sum the two
inequalities together. We conclude

(Bo*Ht — BoM)T (AR — \Fy > 0. (S3)
O

1.2. Proof of Lemma 1 (18)

Proof. VI (16) can be rewritten as

¢(y) — o(y" )+
(z = 2T (F(F) + Q(AZF, TF)) >0, (S4)

where Q(Az;F, T%) = (=ATT*BAv; 0, (TF)"LAN]).
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Lety =y*,z=2*in VI(S4), and y = y*t!, 2 = 2*T1in
VI (13), and sum the two equalities together to get

(Azp )TQ(AZ, TF) >
(Azg )T (F(2")
Since F'(z) is monotone, the right hand side is non-
negative. Now, substitute Q(Az;", T%) into (S5) to get
— (ADuj )T TH(BAYY)
+ (AN )T(TH) AN > 0.

If we use the feasibility constraint of optimal solution
(Au* + Bv* = b) and the dual update formula (10), we
have

S5
—F(zk+1)). ( )

(56)

TFAAu; = ANS — T*BAv} . (S7)

Substitute this into (S6) yields
(BAv ) TTPBAVE + (AN )T (TF) T ANS
> (BAvH)TANS
The proof (18) is concluded by applying (17) to (S8). [

(S8)

1.3. Proof of Lemma 1 (19)

Proof.
1Az |15 = 12" = 2" 5 (S9)
=[]2* = AT AT SR 2 0 (S10)
= [|Az 1y + Azl (7 (S11)
= [|Az5 1 5 + Az (5 S12)
+ 2(Az,’€"+1)THkAzk+
> Az e + A2 13- (S13)

Eq. (18) is used for the inequality in (S13), and Eq. (19)
is derived by rearranging the order of [Azf[%, >
1Az 17 + 1AZ] 5 O

1.4. Proof of Lemma 2

Proof. Applying the observation

1
(a=b)TH(c—d) = 3(la—dlf - a—cl)
(S14)

+ 5 (lle = bllE = lle = dll3),

DN =
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we have

(R )THFAZ = (BF+ - ) HR (R~ 2F) (S15)
(||2ijrl G = 1125 = 25 )+ Si6
LU 22— 12 — 2 2). o

‘We now consider

||2k+1 _ Zk+1H2 ||~k7+1 Zk: + Zk _ ZkJrlHH (Sl7)
_||~k+1 kH%J" 4 ||Azk+||Hk— (S18)
2(2/64‘1 _ Zk)THkAZ,j,
and get
1250 = 2P = (125 = 2 (S19)
=20 — ITHFAZY — || Az %0 (S20)
We then substitute Az;" with M*(Z8+1 — 2%) in (12),
1250 = 2 — 12570 = 2 (S21)
:(2k+1 _ Zk)T(QI _ Mk)THkMk(2k+l _ Zk:) (S22)
=[[AEFE = X¥ )y > 0. (S23)
Combining (S16) and (S23), we conclude
- 1
() TH Az > §(||zk+1—z||qu—||zk—z|\zk) (S24)
[
1.5. Proof of Lemma 3

Proof. Assumption 1 implies (22), which suggests the di-
agonal matrices T and T*~! satisfy

25
@) <@+ oy O
Then we have
llz — 2/ ||} (S26)
=B = ") 7% + 1A = N[ Zpey -1 (S27)
1 B(v — -
<14+ @) (IBv — )3+ 28
A= N [Epx-1)-1)
<14+ "))z = 2|3 (S29)

The inequality (S25) is used to get from (S27) to (S28). [
1.6. Proof of Lemma 4
Proof. From (27) we know

1A e+ Az e < A+ [ Azl (S30)

Hence
1Az 4 e <L+ 52 Az Fn— (S3D)
k
<T@+ @Az 130 (S32)
t=1
<[Ia+ ")) Aazze (S33)
t=1
=M |AZ 130 < 0. (S34)
Let 2’ = z* in Lemma 3, we have
Iz — 2" 13 < 1+ (0")?)lz — 2% Fn-s (S35)
k
<TIa+ )z =213 (S36)
t=1
<T@+ @)z = 2170 (837)
t=1
= ClM |z — 2* |13 < 0. (S38)
Let 2/ = 2* in Lemma 3, we have
Iz =25 < 1+ "))z = 2560 (S39)
Then we have
l
> (e = 2K = llz = 2% [F0-0) (540)
k=1
l
< )Pl = 2 Fe- (541)
k=1
l
=) (*)Pllz — 2"+ 2" = 2K (S42)
k=1
l
<Y @2z = 2* 13 + 1182 70) (S43)
k=1
l
< POz = 2% 1o + Ci A2 1 F0)  (S44)
k=1
< Oz = 2% Ho + Oy A2 [ Fo)  (S45)
k=1
=Cy (Cil ||z — 2*[| 0 + O 1225 [130) (S46)
=CyCl (12 = 2* 130 + 1A} |30) < o0. (S47)
O

1.7. Proof of equivalence of generalized ADMM and
DRS in Section 5.1

Proof. The optimality condition for ADMM step (8) is
0 € af(ur ) — ATNF + T%(b — AuF T — Bob)),

Ak+1

(S48)
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Figure 1: ACADMM is robust to the correlation threshold hyper-

parameter "

which is equivalent to ATA**1 e §f(uF*1). By ex-
ploiting properties of the Fenchel conjugate (Rockafellar,
1970), we get u*t! € Of*(ATAM1). A similar argu-
ment using the optimality condition for (9) leads to v**! €
dg* (BT \F+1). Recalling the definition of f,41in (42), we
arrive at

AuFTt—b e 9f (M) and BoFt! € 9\, (549)

We can then use simple algebra to verify AF AR in (10)
and Of (A\F+1), 0g(A\F*+1) in (S49) satisfy the generalized
DRS steps (43, 44). O

1.8. Proposition for proof in Section 5.2
Proposition 1 (Spectral DRS (Xu et al., 2017a)). Suppose
the Douglas-Rachford splitting steps are used,
0e (AL \F) /7% 1 af (A1) + ag(\k) (S50)
0 e (AL — \F) /78 £ 9 F(AFFY) + 9g(AFHY),  (S51)

and assume the subgradients are locally linear,

Of(N)=al+T and 0§(\)=BA+®, (S52)

where o, 8 € R, W, ® C RP. Then, the minimal residual
of F(NFH1) + g(\FHY) is obtained by setting TF = 1/\/a B.

2. More experimental results

We provide more experimental results demonstrating the
robustness of ACADMM in Fig. 1, Fig. 2 and Fig. 3.

3. Synthetic problems in experiments

We provide the details of the synthetic data used in our ex-
periments.
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Figure 2: ACADMM is robust to the convergence threshold Cg.
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Figure 3: ACADMM is robust to regularizer parameter p in EN
regression problem.

3.1. Sampling data matrices from Gaussian(s)

For Syntheticl, on each compute node ¢, we create a data
matrix D; € R™*? with n; samples and d features using
a standard normal distribution. For Synthetic2, we build 10
Gaussian feature sets {D;}. On each node, we then ran-
domly choose an index j;, and randomly select two Gaus-
sian parameters f1, ..., 410 € Rand o1,...,010 € R. We
then introduce heterogeneity across nodes by computing

3.2. Correlation for Elastic Net regression

Following standard method used to test elastic net regres-
sion in (Zou & Hastie, 2005), we introduce correlations
into the datasets. We start by building a random Gaus-
sian dataset D; on each node. We then select the number
of active features as 0.6d. Then we randomly select three
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Gaussian vectors v;.1,v;,2, 3,3 € R™. We then compute

Vi e{1,2,...,0.2d},

‘ , (S54)
Dz[a]] < Dl[?]] + Vi, 1,
Vi €{0.2d +1,0.2d + 2, ...,0.4d},
J €024 +1,0.2d + } (555)
D2[>]] — D’L[7j] + Vi,2,
Vi €{0.4d +1,0.4d + 2, ...,0.6d},
j€{ } (556)

D;[:, j] <= Dy, j] + vi 3,
where D;[:, j| denotes the jth column of D;.

3.3. Regression measurement

We use a groundtruth vector z € R<, where the first 0.6d
features are 1 and the rest are 0, and generate measurements
for the regression problem as

where D; is random Gaussian.

3.4. Classification labels

For classification problems, we add a constant d oy to the
active features on half of the feature vectors stored on each
node. This means we compute

.DZ[O5’I’LZ tng, 1: 06d] — D1[05TLZ ing, 1: 0.6d]+d€0nsl.

We then create a ground truth label vector ¢; € R™, which
contains 1 for the permuted feature vectors, and —1 for the
rest.
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