Latent Feature Lasso

7. Appendix
7.1. Comparison on Time Complexity

The proposed LatentLasso algorithm runs significantly
faster than other methods in our experiments. For exam-
ple, on the Synl dataset (N=1000, D=1000, K=35), the
runtime of LatentLasso is 398s, while MCMC, Variational,
MF-Binary and BP-Means all take more than 10000s to ob-
tain their best results reported in the Figures (and the im-
plementation of Spectral Method we obtained from the au-
thors has memory requirement that restricts K;j14). On the
real data sets, we report only up to K=50 because most of
the compared methods already took one day to train.

The complexity of each algorithm can be summarized in
Table 2. The reason for the smaller runtime of LatentLasso
is due to the decoupling of factor N D from the factor re-
lated to K, where the factor O(N D) comes from the cost
of solving a MAX-CUT-like problem using the method of
(Boumal et al., 2016) or (Wang & Kolter, 2016), while the
factor O(K?D) comes from the cost of solving a least-
square problem given by (11) with the maintenance cost
of ZT Z amortized.

7.2. Proof for Theorem 1

Let L(M) be a smooth function such that VL(M) is
Lipschitz-continuous with parameter (3, that is,

L(M') — L(M) ~ (VL(M), M’ — M) < 2 ||M’ = M3

Then

V,f(c) =z VL(M)z;

is Lipschitz-continuous with parameter ~, which is of or-
der O(1) when loss function L(.) is an empirical average
normalized by ND.

Let A be the active set before adding j. Consider the de-
scent amount produced by minimizing F'(c) w.r.t. the ¢;
given that 0 € 9, F (c) for all j € A due to the subproblem
solved in the previous iteration. Let j = j, for any 1; we
have
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where the last equality is justified later in Lemma 1. For
k € A, we have
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Combining cases for k ¢ A and k € A, we can obtain a
global estimate of descent amount compared to some opti-
mal solution x* as follows
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It means we can always choose an o small enough to guar-
antee descent if
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In addition, for
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Table 2: Comparison of Time Complexity. (1" denotes number of iterations)

Methods MCMC Variational | MF-Binary | BP-Means Spectral LatentLasso
Time Complexity | (NK2D)T | (NK?D)T | (NK)2X | (NK3D)T | ND + K°log(K) | (ND + K?D)T
we have Proof. Since supp(c*) = A*, and ¢* is optimal when
. restricted on the support, we have (,c¢*) = 0 for some
H}én F(e+me;) — Fle) € OF(c*). And since F'(c) is strongly convex on the sup-
ap a2y port A* with parameter 3, we have
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Proof. The minimization (34) is equivalent to
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which is a linear objective subject to a convex set and thus
always has solution that lies on the corner point with only
one non-zero coordinate 7;-, which then gives the same
minimum as (33). O

7.3. Proof of Theorem 2

Lemma 2. Let A* € [K] be a support set and c¢* =
arg ming gupp(c)y=a+ F(c*). Suppose F(c) is strongly con-
vex on A* with parameter 3. We have

”thVNﬁMH?—Hﬁ» on

By o«
> Ol — o3,
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a2 o 2F(0) = F(cr))
le*]3 < 5 :
Combining above with the fact for any ¢, ||c[|? < ||¢/lo]|cl/3,
we obtain the result. O

Since F(0) — F(c*) < 5% va:l y? < 1, from Theorem
(1) and (27), we have

4vllelo (1) 201 = A [2[[e*]lo
= gz \T)" 4 B

(28)

F(eT) — F(c*)

for any ¢* := arg mingsupp(c)—a+ F(c).

7.4. Proof of Theorem 3

Before delving into the analysis of the Latent Feature Lasso
method, we first investigate what one can achieve in terms
of the risk defined in (1) if the combinatorial version of
objective is solved. Let
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Suppose we can obtain solution W to the following empir-
ical risk minimization problem:

W .=

argmin
WERKXD:|[W|lp<R
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Then the following theorem holds.
Theorem 7. Let W* be the minimizer of risk (1) and W be
the empirical risk minimizer (29). Then

E[f(z; W)] = E[f(2;W")]
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with probability 1 — p.
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Proof Sketch. Let En|[f(x, W)] denote the empirical risk.
We have

El[f (a; W)] —

E[f(z; W)]
E[f(z; W)] = En[f(z; W) |>

<2 sup |
W ERK XD (| W||p <R
(30)

from error decomposition and Ey[f(z,W) <
En[f(z,W*)]. Then by introducing a d-net N(J)

with covering number |[A(J)| = (%)DK

|[W — Wz < 6 for some W € N(J) and

, we have
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Combining (33), (34) and (28), we obtain a bound on the
bias and optimization error of the Latent Feature Lasso es-
timator

En[f(z, DW)] < F(c) < En[f(x; W]
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To bound the estimation error, notice that the matrix W=
D.W is K x D with K < T'. Furthermore, the descent
condition F(¢) < F(0) guarantees that

T 1
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with probability 1 — p. Choosing 6 = 1/(RK N) yields the
result. O

Now we establish the proof of Theorem (3) for bounding
risk of the Latent Feature Lasso estimator.

Proof. Let Z* € argminge (o 1yne + || X — ZW*||% and
S* be the set of column index of Z with the same 0-1 pat-
terns to columns in Z*. Let ¢* be indicator vector with
¢, =1,keS" andc; =0,k ¢ S*. We have

F(e) < F(

* * T * *
¢") < Ex[f(@ W)+ SW*E + Al

(33)
where ¢ €  argmin  F(c). Then let (¢, W) with
c:supp(c)=8*

supp(c) = S be the output obtained from running 7T it-

Let W(T, A, 7) := {W € (RT*D) | |W|F <
We have

VIR
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with probability 1 — p through the same argument as in
the case of combinatorial objective (32). Combining the
above estimation error with the bias and optimization error
in (35), we have

E[f(z;W)] = E[f (z; W]
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Choosing T' = %(%), AN=7T= \/Lﬁ and N > 2F =
LK gives the result. O
7.5. Proof of Theorem 4

Proof. Since W* is of rank K, we have span(©*) =
span(Z*). Therefore, from condition 2,

span(©*) N {0, 1}V \ {0} = {Z;}]2. (3O
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For any (Z, W) : ZW = ©*, we have Z € span(©*)
since Z = ©*VE~1UT where ULVT is the SVD of W
with 3 : K x K. Then by (36) we know that Z = Z*. Then
it follows W = W™ since the linear system ©* = Z*W
has unique solution for W', [

7.6. Proof of Theorem 5

Proof. The solution of (21) satisfies
ZsWeg =X =Z"W*,

Since Wg has full row-rank, we have rank(Zs) =
rank(X) = rank(Z) = K by condition 1 in Theo-
rem 4. Then let Wg = UXVT be the SVD of Wy with
% 1 |S] x |S|, we have

Zs = XVE UL = 272W*vsUT € span(Z*).

Then by condition 2 in Theorem 4, the columns of Zg can
only be in {Z;}1<,, which implies Zg equal to Z* up to
a permutation. Then we know |S| = K and by Theorem 4

W also equals W* up to a permutation. O

7.7. Proof of Theorem 8

Proof. By an application of Theorem1 of (Negahban et al.,
2009), for A > ||V f(¢*)]| oo, we have the following bound
on the ¢5 norm of ¢ — ¢*:

VE*)\

)

¢ —c*l2 <
Kn

where ||V f(c*)|| o is given by:
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where A* is defined as:

A = (I-Zs(ZEZs + Nr1)"' Z5)X

= (I- ZS(Zé’fZS + NTI)_lzg)(st* +e€)
37
Given P = Zg(ZLZs + N7I)~'Z%, it can be seen that
A* can be rewritten as :

A* = (I = P)e+ (I — P)(ZsW™).

7.8. ell, error bounds on the coefficient vector ¢

Theorem 8. Let c* be the true underlying vector, with sup-
port S and sparsity K*. Let ¢ be the minimizer of F(c),
defined in Equation (7). Define the noise-level term

1
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where A* = (I — P)e + (I — P)(ZsW™*) where
P=25(Z{Zs+ NrI)"' ZL.
Let K, be the restricted strong convexity term defined as :

fin = Inf {f(c" +A) = f(c") = (VF(c"), A)},

where C = {cl|||cs<||1 < 3||es||1}- Then, if the regulariza-
tion parameter is set as X > py,, we have the following
bound on the norm of the error ¢ — c*:

pn VK*

¢ —c*[l2 <
Kn

7.9. Proof of Theorem 6

Proof. Note that the optimization problem in Equation (22)
can be rewritten as:
argmin X |E + (2* - 2)|3
Ze{0,1}N
N (38)

=& Z argmin (E; + (Z} — Z;))?
i—1 Zi€{0,1}

So, we have the following closed form expression for Z:

P =

5 1 itz +Ez05
0 ow '

We now compute the probability that Z # Zs

P(Z; # Z;) = P(E; >05)P(Z; =0)

+P(E; < —05)«P(Zf =1)

> min{P(E; > 0.5),P(E; < —0.5)} > ¢,

(39)

for some positive constant ¢. We now use the fact that
E((Zf — Z;)?) = P(ZF # Z;) to complete the proof of
the Lemma. O



