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Abstract

State-of-the-art methods in mathematical optimization employ higher-order derivative information.
We explore the limitations of higher-order optimization and prove that even for convex optimiza-
tion, a polynomial dependence on the approximation guarantee and higher-order smoothness pa-
rameters is necessary. This refutes the hope that higher-order smoothness and higher-order deriva-
tives can lead to dimension free polynomial time algorithms for convex optimization. As a special
case, we show Nesterov’s accelerated cubic regularization method and higher-order methods to be
nearly tight.

Keywords: Convex Optimization, Second-Order Optimization, Higher-Order Optimization, New-
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1. Introduction

Linearly-converging! convex optimization algorithms fall into two categories. The first are methods
whose iteration complexity scales with the dimension. This includes the ellipsoid (Khachiyan, 1980;
Grotschel et al., 2012), cutting plane (Vaidya, 1989; Lee et al., 2015) and random-walk (Bertsimas
and Vempala, 2004; Kalai and Vempala, 2006; Lovasz and Vempala, 2006) based methods. They
solve convex optimization in the general membership oracle model.

The other category of linearly-converging algorithms is iterative derivative-based methods. These
achieve fast dimension-free iteration rates for certain types of convex functions, namely those that
are strongly convex and smooth. Indeed gradient descent and further extensions have therefore been
extremely successful for optimization especially in machine learning.

More recently state-of-the-art optimization for machine learning has shifted from gradient based
methods, namely stochastic gradient descent and its derivatives (Duchi et al., 2011; Johnson and
Zhang, 2013), to methods that are based on higher moments. Notably, the fastest theoretical running
times for both convex (Agarwal et al., 2016; Xu et al., 2016; Bollapragada et al., 2016) and non-
convex (Agarwal et al., 2017; Carmon et al., 2016) optimization are attained by algorithms that
either explicitly or implicitly exploit second-order information and third-order smoothness.

Of particular interest is Newton’s method, due to recent efficient implementations that run in
near-linear time in the input representation. The hope was that Newton’s method or higher-order
methods can achieve logarithmic in error iteration complexity which is independent of the dimen-

1. methods for which the dependence on the additive error ¢ is logarithmic
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sionality, which is extremely high for many large-scale applications, and without requiring strong

convexity.
Method ];ir':é Order | Assumptions Upper Bound
Ellipsoid
(Grotschel et al., 2012)
(Vaidya, 1989)
Random Walks
(Kalai and Vempala, 2006) No | NA None poly (d,log(1/¢))
Interior Point
(Nesterov and Nemirovskii, 1994)
(Abernethy and Hazan, 2015)
72 1 2)
Gradient Descent Yes k=1 Bounded L ( € 2
(Nesterov, 2004) Amin > 0 %) << ) log(L ))
Lf
Newton’s method Yes =2 Bounded L3 ( - )
(Monteiro and Svaiter, 2013) Amin > 0 (( ) s log log( é )
Higher-Order Lir \ /(D)
(Baes, 2009) Yes | k> 2 | Bounded L O (( )

Table 1: Table summarizing known results for convex optimization.

Table 1 surveys the known algorithms for convex optimization and their iteration complexity.
Polynomial time algorithms admit linear convergence, i.e. O(log %) and invariably depend on
the dimension. Dimension free polynomial-time algorithms require both an upper bound on the
smoothness and a lower bound on the strong convexity.

The main question we set to answer is whether there exists linearly-converging iterative
algorithms for (high-order) smooth functions that are not strongly convex?

In this paper we show that unfortunately, these hopes cannot be attained without stronger as-
sumptions on the underlying optimization problem. In particular Theorem 1 shows that even if the
functions are k*"-order smooth, for arbitrarily large k, and the iterative algorithm uses k‘"-order
derivative information, the answer is negative. To the best of our knowledge, our results are the first
lower bound for kt"-order optimization for k£ > 2 that include higher-order smoothness.?

1.1. Statement of Result

We consider the problem of k**-order optimization. We model a k*"-order algorithm as follows.
Given a k-times differentiable function f : R? — R, at every iteration i, the algorithms outputs a
point z; and receives as input the tuple [f(z;), V f(z;), V2 f(x;) ... VF f(x;)], i.e. the value of the

2. After the writing of the first manuscript we were made aware of the work by Arjevani et al. (2017) which provides
lower bounds for these settings as well.
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function and its k derivatives at 2;.> The goal of the algorithm is to output a point 27 such that

J(or) = min f(z) <e.

For the k'*-order derivatives to be informative, one needs to bound their rate of change, or

equivalently the Lipschitz constant of its derivative. This is called k*"-order smoothness, and we
denote it by Ly 1. In particular we assume that

IV*f(z) = V*F )]l < Lisallz = yll,

where || - || is defined as the induced operator norm with respect to the Euclidean norm. Our main
theorem shows the limitation of k*"-order iterative optimization algorithms:

Theorem 1 For every number Ly, 1 and kth-order algorithm ALG (deterministic or randomized),
there exists a number €o( Ly 1) such that for all ¢ < eo(Ly11), there exists a k-differentiable convex
function f : Bqg — R with k*"-order smoothness coefficient Ly, such that ALG cannot output a
point xr such that

flor) < min f(@) +<.

(LkH)“W“
Ck c )

where ¢y, is a constant depending on k and By is defined to be the unit ball in d dimensions.

in number of iterations T' fewer than

The above lower bound is known to be tight up to constants in the exponent: for k& > 2, Baes
1
L ==
(2009) proves an upper bound of O (%) ) .

Although the bound is stated for constrained optimization over the unit ball, it can be extended
to an unconstrained setting via the addition of an appropriate scaled multiple of ||||?. We leave this
adaptation for a full version of this paper. Further as is common with lower bounds the underlying
dimension d is assumed to be large enough and differs for the deterministic vs randomized version.
Theorems 10 and 13 make the dependence precise.

Table 2 surveys the known lower bounds for derivative based optimization. For the case of k =
2, the most efficient methods known are the cubic regularization technique proposed by Nesterov
(2008) and an accelerated hybrid proximal extra-gradient method proposed by Monteiro and Svaiter

(2013). The best known upper bound in this setting is O (%)2/ " (Monteiro and Svaiter, 2013). We
show a lower bound of €2 ((%) 2 11) (c.f. Theorem 6) demonstrating that the upper bound is nearly
tight.

3. An iteration is equivalent to an oracle call to k"-order derivatives in this model.
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Oracle Lower bound
First-Order Oracle Q (( %) 1/ 2) (Nemirovsky and Yudin, 1978)
Second-Order Oracle Q (%) ? 11) (This paper - c.f. Theorem 6)
I 2/(5k+1) _
Ek*'-Order Oracle Q (%) (This paper - c.f. Theorem 6)

Table 2: Lower bounds for higher order oracles

1.2. Related work.

The literature on convex optimization is too vast to survey; the reader is referred to Boyd and
Vandenberghe (2004); Nesterov (2004).

Lower bounds for convex optimization were studied extensively in the seminal work of Ne-
mirovsky and Yudin (1978). In particular, tight first-order optimization lower bounds were estab-
lished assuming first-order smoothness.(Also see Nesterov (2004) for a concise presentation of the
lower bound). In a recent work, Arjevani and Shamir (2016) presented a lower bound when given
access to second-order derivatives. However a key component (as remarked by the authors them-
selves) missing from the bound established by Arjevani and Shamir (2016) was that the constructed
function was not third-order smooth. Indeed the lower bound established by Arjevani and Shamir
(2016) can be overcome when the function is third-order smooth (ref. Nesterov (2008)). The upper
bounds for higher-order oracles (assuming appropriate smoothness) was established by Baes (2009).

Higher order smoothness has been leveraged recently in the context of non-convex optimization
(Agarwal et al., 2017; Carmon et al., 2016; Allen-Zhu, 2017). In a surprising new discovery, Carmon
et al. (2017) show that assuming higher-order smoothness the bounds for first-order optimization can
be improved without having explicit access to higher-order oracles. This is a property observed in
our lower bound too. Indeed as shown in the proof the higher order derivatives at the points queried
by the algorithm are always 0. For further details regarding first-order lower bounds for various
different settings we refer the reader to Agarwal et al. (2009); Woodworth and Srebro (2016b);
Arjevani and Shamir (2016); Arjevani et al. (2015) and the references therein. The work of Guzman
and Nemirovski (2015) studies a different kind of smoothing namely inf-convolution to obtain first-
order smoothness in arbitrary norms, however it does not provide guarantees with higher-order
smoothness.

In parallel and independently, Arjevani et al. Arjevani et al. (2017) also obtain lower bounds for
deterministic higher-order optimization. In comparison, their lower bound is stronger in terms of
the exponent than the ones proved in this paper, and matches the upper bound for k£ = 2. However,
our construction and proof are simple (based on the well known technique of ball smoothing) and
our bounds hold for randomized algorithms as well, as opposed to their deterministic lower bounds.

1.3. Overview of Techniques

Our lower bound is inspired by the lower bound presented in Clarkson et al. (2012). In particular we
construct the function as a piece-wise linear convex function defined by f(z) = max;{a z} with
carefully constructed vectors a; and restricting the domain to be the unit ball. The key idea here is
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that querying a point reveals information about at most one hyperplane. The optimal point however
can be shown to require information about all the hyperplanes.

Unfortunately the above function is not differentiable. We now smooth the function by the ball
smoothing operator (defined in Definition 3) which averages the function in a small Euclidean ball
around a point. We show (c.f. Corollary 5) that iterative application of the smoothing operator
ensures k-differentiability as well as boundedness of the k*"-order derivative.

Two key issues arise due to smoothing described above. Firstly although the smoothing opera-
tor leaves the function unchanged around regions far away from the intersection of the hyperplanes,
it is not the case for points lying near the intersection. Indeed querying a point near the intersec-
tion of the hyperplanes can potentially lead to leak of information about multiple hyperplanes at
once. To avoid this, we carefully shift the linear hyperplanes making them affine and then arguing
that this shifting indeed forces sufficient gap between the points queried by the algorithm and the
intersections leaving sufficient room for smoothing.

Secondly such a smoothing is well known to introduce a dependence on the dimension d in the
smoothness coefficients. Our key insight here is that for the class of functions being considered
for the lower bound (c.f. Definition 2) smoothing can be achieved without a dependence on the
dimension(c.f. Theorem 4). This is essential to achieving dimension free lower bounds and we
believe this characterization can be of intrinsic interest.

1.4. Organization of the paper

We begin by providing requisite notation and definitions for the smoothing operator and proving
the relevant lemmas regarding smoothing in Section 2. Section 3 provides a quantitative statement
of our main theorem. In Section 4 we provide the construction of our hard function. In Section 5
we state and prove our main theorem (Theorem 10) showing the lower bound against deterministic
algorithms. We also prove Theorem 1 based on Theorem 10 in this Section. In Section 6 we state
and prove Theorem 13, showing the lower bound against randomized algorithms.

2. Preliminaries
2.1. Notation

We use By to refer to the d-dimensional ¢5 unit ball. We suppress the d from the notation when
it is clear from the context. Let I' be an r-dimensional linear subspace of R?. We denote by M,
an 7 x d matrix which contains an orthonormal basis of I" as rows. Let I'" denote the orthogonal
complement of I". Given a vector v and a subspace I', let v | I" denote the perpendicular component
of v w.r.t I'. We now define the notion of a I'-invariant function.

Definition 2 (I-invariance) Ler T be an r dimensional linear subspace of R%. A function f :
R? — R is said to be T-invariant if for all x € R% and y belonging to the subspace I'*, i.e.
Mry = 0, we have that

flx) = flz+y)

Equivalently there exists a function g : R™ — R such that for all x, f(x) = g(Mrz).
A function f : R? — R is defined to be c-Lipschitz with respect to a norm || - || if it satisfies

f(x) = fy) < cllz -y
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Lipschitzness for the rest of the paper will be measured in the /5 norm.

2.2. Smoothing

In this section we define the smoothing operator and derive the requisite properties.

Definition 3 (Smoothing operator) Given an r-dimensional subspace T' € R% and a parameter
0 > 0, define the operator S5 : (RY — R) — (R — R) (referred henceforth as the smoothing
operator) as

Ssrf (@) £ Eyer o<1 [f (z + 6v)],

where the expectation is over sampling a unit vector from the subspace 1" uniformly randomly.
As a shorthand we define fsr = Ssrf. Further for any t € N define Sgrf £ Ssr(...Ssr(f))
i.e. the smoothing operator applied on f iteratively t times.

When I' = R? we suppress the notation from fsr to f5. Following is the main lemma we prove
regarding the smoothing operator.

Lemmad4 Let ' be an r-dimensional linear subspace of R* and f : R¢ — R be T'-invariant and
G-Lipschitz. Let fs1 = Ss,rf be the smoothing of f. Then we have the following properties.

1. fsr is differentiable and also G-Lipschitz and I'-invariant.
2. Vfsris %-Lipschitz.

3. Vet far(a) - f(@)] <0G,

Following is a corollary of the above lemma.

Corollary 5 Given a G-Lipschitz continuous function f and an r-dimensional subspace T such
that f is U'-invariant, we have that the function S Z;F [ is k-times differentiable ¥ k. Moreover we
have that for any x,y

r

vi e [k] [VSrf(@) = ViSkrf )l < (5

) Gl —yll

SEpf(x) — f(x)] < Gok.

The proofs of Lemma 4 and Corollary 5 are included in the appendix.

3. Main Theorem Statement

The main result we prove in the paper is given by the following theorem. The theorem is a restate-
ment of Theorem 1.

Theorem 6 For every number Ly 1 and kth-order algorithm ALG (deterministic or randomized),
there exists an £o(Ly41) such that for all € < eo(Lyy1), there exists a k-differentiable convex

function f € By — R with k*"-order smoothness coefficient Ly, such that ALG cannot output a
point x such that



LOWER BOUNDS FOR HIGHER-ORDER CONVEX OPTIMIZATION

in number of iterations T' fewer than

2
LkJrl 5k+1
Ck .
3

The rest of the paper is dedicated to the proof of the above theorem.

where ¢y, is a constant depending on k.

4. Construction of the hard function

In this section we describe the construction of our hard function ff. Our construction is inspired
by the information-theoretic hard instance based on zero-sum games proposed by Clarkson et al.
(2012). The construction of the function will be characterized by a sequence of vectors X177 =
{z1...2,}, x; € By and parameters k, 7y, 0, m. We assume d > m > r. To make the dependence
explicit we denote the hard function as

XY 4,k 6,m) - Bg — R.

For brevity in the rest of the section we suppress X 127~ 'k, 8, m from the notation, however all
the quantities defined in the section depend on them. To define fT we will define auxiliary vectors
{a1 ...a,} and auxiliary functions f, f.

Given a sequence of vectors {1, z2,...2,},x; € By, let X; for i < r be defined as the sub-
space spanned by the vectors {z ... x;}. Further inductively define vectors {a; .. .a,} as follows.
If xT; ¢ Xifl, define

a; = & where &7, = xT; 1 Xi—l-
[lai
If indeed x; € X;, then a; is defined to be an arbitrary unit vector in the orthogonal component
Xt . Further define an auxiliary function

f(z) £ max fi(x) where fi(z) £ aj x.

Given the parameter v, now define the following functions

f(x) £ max f;(x) where f;(x) £ f;(z) + <1 _ :n) v2 T+ <1 B 7;) .

i€]r]

With these definitions in place we can now define the hard function parametrized by &, 6. Let A, be
the subspace spanned by {a; . ..a,}

Xk, 0,m) 2 S5, F(XTT,y,m), 4.1

i.e. f1is constructed by smoothing f k-times with respect to the parameters 6, A,.. We now collect
some important observations regarding the function f7.

Observation 7 f1 is convex and continuous. Moreover it is 1-Lipschitz and is invariant with the
respect to the r-dimensional subspace A.,.



LOWER BOUNDS FOR HIGHER-ORDER CONVEX OPTIMIZATION

Note that f is a max of linear functions and hence convex. Since smoothing preserves convexity
we have that fT is convex. 1-Lipschitzness follows by noting that by definition ||a;|| = 1 and it can
be seen that f is A,-invariant and therefore by Theorem 4 we get that fT is A,.-invariant.

Observation 8 f1 is k-differentiable with the Lipschitz constants Li 1 < (%)Z foralli <k.

Above is a direct consequence of Corollary 5 and the fact that f is 1-Lipschitz and invariant with
respect to the r-dimensional subspace A,.. Corollary 5 also implies that

Va |fi(x) = f(@)] < k. 4.2)

Setting & = — Y1, % we get that f () = 7717 Therefore the following inequality follows from
Equation (4.2) and by noting that || f(z) — f(2)]s0 < 7
-1
in f1(z) < f1(&) < — ko 4.3
;relng(x)_f(%)_ﬁJr’H (4.3)
The following lemma provides a characterization of the derivatives of f at the points ;.

Lemma 9 Given a sequence of vectors {xi ...z, } and parameters 0,~v,r,m, let {g1 ... gr} be a
sequence of functions defined as

Vi gi £ fT(Xl_na k’ s 57 m)
If the parameters are such that 2k§ < L then we have that
Vielr]Vie k] gilz) =g (i), VVgi(zi) = Vg ().
Proof
We will first note the following about the smoothing operator S§ . At any point z, all the k
derivatives and the function value of S § f for any function f depend only on the value of the function

f in a ball of radius at most k¢ around the point . Consider the function g, and g; for any i € [r].
Note that by definition of the functions g;, for any x such that

argmax a?w + <1 — j) v <1
jelr] m
we have that g;(z) = g,(x). Therefore to prove the lemma it is sufficient to show that
Vi,x € ||z —x;|| < kd argmax a?x—i— <1 — ‘7) v <.
jelr] m
Let us first note the following facts. By construction we have that Vj > 4, a?mi = 0. This immedi-

ately implies that

. 1

max ajT:ci—F(l—‘])'y: (1—ZjL )7. 4.4
7> m m

Further using the fact that ||a;|| < 1, Vj € [r] we have that

. 1
Vz st ||z — x| < kd we have max a?m-& <1 — ‘7> v < <1 _ Z; >’Y+ ko.  (4.5)
J>1
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Further note that by construction al 2; > 0 which implies afz + (1 — L)~y > (1 — L) 4. Again
using the fact that ||a;|| < 1,Vj € [r] we have that

Vz st ||z — x| < kJ wehave max a

nax afz+ (1 - T‘;) > (1 - 7;> y—k5. (46

The above equations in particular imply that as long as 2k§ < % , we have that

Vo st ||z — x| < kd argmaxaij + (1 - ‘7> <i 4.7)
j€lr] m
which as we argued before is sufficient to prove the lemma. |

5. Main Theorem and Proof

The following theorem (Theorem 10) proves the existence of the required hard function. Theorem
6 for the deterministic case is a simple derivation which we provide after the theorem statement.

Theorem 10 For any integer k, any T > 5k, and d > T and any k'"-order deterministic algo-
rithm, there exists a convex function fT : By — R for every d > T, such that for T steps of the
algorithm every point y € By queried by the algorithm is such that

1
f > min fi(z) + —.
£l(0) = mip f@) +
Moreover the function is guaranteed to be k-differentiable with Lipschitz constants L; 1 bounded
as
Vi<k Liy < (10k)'T*5, (5.1)

We first prove Theorem 6 in the deterministic case using Theorem 10.
Proof [Proof of Theorem 6 Deterministic case] Given an algorithm ALG and numbers Ly, 1, k
define o(Ly11,k) £ Liy1/(10k)". For any £ < g¢ pick a number 7 such that

. Lyt
- 2(10k)k7‘(2.5k+0.5)'

Let f t be the function constructed in Theorem 10 for parameters k, 7, ALG and define the hard
function h : By — R

Ly

h(z) & f(z).

Note that by the guarantee in Equation (5.1) we get that () is k*"-order smooth with coefficient at
most Ly 1. Note that since this is a scaling of the original hard function f1 the lower bound applies
directly and therefore ALG cannot achieve accuracy

Lk+1 2
2(10k)kT 256/ T

€,
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2
inless than 7 = ¢, (% ***1 jterations where c, is a constant only depending on k. This finishes

the proof of the theorem. n

We now provide the proof of Theorem 10.
Proof [Proof of Theorem 10]

Define the following parameters v = ﬁ and 07 £ 277

Consider a deterministic algorithm ALG. Since ALG is deterministic let the first point played
by the algorithm be fixed to be ;. We now define a series of functions fz.T inductively for all

i={1,...T} as follows
XA L mg) fIe (X170 Ak, 67, T) (5.2)

Inp? 2 {f1(2:), V(i) ... VP fl(2)} Tiy1 2 ALG(Inp?, ... Inp?)  (5.3)

The above definitions simulate the deterministic algorithm ALG with respect to changing functions
f;r. Inpy is the input the algorithm will receive if it queried point x; and the function was f;'. x; 1
is the next point the algorithm ALG will query on round ¢ + 1 given the inputs {Inp{ ... Inp}}
over the previous rounds. Note that thus far these quantities are tools defined for analysis. Since
ALG is deterministic these quantities are all deterministic and well defined. We will now prove that
the function f} defined in the series above satisfies the properties required by the Theorem 10.

Bounded Lipschitz Constants Using Corollary 5, the fact that fT has Lipschitz constant bounded
by 1 and that f} is invariant with respect to a T' dimensional subspace, we get that the function f}
has higher order Lipschitz constants bounded above as

T\ :
Vi<k Ly < <) < (10kT2%)".
or
Suboptimality
Let {yo . ..yr} be the points queried by the algorithm ALG when executed on f}. We need to
show that

Vie [T fi(y) > min fi(z) + (5.4)

1
2T
Equation 5.4 follows as a direct consequence of the following two claims.
Claim 11 We have that for all i € [1,T), y; = x; where x; is defined by Equation (5.3).
Claim 12 We have that

Vil T)  fj@) > min fHa) + 5=
To remind the reader, x; (Equation (5.3)) are variables which were defined by simulating the
algorithm on a changing function where as y; are the points played by the algorithm ALG when run
on f}. Claim 11 shows that even though f} was constructed using x; the outputs produced by the
algorithm does not change.
Claim 11 and Claim 12 derive Equation 5.4 in a straightforward manner thus finishing the proof
of Theorem 10.

10
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We now provide the proofs of Claim 11 and Claim 12.
Proof [Proof of Claim 11] Note that since the algorithm is deterministic y; is fixed and y; for ¢ > 2
is defined inductively as follows.

Inp! & { (), V@), - V() yiy1 = ALG(Inp?,... Inph)  (5.5)

We will prove the claim via strong induction. The base case 1 = y; is immediate because
ALG is deterministic and therefore the first point queried by it is always the same.

Assume now that the claim holds for all j < i. Since by definition 2kdr < ~/T, we can see as
a direct consequence of Lemma 9, that

{Vj<ixj=y;}={Vj<i Inp!" =Inp]'} (5.6)

where Inp is as defined in Equation (5.3). Note that Inp;" is the set of derivatives of fj at x; and
1 npzyi is the set of derivatives of f} at y;. Also by definition we have that

{Vj <i Inpi»” = Inpfi} = {Zit1 = Yiy1}-

Putting the above two together we have that {Vj < i z; = y;} = {xi}1 = yi+1} which finishes
the induction. [

Proof [Proof of Claim 12] Using Lemma 9 we have that f;r (z;) = f}(z,) Further Equation (4.6)
implies that

i) > (1 - ;) v — kor.

Now using (4.3) using we get that every point in {1 ... x7} is such that

T — mi T > i — ﬂ — 2k6 > 71
The above follows by the choice of parameters and 7" being large enough. This finishes the proof of
Claim 12. |

6. Lower Bounds against Randomized Algorithms

In this section we prove the version of Theorem 10 for randomized algorithms. The key idea un-
derlying the proof remains the same. However since we cannot simulate the algorithm anymore we
choose the vectors {a;} forming the subspace randomly from R for a large enough d. This ensures
that no algorithm with few queries can discover the subspace in which the function is non-invariant
with reasonable probability. Naturally the dimension required for Theorem 10 now is larger than
the tight d > T" we achieved as in the case of deterministic algorithms.

The proof of Theorem 6 for randomized algorithms follows in exactly the same way as the proof
for the deterministic case using Theorem 10.

11
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Theorem 13 For any integer k, any T' > 5k, ¢ € [0, 1], and any k-order (potentially randomized
algorithm), there exists a k-differentiable convex function f1 : By — R for d = Q(T3log(T?/5)),
such that with probability at least 1 — & (over the randomness of the algorithm) for T steps of the
algorithm every point y queried by the algorithm is such that

t et L
1) = mip £10) + 5=

Moreover the function f is guaranteed to be k-differentiable with Lipschitz constants L; bounded
as
Vi<k Liy < (20kT*%)".

Due to space constraints the proof of Theorem 13 is included in the appendix.

7. Conclusion

We have considered the problem of achieving dimension free polynomial time algorithms for min-
imizing convex functions where the function is guaranteed to be k-differentiable and k"-order
smooth and the algorithm is allowed to have access to k derivatives at every iteration. We showed
an oracle complexity lower bound for convex optimization under these conditions demonstrating
that the number of points queried by any deterministic/randomized algorithm should have at least an
inverse polynomial dependence on the desired error. This rules out linearly-converging derivative-
based algorithms even under these assumptions.

While we provide precise guarantees for the dependence on the exponent, our bounds are weaker
than those proved independently and concurrently by Arjevani et al. (2017) (which only applies to
deterministic algorithms). We believe that our construction (or potentially a similar one) might be
able to achieve the improved bounds and leave this direction as immediate future work. Further-
more we remark that while the known upper and lower bounds are tight for first and second order
optimization, they are not tight for £ > 2 and this is an intriguing open question.
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Appendix A. Proofs regarding Smoothing
A.1. Proof of Lemma 4

Proof As stated before f being I'-invariant implies that there exists a function g such that f(z) =
g(I'z). Therefore we have that

fsr(x) = Eper o<1 [f (z + 0v)] = Eper o<1 [g(Mrz + dMrv)] = gs(Mrx)

where gs(z) = Sswrrg(x). The representation of f5r as gs(Mrpa) implies that fsp is I'-invariant.
Further the above equality implies that Vfsr(z) = M{ Vgs(Mrx). A standard argument us-
ing Stokes’ theorem shows that gs is differentiable even when g is not # and that Vgs(y) =
5Eyvs, [9(y + 0v)v](Lemma 1 Flaxman et al. (2005)), where S;. is the r-dimensional sphere, i.e.
Sr=A{z e R"|l|lz| = 1}

”
IVgs(z) = Vas(y)ll = 5IEu~s, [9(z + 0v)v] = Eons, [y + ov)o] |
r rG
< 5Euns, [lg(z + 6v) = g(y + 60)lllo]l] < —=llz - yll.

The first inequality follows from Jensen’s inequality and the second inequality follows from
noticing that f being G-Lipschitz implies that g is G-Lipschitz. We now have that

IV fsr(2)=V fsr@ll < [|Mr (Vgs(Mraz) — Vgs(Mry)) || < %HMFHII(w—y)H < %H(fﬂ—y)ll.

f being G-Lipschitz immediately gives us V z : | fsr(z) — f(x)| < dG. [

A.2. Proof of Corollary 5
Proof We will argue inductively. The base case (k = 0) is a direct consequence of the function f be-
ing G-Lipschitz. Suppose the theorem holds for k — 1. To argue about HV"S(’{Ff(a:) — Visgrf(y) I

we will consider the function ¢ ,(z) = V?SEL! f(2)[v®!] for i € [k] and for a unit vector v. We
will first consider the case ¢ < k. Using the inductive hypothesis and the fact that smoothing and
derivative commute for differentiable functions we have that

Ssr Giw(z) = ViSfirf(m)[v@] :
Note that the inductive hypothesis implies that g; ,,(z) is (%)Z G-Lipschitz and so is S5 1 ¢; () via
Lemma 4. Therefore we have that

vielk—1] [V'Skrf (@) - Viskrf )l < (5) Glla -yl

We now consider the case when i = k. By Lemma 4 we know that Ss r gx—1,,(z) = V’“*IS(’{Ff(x) [v®7]
is differentiable and therefore we have that S(’{ rf(z) is k times differentiable. Further we have that

VSsr Geoto(x) = VESS 0 f(2)[v®F1].

4. We need g to be not differentiable in a measure 0 set which is always the case with our constructions
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k—1

A direct application of Lemma 4 and the inductive hypothesis which implies that ;1 , is (%) G-
Lipschitz gives that
IVEskr () — Vst < (5) @l — ol
Further it is immediate to see that
S T < Ssrf(@) < s (v)
which implies using the fact that f is G Lipschitz that
|S5rf(x) = f(x)| < Gok.

|

Appendix B. Lower bound against Randomized Algorithms
B.1. Proof of Theorem 13

Proof We provide a randomized construction for the function fT. The construction is the same as
in Section 4 but we repeat it here for clarity. We sample a random 7" dimensional orthonormal basis
{a1 ...ar} from the uniform distribution on the orthonormal group O(T"). Let A; be the subspace
spanned by {a; ...a;} and AZ-L be the orthogonal complement of A;. Further define an auxiliary
function

f(x) & max fi(x) where fi(z) £ af .

Given a parameter ~y, now define the following functions

f(q;) 2 mzaxfz(x) where fZ(SL‘) = fi(z) + (1 - ;) v = aZTx T (1 B ;) T

Fl(k,v,0r) 2 S5 4, f (B.1)

i.e. smoothing f with respect to dp, Ap. The hard function we propose is the random function
fT with parameters set as v = —= and §p = 201@71[15' We restate facts which can be derived

analogously to those derived in Section 4 (c.f. Equations (4.2),(4.3)).

Vo |fT(x) — f(z)| <k and ;relgi fi(z) < \;% + v + kd. (B.2)

The following key lemma will be the main component of the proof.

Lemma 14 Let {x...x7} be the points queried by a randomized algorithm throughout its exe-
cution on the function ft. With probability at least 1 — § (over the randomness of the algorithm and
the selection of 1) the following event £ happens

1
&= {Vie [T] Vj =i |aj il SQOTM,}'
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Using the above lemma we first demonstrate the proof of Theorem 13. We will assume the event £
in Lemma 14 happens.

Bounded Lipschitz Constants Using Corollary 5, the fact that f t has Lipschitz constant bounded
by 1 and that f is invariant with respect to the T' dimensional subspace A, we get that the function
f} has higher order Lipschitz constants bounded above as

T\’ :
Vi<k L < < ) < (20kT25)".
or
Sub-optimality : The event £ in the lemma implies that f;(z;) > —ﬁ#— (1— %)~ which implies
that f(z;) > —QOT%;, + (1 — %)~ and from Equation (B.2) we get that

1 7
_20T1-5+<1_T)7_MT'

Now using Equation (B.2) we get that every x; is such that

vie [T] fH(z) >

. 1 1
Vi e [T] fT(xl) IIélIlfT( x) > T — T — 2k — 20715 > ﬁ

The last inequality follows by the choice of parameters. This finishes the proof of Theorem 13. H

Proof [Proof of Lemma 14] We will use the following claims to prove the lemma. For any vector

x, define the event &;(z) = {Vj > i |a x| < 20T1 5 }. The event we care about then is

Claim 15 Let x € RY. If & (x) holds, then [fT(z),VfT(x)...V¥f1(x)] all depend only on
{a1 e CLZ‘}.

Claim 16 Leri € [T]. Assume that Vj < i, Ej(x;) holds. Then &;(x;) holds with probability at
least 1 — %( over the choice of a; and the randomness of the algorithm).

Claim 15 is a robust version of the argument presented in the proof of Theorem 10. Claim 16 is a
byproduct of the fact that in high dimensions the correlation between a fixed vector and a random
small basis is small. Claim 15 is used to prove the Claim 16.

Lemma 14 now follows via a simple inductive argument using Claim 16 which is as follows

5 T
:Pr( m gz(.%'z)> = H Pr Sz(xl)‘ﬂé'](x]) > <1—T> 21—(5.

i=1>T i=1—T j<i

Proof [Proof of Claim 15] As noted before the smoothing operator SZ; is such that at any point x
all the k derivatives of S (]5“ f depend only on the value of f in a ball of radius k¢ around the point x.
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Therefore it is sufficient to show that for the function £, for every y such that ||y — z|| < kdr we
have that f(y) depends only on {a; . .. a;}. To ensure this, it is enough to ensure that for every such
y we have that argmin fj (y) < i which is what we prove next.

Let us first note the following facts. By the definition of &;(x) we have that Vj > 4, f;(z) <

55775~ This immediately implies that
- 1 t+1
I?S'ZX fi(z) < 20715 + <1 T >’Y‘ (B.3)

Now since we know each f; is 1-Lipschitz 3, this also gives us

1+1
T

~ 1
Vy st ||y — x| < kér wehave max f;(y) < 20715 + (1 - ) v+ kép. (B4

>
By the event &; () we also know that f;(z) > _W + (1 — %)~. This implies as above

7

_ 1
Vy st ||y — z|| < kdr we have max fiy) = 50715 (1 T

) v — kor. (B.5)
The above equations imply that as long as 2kdr + 107%5 < 7 (which is true by the choice of
parameters), we have that

Yy st |ly —z|| < kép argmin f;(y) <. (B.6)
Jelt]

which is sufficient to prove Claim 15. |

Proof [Proof of Claim 16] Consider any ¢ € [T']. Given &;(x;) is true for all j < ¢, applying Claim
15 for all j < 37, implies that all the information that the algorithm possesses is only a function of
{a1 ...a;—1} and the internal randomness of the algorithm. Since {a; ... ar} was sampled from the
uniform distribution on the orthonormal group, we can assume that it was sampled by the inductive
process which picks a; as a uniformly random unit vector from the subspace AZ-L_ 1> which is defined
to be the orthogonal component of A;_1, the subspace spanned by {a1,...a;—1}.

The above inductive procedure for sampling implies that conditioned on {a; ...a;_1}, the dis-
tribution of the remaining vectors {a; ...ar} is uniform on the orthogonal group O(T — i + 1),
lying in the d — i + 1-dimensional subspace A;- ;. The above implies that the distribution over
{a;...ar} is conditionally independent of any z; the algorithm might play. Since we wish to
bound the absolute value of the inner product we can assume ||z;|| = 1°.

Following the above arguments, proving the lemma now reduces to the following. Consider a
fixed unit vector y in a R¥~*+1. The vector y corresponds to the vector x; played by the algorithm.
Further, consider picking a uniformly random 7'—i+ 1 dimensional subspace of R4~“+1 represented
by the basis {y1...yr—it+1}. {y1...yr—it1} represent the vectors {a;...ar}. The lemma now
reduces to bounding V j, the probability

1
Pr (|<y7yj>| > 20T15> :

5. flaill = 1
6. Otherwise the absolute value of the inner product is only lower
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The rest of the argument follows the argument by Woodworth and Srebro (2016a)(Proof of Lemma
7). Note that for y; this probability amounts to the ratio between the surface area of a sphere above

the caps of radius /1 — (M%P and the surface area of the unit sphere. This surface area is

smaller than the ratio between the surface area of a sphere of radius 4/ 1 — (W)2 and the surface
area of a unit sphere. Formally this gives us

. . o\ d—i+1
T
Pr ('yly' >20T1-5> < (1‘ <20T15> ) |

Applying the argument inductively we get that

. 1 9\ d—i—j+2
Vje[l,T—i+1] Pr <|ijy| > 20T1,5> < (1 - (20T1‘5> ) '

Using the union bound we have that

d—T+1
1 1 2 2
T .
j=1-T—i+1
>1— (T —i)e G T > 1 % . (B.7)
The last line follows from the choice of d = Q (T° log(T?/6)). [ |
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