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Abstract

We study the stochastic batched convex optimization problem, in which we use many parallel ob-
servations to optimize a convex function given limited rounds of interaction. In each of M rounds,
an algorithm may query for information at n points, and after issuing all n queries, it receives un-
biased noisy function and/or (sub)gradient evaluations at the n points. After M such rounds, the
algorithm must output an estimator. We provide lower and upper bounds on the performance of
such batched convex optimization algorithms in zeroth and first-order settings for Lipschitz con-
vex and smooth strongly convex functions. Our rates of convergence (nearly) achieve the fully
sequential rate once M = O(dloglogn), where d is the problem dimension, but the rates may
exponentially degrade as the dimension d increases, in distinction from fully sequential settings.
Keywords: Stochastic convex optimization, batched optimization, parallel computing

1. Introduction

Moore’s law on the increasing speeds of computer processors, for reasons of basic physics, energy
consumption, and area, is no longer true: computer clock speeds are no longer increasing (Fuller and
Millett, 2011). As a consequence, processor manufacturers and algorithm designers have moved to-
ward increased parallelism, with reduced communication among processors, as the way to continue
to see increased computing performance (Fuller and Millett, 2011; Ballard et al., 2011). This has
had wide-ranging influences, most saliently for us in the context of optimization, where a number
of researchers, including Dekel et al. (2012), Duchi et al. (2012), and Niu et al. (2011), show how
leveraging parallelism to compute many stochastic (sub)gradients of convex functions simultane-
ously during iterations of stochastic gradient-based procedures yields faster convergence.

In this paper, we attempt to delineate the tradeoffs between parallelism and sequential compu-
tation in stochastic optimization, providing upper and lower bounds on the convergence rates for
algorithms as a function of the number of rounds of computation they may complete. To make this
more precise, consider the problem of minimizing a convex function f subject to the constraint that
z € D C R? where D is a closed compact convex set. We consider algorithms based on noisy
zeroth- or first-order oracles, which proceed iteratively by querying a point x, and then receive (con-
ditional on x) either an unbiased estimate of f(x) (the zeroth-order case) or an unbiased estimate
of some g € Jf(x) (the first-order case). Stochastic optimization procedures proceed in iterative
batches, where in each batch, one chooses a set of points x1, ..., x, at which to query the function
f, receives the information about f, and then the algorithm may choose the next batch of points.
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Given the growing expense of sequential computation as opposed to parallel computation, it is thus
of interest to understand more precisely what the tradeoffs are between the number of batches—
or rounds of interaction—and their size. Currently, the algorithms we develop are of intellectual
rather than practical interest, but we hope that this investigation is a stepping stone toward a deeper
understanding of sequential versus parallel optimization methods.

Perchet et al. (2016) inspired our interest in this problem with work on a more classical statistical
setting: estimating the effect of a medical treatment. Perchet et al. study the batched bandit problem,
where, motivated by multi-stage trials in medical settings, they ask the following: given noisy
observations from distributions with means { p 2 }, what is the regret of a procedure that may
only update its strategy a small number of times? Perchet et al. (2016) show that in a two-armed
bandit problem with n observations, O(log log n) batches is sufficient to achieve optimal regret.

We consider a different problem, as we do not study regret: we study only stochastic optimiza-
tion, where the optimizer need only output some estimate = such that the optimality gap

~ . "

f(@) = inf f(27) (D
is small; we do not care which points are queried during iterations of the algorithm, and we do not
measure the sequential error or regret ) . f(z;) —inf+cp f(«*). This problem differs substantially
from the linear bandits case, and deriving near optimal algorithms (as well as proving lower bounds)
is harder. Indeed, if all we care about is stochastic accuracy, the linear problem that underpins the
typical multi-armed bandit problem is quite solvable—at least in terms of achieving accuracy that
is optimal in the sample size n, ignoring dimensional issues. To make this clear, consider the 2-
dimensional setting, where f(x) = (u, x) for some vector . € R? that we assume satisfies ||u||, <
1, and we wish to minimize f over the simplex D = {z € R% | 3° ;x; = 1} given observations
of the form f(z) + ¢ for sub-Gaussian, mean-zero noise . Then we sample 1, . . ., x, alternating
between the 2 basis vectors e, ez, observing y; = f(xz;) + ;. Letting /1; = % Zmi:ej y; and

o

defining the estimator j = argmin,;{fi; }, then noting that e~ 2 2 < \/e/a, we obtain

n|p1 — pol? <. ]2
4 —Van

B[ f(e5) — min f(e;)] = s — pal - BG# 1) < [ps — pal- e <—

We can thus solve the linear stochastic optimization problem with no rounds of interaction.

In contrast with the linear case, we show that for general convex optimization, the number
of rounds of interaction to solve convex problems even to accuracy n~2 must scale at least as
dloglogn when n is the total number of observations. We shall be more precise in the com-
ing sections, but roughly, our results are as follows. We work in an oracle model of optimiza-
tion (Nemirovski and Yudin, 1983) where in each of M rounds, the algorithm may query n points
Z1,...,Tn € D. After issuing all of the queries, the algorithm receives noisy function evaluations
f(z;) + ; (a zeroth-order oracle) or noisy (sub)gradient evaluations g; satisfying E[g;] € 9f (x;)
(the first-order oracle). After M such rounds, the algorithm must output an estimator Z. For a
given information oracle (noisy function or subgradient evaluations), we evaluate the performance
of the algorithm in a worst-case sense as sup sc 7 E[f(Z)] — infs+ep f(2*), where E denotes the
expectation taken over randomness in the algorithm and in the noisy evaluation oracle, and F is a
collection of convex functions defined on D. We provide a number of lower and upper bounds on
these quantities, but roughly, we show that for the case of zeroth-order oracles, for any (possibly
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randomized) algorithm using M rounds with n function computations in each round,

sup {ELF@)] - int 7o)} > o 1070 e

fer z*eD

where F is either the class of 1-Lipschitz convex functions (in which case k = 1) or 1-strongly-
convex and O(1)-strongly smooth functions (in which case x = 2), and c is a constant depending
on problem parameters. In the first order case, we show a similar result, except the lower bound in

the strongly convex case becomes nf(lf(%w). Let us perform an asymptotic comparison, in
which d is held fixed as n — oco. The gold-standard in such cases is for fully sequential algorithms
that receive n queries, in which case the minimax rates for the two settings scale (ignoring polyno-
mials in dimension d) as n_% andn1, respectively (Agarwal et al., 2012; Shamir, 2013); achieving
these comparatively good rates requires a number of rounds scaling as % log log n.

We are not the first to study these questions of interactivity and sequential versus batch access in
the case of convex optimization. Perchet et al. (2016) study the problem in its most natural statistical
setting, as the design of experiments in a bandit problem, and provide a comprehensive literature
review. Much of the statistical and medical literature on batched sample access focuses on testing
hypotheses: can we determine which treatment (of a set of treatments) is best, or at least reject a null
hypothesis with a desired a priori power (Dantzig, 1940; Stein, 1945); Hardwick and Stout (2002)
provide an elegant treatment of multi-stage experimental design. More recent work in the statistical
learning theory literature focuses on so-called “switching bandits,” in which an algorithm plays a
certain strategy and pays a penalty for switching between strategies (Cesa-Bianchi et al., 2013a,b).
In most of these cases, the problems are different from general (convex) stochastic optimization,
in that one has a linear function or hypothesis to test (the standard multi-armed bandit scenario),
and one must control the regret rather than the optimality gap (1). The results of Smith et al.
(2017) are related; they study the interaction necessary for locally differentially private estimation.
Their results suggest that roughly log% rounds of function queries are necessary for e-accurate
optimization of a d-dimensional convex function, but it is hard to compare this with the current
work; most saliently, our lower and upper bounds indicate that the number of rounds (batches) must
at least scale linearly in the dimension, though it may be sub-logarithmic in the sample size n. In
addition, our lower bound arguments are information-theoretic.

Notation Throughout the paper, we consider the domain D = [0, 1]¢. We use BY,(§) to denote an
¢p ball centered at u € R? with radius 6. As is standard, a §-packing of S with respect to the metric
pisaset S’ C S such that for v,v" € S" with v # v/, p(v,v') > §. A maximal §-packing is any
d-packing S’ of S with maximum cardinality. For integers a < b,leta : b:= {a,a+1,...,b}. For
any m € N we use [m] to denote the set {1,2,...,m}.

2. Problem Formulation

As desribed in the introduction, we consider convex optimization problems of minimizing a convex
objective f over the domain D = [0, 1]%. We consider algorithms that proceed in a fixed number
of batches or rounds, where in each round,the algorithm chooses n points z1, z2, . .., z, from the
domain D to query in parallel, receiving noisy information about the function f.

Here we formalize the definition of the sequential optimization procedure. Let M € N denote
the total number of rounds. For each t € [M], let X 1(2 ={X ft) , Xg(t), . ,Xy(f)} be the points the
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algorithm queries in round ¢. We consider the usual noisy oracle model of optimization (Nemirovski
and Yudin, 1983; Agarwal et al., 2012), where we represent information available to the algorithm
via an information oracle ¢ € O from a family of oracles . We consider one of two oracle
families. The first is the family Oy of zeroth-order oracles, which, when queried at a point x € D
for the function f, return Y = f(x) 4 ¢, where E[e | 2] = 0. For the first-order oracle family O,
the information consists of the pair (Y, Z), where E[Z | z] € 0f(x) is a stochastic subgradient.

Let Y = {Y(t Y(t) ,St)} be the (random) received noisy function values at the query
(t)

points X le when the oracle is zeroth—order oracle, and Z, ./, the noisy gradient values at X {tzl Then

a batched optimization algorithm A consists of a series of conditional distributions (), each defined

(t)

on the space D™ (within a round, the points X;.; may have arbitrary dependence), of the query-

ing pomts X (¢ ) for t € [T]. Atround t, the condltlonal Q) is defined given all past information
v\9 7 “ ZL i 1, the algorithm consists of these conditionals and the final cond1t10nal distribu-

{Xl my 1o
tion () of the estimate X for the minimizer of the function f given {X Lo Yl( R/ }t 1- A batched

optimization algorithm A is representable as the collection of these conditional dlstrlbutlons
M
o 1:M 1:M (1:t—1 1:t—1
A= {0y o {eted xE vl o
t=1

when the oracle is zeroth-order, or

M
A:_{ QX | x{3M, Y”M%ZS,;M)>}UU{Q@(X“ XY v ”,ZSJ‘W} )
t=1

when the oracle is first-order.
With this algorithmic setting, we define the risk of an M -round algorithm A, for a given oracle
¢ and function f : D — R, by the expected gap

R(o.A.f) =By [£(X) - ]

where the expectation is taken over any randomness in A and the oracle ¢. We evaluate the per-
formance of an algorithm A in a uniform sense (Wald, 1939) by considering its maximum risk for
a collection of functions F. Now, letting .A,s be the collection of all M-batch algorithms (as in
Egs. (3) and (4)), the M -batch minimax risk of the function class F for an oracle family O is

mM(fa O) = sup inf sup R(d)vA f) (%)
pecOACANM feF

Throughout this paper, we consider the following important classes of convex functions:

i. The class of ) strongly convex and H strongly smooth functions F ,
Fry) = {f S H:c - x'”i <(Vf(z)=Vf@@)z—a)<H H:I: - x’HZ forall z, 2’ € D} .

ii. The class of L Lipschitz convex functions F,,

Fr={f:|f(x) - f(")| < LH:L’—CE/H2 forallz,2’ € D} .

4
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Finally, the minimax risk (5) and our algorithms are highly dependent on the oracle class O.
Throughout this paper, we consider subgaussian oracles, defined as follows. Recall the definition.

Definition 1 A random vector W € R% is o-subgaussian if for all v € R% and t € R we have

t0® ||o]l3
E [exp(t(o, W — E[W]))] < exp [ =72 ).
Throughout this paper, we use Oy and O; to denote an (otherwise arbitrary) noise oracle family
with the following properties:

i. The zeroth-order oracle class Oy. For any ¢ € Oy, given the query = € D, the oracle outputs
y = f(x) + ¢, where € € R is (conditionally on x) mean-zero and o2-subgaussian.

ii. The first-order oracle class O;. For any ¢ € O, given the query x € D, the oracle outputs
y = f(z) + €1 and the noisy gradient value z = g + €2, where g(z) € 0f(x) and 3 € R? is
(conditionally on z) mean-zero and 02—subgaussian.

(1:M)

We assume that the noise additions are independent conditional on the query points X .

3. The big ideas

The main contributions of this paper are twofold: (i) the construction of lower bounds for batched
convex optimization and (ii) the construction of matching—in terms of the sample size n, though
quite far from tight in dimension d—upper bounds through algorithmic developments. At this point,
the algorithms we develop should be seen more as intellectual contributions rather than practically
useful tools, but we believe it interesting to further understand this area and that these serve as a
useful first step in that direction.

3.1. Achieving reasonable convergence rates

We begin by giving a heuristic description of the convergence guarantees we might hope to achieve
by describing the idea of the algorithm for smooth strongly convex functions (F, ) and first-order
oracles (O1). Our algorithms are sequential, in that in each batch or round they collect (stochastic)
gradient information, then update and make a decision. Each algorithm maintains a box of radius 7
over iterations ¢, call this B; = ¢;+[—1¢/2,r¢/ Q]d for some center ¢; € R?. Then within an iteration,
the algorithm chooses a number of points x1,x2, ..., Zy,, distributed around B;, and computes
estimated gradients V f (1), i (z2),. -, VS (xm ). If these gradients were accurate, then for each
x € {x1,..., T}, the standard cutting plane bound guarantees that z* € {y | (V f(z),y—z) < 0}.
Of course, we cannot so precisely cut space, but we can guarantee that (with high probability)

e {y| (Vf(x),y—z) <d(z,y)}

for a distance-like function d. Once we know we can cut off these regions of the space, we may
construct a new center c;1 and box By 1 = ¢; + [~7441/2,7421/2]¢ containing 2* with high
probability. For a graphical illustration, see Figure 1, which shows the current box By on the left
with approximate gradients and contours of f, and the updated box B on the right, with points that
the algorithm has cut shaded gray.
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Figure 1: Illustration of upper bound argument and algorithm on contours of the function f(z) = 3 Hx||§
for z € R2. (a) Points 1, ..., x4 € R? at locations in box, with stochastic gradients V f(x;) represented for

each x. Hyperplanes they support, {y € R? | (@ f(z),y — x) = 0}, denoted as dotted red lines. (b) A box
containing the points the algorithm is confident enough to cut off, containing most of the area allowed by the

hyperplanes V f(x) define.

The key insight is that the updated radius 7 is nearly contracting, in that
el < Vrf 6)

for some S > 0 and v < 1. The recursion (6) for the radius 7, then, by a calculation, implies that
gt-1 Bt

res v AT (N
for 3 # 1, and is 7; < v'rq when 3 = 1. The size of 3 of course governs the rate of convergence of
the sequence (6), where 8 > 1 guarantees superlinear convergence of r; to zero, whereas if 5 < 1,
we require v to be near zero to guarantee that r; is small enough. Indeed, in our setting, 5 < 1, while
because of the sampling we perform in each round, the contraction multiplier v scales as an inverse
polynomial in n, so that we may take v = n~° for some constant ¢ > 0. The question then becomes,
compared to the fully sequential case, how large must ¢ be to achieve the “standard” accuracy. In

the convex optimization scenarios we consider, the optimal accuracy given n gradient samples is of
order n!, so simplifying expression (7) by assuming 7y = 1, we must find v sufficiently small and

. -1 . T
t sufficiently large that v 51 < n~!, the typical rate of convergence for convex minimization.
Let us solve for the number of iterations necessary in this case, where we note that at { = oo

— 71 . . . .
we require that v~ -1 < n~!, and for v = n ¢ this implies we must choose our sampling schemes

such that < 5 = 1. Making this concrete, let us assume we wish to have ¢ large enough that

Bl . . .
n~“#1 < An~! for some constant A > 1. This occurs if and only if

t

I} . c cpt log A
1 ff (1-— <
51 °8"! 1-8) 18 = Togn’

log A —logn > —c
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which, using that 1< 5 =1, is in turn implied by

gt < 1—LBlogA or t > loglogn —loglog A log(1—5) logc.
c logn —log g log log B
In our sequential optimization setting, the exponents 3 and ¢ depend on problem dimension, so that

8= #‘lk for a small integer k. In this case, — log 8 = log % = log(1+ %) ~ g. For simplicity in

intuition, we may set A = e, and in the case to which our subsequent analysis applies, we take the
sampling exponent ¢ = 1 — (3; the preceding requirement then becomes

loglogn d
> =22~ —logl .
> g loslogn

That is, after order d log log n iterations, it is possible to achieve radius accuracy of order n—".

3.2. Lower bounds on optimality

Our lower bound construction begins with the familiar Le Cam’s method for proving lower bounds
in statistical and stochastic optimization (Tsybakov, 2009; Agarwal et al., 2012; Duchi, 2017). The
idea is due to Agarwal et al.: given convex functions f and g, the separation between them is

dopt (f,9) == inf {f(z) +g(2)} — inf f(a®) - inf g(z").
The key to this construction is that if we have a point x optimizing f to accuracy %dopt (f,9), thatis,
f(z) <infgeep f(2*)+ %dopt(f, g), then g(z) > inf +cp g(a*) + %dopt(f, g). Thus, an argument
with Markov’s inequality (see Agarwal et al. (2012, Eq. (18)) or Duchi (2017, Ch. 4.1)) implies that
for any two distributions P_ and Py, functions f_, f4 € JF, and estimator = based on observations
from the distribution P,, we have

QﬁM(]‘—, 0) 2 max EH; [fv(/x\) _ f;] 2 dopt(
ve{—,+}

DL p P, ®
where |P- — Py||py = supy |P-(A) — Py (A)| denotes the usual variation distance between
distributions. For more details, please refer to Section B.1. Inequality (8) is the starting point
of our strategy for lower bounds: we will construct a pair of functions f_ and f for which dgp; is
reasonably large, but for which the distributions of associated observations are close in |||/ v

Our proof is somewhat delicate, as we must control the amount of interactivity allowed the
optimization procedures. We construct functions at multiple scales, where each scale corresponds to
a round or batch of data in the method being used for optimization. We do this by first constructing
a nested sequence of packings of D that we use to define our “difficult” functions. For a given
multiplier 0 < 1 < 1 and values % > 01 > 09 > -+ - > O, each satisfying §; < g&t,l, we let the
set (M) be a maximal 26, -packing of the set [61, 1 — 61]¢ with respect to the £, norm, meaning that
for points u,u’ € UM, we have ||u — /| p = 201 whenever u # u'. Additionally, for any vector

u € D, we define the set U&t) as a maximal 26;-packing of the ¢, ball BL(n6:—1 — &) in {p-norm.
Consider the collection of all sequences w1, ug, . . . , ups defined recursively as elements in the chain

u €U . 9)
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[0
gl

Figure 2: Recursively constructed packing sets /(1) (red), L{qﬁ) (blue). Left: packing in £,,-norm. Right:
packing in £5-norm.

Because ||us — wyl|, > 26, for any pair u; # u; € Z/lqsi)ﬂ, all of the balls BY, (nd;) are disjoint, and
(t)

a volume argument (Lemma 8) shows that the cardinality of Uy | is at least (%)d. See Figure 2
for an illustration of this sequential construction.
Our idea, similar to one of Smith et al. (2017), is that for any path u;.5s in the chain (9), we can

construct a pair of functions fu_lle and fjlle such that

+1 _ -1 +1 -1y
Juiny (@) = fo,, (@) foralle € BE (dar), and dopt(fo s furiy) =< O0rs (10)
for a constant x € {1, 2}, depending on the function class that we consider. Additionally, we have
that if u1.ps and uy.ps are sequences in our construction (9) for which uq = w4y, ..., u; = Uy with
Ug+1 # Ur+1, then the functions are equal except in a d;-sized region around u,, the #th element in
the chain, satisfying

v (@) =fY  (x) forz ¢ BY,(6;) and v,v’ € {£1}. (11)
To construct the functions, we begin with the base function f,, (z) := || — u1]|,,. Then, recur-

sively, we define h,,,,, (z) = a¢ ||x — w||, + b; for appropriately chosen scalars «; and 3;, defining
fury () == max{ fu,., , (), hu,.,(z)}. See Figure 3 for an illustration. In the case that we desire
our functions to be smooth and strongly convex, we instead begin with f,, (z) = 3 ||z — u 3, and
then recurse via a “smoothed” maximum f,,., () := SMAX{ fu,.,_,, s || — ue||3 + b }. (See Fig-
ure 4 for an illustration, and Appendix C for details.) A careful calculation then shows that these
functions satisfy our desired properties of function closeness, and even more,

Ife (x) = ¢ (z)| < K-8 forallz € D (12)

U1.m

whenever u1.; = 1.4, where K is a problem-dependant constant. For more details about function
construction, please refer to Appendices B.2 and C.



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

0.30f

0.151

fi(z) |

-0.5

0.0

(a)

0.5

1.0

-1.0

-0.5

00

(b)

0.5

Figure 3: Construction of Lipschitz convex functions. (a) Function f(z) = %|z|, hi(z) = §|z — 0.15| + 75
and hy(x) = §|z + 0.15| + 5. All are Lipschitz, with Lipschitz constants %, &, and §, respectively. (b)

Functions f1(x) = max{f(x), hi1(x)} and fa(x) = max{f(z), ha(z)}. Noticeably, the function f;(z) and
fa(x) are different only within the region « € [—.5, .5]. Functions f; and f5 are indistinguishable based only
on function value/gradient information calculated outside [—.5, .5].

50

40t

max{ fi(x), fa(x)}

f 1/(/?0,) -

40

30,

20

f 1/(’{5)’

T ke .

(a) (b)

Figure 4: The smooth technique for construction of strongly convex and smooth functions. (a) Function
fi(z) = (x — 1)%2 + 14 and fo(z) = 22%. (b) A smoothed version of the maximum max{fi, f>}, with
gradients interpolated in the region z € [2, 4].

3.2.1. THE INFORMATION RECURSION

These functions are then hard to distinguish for iterative procedures: suppose a procedure, by query-
ing the function f,, ,,, has “identified” u;.;, but is oblivious to us41.a7. Then, given batch of n
points at which to compute function information, it is possible to distinguish two different functions
only if one samples a point near u;41, which has exponentially small probability. Let us extend
this heuristic a bit to give intuition for the lower bounds we prove. Consider a batch-based algo-
rithm, querying n points in computational round ¢, attempting to distinguish functions fy, , «,,, and
Juraiies- As the functions are identical outside of BY, (d;), we may consider sampling procedures
that without loss of generality sample only in the ball BY, (§;). Now, consider the amount of in-
formation that function evaluation queries can release when function values are perturbed by (say)
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mean-zero Gaussian noise. In this case, we know that the difference in function values scales as 6}
by inequality (12), and the KL-divergence

1

Dkl (N(fulztautJrl (:L'), 1)HN(fu1;t,17t+1(x)ﬂ 1)) = 2

(fulituutJrl (.’L') - fuu,ﬁtﬂ (m))z /S 615257 (13)

where k € {1, 2} corresponds to the case in which we optimize a Lipschitz convex function (x = 1)
or strongly convex and smooth convex function (k = 2).

By a careful argument we do not detail here, we can actually consider allocation of points to
the slightly larger region B, (0;—1), dividing B, (6;—1) into sub-balls of radius ¢;; the number of
such regions is Ry = ( %;1 )% by a volume argument. By the pigeonhole principle, in at least one
of these regions, the procedure can collect a sample size of at most n/R;. In the typical proofs of
information-theoretic lower bounds (Tsybakov, 2009; Agarwal et al., 2012; Duchi, 2017), the goal
is to choose the separation between distributions, || Py — Pi||1y in Le Cam’s method (8), to be a
constant so as to guarantee a reasonable lower bound. In this case, recalling the KL-bound (13), we
see that the “information” released in round ¢ of a sequential sampling procedure is constant over
the least-sampled region whenever

n
6% — =1
t R,
Now, we use our volume argument to note that Ry = (¢—1/ 5,5)‘1, and substituting above, this yields
the “information” bound we iterate in our argument, that is,

By inspection, beginning from J§p = 1, this recursion has the solution

5M — n_i(l_(deN)A/j)‘ (14)

Of course, this iteration requires very delicate conditioning arguments, which we perform in Ap-
pendix B.3. Finally, to prove a lower bound, we require that the functions themselves are separated
according to our optimization distance. With that in mind, we also show that our construction satis-
fies dopt (fif L furly,) = 0%, where as usual, £ € {1,2} corresponds to the Lipschitz or strongly
convex case. Thus, we can find the optimum of f to accuracy only dp; using M rounds, and the

function error must scale as 6%,, which is our desired result.

4. Lower Bounds

With our sketches and “big ideas” implemented, we turn to formal statements of our results. We
begin with the lower bounds on the minimax risk (5). We defer the proof of Theorem 2 to appen-
dices A through E, with apologies for the extraordinary length.

Theorem 2 Consider the case when the domain D = [0,1]°.

1. When the function class F = Fr, and M < loglogn/log (1 + %) then there exist constants
c1, ¢ > 0 depending solely on d, o, and L such that

d

~1(1-(a%)") —va -
My (Fr, Og) > cyn” 2\ \&2) ) e=V2lognjgg=cz

10
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When the function class F = Fp x and M < loglogn/log (1 + %), then there exist constants
c1,co > 0 depending solely on d, o, H, and X such that
d

~3(1-()") o~ vEoEn 1
My (Fap, Op) > cyn 2\ VdF4) Jem V28T og™ 2

When the function class F = Fy x and M < loglogn/log (1 + %) then there exist constants
c1,co > 0 depending solely on d, o, H, and X such that

d

_(1_(7)1\4)
mM(fH7,\, 01) >cin d+2 e~ V8logn log™* n.

We provide some contextualizing remarks on this result.

. In Theorem 2, the lower bounds using n observations for M rounds take the form Q(n "), where

K d M
T30 (1‘<d+2<m—o> ) ()

and Q hides leading dimension-dependent constants and sub-polynomial terms in n. The con-
stant s corresponds to the function class, with x = 1 for F7, and k = 2 for Fp 5, while ¢ € {0,1}
indicates the order of the information oracle. The theorem shows that the rate is worse than the
fully-sequential rate n= 29 for M smaller than loglogn/log (1 + 2(k — ¢)/d).

It is also interesting to see how the rate of algorithm depends on d for fixed M. As d increases
to infinity, m — 1, meaning that the minimax rates show exponential degradation as d
increases. We cannot observe this phenomenon in fully sequential problems. (Our lower bounds

have dimension-dependent leading constants, which we lave as an important open question.)

. Our proof technique gives a generic approach of achieving these lower bounds whenever we can

construct functions satisfying recursive closeness properties similar to equations (10), (11), and
(12). (Condition 5 in Appendix B makes this precise.) If we can construct the set of functions
satisfying these, we immediately obtain a lower bound of the form (15).

Upper Bounds

We now present our upper bounds for the stochastic batched convex optimization problem. We note
that, while we present convergence guarantees, these algorithms are impractical, so it remains of
substantial interest to understand practical but low-round optimization schemes. We can construct
algorithms that achieve the lower bounds established in Theorem 2 over the functions f € F to
within constants, which depend on the dimension d in possibly onerous ways, and sub-polynomial
factors in the sample size n. We defer the proof of Theorem 3 into appendices F through J.

Theorem 3 Consider the case when the domain D = [0, 1]%. Fix § > 0.

1.

When F = Fp and O = Oj, then there exists an algorithm (detailed in section G) and
constants Cy, Co > 0 depending solely on d, o, H, \, § such that, for all $ € O, f € Fp \, and
M <loglogn/log(1l + %) — Cylogloglogn, the output X of the algorithm satisfies

d

Pso (f()?) - fr< 01717(17(@)]”) log(n)> >1-—34.

11
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2. When F = Fpx and O = Oy, then there exists an algorithm (detailed in section H) and
constants C'y, Cy > 0 depending solely on d,o, H, \, § such that, for all p € Oy, f € Fg », and

M <loglogn/log(1 + %) — Oy logloglogn, the output X of the algorithm satisfies
~ 71(17(i)]\/])
Py (f(X)—f*SCm 2 d+d logn>21—5.

3. When F = Fr, and O = O1, then in the case when d = 1, there exists an algorithm (detailed
in section 1) and constant C' > 0 depending solely on o, L, 6 such that, for all ¢ € O1, f € Fi,
and M > 1, the output X of the algorithm satisfies

Py (f(ff) —fr<Cn2 logn) >1-94.

4. When F = Fr, and O = O, then,

(a) in the case when d = 1, there exists an algorithm (detailed in section J) and constants
C1,Cy > 0 depending solely on o, L, 6 such that, for all ¢ € Oy, f € Fr, and M <
loglogn/log3 — Cy log log log n, the output X of the algorithm satisfies

Pro (f()?) - fr< Cm—%(l_(%)M) logn> >1-09.

(b) in the case when M = 1 (but d > 1 arbitrary), there exists an algorithm (detailed in
section J) and some constant C' > 0 depending solely on d, o, L, 6 such that, for all ¢ € O
and f € Fi, the output X of the algorithm satisfies

Pre (f()?) —fr < Cnfﬁ(logn)d%rﬁ >1-46.

We provide some remarks on this theorem before concluding. Theorems 2 and 3 together give
a tight minimax rate (up to dimension-dependent constants and sub-polynomial factors of n) for
the batched convex optimization problems for the strongly convex and smooth function class Fp »
and the 1-dimensional Lipschitz convex class F7, (for both zeroth and first order oracles). In these
settings, Theorems 2 and 3 imply that M = O(dlog logn) sequential rounds is necessary and
sufficient to achieve the fully sequential rate in n.

The theorems also leave open a number of important questions. First, we do not have the
tight rates for batched convex optimization on the Lipschitz function class F;, when d, M > 1;
it is unclear whether O(d loglogn) rounds are sufficient to achieve the fully sequential rate. The
construction of multi-round algorithms for the smooth and strongly convex function class Fpg )
uses the ideas we elaborate in Section 3: the algorithms are recursive algorithms based on ideas
of grid search. However, the same idea does not apply to the Lipschitz function class F7, because
local information is less useful for nonsmooth functions. Solving the general Lipschitz function
case F7, calls for new ideas and techniques. Moreover, the algorithms for the proof of Theorem 3
require prior knowledge of the parameters o, A, H, L and ¢§; we have completely ignored questions
of adaptivity (which still provide challenge even in fully sequential settings).

12
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Appendix A. Proof of Theorem 2: roadmap

In this section, we briefly explain how the proof of Theorem 2 is structured. The proof for the lower
bounds is presented in Section B, whose subsections are arranged in the same order as Section 3.2 in
the paper. Among them, in B.2, the construction of “difficult-to-distinguish” functions for smooth
strongly convex functions is deferred to a separate section (Section C), because the explanation of
smooth maximum of quadratic functions took too much space due to technicality.

Since the proof is highly involved, we focused on conveying the main idea of the proof while
deferring technical details to separate sections. Sections D and E contain deferred technical proofs
from Sections B and C, respectively.

The roadmap for the proof of upper bound (Theorem 3) can be found in F.

Notation for Sections B-E. Throughout Sections B-E, we use BY, () to denote an £, ball centered
at u € R with radius 6. As is standard, a §-packing of S with respect to the metric p is a set S’ C S
such that for v,v" € S" with v # v/, p(v,v') > §. A maximal §-packing is any d-packing S of S
with maximum cardinality. For integers @ < b, leta : b := {a,a + 1,...,b}. Let1 € R%be a
d-dimensional vector full with ones, and e; be the jth standard basis vector. Given two functions
f,g: RY = R, we define the their intersection set by

Its(f,g) := {z € R?| f(z) = g(x)}.

For A C R% cl A and int A denote its closure and interior, respectively. Let ||P- — Py |y =
supg | P-(G) — P4 (G)| be the usual total variation distance between two distributions P_ and P;..

Appendix B. Proof of Theorem 2
B.1. The outline

Recall that the minimax error (5), which we want to bound from below, is

My (F,O0) :=sup inf supEf [f()A() — f*] .
pcOAEAN feF

For proof of lower bound, we are going to consider only oracles ¢y € O with independent Gaussian

noise with variance o2. With these i.i.d. Gaussian ¢y, we are going to provide a lower bound for

supferEy [£(X)— f*] that holds for any algorithm A, which also is a lower bound for 90t/ (F, O).

To this end, we reduce F to a subset of two functions { f_, f1 } C F. With any such subset and any

probabilistic event G,

wp By [1(0) = /'] 2 max By [(1.(5) - ;)LGY

= Inax ]P)’U(G)]EU [fv(X) - f; | G] ’ (16)
ve{—,+}
where P and E_ are the probability and expectation given that the true function is f..

As mentioned in Section 3.2, our lower bound construction begins with the Le Cam technique
for proving lower bounds in statistical and stochastic optimization problems (Tsybakov, 2009; Agar-
wal et al., 2012; Duchi, 2017). The idea is due to Agarwal et al.: given two convex functions f_
and f,, the separation between them is

dopt (f-, f+) == f {f-(2) + fi ()} — inf f(27) — inf fi(a7).

z*eD z*eD
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The key to this construction is that if we have a point x optimizing f_ to accuracy %dopt( f=sf+)s
thatis, f_(z) < infyeep fo(2%) + 3dopt (f—, f1), then f1 () > infyrep fi(2*) 4+ 5dopt (f—, f1).
Thus, an argument with Markov’s inequality (see Agarwal et al. (2012, Eq. (18)) or Duchi (2017,
Ch. 4.1)) gives the following lemma that reduces the optimization problem to a hypothesis testing
problem:

Lemma 4 Let G be any probabilistic event. Then,

max E, [£,(3) - £;16] = 2D 4 yp (@) - P @)l
ve{—,+} 4
This is a standard technique for proving minimax lower bounds, and we will defer the proof of
Lemma 4 to the Appendix D.1.
Eq (16) and Lemma 4 is the starting point of our strategy for lower bounds. For any given
algorithm A and function class F, we will develop methods that can construct a pair of functions
f=, f+ € F (for which dop¢ (f—, fi) is reasonably large) such that there exists an event G with

>
Fol@) 2 5

forve {—+}, and [P_(-|G) = Po(-| Gy <5, (D)

N |

under the sampling strategies defined by A.

In the following subsections, we will describe in details the methods outlined in Sections 3.2 and
3.2.1. In Section B.2, we provide how to construct pairs of functions f_, f; € JF at multiple scales,
where each scale corresponds to a round or batch of data in the method being used for optimization.
Using these construction methods, in Section B.3 we provide a delicate induction argument based on
pigeonhole principle and properties of constructed functions that enable us to choose the “difficult”
f— and f, and prove Eq (17) for some G. After these are done, we will come back to this point
and finish the proof in Section B.4.

B.2. Function construction

For construction of functions that are necessary for our proof, we start by constructing a nested

sequence of maximal packings of D that we use to define our “difficult” functions. Then using the
points in the packings as parameters, we construct functions that have desirable properties.

Consider 91, 02, . .., dps, which are real valued functions n which satisfy lim,_,o 01(n) = 0

: 5 . , - .

and lim,,_, %&% = 0. Given such ¢;’s, a multiplier 0 < n < 1, and a norm ¢, we recursively

define a hierarchy of maximal packings as follows:

1. LetU™ to be any maximal 28;-packing of [§1, 1 — d1]% with respect to £, norm.

2. Forany u; € UM, let u&? to be any maximal 282-packing of B, (ndy — d2) w.r.t. £, norm.

3. For any ugy € Z/Iﬁ), let Z/{IS“;’) to be any maximal 2d3-packing of B, (nd2 — d3) w.r.t. £, norm.

%:21), let qujj\v/[[)_l to be any maximal 25/-packing of BY,,, | (ndar—1 — dar)

M. Foranyuy—1 € Ufl
w.r.t. £, norm.
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Let us explain in words what is going on. In the first stage, we construct a set of points /(1) so
that any u; € U (1) satisfies BY, (61) C D. Starting from second stage, we construct maximal 24,
packings for all points in the previous stage; for example, u{? is defined for all u; € U™ and U,; (2)
depends on which u; we choose. We continue in this recursive way until we define Z/{é le. After
that stage, we define the final set V := {41}. By construction we have BY, (6;) € BY, | (nd;_1)
fort € 2: M. Also notice that for any ¢ € 2 : M, BY, (nd;) N B} (nd;) = 0, for different uy, u; €

(t)

u&?_l. This means that a point u; € Uy,” , uniquely maps to all their “ancestors” u;_1, u¢—2, ..., U1
in the chain, because the neighborhoods of their ancestors never overlap with the other ancestors at
the corresponding level.

Given these maximal packings, we can choose u; € 2/(1), and then a chain of parameters

u € UY 9)

fort € 2 : M, and choose v € V. For this set of parameters u;.js and v, we will define a corre-
sponding function f (). The functions we construct has the property that a pair of functions
with “similar parameters” have the same value outside a small set, while they can only differ in-
side the set. This construction is crucial for proof of Eq (17), as it makes functions with similar
parameter values difficult to distinguish them.

More concretely, we summarize the list of desired properties that f; () must satisfy, in
Condition 5. As we will show, Condition 5 holds for both function classes of interest— L-Lipschitz
convex functions (F7,) and H-smooth A-strongly convex functions (F g, ))—with a class-dependent
set of constants (C, «,n, 3, k,p). If the two functions share the same parameter values from u;
up to ug—1 (t € 2 : M), but their parameter deviated from each other after ¢, say wuy,...,up, v
and 4y, . . ., Uy, , then the two functions f,; | (z) and f'glztfly’at:]\l (x) are completely identical far
away from u;_1, and differ only at points near u;_;. Similar thing happens when parameter values
are the same up to level M (u;.ps) but v and v differ.

Condition 5 For a given class of functions F, there exist constants (C, o, n, 3, k, p), where C' > 0,
0<a<1l0<f<1,0<n<]1 k€N, pe 20 that satisfy the following statements:

Construct the nested packing sets U | U&%) , w.r.t. £, norm and choose chains of parameters.
Fort € 2 : M, if we have two chains ofparameters (u1:t—1, ug.01,v) and (uy.4—1, Uspr, ), the
corresponding functions f,; . and f . 5 = satisfy

1. f':l:]\/[ (1’) = glztflvﬂt:]t{ (.CC), vz ¢ Bgffl((st’l)'

2' |f1§}1:1\4(x) - gljtfl,ﬂtjkj ('1:)| S C(l - B) = 26“{ 1 vx € But 1(6t 1)

3. ngw(x) —Vfgl:t_hﬂt:M(x)H < 26Cal=2557) Vo € BE,_, (8,-1).
Similarly, for a chain of parameters uy.pf,
4 fapn (@) = L, (@), Vo & Bl (0u).
5. | fanas (@) = Ly, (@) < C(1 = B)aM =185, Vo € BY,, ().

6. ||Via )|, < 26CaM-155 Vo € B, (6u).

ul M ) ful IM

7. dopt (furly,» [l ) = 2CaM st
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Algorithm 1 Construction of Lipschitz convex f; .

Given parameters w1, uo, . . . , Up7, U, Size 01, . . ., 07, and Lipschitzness parameter L,

A )::ﬁ‘lw_uM_wiMlH +Zm 123m 2.3m—1:
Return fy = (7) := max{ fy,,,, (7), thM( x)}.

1: Start with f,,, () = hy, (2) := Lz — w1 o

2: for t =2to M do

3 (@) = gl [l — el + S0 gl
4: ful:t(x) = max{fm:t& (x)vhuu(x)}'

5: end for

6:

7

Here, whenever the function f.
gradient g;, € 0fy ().

It now remains to show that we can construct functions f;  that satisfy Condition 5, for both
Fr, and Fpg ). We present the construction F7, in the following subsection. Construction for F \
is done in essentially the same way, but smoothing the maximum of quadratic functions require
additional technicality. To help the proof run smoothly, we separate the construction for Fx ) to a
different section (Section C).

1.y LS non-differentiable at x, we replace V fy () with any sub-

B.2.1. FUNCTION CONSTRUCTION: LIPSCHITZ CONVEX FUNCTIONS

For L-Lipschitz convex functions, construct nested maximal packing sets I/ M, ... ,Z/{é%)_l w.r.t. {oo
norm. For any chain u;.5s from the packings and v € V, Algorithm 1 takes those parameters as in-
put and returns the corresponding f, . We begin with the base function f,, (z) := L[|z — u1||
Then, recursively, we define hy, , () = a; || — uql|, + b; for appropriate scalars a; and b, defin-
ing fu,.,(z) := max{fu,, ,(x), hy,,(x)}. For the scalars in Algorithm 1, we can show that the
functions f; () satisfy Condition 5:

Lemma 6 The functions constructed by Algorithm 1 satisfy Condition 5 with

111
=(r= 1
(C,a,m, B,k,p) ( 3573 OO>

The scalars a; and b; are carefully chosen so thatin f,, , (x) := max{ fu,., , (%), hy,.,(x)}, the max
operation can only change the function for z € B | (64—1); from this, we can show Condition 5.1.
Also, since f = (r) and f;’l:t_hﬁt:M(x) can only differ in a ball of radius &;_1, their difference
should be proportional to d;_1, implying Condition 5.2. The rest of the proof of Lemma 6 is deferred
to Appendix D.2.

We also need to check whether the functions f; = (x) we are constructing are indeed in our
function class of interest: L-Lipschitz convex functions. The following lemma addresses this points,
whose simple proof is deferred to Appendix D.3.

Lemma 7 The functions constructed with Algorithm I are L-Lipschitz and convex.

B.2.2. FUNCTION CONSTRUCTION: SMOOTH STRONGLY CONVEX FUNCTIONS

We can show that for Fp, 5, we can construct functions f, that satisfy Condition 5, with (k,p) =
(2, 2). For details, please refer to Section C.
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B.3. The information recursion

The proof depends on whether the oracle is zeroth-order (Og) or first-order (O;). Let ¢ denote the
order of the oracle: ( = (0 whenever we are using zeroth-order oracles, ( = 1 for first-order. So,
with x and ¢, we can express the three cases presented in Theorem 2 into three tuples: (x, () = (1,0)
for Lipschitz convex/zeroth-order, (2,0) for smooth strongly convex/zeroth-order, and (2, 1) for
smooth strongly convex/first-order. Our proof strategy assumes « > (; this means that the proof
does not apply to (k, ) = (1, 1), which corresponds to Lipschitz convex functions with first-order
oracles. Also, let ), = andEj  denote the probability of an event and expectation of any quantity,
respectively, based on the event that the true objective function is f;/ -

The rest of our proof is based solely on the assumption that construction of functions f € F
that satisfy Condition 5 is possible with some constants (C, «, 1, 3, k, p) for the function class F.
This means that our analysis that follows can be used universally for any other function classes once
we can construct functions f,  —that satisfy Condition 5.

For the information recursion step, the crucial argument is the pigeonhole principle, i.e., if
there are n samples and R disjoint subsets of D, there must be at least one scarce-sampled subset
that contains at most n/R samples. For any constructed nested packing sets U ..., QS%Z , and
given algorithm A, we will show that we can inductively find a particular chain of parameters 1.,/

such that all BY, (61),...,B%,, (dy) are scarce-sampled subsets (each B, (d;) contains at most

n/ |Z/{1(Z)_1| sample points) with constant probability. For that particular u;.,s, it is difficult for A to
distinguish between f, :IA , and fjl :1M, hence leading to small total variation distance between IP’;S: u

and P} . This corresponds to proving Eq (17), for the event G that all BY,, (61),...,B%,, (0x)

UM "
are scarce-sampled.

B.3.1. MINIMAX RATES: INFORMATION-THEORETIC INTUITION

Let us first provide a rather heuristic argument to give intuition for the “rates” (in n) of lower bounds
we prove. Suppose a procedure A, by querying the true function f; , has “identified” uy.;—1, but
is oblivious to wuy.ps. Then, given a batch of n points at which to compute function information,
it is possible to distinguish two different functions f; = and f;’l:tihat:M only if one samples a
point near u;—1. Consider a batch-based algorithm, querying n points in computational round %,
attempting to find the right value for u;. As the functions are identical outside of Bﬁtfl (0¢—1), we
may consider a sampling scheme that without loss of generality sample n points only in the ball
B!, ,(d;—1). By the pigeonhole principle, for at least one u}, the procedure can collect a sample

size of at most n/ ]Zx[ﬁill\ in BY, (6;). Suppose for the sake of worst-case analysis that the true u;
t

is equal to the scarce-sampled ball u;. Now, with n samples in round ¢ the procedure identified w,

and given n/ ]U&Ql | samples in B, (6;) one must seek to find the next uz 1.

Now, consider the amount of information about u;4; that function evaluation queries in round
t can release when function values and/or (sub)gradients are perturbed by i.i.d mean-zero Gaussian
noise (recall our assumption that we consider ¢y). In this case, by Condition 5.2, we know that the
difference in function values scales as ¢}, and the KL-divergence

Dia (N2 3y (@), N 00 (@0:07)) = Pl (0 = Fienns @) S 875 (13)

when the oracle is zeroth-order (( = 0). Similarly, we can show from Condition 5.3 that the
information we get in the case of the first-order Gaussian-noise oracle (( = 1) is O(5t2 (Hfl)).
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In the typical proofs of information-theoretic lower bounds (Tsybakov, 2009; Agarwal et al.,
2012; Duchi, 2017), the goal is to choose the separation between distributions, [Py, =Py 5 v
in Le Cam’s method (8), to be a constant so as to guarantee a reasonable lower bound. In this case,
recalling the KL-bound (13), we see that the “information” about wusy; revealed in round ¢ of a
sequential sampling procedure is constant over the least-sampled region whenever

d —
- _n__ g
; =
|U$),1| i

4 _d
=1, or §y =n 2G=0 (5td_+12('“o, (18)

where |Z/I1Si)_1| = (‘Sté—;l)d was from a volume argument. By inspection, beginning from dy = 1, this
recursion (18) has the solution

— n_2("~1—0 (1_(d+2(i—C))]w)‘ (19)

oM

Note, from Lemma 5.7, that our construction satisfies dops ( " ?A{, jl ?A{) = d%,. Using Eqgs (16),

(17), and (19), together with Lemmas 4 and 5.7, we can check the calculated rates agree with
Theorem 2 up to sub-polynomial factors, as desired.

In the following subsections, we introduce a set of new notation in Section B.3.2, and then, in
Section B.3.3, provide the formal inductive argument that proves Eq (17) for some G.

B.3.2. NOTATION

Using ¢, for example, we can define
Ce = C(1= )4 (26)", (20)

with which we can simplify the notations quite a bit. For example, Condition 5.2-3 can be now
written as

| finns (@) = i ()] < Coa' 726y, Vo € B, (6-1),

UL:t—1,Ug: M

HVijW (@) = Vo s (1’)”2 < Cra'25 ) Yo e BE (6-1).

Next, define the “exponent” constants (as we saw from the intuition)

1 — d m 1 d !
%::d+2<n—o,§<d+2<m—c>> :2<m—c><1‘<d+2<n—<>>>’ @D
fort € 0 : M. Using this exponent constants, define d1,...,dxs as
6 == Dyn " exp (—2v2v,-1v/Iogn) fort =1: M —1,

22
Oy = Dyn™"™ exp (—2\/§7M_1\/10g n) log_l’/"‘ n, @2)

where v > 0 is any arbitrarily small number. Note that J;’s have the same rates in n as seen in
Eq (18) up to sub-polynomial factors. Some sub-polynomial factors appear in the process of the
proof; whether they are artifact of our proof technique or not is still an open question.
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The leading constants are defined recursively as

Dy - o? m
L 281C¢ (23)
1

T a+2(n—0)
Dy = (%) e <~02> fort€2: M.

8nga2t*2

Solving the recurrence of Dy gives

t—1 1 an_:l % " m
D; = D(W{LQ) '’ \* 1<d+2( O) a_% f"_le(t_m)(d+2(dfe—c)) (24)
¢ ! 8e - 4dC~'§ '

Also, define

2
hoim | o | 02 exp (V25— Qor/logn ) fort =1: M, (25)
Cgatlef ¢

so that ~
2022, 620570 = 52 forte1: M —1,
~C t Q(H_C) 2v(k—¢) (26)
C’gaQM*QhMéM =o?log”” ~ n.
Note that h; is an increasing quantity as n grows. Also, the exponent of n in h; is 1 —
so we have hq, ..., hy < n for large enough n.
(m)

Now that we have h,,’s, define events Ay, as

Al = {i]l {X}m) c Bgm(am)} < hm} form = 1: M.
=1

(Tte=g)"

These are probabilistic events that, in the pigeonhole principle argument, this event corresponds to
the case that this particular hole BY, , (6,,) around w,,, has small number of “pigeons” in it. Given

the definition of AI(LTZ), we can see from Eq (18) that h,, corresponds to n/|U, “”l
2(k—()

scaled version of d, X (# of samples) = 1.

For a fixed true function f, A(m) is an event that only a small number h,,, of sampled points

UM’
X" (m) during the m-th round are in the region B, (,,), which contains the global minimum of
fu o . So, if this occurs, the amount of information to distinguish between f;;  ~and other functions
is small, so it is hard to optimize f;  to global optimality. Recall that P, is the

ul myum+1 M
probability measure when underlying true function is f; . So, if PP (A( )) happens with
constant probability, it means that there is some chance for sampling strategy Q™) € A to fail to

sample good enough amount of informative sample points.
B.3.3. THE INDUCTIVE ARGUMENT
The key of this part is to show that, for any algorithm A, there exist u1.)s such that Eq (17) is satisfied

when we substitute P_ < P, 11 o Pt Pt iy and G ﬂ um) This is proved in Lemma 11

at the end of a careful inductive argument. This means that if the true objective function is either
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oneof f1 orf!

it uy.n,» With constant probability we do not have enough informative samples needed

to dlS'tl.ngUISh between f;! Ly and f“_l:IJL.I" which are regsorlab'ly separated with respect to dop; (by
Condition 5.7), hence leading to non-trivial error in optimization.

Before jumping into the induction, we present a lemma that bounds the packing numbers of sets

U, Z/{I(L?), - ,L[S}VQI. This will prove useful later in the induction.

Lemma 8 For large enough n, the cardinality of maximal packings satisfy

d
|U(1)’ > <1) ,and| e 1| > (775t 1) forte2: M,
841 5y

regardless of the choice u;_1.

The proof of Lemma 8 is a simple volumetric argument, which is provided in Appendix D.5.
The proof is done by mathematical induction. First we fix any M -stage procedure A (hence the

distributions QM) ..., QM)). Starting from ¢ = 1 to t = M, we prove the statement
ST, : There exists a chain of parameters u; € UD uy € Z/lq(f), Lo up € Z/lqsi\j) , and

v € V such that P}, Ny Am)) > L for sufficiently large n.

Base case (t = 1). Since the first stage observations are sampled without any information about
the true function, the sampling strategies are all identical regardless of the true function f;;, . This

is, in other words, P (X(l) € BL,(6)) = Q(l)(XZ-(l) € BY,(41)), for any uy.ps and v. Recall

Ui m

that interiors of balls int(BZ%, (01)) are disjoint for different u; € U1, So, for any fixed Q!
3 ZIP’M L(xMeBe (51)) Z S oWV eB (5)<n. @D
up eUd(1) i=1 =1 o ety(®)

Now by the pigeonhole principle, there must exist at least one u; € 4 such that

ST QWY e B (1) < gy

Now recall [ (1)| > (%) from Lemma 8. Given wu, choose the next parameters us.ps and v
arbitrarily. Then,

ZQ eBp( =K

ZH{ € B? (51)}] < (861)%n

Then, for those chosen u;.)s and v, by Markov’s inequality,

Pl (A7) =P, (ZH{XF) e B, ()} > m) < G

=1

dr2 dr2
_ 800 saratn-0),, _ BTCC parate-0) —m(ar2tn-0),, _ L
o2 1 o2 1 2’

by definition of D; (23) and ~y; (21). This implies ST;. In words, for the first-stage sampling
strategy Q(l), there exist parameter u;.)s and v such that, no more than h; sample points are in
BY, (01) (the region where global optimum lies) with probability at least 1/4.
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Inductive step (2 < ¢t < M). At step t, by the induction hypothesis ST;_; we know that there
exist u1.ps and v such that P} (ﬂi;:ll Al(ﬁz)) > . This means that for the sampling strate-

U1 M 4t-1
gies Q). Q@) ... QU1 there is constant probability for them all to fail to sample sufficient
amount of samples in BY, (41), BY,(82),...,BY, | (6:—1). Note that these are the balls containing

the global minimizer of f;] .

Given the chain u1.); and v as defined by ST,_1, consider re-choosing the parameters from
level ¢ and onwards. That is, we leave the first ¢ — 1 parameters ui.;—; unchanged, and arbi-
trarily re-choose the rest of them to define another chain of parameters, say u; € Zx[ﬁill , U1 €

Ut € UM and @ € V. Then, note by Condition 5.1 that f2,  (z) = f? (z)

Up—1 B Ul:it—1,Ug: M
for all # ¢ Bf, ,(d—1). Since the two functions fy  (z) and f7 . () look exactly the
same outside BY, ,(d;_1) and it is known that QW ....QU) are likely to fail to sample suffi-
cient amount of samples in BY, (61), ..., B, ,(6;_1), it is plausible to conjecture that the similar
thing might happen to fgl;z_l,ﬂt;M (x) as well. The next lemma formalizes and proves this idea:

Lemma 9 Suppose there exist uy.pr and v such that Py, M(ﬂf;:ll A&Tn)) > 41%1 for sufficiently

large n (STy_1). For any u;.)s and v re-chosen as above, the following inequality holds:

~ t—1 1
PZLt—l,ftt:M (ﬂm:1 Am)) 2 2. 4t—17 (28)

for sufficiently large n.

Notice that this lemma holds for any new choice of ;s and v. The proof of Lemma 9 is presented
in Appendix D.6.

Next, consider the conditional probability of Ag? given ﬂf;:ll Aq(ﬁz), for any re-chosen u; €
uqﬁ?,l. Recall that the sampling strategy Q(*) was fixed before we start our proof, so the conditional
distribution Q") (X {t)l | ﬂf;:ll AY(ZZZ)) is also a fixed probability distribution. Then, by the pigeon-
hole principle, there exists at least one u; € Z/Il(s)_l such that th (04) are scarce-sampled, i.e., have
at most h; sample points in Bgt(dt), with a constant probability. The next lemma formalizes and

proves this idea.

Lemma 10 Suppose there exist uy.pr and v such that Py, (ﬂf;:ll ASZZ)) > 4%1 for sufficiently
large n (ST;—1). Then, there exist re-chosen parameters uy.pr and v such that the following lower

bound is satisfied:
5 (t) t—1 m 1
Puu—hﬁt:M (Aﬂt ’ mm:1 A&ﬂ]) 2 5 9

The proof of Lemma 10 is in Appendix D.7. By Lemma 10, there exists a function f?
that Eq (29) holds. Combining this with Eq (28), we finish the proof of ST.

1:t—1,Ug: M SUCh

Final step. The proof of the final step is similar to the inductive step. From STy, let uy.5s and v

be the parameter values satisfying P}, (ﬂ%zl AQ(LT,,)) > 4%. We can state another lemma, which
actually is our goal (17):

Lemma 11 Suppose there exist uy.\s and v such that Py, M(ﬂi\le AI(Z,LL)) > 4$M for sufficiently

large n. Then, for © # v, the following lower bound is satisfied for n large enough:
7 M (m 1
IP)ULA{ <ﬂm1 A'Etm)> Z m : (30)
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Also, the total variation distance between two conditional probability ]P’;l: and IF’H . 8iven the

M
event ﬂnj\le A(JZ) satisfies

P (1O ) e, (1N Al

for sufficiently large n.

1
<= 1
<35 3D

TV

The proof is very similar to those of Lemma 9 and 10, and is also deferred to Appendix D.8.

B.4. Finishing the proof

Now, we are left with the final step of our proof. Recall from Eq (16), Lemmas 4 and 11, Condi-
tion 5.7, and substituting G < ﬂ%zl ASZ}) that

Mpr(F,0) > =~ maxEL (/2 (X) — (f2.)" | Ava

2,4M veY Up:M LY UL M UM

dOpt(f'u,_lljw ) ful A{) ]P>+1

> 2. 4M+1 - U1M ’m m=1 “m ar ‘ﬂ m=1 um TV
C M L

> anﬁ'ﬂ\/f exp <—2\/§/€7M—1 log n) log™" n, 32)

where the last inequality used

dopt (fu! o fur ) = 2CaMn 8%, and
Op = Dpyn™ "™ exp (—2\@7M_1\/log n) log*”/“ n.
The sub-polynomial factors such as exp (—2\@571\4_1\/ log n) and log™"” n unfortunately ap-

pear during the course of analysis (while proving lemmas), and whether they are artifacts of analysis
or inevitable factors is not clear at this moment. To simplify the expressions a bit, note from Eq (21)

that Mt
1 d B
M TR =) (1‘ <d+2<n—<>> )

M—1
exp (fz <d,+ 2(62 - C)) \/logn> log™"n

in Eq (32) is an increasing but sub-polynomial factor in n. Thus, in presenting the lower bound we
can safely discard those factors, resulting in a bound

CaMT]'{DR/[ PRIV exp (_ \/im/log n> .

and that the term

My (F,0) > (33)

2. 4M+1 k—C
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o

Bounding the leading constant. From the leading constant % that appeared in Eq (33)
and the definition of D), in Eq (24), we can check that the leading constant is dependent on M, d,
o,C,a,n, B, k, and ¢, and has a lower bound of the form ¢; - M where ¢y > 0and 0 < r < 1
are independent of M. Recall that our theorem statements are for M < loglogn/log(1 + 2(%0)
This implies that

2(r=0)

log (1) > log (yio¢ 108/ 081+ log

) = W loglogn = log ((logn)~?) ,
where ¢y := —logr/log(1+ Q(HT_O) > 0. Thus, for small M, the leading constant can be bounded
below by ¢; - log™“ n, where ¢1,c3 > 0 depend on d, o, C, a, 1, 3, K, and ¢, not M.

Now recall from Condition 5 and Lemmas 6 and 17 that C, «, 1, (5, k are defined according to
function classes, and ¢ depends on oracle order. So, in Lipschitz convex/zeroth-order case (Fp ), the
constants ¢; and co depend only on d, o, L. In smooth strongly convex case (Fp ), the constants
c1, co (for ¢ = 0,1) depend only on d, o, H, and A.

Proving each cases. Given the general bound (33), and definition of v, (21), let us now substitute
k and ( to finish the proof for each case presented in Theorem 2. Recall that x = 1 for Lipschitz
convex functions, and k = 2 for smooth strongly convex functions. Also, ¢ = 0 for zeroth order
oracle, and ¢ = 1 for first order oracle.

In the case of L-Lipschitz and zeroth-order (x, ¢) = (1,0), for M < loglogn/log(1 + 2),

d

_l<1_(7)1\l) _
Mar(Fr, Op) > cyn” 2\ \a2/) Jemv2logngg=c2
where c1,c2 > 0 depend only on d, o, L. The cases of (k,() = (2,0) and (k,() = (2,1) can be
treated in similar ways.

Appendix C. Function construction for smooth strongly convex functions

This section handles the construction of smooth strongly convex functions (Fp ). The high-level
idea is the same as the Lipschitz case, but taking max of two smooth functions f and g can break
smoothness on the intersection set Tts(f,g) := {x € R | f(x) = g(z)}, so this case requires
considerably more involved treatment. On the vicinity of the intersection set, we interpolate the
gradients of two functions to smooth the boundary, using suprema of infinitely many hyperplanes.
Section C.1 shows a simple 1-d example that illustrates the idea of “smoothing” maximum of two
quadratic functions, and Section C.2 presents the algorithm SMAX that calculates smooth maximum
of two multi-dimensional quadratic functions. Finally, Section C.3 describes recursive multi-stage
construction of the function (with £5 balls at this time) by a similar way as in Section B.2.1. We
also present that with suitable parameter choices, the constructed functions are in Fp ) and satisfy
Condition 5.

C.1. Smooth interpolation of two quadratic functions: a 1D example

Before we describe all the complicated details, let us start with an easy 1D example that illustrates
our key approach. In Lipschitz convex case, the goal of getting functions that have the same values
outside a certain set while having different values in that set was simply achieved by taking max
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operations. We want to do the same for smooth strongly convex functions, but the difficulty is that
the maximum of two functions f and g is not smooth on the intersection set Its(f, g). To remedy
this problem, we can interpolate or smooth the functions near the intersection set using suprema of
infinitely many hyperplanes.

To illustrate the idea, let us start with a simple 1D example; consider taking the maximum of two
quadratic functions fi(z) = 222 and fo(z) = (x — 1) + 14 defined on [0, 00). Their intersection
set is Its(f1, f2) = {3}, which contains the only non-smooth point of max{fi, fo}. Note that
max{ f1, fo} = f1 for x > 3 and max{fi, fo} = fo for x < 3. Smoothing is done by linearly
interpolating the gradient in the vicinity of the non-smooth point, for example z € [2,4], while
leaving the function values outside [2, 4] the same. We define constants §_, go, §+:

_ LB +AB) _4+12

g- = f2(2) =2, go: =8, g1 = fi(4) = 16,

2 2
and then define the linearly interpolated gradients
ho(z):=g_+(go—¢_)(x—2) =6z —10 for z € [2, 3],
hy(z) := gy — (go— g1 )(z —4) = 8z — 16 for z € [3,4].
Since the gradient in [2, 4] changed, also calculate interpolated function value accordingly:
h_(z) := f2(2) + /x h_(t)dt = 322 — 10z + 23 for z € [2, 3],
24
hoy(z) == fi(4) — / ho (t)dt = 4x® — 162 + 32 for z € [3,4].
z

Note that f2(2) = h_(2) = 15, h_(3) = h+(3) = 20, and hy(4) = f1(4) = 32, so the functions
f2, h—, hy, f1 can be “connected” to make a cqntinpous function. Lastly define an infinite number
of affine functions using previously calculated h_, h, h_ and h:

f2(x) := h_(p)(z — p) + h—(p) for p € [2,3],
F1(2) = ha(p) (& — p) + B (p) for p € [3,4].
Here, we are defining one affine function f” (x) for each value of p € [2, 3]. Same applies to f% for
p € [3,4].
Now, we can define the interpolated function, which is the supremum of the original functions
f1 and f, and affine functions f* and f7:

f(z) == maX{fl@),fz(w)a sup f2(z), sup fi(:v)}- (34)
pE[2,3] pE[3,4]

We can prove that this f(z), defined as the maximum of many functions, is actually a smooth
interpolation of maximum of f; and f2. We state this in the following lemma.

Lemma 12 The function f(x) defined in Eq (34) satisfies the following:

fo(z) ifO<z<2 folx) f0<z<2
+(x) f3<z<A4 hi(z) f3<xz<A4
file) iz >4, flx)  ifz>4
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Also, f(x) is a 8-smooth and 2-strongly convex function.

The proof of Lemma 12 is a special case of Lemmas 14 and 15, which we will omit.

By Lemma 12, we saw that the maximum of two quadratic functions can be smoothly inter-
polated by using infinite number of hyperplanes. Also note that this function is 8-smooth and
2-strongly convex, whereas f; and f> are in the class of 4-smooth and 2-strongly convex functions;
the interpolation cause the “increase” of the smoothness constant, which we will observe in the
multi-dimensional example as well.

C.2. Smooth interpolation of two quadratic functions: multi-dimension

Extending to multi-dimension. Now, we extend the domain to d-dimension, and consider taking
the maximum of two quadratic functions fi(z) and f2(x), each minimized at z; and x5, respec-
tively, where z3 € B2 (n6):

file) = |lz =213 and fo(z) = a ||z — 2[5 + 5%,

where the parameters satisfy 0 <n < 1,6 > 0,0 <a < l,and0 < 5 < 1.
By solving fi(z) = f2(z), we can see that their intersection set Its(fi, fo) := {z € R? |

fi(x) = fa(z)} is a sphere:

Its(f1, f2) = {z | ||z — el =},

where
c—1iax1—1fax2:x1—1fa(x2—m1), (35)
r= \/(1 _‘“Q)Q s — wall3 + f i- (36)
Since ﬁ |21 — @] + % > (0 by assumptions on parameters, this sphere exists.

As seen in the 1D example, we need some “margin” for interpolation near non-smooth points. In
the 1D example the “margin” or what we call “interpolation set” was the interval |2, 4], on which we
alter the function values to do smooth interpolation. So, after taking the maximum between f; and
f2, we will smooth the non-smooth points in the intersection set Its(f1, f2) by linearly interpolating
the gradients on a set Itp called “interpolation set”:

Itp = {x | (1— 0)r < |le —cll, < (1+60)r} .
where 0 < 6 < 1 will be chosen shortly.

Choosing the right parameters. We now state a lemma that chooses the parameters in the “right”
way that makes our construction of smooth maximum easier.

Lemma 13 Recall the conditions0 <n < 1,0 >0,0<a<1,0< <1, and0 <0 < 1on
parameters of f1, fo, and Itp. Choose parameters that satisfy

n+a+an<l, 37)
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Algorithm 2 Algorithm SMAX( f1, f2, a, 1, 9).

AssumeO<a<1,0<77<1,77+a+0m<1,5>0.Letﬁ:z%—%.

Assume f1(z) = s ||z — x1|]§ +t, fo(x) = sa||x — 1:2||§ + 5662 +t,5>0,29 € B%l(né)

l—n—a— 2 52
I 6= H?,j,gz, ci=x1 — 125 (22 —x1), 7= \/(11)2 |z1 — 225 + %

2: Forall p € [(1 — 6)r,r] and all unit vectors ||wl, =1,

. 2 1- 1-4 1-
h*(p’w) ::1 _Oda(xlflé)* ( a)é )Tw+ ( 9a+2a> pw,
o« B 9 5 (1—a)(1— 0)27’2
h—(p,w) oy |1 — @25 + B6% + o
2 (1—a)(1—0)r -« 9
—i—(l_a(xl T2, W) 7 pt\—5g to)r
F2 () =8t (), 7 — (¢ + pw) + sh_(p,w) + 1
3: Forall p € [r, (1 + 6)r] and all unit vectors ||w|, = 1,
. 2 1-— 146 1-
hy(p,w) =7 _aa(azl —x2) — ( Oz)é )Tw—f— ( 7 “ +2> pw,
2 2,2
o B s (1—a)(1+0)"r
h+(p7w) _(1 - a)Q Hxl x2||2 + 29
2 (I—-a)(1+0)r l1-—« 9
+<1_a<$1—$2,w>— 7 Pt +1)p7,

20 (@) i=s{hy (pow), @ — (e + pw)) + sho (p, w) + .

4: Return f(.%') = max {fl (.%'), f2 (1’), SUPpe(1—t)r,r),||wll,=1 ffvw(x% SUD e [r,(148)7], || w]|,=1 f—%w(x)} :

1-a)d+n)?® o’

= 38
8 y =T, (38)
l—-n—a—an
= ———7-—. 39
1+n—a—oan (39)
Then, the following statements hold:
Itp C (:I(BD,QL,I(n(S)C N Bil(5)) for any x5 € Bil(né), (40)

The proof of Lemma 13 is provided in Appendix E.1. With the parameters satisfying Eqs (37)-
(39), we can ensure that the interpolation set is a subset of cl(B2 (nd)® N B2 (§)), so any point
z ¢ cl(B2,(nd)° N B2 (6)) will not be affected by the interpolation.

Smoothing the maximum of two quadratic functions. We now describe how the smooth inter-
polation of max{ f1, fo} is done in Itp. Notice that Itp can be expressed in a “polar” form:

Itp:={z|Q1-0)r<|lz—clly,<A+0)r}={ct+tpw|(1—-0)r<p<Q+0)r ||w|,=1},
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and we will specify the new interpolated gradient and function values for all (1 — 0)r < p <
(14 6)r and ||wl|, = 1. For each fixed direction w, interpolated gradients _(p, w) and h (p, w)
are obtained by linearly interpolating the gradients along w. After that, we obtain interpolated
function values h_(p, w) and h4 (p, w) by integrating directional derivatives along w, starting from
falc+ (1 = 0)r) and f1(c+ (1 4 6)r), respectively.

For each fixed w, we define

g—(w) :=Vfa(c+ (1 = 0)rw),

) Vfa(e+rw) + V fi(c+ rw)
go(w) = 5 )

g+(w) =V fi(c+ (1 +0)rw).

S

and then linearly interpolate the gradients along each direction w:

(o) = () + P gy e -0y,

; . _ go(w) — g4 (w)

e (pyw) 2= g4 (w) I (p—(140)r)  forpelr (140,

Function values are obtained by integrating the directional derivatives along the direction w: The
function values after interpolation is calculated by integrating the directional derivatives, i.e.,
p .

h—(p,w) := fa(c+ (1 — 0)rw) + /(10) (h—_(t,w),w)dt forp e [(1—0)r, 7],

1+0)r
hy(p,w) = fi(c+ (1 + 0)rw) — / (hy(t,w),w)dt forp € [r, (1 + 6)r].
p

Using h_, fz+, h_, and hy defined as above, we can define infinite number of hyperplanes corre-
sponding to each point ¢ + pw in Itp,

20 (@) == (h-(p,w),x = (c+ pw)) + h_(p,w) for p € [(1 = 0)r, 7], wll, =1,
f—f—’w(x) = <h+(p,w),a: - (C + pw)> + h+(p7 UJ) fOI'p € [Tv (1 + 9)7’], H'IU||2 =1L
Finally, we define the smoothed function
f(z) := max {fl (x), fa(x), sup 12 (x), sup fi’w(x)} )
pe[A=t)r,r][lwlly=1 pE[r,(1+t)r], lw|l =1

For more details of the calculation, please refer to Appendix E.2.

We summarize the construction in Algorithm 2. The equations written in Algorithm 2 are just
explicit calculation of h_, h+, h_, and h, using the parameters as defined in Lemma 13. Algo-
rithm 2 presents the process of getting the “smooth maximum” of two quadratic functions, for a
slightly more general case where f1(x) and fa(z) are defined in the form

fi(x) :=s|x— $1H§ +t and fo(z) := sa||lx — x2||§ + s86% +t,

where s > 0 and ¢t € R. That is, s and ¢ are scale and translation in the range space.
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Correctness of smooth maximum. We now prove that the output of Algorithm 2 is indeed
the smooth interpolation of max{f1, f2}, and the interpolated function values attain the maxi-
mum/suprimum as originally intended. We prove this by the following lemma, whose technical
proof is deferred to Appendix E.3.

Lemma 14 Let

fil@) = [lz —z1]3 and fo(x) := allz — za3 + 562,

; _ (1=o)(1+n)? 2
where parameters satisfy 0 < a < 1, 0<n<Ln4+a+an<1,6>0 5= % - %,
and x5 € B2 (nd). Then, the output f(x) of SMAX(f1, f2, a,n,0) satisfies, for all p > 0 and

lwlly =1,

fale4pw) ifpe(0,(1—0)r]
_Jh(pw)  ifpell—0)rr]
TCEmI =N 1wy ifpelr (o)
file+pw) ifpe (14 0)r,c0)
Vfale+ pw) ifp €0, (1 —0)r]
_ ) h(pw) ifpe[(1—0)rr]
VICo) =N pw)  ifpern(t o]
Vfi(c+pw) ifp e [(140)r,00).

Given Lemma 14, we showed that the interpolated function f(x) has function values and gradients
as specified in the lemma, which agrees with our intended construction in Appendix E.2. Note that
positive scaling and translation does not hurt the correctness of interpolation.

Now, we prove the smoothness and strong convexity constants of f ().

Lemma 15 Under the same setting as Lemma 14, the output f(x) of SMAX(f1, fo,a,n,0) is
(2 + 150‘)-smooth and 2a-strongly convex.

The proof is in Appendix E.4. Note that, as in the 1D case, the smoothness constant increased after
interpolation while the strong convexity constant stayed the same.

We end this subsection with a lemma on the range of f(z), which will prove useful for multi-
stage construction as well as the reader’s comprehension of the interpolation. The proof is deferred
to Appendix E.5.

Lemma 16 Let
fi(x) =s|x— $1Hg +t and fo(x) := sal|z — $2||§ + 536% 4 t,

whereparameterssatisfyo<a<1,0<77<1,77+a+a77<1,5>0,,8:w-%,

s> 0and xq € Bil (nd). Then, the output f(x) of SMAX(f1, fa, @, 1, §) satisfies

B fi(x) VmEcl(B%@)c),
b= {fz(w) v € B2, (1),
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Algorithm 3 Construction of smooth strongly convex f .

Given parameters 1, uo, . . . , Ups, U, Size 01, ..., 07,
a,n € (0,1) satisfying  + o+ an < 1, and C > 0,

Let 8 = (l—a)é(llnwz)2 _ %

—_

2: Start with f,,, () = hy, () == C ||z — u1]|3.

3: for t=2to M do

4 huy(2) = Cal ™ o — ugll; + CB 302, o™ 'or,

50 Guy, (@) := SMAX Ry, s Pugys @M, 04—1).

6:  fur,(x) == max{fuy,, (%), Gus.. () }.

7: end for

8: hy () :=CaM ||z —up — vnéMelﬂg +Cp Z%zl am152 .,
9: Goy (@) = SMAX (5 Bty 50 m, Oar).

_
=4

Return fy = (v) := max{ fu,,, (7), 95, ,,(¥)}.

Vilx) Ve cl(BE(0)°),

2. Vf(z) = {Vf2(33) Va € B, (19),

5 B4t f@) < s 4t Vi€ BR ()

4. |[Vf(2)|ly <2s6 Va e B2 (9).

C.3. Multi-stage recursive construction

Now let us consider applying SMAX(-) many times in a recursive way, as done in the Lipschitz
convex case; we will iteratively apply SMAX while zooming into narrower regions of the domain.
The outline of the construction is the same, except a bit of difference in details.

As seen in Section B.2, we construct nested maximal packings. For Fp  this is done with /5
norm. Given the maximal packings, we can recursively choose chain of parameters w1, ..., uys and
v. Algorithm 3 constructs a function f () that corresponds to the specific choice of u1, ..., un
and v. Algorithm 3 defines a series of quadratic functions h,, ,(x) and repeatedly takes smooth
maximum with previous ones to get the final function.

With Algorithm 3, we can show that the outputs of Algorithm 3 satisfy Condition 5, as desired.

Lemma 17 The functions constructed by Algorithm 1 satisfy Condition 5 with

1— 2 2
(-a)i+n?  af o\
4 11—«

(Ca «, 77767 "iap) = <Cu «, 1],

ifa,ne (0,1, n+a+an<1,and C > 0.

The proof of Lemma 17 is deferred to Appendix E.6.

We also want to check whether the functions f, | (z) we are constructing are indeed smooth
and strongly convex. Especially, one might wonder if the max operations at Lines 6 and 10 in
Algorithm 3 can hurt the smoothness. The following lemma addresses this points, whose proof is
deferred to Appendix E.7.
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Lemma 18 The functions constructed with Algorithm 3 are (C (2 + 1_T‘)‘))-smooth and 2C o™ -

strongly convex, where  := ig:ﬁ as in Eq (39). Moreover, when H/5 > )\, with the parameter
choice )
1\ M 1—« H
g — s = R C = —
“ (2> = 5

the constructed functions are H-smooth and \-strongly convex. For H/5 < \ < H, there also
exists choice of parameters that returns H-smooth and \-strongly convex functions, although a bit
more complicated.

Appendix D. Technical Proofs for Section B
D.1. Proof of Lemma 4

Consider a hypothesis testing problem, where v € {—, +} is sampled uniformly at random by the
nature and v is not known to us. We have to estimate the v using a hypothesis test . Observe that
if fu(X) — f¥ < dopt(f—, f+)/2 for some v € {—, +}, then for v/ # v,

opt(f— f+)<fv()?)+fv( ) f:_fvj’gw"i_fv’()?)_f:’
X) -

E dopt(J;—vf-&-) § f (

so only a single v € {—, +} may satisfy fv()?) — fi < dopt(f—, f+)/2. From this observation, we
can define our test ¥ using our optimization estimate X, ¥ = argmimv€ =4} fo(X) — fr, where

ties are broken arbitrarily. Notice that for any v, U # v implies fu(X ) fr > M Then,
using Markov’s inequality,

max E, [£u(%) - f;!G]E% > B [f(X) - 116Gl

ve{—,+ vel—t}

dO f—’f v v v * opt\J—»
z"t(4+) S B (£, ()~ () > St | )
ve{—,+}

Lol D) 5 @ o)z S I S B wse0)

ve{—,+} ve{—,+}

where last the infimum is taken over all possible tests. By a classical inequality on hypothesis testing
and total variation distance,

inf Y P(TA0|G) 21— |P(-|G)=Pyi(-| G)llpy-
ve{ 4}

D.2. Proof of Lemma 6

We start by showing the following technical lemma, which illustrates how the functions in the max
operation are placed above or below one another. Its proof is deferred to Appendix D.4.

Lemma 19 For any set of parameters uy,us, . ..,upr, v chosen by uy € UL, u, e L[éﬂl for
t€2:M,andv €V, run Algorithm 1 and get f;  (x). Then, for anyt € 2 : M, we have:
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1 f (1') = ful:til(m) vz g But 1(515—1)7
- Juge hul:t(x) Vo € BZ’; 1(516—1/2),

Lo,
2. Em 1 23m 1 < fup, () < Zm 1 23m T+ e 5 forallz € BY  (0;-1).
Also, at the final step,

3. f ( )= fu1M(x) vxiB“M( M),
©Junm hy, ., (x) Yo e By (dm/2),

Ui m

M-1 Ly
4 Zm 1 23m 9.9m—1 S ':1:]M(m) S Zm 1 2§§n T + 3M]l[1 foralll‘ c BuA{((SM)

We prove Lemma 6.1 and 6.4 using simple argument that max operations done in Algorithm 1
only changes limited parts of the domain. Recall the definition f,,, ., (z) := max{ fu,., ,(z), hu,,(x)}.
From Lemma 19.1, note that whenever we have f,,, ,(x) and take max operation with h,, , (x) to
construct fy,, (z), any point Vo & Bg°_ (6;—1) does not change its value. This means that the max
operation can only change function values in BY _ (0;—1). Also, later iterations of the algorithm
do not change that the function values at = ¢ BgY_| (0;—1), because B  (6;—1) D B () D

w1
- D B2 (8ar). From this argument, we can see that f2 (z) = f? (%) = fur ()

UL:t—1,0¢: M

for all z ¢ B  (0;—1), therefore proving Lemma 6.1. Similarly, from Lemma 19.3, the final

line £ = (x) := max{fu,, (7),hy, ()} in Algorithm 1 can only change function values in

B (6ar), 50 fol (x) = fil () = fuy,y (x) forall 2 ¢ B2 (8ar), proving Lemma 6.4.
Lemma 6.5 can be implied directly by Lemma 19.4. In order to prove Lemma 6.2, note the
following facts from Lemma 19.4 and 19.2:

M M-1

Z W < Sy (@) < Z 5 gm1 + M1 forall z € By, (dar),
m=1 m=1
M-1 M—2
Lé Lé Loy
Z ﬁgl < fup (@) < Z 2.37;”71 + 302 forall x € BZ?W 1(6M,1).
m=1 m=1

Note from Lemma 19.3 that f = (z) = fu,,, (%) for all z ¢ B (dpr), and that, for all x €

1:M

B, (0m),
M— M— L(SMfl
Ul M Z 2. 3m 1 Z 2. 3m 1 3M—2 :

The last inequality is because 36”% > 07 holds for large enough n by assumption that d;; =
0(dpr—1). From these observations, we have

M—2
Lé Loy
5 gm—1 < fup (@) < Z 7. 3:;1 + 302 forallz € By, (dp—1)-

m=1 m=1

Again note that, forany z ¢ B (da—1) wealsohave x ¢ B (dar),s0 f) (7)) = fu (2) =
Juy.as—q (z). We can repeat a similar argument and obtain

M—2 M-3
Ls,, L, Lopr—o2
Z 92.3m— 1 —fulM( )— Z 2,3m71+ 3M73 foralleBZ?M 2(6M*2)'

m=1 m=1
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For any ¢t € 2 : M, we can repeat this argument until B{®  (J;—1), so that we get

t—1 —9
Loy, L(St_l

Z W - UlM Z 2. 3m 1 3t—2 forall z € But 1(6t71)1

m=1 m=

which directly implies Lemma 6.2 that we are after.
In order to prove Lemma 6.3 and 6.6, we first need to show that the function value f; () in
By°_, (0t—1) can be expressed as

nax {huy, ()} by, (2 )} forall z € By, | (1) 41)

o (z) = max {k

Notice from Lemma 19.1 that fy,, ,(z) = hy,,_,(7) for all z € B (d;—2/2). Recall that
By (6:-1) € By ,(6:-2/2), 50 fuy,, () = hyy,_ (x) in By (6;—1). After this point,

x) is obtained from max operations with Ay, ,, ..., h hy This proves Eq (41). Now

Ul;M( UM ULt

notice that the subgradient of

hul:t(x) = St 1 ”x U/tH + Z 2 3m 1

always has ¢ norm exactly zi-1. From Eq (41), we can observe that for any point z € B | (04—1),

any subgradient g, € dfy | (r)has H Gugins H 1 < 3,5,2 . Since this holds for any set of parameters
UM, U, UgAf> and U, we get Lemma 6.3. From a similar argument as Eq (41), we have

ffjl:M(x) = max{hul:M( ),h}i1 o )}, forall x € BZ}((SM),

whereby we can prove Lemma 6.6.

Finally, we have to show Lemma 6.7. To do so, we first show that, for any choice of uy, us, ..., ups
and v,
M
Lo,
lnffle( )_22 3m—1 (42)
m=1
In fact, from Lemma 19.3, we have f;  (z) = hy,  (x) forall z € By (dar/2). Also, hy, ()

is minimized at up; + ”‘5M 1ecB®

oo, (001/2), whose minimum value is the RHS of Eq (42). So, for
any z € D,

Vi L
bone(0) 2 1, 0 2 0 (s + T01) = D B

proving Eq (42).
Next, we show that

M
Ls Loy
lnf( UlM( )+ ulM( )):nginl+ 3M : (43)
m=1
Again note that f = (z) = hy,  (x)forall z € By (6a/2). Thatis, for x € By, (0a/2), we
have f,f1 (z) = hjllm( )and f, ! (x)=hy! (z). Therefore, for any z € B3 (6ar/2),

hons (@) + Ly (0) = P, (@) + by, (@)
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_L op 1 oM 1 - Lom
m=1

By triangle inequality, we have
s a]_ o ]2 ) - o= 40) |
[e.9] o0 o0

Note also that x = up in fact attains this lower bound. So, for any x € D,

M
-1 +1 - +1 1 =
fU1M( ) ul:M( ) h’ulM( )+hu1M( ) hu1M( )+hU11M upm _ng 1 3M ’
=1
thus proving Eq (43). Now, Lemma 6.7 follows from Eq (42) and Eq (43).

D.3. Proof of Lemma 7

Consider the functions constructed in Algorithm 1. For any ¢ € 1 : M, the function h,,,, (x) is con-
vex and L-Lipschitz with respect to £, norm for any p > 1. Hence, fy,.,, () := maxi<¢<p {hu,., (2)}
is also convex and L-Lipschitz. With the same reasoning, hy, () is convex and L-Lipshcitz, and

50 iy () 7= max{ fu,, (%), by, (2) ] s,

D.4. Proof of Lemma 19

We demonstrate in details the proof for Lemma 19 below, which is based on an induction argument.

Base case ¢t = 2. In the base case, for any u; € U (M) and Ug € uﬁ), we want to show that

Jur () > hyy () forall 2 € By (1) and fu, (z) < hy,,(2) for any z € By, (1/2),
which correspond to Lemma 19.1. Recall the definitions that

Loy

L
fm(x) = hm(x) =1L H:C - ulHoo and hm:z(x) = g H:C - uQHoo + 7

Indeed, note that, since by definition ug € B° ( — 02), we have |Jus — u1]|, < d1/2. Therefore,
by triangle inequality, we have ||z — ua|| , < H:zc — 1| + 61/2. Thus, for any z & BY; (61), we
have

|z — w2l 1
fU1 (:L’) - huyz(x) =L Hx - ul”oo - Ty
3 2
||SL‘ — U1|| 2(51
> L — - = >
R JEL

On the other hand, by triangle inequality |z — ua| ., + 01/2 > |z —ui|. Thus, for z €

B (01/2),

|z —usl O
Fur(0) = M) = 2 (Yo o~ 122
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T —u 0
e JEL

which proves Lemma 19.1.
We are left with the inequalities below:

L&y
2

Recall the definition f,,,(x) = max{fy, (z), hy,,(x)}. Indeed, the LHS of Eq (44) follows from
the fact that L1 /2 < hy, ., () < fu,.,(2). To show the RHS of inequality (44), we note first that for
any v € BY; (61), fu; () = Lz — w1/, < Ld1. In addition to that, since —uz||, < 01/2,
by triangle inequality, we also have that, for any = € BY; (61),

< furn(w) < Loy forall z € By, (01). (44)

L Lo L 1) Lé
(@) = o =l + 55t < 5 (le = wil+ 5 ) + 5 < 16

Thus, we have, for any € B{J(01), fui, (%) = max {fu,(z), hu,,(2)} < Ld1. Together, we
prove the desired inequality (44), which corresponds to Lemma 19.2 for ¢ = 2.

Inductive case 2 < ¢t < M. In the first step, we show our first claim in Lemma 19.1:

ful:t—l(x) > hul z( )fOI‘ any x g But 1 (615—1) and ful:t—l (33) < hul:t (I) for any x € B$,1(5t—1/2)-

Recall the definitions that

hu1;t—1($): 315 Qt—92 ”l’ Ug— 1” + Z 2. 3m 5 am—1°

hul:t(x) = 3t 9t—1 ”I‘ ut” + Z 2. 3m 5 am—1"

ful:tfl(w) = max{fm:tfz(x) hmt 1( )} > oy 1( )7
fura (@) == max{fu,, ,(2), huy, (%)} = huy, ().

Indeed, note that, since by definition u; € Bg°_ 1( 5+ — 0¢), we have [Juy — w1 < 0¢-1/2.
Hence, by triangle inequality, we have ||z — w||, < || — ui—1||, + 6¢—1/2. Also, by definition

Jur—1(x) > huy, () for all 2. Thus, for any & B5°  (6;—1), we have

L o~ wly by
i) = g 92 o (0) = g () = i (1l =l = 12t 25

L H:E*utfl” 251&—1
> s (o wall, - =yl - 2y 5

On the other hand, recall that B®  (6;—1) C By (0;—2/2). When z € By° (6-1/2) C

Ut—1
B (6¢4—2/2), Observe that by inductive hypothesis fi,., ,(z) < hy,., ,(x). By definition of
fulzt—l( ) = max{fulzt72(‘r)7h”ul:t—l(w)}’ we can see that ful:zfl(l‘) = huyy, (z) for z €

Ut—2
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B® (6;-1/2). By triangle inequality,
B (6;-1/2),

Ut—1

x —u|l oo + 0t—1/2 > ||z —wp—1]|,. Thus, for x €

32 3 2

L |z — wp—1]] d¢—1
R L

which proves Lemma 19.1.
We are left with Lemma 19.2, which we restate below:

L |z —w -
ful:tﬂ(x) - hul:t(x) = hul:tfl(x) - hul:t(x> = 2t—2 <”x - Ut—lHOO - ’ ! ’ — = 1)

t—1 t—2

LS Lé L(stfl
D gt Sl S 30 g+ Gy ralle €BIT (i)

m=1 m=1

Recall the definition f,,,(x ) = max{ fu,, ,(x), hy,.,(x)}. Indeed, the LHS of Lemma 19.2 fol-
lows from the fact that >2¢ 1 2@‘3{” r < hyy, () < fu. (). To show the RHS of Lemma 19.2,
recall first thatif z € ByY_ (6:—1) C Bgy_ (0t—2/2), fur.y—o(2) < huy,_, (z) by induction hypoth-

esis, s0 fuy,,_, () = huy,_, (). Thus, forall z € BgY  (6t-1),

t—2

Lo Lo
fulzt—l(x) = hu1:t—1($) = 3t 9t—2 ”x Ut— 1” + Z 9. 3m 5 am—1 = Z 9. 37:11 + 3t—2 -
m=1

Also, ||ui—1 — utl|o, < d¢—1/2, and by triangle inequality, ||z — wl|,, < || — 1| + 61—1/2.
Using this, for all z € B, (d¢—1)

t—1
L Léi—q Léy,
hul:t(x) = 3t 9t—1 H‘T ut” + Z 9. 3m 1 < 3t—1 H‘T*utfl”oo + W + Z 9.3m—1
m=1

t—1 t—2

Lo;_4 Lo;_4 Lo, Lo, Los_4
< 3t71 2. 3t71 Z 2. 3m71 Z 2. 3m71 3t72 :
=1 =1

This finishes showing the RHS of Lemma 19.2.

Final Case. It is left to prove Lemma 19.3-4. Their proof can be done in a similar way as
Lemma 19.1-2 for the inductive cases, hence omitted.

D.5. Proof of Lemma 8

Since ;1 = o(1), for large enough n we have §; < 1/8, so
UM | = 26, -packing number (w.r.t. £,) of [61,1 — 61]%

1 d
> 201-packing number (w.r.t. £,,) of [4 i]
> 241 -covering number (w.r.t. £,,) of B} (1/4)
L Vol(BA(/4) (1)
- VO](Bg(Q(Sl)) 801
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Similarly, by 6; = 0(d¢—1), for large enough n we have &; < nd;_1/4.

U (t) | = 20;-packing number (w.r.t. £,) of B! (ndi—1 — &¢)

Ut —1 Ut—1
> 204-packing number (w.r.t. £,) of BY  (nd;—1/2)
Vol(BY, ,(nd;-1/2)) _ n0¢—1 d

D.6. Proof of Lemma 9

In this section and the following two, for simplicity in notation, let

A = ﬂfn:1 ASZ)

The proofs of Lemmas 9 and 10 rely heavily on the following lemma which uses likelihood ratio and
concentration inequality arguments to prove bounds between different probability measures defined
by “similar” functions.

Lemma 20 Fort € 2 : M, let two sets of parameters share the same value u1.._1 and then they
differ afterwards: ug.pr, v and Uy pp, . Consider any probabilistic event G that is a function of the
random variables

Xf:l;lk), Yl(j;k) , Xﬂ?l) if oracle is zeroth-order, or
szlq;k), Yl(:ln:k), ZS;L]C), X{ﬁjl) if oracle is first-order,

where k € 1 : (t — 1). Then, the following holds for any choice of u1.4—1, us.pr, v and Uy py, -

]P)lelw (GNAg) < Kl]Pﬂj (GN Ak + Ko,

UL:t—1,0¢: M

where the quantities K1, Ko are

¢ k (7)

2 +(

o 202

k (4)
Ko :=2 Z exp (— (57% )2 ) )

¢
m=1 j=0 20’2hméj2042t_4(5t2£’i1_j)

A —42(k—jJ
Z§=0 Cfoﬂt 46t£1 J)) an:1 hm)

where 57(,];) form €1 :kandj€0:(isany positive quantity we can choose.

The proof of Lemma 20 is deferred to Appendix D.9.

By assumption we have u1.)s and v such that P}, (ﬂf;:ll AI(ZZ)) > 4t1_1 for sufficiently large

n. Then, re-choose any u;.ps and v, and apply Lemma 20, with

. 1 k=j
k=t-2G=A%"Y and €9 = h36,% formel:t—2,j€0:C.

Ut—1

Then, we get i
P (A1) < Kq P, (A1p—1) + Ko,

UM UL:t—1,0¢: M
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where the quantities K; and K5 are

£=d 4 4 2(k—7 —
(55087 ) Xl b <z<:o C2a?=467 Y S22

Ky —
1 exXp 0_2 20_2 3
t—2 ¢ 1
Ky :=2 Zexp - T .
m=1j=0 202h%10?a2t*455:f

By definitions of 7; (21), d; (22), and h; (25), whenever m < t — 1, hy, 0, (H 2 polynomially
decays to 0 as n increases. So, K7 | 1 and K5 | 0 as n — oco. Therefore, for large enough n,

Ky <+v2and Ky < (1 — i) 4%,1, resulting in

V2
/3P 1\ 1
P'U«l M (Al = 1) < Pm it—1,0t: M (Ae—1) + (1 - ﬁ Qi1 (45)
From the assumption, we have Py, (A1:4-1) >
of Lemma 9: 1
le t—1,U: M1 <A15t_1) 2 2. 4t—17

for any 4. s and v, as desired.
D.7. Proof of Lemma 10

For the proof of Lemmas 10 and 11, the following elementary lemma is useful.

Lemma 21 Ifa; < ca) + band dy, < cas + b, then

a c*d) cb
a;+az ~ a)+ay, a)+ad

forany ai,az,a),ab,b>0and a1 + ag >0, ay +al, > 0and c > 1.

Proof The proof of the above lemma is straightforward calculation. Note that, the function f(z) :=

= +y is an increasing function of z > 0 for any y > 0, so we have

a cal +b < cal +b
ai+az ~ cal+as+b " aj+ar+0b

where in the last inequality, we use the assumption that ¢ > 1. Now, notice that, the function

flz) = miz is a decreasing function of = > 0 for any positive number vy, z, so we have,

ca1+cb> al+cb cal +b - cal +b
ay+ay, ~aj+caa+b () +b)/ctar T dj+ax+b

where in the last inequality, we use the assumption that ¢ > 1. Combining the two elementary
inequalities above, we have shown the claim in the lemma. |
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By assumption we have u;.5s and v such that PP (ﬂi;:ll Aq([,r,i)) > 4t1,1 for sufficiently large
)

n. For any re-chosen .57 and v, let E s be an event on which the ¢-th sample of ¢-th round is in
B}, (61):

ED = (x® e B} (6;)}, forie1:n.

@, Ut

Then, apply Lemma 20, with

k=t-1,G=(E"Y)",
. 1 k=j
g,(j):hmt_?f formel:t—2,7€0:¢,
1 K
€9 =202\ /logn, €9 =hl 52 ifC=1.

Then, we get

v () \e 0] (®) \e
Py (B2 )N AL—1) < KPP ((B; 4,)° N Arg—1) + Ko,

U1 M 1,0t ULt —1,U¢: M1

where the quantities K; and K5 are

L — 1 ~ —42(k—jJ —
(500,21 ) S 2, i . (34, C2a245 )y S22

Ky :=exp

o2 202
o1 N B
Voot logn +1{¢C =1} 62 b, (35 C2a® 46, hyy
X exp +
o2 202

t—2 ¢ 1
Ky :=2 Z Zexp T .

m=1j=0 2020y C2a2t=457]

2] 1
+2exp | — o_o8h +I{¢=1}exp | —

he1 CRa2=45710) 20207 | C2a2-167 |

As seen the proof of Lemma 9, the first multiplicative term in /; and the first additive term in K5
go down to 1 and down to 0, respectively. Moreover, if ¢ = 1, then h;62* also polynomially decays
to zero. So, if { = 1, the terms

K 1
I{¢=1Y62 ht C2a2t=4528 Vp,_ 1
K (};Qtltl—k( 0 20_; 1) }1, and exp | — 1 0.

exp 1
21,2 A2, 2t—A4AS5k
20%himCya or 4

Also, by noting the identity é’ga%_‘lhtéffnfo = o from Eq (26),

C’Cza2t_45f£ﬁ_0ht71 Ve 2 o?logn 2
exXp =+e, 2exp | — — — ==,
202 ht—10<2042t745t2£ﬁ1 Q n

Summarizing all these observations, for large enough n, we have

PY  (EY) )N Argr) < KPP (EY )N Avper) + Ko, (46)

UL M 1,0t ULt —1,Ug: M 1,0t
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where

1 < K; <V3eexp(vV2y/logn), Ky = = + O(exp(—nT")). (47)
for some 7 > 0.
Note that, we can switch between wuy. s, v and ., U, and apply Lemma 20 again, this time for
G = Ez(tﬁ)t This time, the equation we get is
EY 0 A) + Ko, 48)

U1M< 7,Ut

P’ (BY N A1) < KiPY

ULig—1,Ue: M 2,Ut

with the same K; and K5. Now, apply lemma Lemma 21 for Eqs (48) and (46), then

K1 Ky
P? (EY) | Aygoq) < K2PU (B! |A1t1)+—
ULt —1,Ug: 0\ 0Tt 1%t ugp lut UIM(Alt 1)
SK%P21M< zut ’Alt 1)+4 1K1K2 (49)

Now we are ready to use the pigeonhold principle argument for this lemma. We then sum up
both sides of Eq (49) for all possible values of .7, ¥, and ¢ = 1 : n. For simplicity in notation, let

us denote the summation
DIEED SID IED

'at+1 eué?rl) Euz(tjjvé) ) eV Ut41: MV

Also, recall that there are 2\1/{1521| I, 4 \L{éTT:L\ possible values of @.ps and 0. After summing
up, we get

Z Z Z]P)ult 1uzM zut|A1t 1)

Ut Upq1:00,0 =1

=Y D Bl (Z (X" eB () yALH)

Ut Upt1:M,50 =1
<K%ZZ Z IEDulM zut ’Alt 1)+4t 1K’IKE 2”‘ Ut — 1’ H ‘uu:)l‘
=1 Ut Ugq1:.0m,0 m=t+1
<K}-2n H U™ |+ 4K - 20| H [Z5aN (50)
m=t+1 m=t+1

EY | Ap) <L

UlM( 7,Ut

where the last 1nequahty used that Z P

Since there are Q\L{ut71| Hm:t 41 \L{am_l\ possible values of ;.)s and ¥, Equation 50 implies
that by the pigeonhole principle, there exists at least one set of parameters ;.); and v that satisfies

Ezlt 1,8 M (ZH {Xz(t) € Bgt((st)} ‘ Al:tl)

=1
nK?

- t
Uiy,

40,
775t—1

d
+ 470K Ky < nK?} < ) + 470K Ky,
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where Lemma 8 is used in the last inequality. This implies, by Markov’s inequality,

0 1 [} =
P’U‘lztflyﬂt:]v{ (Agt) | Arg—1) 21— hit}Eul:tflyﬁt:M <ZH {Xi(t) € Bgt (6t)} | A13t1>
i=1

nk? ( 46, )d A1 K Ky
>1— - :
he  \ndi—1 hy

To finish the proof of Lemma 10, it suffices to show that the RHS of the last inequality is greater
than or equal to %, which is equivalent to

46, \“ h
nk? ( ! ) + 4K Ky < 2L (51)
n0¢—1 2

Recall from Eq (47) that 1 < K3 < v/3eexp(v2y/Iogn) and Ky = 2 + O(exp(—n7)). Substitut-
ing these to the first term in the LHS of Eq (51) yields

d d
nK12< ;Mt > < 3enexp (2\/§\/Iogn)< 40 >

10t—1 n0t—1
From the definition of ~; (21), d; (22), and D; (23), we can get useful identities

< 4D, )d o2 4
= — , an
nD¢—1 8603(12"/*2]_)3(”70

I—d(ye—v-1)=1- <d+2(d/-;—§)> =2(k — O

thereby one can get
46, \“
3en exp (2\@\/log n) 5
10t—1

3_ : — " Xp 1 =M VK
2,2t—2 2(F=C) e ( \[2(“ )1 10gn) (logn) H{t=M}dv/x
SCCa Dt

comparing with h; (25), we check that
45, \* 3

Now, substitute K1 < v/3eexp(v2y/Iogn) and K3 = 2 + O(exp(—n")) to the second term
in the LHS of Eq (51), the we get:

A In K Ky < 241 /3eexp (\@\/log n) (14 O(nexp(—n"))).
Since O(nexp(—n")) | 0 as n — oo, we can see that the first term in LHS of Eq (51) dominates

the second one for sufficiently large n. With the observation in Eq (52), we can see Eq (51) holds
for large enough n, so this finishes the proof of Lemma 10.
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D.8. Proof of Lemma 11

For this lemma, we present a variant of Lemma 20, for fixed u;.ps and different v and v. Lemma 22
is just a simple variant of Lemma 20 for the case t = M + 1 (final case), so its proof is omitted.

Lemma 22 Pick any set of parameters uy.pr, and v, 0 € V where v # v. Consider any probabilis-
tic event G that is a function of the random variables

X£1nk), Yl(i;k) , Xﬂ:rl) if oracle is zeroth-order, or
Xf:l;k), Yl(iik), ZS;LIC), X{ﬁjl) if oracle is first-order,

(1:M) Y(l:M)

Im %1 ’

where k € 1 : M —1. Otherwise, the probabilistic event G could also be a function of X
and/or Z{};LM), in which case we let k = M. Then, the following holds for any wy.p; and v # 9.

P’ (GNA) < KiPY (GNAL) + Ko,

U:M ui: M

where the quantities K1, Ko are

(zﬁo Tha &, (S50 Ga™ 00 ) Sy hm>
o )

K :=exp 5 952

k¢ ( %))2
Ky =2 Z Zexp - 5 |

=9 _
m=1 j=0 20’2th] O[2M 25M

where &(72) form € 1:kandj € 0:(isany positive quantity we can choose.

To prove the first statement of Lemma 11, we can repeat the same process as Lemma 9, this
time with Lemma 22, and

. 1 k—j
k=M-1,G=AM and ¥ =n}5,% formel: M —1,j€0:¢.

Then, we get i
Po oy (M) < Koy (M) + Ko,

UM
where the quantities K7 | 1 and K5 | 0 as n — oo.
Therefore, for large enough n, K1 < V2 and Ky < (1 — %) 4,5%1, resulting in

5 1 1
]P’ZI:M (Arr) < \/i]P)ZI:M (A1) + (1 - \/5> ar (53)

From the assumption, we have P, Y (A1) > 4%. With these observations, we finish the proof of

the first part of Lemma 11:
1

ﬂ . >7
P (AlM)_24M7

UM

for ¥ # v, as desired.
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Now, the last goal is to show that the total variation between IP’U1 , and IP’Jrl conditional on
the event Aq.ps is small when the number of sample size n is sufficiently large The technique is
essentially the same as that appeared in the proof of lemma 10. We apply Lemma 22, with

, 1 k=g
k=M, G=anyG, ¥ =hhs,? formel:M,jc0:(.
Then, we get
ul M(G N Aq. M) < KlPul M(G n AI:M) + Ko,
where the quantities K; and K5 are

5 1 ~ —922(k—j
(CS00n )M i ) (35, C2a2M=253r =y oM

K, =
L= exp o2 202
Ky :=2 Z Z exp | — T .
m=1 j=0 202hy C2a2M =257

. . ~ _ _ 2v(k—¢) s
In this case, we can note that since C’gQQM_QhMﬁV([” 9= o?log = n (26), any hmé?\}'{ 2
decreases to zero with n — oo. So, we can see K1 | 1 and K5 | 0 as n — oo, which allows us to
write

5 1
GNA GNA 54
u1M( N 1M) \/7 u1M( N 1M)+\/5 (54)

,4M+1’

for n sufficiently large. Using exactly the same techniques, we can also get similar inequalities as
follows:

le y(GENALy) < \/> wpa (GE N A1) + \/511]\4“ (55)
Py, (GNALa) < \/> ZlM(GmAl;M)—i_\/g.;LLMH (56)
Py (G°NALy) < \[ Py (GEN Arar) + W (57)
Now apply Lemma 21 to Eqgs (54) and (55) to get
Py, (G| Aar) < 5[@31 (G Avar) + 5 4M+1IP’511 (o) < Z Z (G M) +

Similarly, from Eqs (56) and (57),

)
Ul]w(G|A1M)< P (Gl Avn) + <

4 ui:m

From these two equations, we have

Py (G| Avy) — G| Am)| <

l\’)\r—t

Ui:m ul ]W(

for any G and v # v. Thus, by definition of total variation distance, we have

1
HPulM | A1:M) PillM ( ‘ Al:M)HTV < 57

as desired.
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D.9. Proof of Lemma 20
Fort € 2: M and k € 1:t — 1, consider any event G that is a function of

1:k 1:k k+1
X( ) Y'l(n )7x( +1)

1n > 1n

(L) Yl(il:k) (LK)

1in > s Hlin

if oracle is zeroth-order, or

X ﬁj b if oracle is first-order.

In this proof, we develop a generic technique that provides an upper bound of the probability
Gn ﬂﬁlzl ASZZ) under measure I’ in terms of the probability of the same event under an-
other measure )~ 5 based on a different function. Recall that the two probability measure

are defined by their corresponding functions f; —and fg that only differ in the interior

Lit—1,0 M
of BY, ,(6:—1). Note that, the conclusion stated in the lemma provides relationship between the
probabilities of an event under different measures and therefore the technique used in this proof can

be of independent interest to the readers.

Notation. To give a clear illustration of how we make that bound happen, we need to introduce
some notation, mainly to “partition” the events Aq(ﬁ). For m € 1 : k, we enumerate and index all
the possible 2" subsets of {1,2,...,n} by S, , where [,,, € 1 : 2". Also, forall m € 1 : k and

1 € 1 :n,define
" =Y = fi (X,

U1:Mm 7
ez(m,l) = Zi(m) = Vi (Xz‘(m))v
(m,0) _ o (m) o (m)
Ai — Jurm (Xl ) T Jur—1,Ue (XZ )’

A =V

7

1M (Xz(m)) - vf’l’i)lztfl,ﬂt:]\{ (Xz(m))
Here, whenever the function is not differentiable at x, we replace V f; = (x) with any subgradient

of fy ., at . To interpret these quantities, based on the assumption that f;;  is the true function,

egm,o) is the (i.i.d. Gaussian) error of the zeroth order oracle at X Z»(m) , and A(m’o) is the difference

L and I at XZ-(m). Similarly, egm’l) and Agm’l) are the error
ation m0) oo g A0
i

between two functions f/

and difference in the first order information (gradient values) at X i(m). Note that EE and
(m,0)
i

when Xi(m) ¢ BY, ,(6:—1). Also note that, based on the assumption that f7

function, then egm,o) + Agm,o) and ez(»m’l) + Agm’l) are the errors of the oracle.

Next, for each set .S;, , we introduce the following groups of events,

are scalars while the other two are vectors. Note that, by Condition 5.1, A and Agm’l) are zero

. is the true
1:t—1,Ut: M

e, = { X" € B, (0n), Vi € Sy, O {X™ ¢ B, (0n), Vi ¢ S, |, formelik,

Umlm *

=m)  _ NS =0my) .
Sl ’_mj—o forme1l:k,

— “Um,lm’

=) = IS (@ A <@ formel:ik,je0: 1.

U ,lm 7

iESlm

The event FQ(ZZ) ,,, occurs when X is in the ball BE, (6,,) if and only if the index i € S, . Recall

that ¢ represents the order of the oracle. So if we are using zeroth-order oracle, =(m) L= =m0

Umstm U sl ?
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(m) _ =(mp0

while =, ) N :51 1) for first-order oracles. The event = =(m.7) is that the sum of noise

=
milm Umsbm ms U, lm

introduced by the oracle is smaller than some positive quantity §m which we can choose. Recall
that 57(7%) appeared in the statement of the lemma.
(m)

Partitioning I‘( ) into disjoint events. Notice the events F il AT disjoint from one another
for different [, € 1 2™ because it can never happen at the same e time with different values of Im
From this observation, we can get a partition of the event ﬂm:l A&Tn), as the following equation
suggests,

A= 0 (Una)) = U (0 (o)
Uk

m=1 m=1 \ ln l1,l2,..., m=1

From the above equation, we note that in order to establish an upper bound of P, - (G N ﬂfn . A&?) ,

it suffices to get an upper bound of Pj, (G N ﬂ ( rim 5, N Agm))) for any fixed sequence

Um,

{lm}F _; € {1 :27}* and then do the summation over all possible {l,,}% As we will see

m=1-
later, when restricted on the set ﬂ FSZ) 1,,» We can give an explicit form of the likelihood ratio
between the two probability measures P~ and IP’Z1 _1.iig.,» Which greatly helps us analyze the

relationship between the two probabilities that are computed under different measures.
Now fix any {lm}fnzl. For the sake of simplicity in notation, let us denote

k k k
Avg = m Az([:ln)a IR ﬂ FS:Z),Zm’ ﬂ E'U«m:lm

m=1 m=1

[I]

Expressed in this compact form, we want to get an upper bound for PY,
ing from this point, we have the following inequality:

GNTe N Al:k)- Start-

UIJW(

U1M (Gﬁl“lkﬂAlk)
=PY (GNT1rNALENELg) + P

UM ul M

(G N1k N ALg N (E1x)¢)

<P (G N Ty N Ak N Erg) + Z Z Phy oy (T N A N ET ) (58)
j=0m=1

Note that the RHS of the Eq (58) consists of two parts. The rest of the proof consists of two parts:
we first bound the first term of RHS of the Eq (58), and the bound the second term while summing
up disjoint events together.

Bounding the first term of Eq (58). We first give an upper bound of the first term using the

likelihood ratio between two different measures. Recall from Condition 5.1 that the functions f,
(m)

U1:m

and f’gl:t—l»ﬁt:]\/f have the same values atall z ¢ B, (6;_1). Giventhe event I, " e formel:k
and any i ¢ S;,_, we have

P " 1™ = Pl 8 2™ if¢=0,

pul;M (yi(m)’ Zi(m) ’ mz(m)) - pm;t—lﬂlt:M (yZ(m)’ i(m) | xgm)) ifC = L.
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Also recall the definition of C; = C'(1 — 8)'~¢(2x)¢ from Eq (20) and Condition 5.2-3 that

2 (@) = fis i (@)] < Coat 7207y, Vo € BE, | (61-1) € BY, ()

UL:t—1,Ut: M

|V Fi @ = VI @), < Cra™26 5] Ve € B, (31) € B (0).

Fori € 5),,, the ratio between p;,  ~and pﬁl't_l iy, 18 the ratio between two Gaussian distributions.
Thus, if ¢ = 0 (zeroth-order oracle), we have

=, P, i i)
Ttmlm (m) <m>)

Zl:t—lvﬁtzl\l (ylm | 21

{r{”, naimn

_r [ (m) =(m) 1 (m.0) A (m.0)y2
=I {Fu 1, N A( ) Humlm} exp | —5 Z € 202 Z (A
iGSlm ZESlm
Wl (69 haGRa2isE,
<I {qum),zm N A(UM)} exp <02 + 57 =, (59)

where the last inequality used the definitions of E(JZ) ,, and Ag?n), and Condition 5.2. For { = 1
(first-order oracle), note that
m,1) H2
2

v (m) _(m) | (m) 1 (mo)y2 1
pul:M(yl:n 721:n ‘ xl:n) X exp _@ ZS: (ei ) - ﬁ

Im

By a similar argument as the zeroth-order case, we can get

(m) )
]I{FSZ)ZM A AL A= } pu1M<y1n(,;)1n( z zn)
th 17UtM(y1n’Z1n ‘x )

_ (m) (m) 7) 1 1 (m.j) 9
h C2 2t— 452/@1_1_]1 C 2t— 4@2/_&;2
202 ) ’

U, lm,

(60)

g

(0) (1)
i, nxos (fm @,

where the last inequality used the definitions of Egm) . and Agfn), and Condition 5.2-3.

msytm

Now consider again the zeroth-order case. For any event E that is a function of random variables

X(l :k) Y(l :k) X(k+1)

1m > el

the probability P, (F) can be expressed as

UM
le M (E) = ”LL1 M [H {E}]
:/]I{E} dQ(k—H ( k+1) ‘ 11nk)’y§n ))dpqi)l M(yl %) ‘ l’lk))dQ (371” ’ J}(l k— 1)’y§:17:1k—1))
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- X de (yln ’ 1.1 n)dQ(l)(x 1 )

Ul: M
k (m)
def (" n ’33 ) kb1 LR i k), (k
/ 1{B) [ o artin a0 | 500y (E0apy o @) )
m=1 4P, ULit— 17ut]v1(y1n ’x )
Lk—1) (1:k—1 5 1
dQW (@) | aih ™ i) e x dPl L 8 | 25))dQW (1)
m) | _(m)
5 P ) )
~Elymsien H{E}H S o (©61)
m= lpult 17Utkf(y1n ‘x )
Substituting £ = G NI N Ax N =1, to Eq 61 gives
m)
Il m m —~(m pu (yln |:E )
_EUu 1,Ug: M H{G} H H{Fgm),lm mAE/«m) m‘:'i(im),lm} o e

0] (m m)
Puy g 17Ut1\[(y1n ‘x )

5 o - &(7? hm02a2t—45 '
<Eu .\ 1 dnn ]I{G} H < {I‘( N AL )}exp <02+ 0202 t—1

me:l 51(79) n C3a? 457", me:l hm)

—PZI I (G NIy N Al:k) exp ( o2 952

where the inequality used Eq (59). We can get a similar upper bound for the first-order case using
Eq (60), and in fact, we can express both cases into a unified form using (:

(GﬂFlkﬂAlkﬂulk)<K1[P”

UL:t—1,Ut: M

(GNTk N ALg), (62)

ul M
where we define

(2 S Dy (2420 C2a2=45; ) ok hm)
Ki :=exp )

o2 202

so simplify the notation. By this, we finished bounding the first term of RHS in Eq (58).

Bounding the second term of Eq (58) and summing disjoint events. Now, we need to deal with
the second term. Note that

¢k
Z le o (FlkﬂAlmﬂ( £m7ll1)c)
7=0m=1
¢ k-1
:Z; leum (Pa O A 0 (E0) ) +ZIP>U1M (Pue 0 A 0 (E09))°)
j=0m=
¢ k-1
=S 3P, (TN A 0 B )
7=0m=1
+ Py (Cie N Avg) Z Py ((Efi’ll)c | Ty N AM) (63)

7=0
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We can use a concentration inequality of Gaussian random variables to bound above the conditional

probability term. We should first note that once Fsz)lk and Aq(fz) are given, this means that at most
(k)

hy among X, are in BY, | (6;—1), so

. 2 N
Z (Agk,O))2 < hpC2a®=152%, and Z HAZ(-M)HZ < hkC%a%_%fﬁ_l)'
iGSlk ieslk

Since the observation noise is independent zero-mean Gaussian with variance o2, given that the
L 1

true function is f ~ we have el(.m’o) ~ N(0,0%) and 6§m, ) N(0,021;). Now, we can apply the

concentration inequalities to get

(7)y2
” = (k) e B (&)
IP>u1;M <(Hukvlk) ’ Fl:k n Al:k) = QQXp < 202hké2a2t45§(’;—j)> ’ (64)
J

Substituting Egs (62), (63), and (64) into the RHS of Eq (58), we have

PZLM (GNT1NALE)
¢ k-1

<KWPL L an (GOTi 0 A) + 30 S P (Ta 0 A 0 (2 )°)
j=0m=1
¢ ( ](Cj))Q
+ QPZ ) (Flsk n Al:k) exp | — — - . (65)
1M jz::o ZUQhkaaQt_‘léfg_])

Recall that the events I‘i’?lk are mutually disjoint for all possible values of [, € 1 : 2", and

their union is the whole probability space. Using this, we can sum up both sides of Eq (65) over all
possible values of [, to eliminate FSZ) I and obtain

Py (GNT1e1 N Ag)

¢ k-1 '
<KiPy ., g (GNT1e1 N ALg) + Z Z Py (F1:k71 N AL N (EEZZ]ZZ”)C)
7=0m=1
+ QPZ _ (Fl;k,1 N Al:k) exp | — — - . (66)
LM jz:;) 202hkC]2042t_453£ﬁ_])

In the second term of RHS in Eq (66), we can apply a similar concentration inequality to get

¢
—(k=1,j
> P, (Flsk—l N Apg-10 (:£k717?271)0)
i=0

5 (62
<Py, Tik—1 N A1) ) exp (‘ —y K—j ) ’
e = 202hy_; (2215}

(k—1)

and substituting this bound to Eq (66) and summing over all possible Fu;;l los

gives

Py (GNTp—2NALE)

U1 M
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¢ k-2
SKIPZU_M&#M <G Nlyg—2 N Alik) + Z Z IP)ZL]\/I (FLk*Q N Agm N (Ein:,]lzn)c>
7=0m=1
3 S (€
+ 2 P’l’lil.]\/[ (Flik‘*2 N Alm) eXp — — ST .
m=k—1 =0 202thJ2a2t—4(5t£Fi )

(1)

After repeating this process until we eliminate FUh I

we get

PZLM (G N Al:k)

. i i (f(j))2
SKIPZ T (G N Al:k) +2 PZ ) (Al;m) exp | — — n -
Lit—1,Ut: M — 1:M = 202hmcjza2t_45t2£r1—])

E ¢ (4)\2
_ (&)
<SK\P;,, 4,0, (G0 Arg) +2 exp | — - A 67
Lit— 1,0 M Tnzljgo 202hm0j2042t_45t2£?_])

Now, we define

ShS (&)’
Ky :=2 Z Z exp _202h C~'2a2t*45t2(“1_j) .
= m i

Then we get the claim of the lemma.

Appendix E. Technical Proofs for Section C
E.1. Proof of Lemma 13

Originally we had requirements 0 <7 < 1,0 > 0,0 < a < 1,0 < 8 < 1,and 0 < 6 < 1. Let the
parameter values satisfy

(L-a)(+m)?* an* , 1-n—a—an

<1, 8= _ ,
nratan<l, f 4 1—a’ l+n—a—an

First, we check that all the parameters are in the desired range. We start by noting that the inequali-
ties0 < a<1,0<n<1,n+ a4+ an <1 are feasible. With these assumptions on « and 7, it is
easy to check 0 < 6 < 1. Also,

1-— 1 1— 1 2 2
77+a+0m<1<:>77<(a)2(+n)<:>772<( @)(1+7) _on =f,

so we can ensure 3 > 0. Also,

(1l=a)d+m? ar* _(1=a)(l+n)?

= 4 1—a 4

Now consider the interpolation set,

Itp := {z [ (1 = O)r < [z —clly < (1 +O)r},
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where r and c are defined in Eqgs (35) and (36), which we repeat below, and further evaluate with
the assumption (38) on 3:
1 o a

Cc = xr1 — Tro9 = XT1 —
l-« l-« 11—«

=2 o2, Bt [(I+n)?et o 252 o2
r= \/(1 —a)? |lz1 — 225 + - —\/ 1 i —a)Q(n 02 — ||z — x2||3)-

(wQ - 1‘1),

We now show that, with the choice of 8 in Eq (39),
Itp C c(B2 (n5)° N B2, (9)) forany zs € B2 (nd),

which is the goal of this lemma, Eq (40). Consider o2 = 1 + pde;, where 0 < p < n. This choice
of x5 is a representative of all other x that are pd away from x1. The center point ¢ and radius r of
intersection set, and the interpolation set Itp can be represented as functions of p:

c(p) =21 — ;%fflelv
r(p) = \/(1 +Z)262 T _aa)z (n* — p?)é2,

Itp(p) = {z | (1 = O)r(p) < [lz —c(p)ll, < (1 +0)r(p)}-

Define Lax(p) and Luyin(p) that are farthest and closest distance of points in Itp(p) to x1, defined
as follows:
Linax(p) :== sup |lz —z1lly, Lmin(p) := inf |z —z1],.
z€ltp(p) z€Itp(p)
The desired condition Itp € B2 (nd)°NB2 (&) can now be written as Linax(p) < 6 and Luyin(p) >
nd for all p € [0, 7).

Since z; and c are away by %, the farthest distance L, (p) can be calculated as
apd (1+n)262 a apd

L =(1+4 =(1+86 — 2 p2)42
max () = (14 0)r(p) + 2% = (14 >\/ T T AR

and it is clearly an increasing function of p, so we only need to check that L, (n) < 6.

Lo (1) = (1 + 6) (L+m)?%9%  and _ ( 2(1— a—an) ) (14ms , ans

4 11—« l1+n—a—an 2 l-«
_ (1—04—0[17)5jL and _s
l-a l-a
For Lpin(p), it requires a bit more thought. As long as (1 — 6)r(p) > %, we have z1 ¢ Itp(p)
and 5
«

Luin(p) = (1= 6)r(p) = 1.

Thus, by showing
4
(1—0)r(p) — 2% > >0, (68)

l—«o
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we can prove (1 — 0)r(p) > 22 and Lmin(p) > 1d. To do this, we show that the LHS of Eq (68)

1—a’

is a decreasing function of p, and then show Eq (68) for p = 1. We can easily see that —0r(p) is a
decreasing function of p. For the rest of the LHS,

2a6%p
b

a- - < 0,¥p € [0,7]

)- o
— 252 o —

— < (1+nl-a)=1+n—a—an
—n+a+an<l

Since we know from Eq (37) that the last statement is true, we proved that the LHS of Eq (68) is
decreasing. Finally, we examine Eq (68) for p = 7.
and 2n (1+n)d and

Q=00 - {7 = e e =

Thus far, we showed that with our choice of 8 in Eq (39), the interpolation set Itp satisfies Itp €
B2 (nd)° N B2 () for any zo € B2 (1d).

E.2. Development of Algorithm 2

We define

g (w) = Vfale+ (1 - O)rw) = -

— Vfa(c+rw) ;L Vet rw) = 12?0[ (x1 —x2) + (1 + a)rw,

2a
— 2(1
T a(m x2) +2(1 + 8)rw

(1 — x2) + 2a(1 — O)rw,

go(w) :

g (w) == Vfa(e + (1 4+ )rw) =
and then interpolate the gradients along each direction w:

b (pyw) = g (w) + 2 =8 gy

Or
— 1270[0[@1 — T3) — (1_a)§1_9)rw+ <1_a +2a> pw  forp € |(1=0)rr],
(69)
o) = ) — I (4 gy
— 12_aa(w1 —3) — < a)élJrg)Ter <19a +2> pw  forp e [r,(1+6)r].
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We can see that h_ (r, w) = h (r,w) = go(w).

Interpolation of gradients also changes the function values on Itp. The original function values
atzx =c+ (1 —0)rwand z = ¢+ (1 4 0)rw, which are the points we start the interpolation from,
are

2a(1 — 6
fale+ (1= 0)rw) = ﬁ |21 — 2215 + a(_a)r<$1 — a2, w) + a1 = 0)*r? + 5%,
2 20(1+6
file+ (1+0)rw) = (1?70[)2 [ ai_a)rm — @y, w) + (1+0)%r2,

The function values after interpolation is calculated by integrating the directional derivatives,

h—(p,w) := fa(c+ (1 —0)rw) + /(fe) (h_(t,w), w)dt forpe[(1—0)r,r], (71)

(1+60)r
hi(pow) i= et (L4 Oprw) = [ Gyt )t forp € [r, (14 0)r,
p

and the integrals are evaluated as

/(p (h_(t,w), w)dt (12a (x1 — x2, W) — (1=l - 0)r> (p—(1—-0)r)

1-6)r - 0
+3 (S5t 4a) (P - a2,
A+0)r . o - r
/p <h+(t,w),w>dt:(l2_a<w1xz,w> ( )gl—l—ﬁ) ) (1+60)r—p)

+% (1;O‘+2> (1+6)22 — p2).

Substituting the integrals and arranging the terms, we get the following:

() = s el + 52+ O
: <12_a0‘<x1 ~anw) = 5 a)él : 9)7~) pt (12_5)& + a) p? forpe (-0,
hy(p, w) :=(1i‘2)2 |2y — zo)2 + (1- a)(210_|_ 0)2r2
’ <12_aa<‘”1 — T2, w) — - a)él +9)r> p+ <12_9a + 1) p’ forpe[r,(1+0)r].

We can double-check that h_(r,w) = hy(r,w) by substituting p = r to both functions, arranging
terms, and noting that

2

(0%
2 |21 — 2|3 + ar? + B6% =

2, 2
1—ap B 1 — 22l + 77, (72)

o'
(1-«
by definition of 5 in Eq (38).
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Using h_, hy, h_, and h defined as above, we can define infinite number of hyperplanes
corresponding to each point ¢ + pw in Itp,

20 (@) = (he(p,w),x — (e + pw)) +h-(p,w)  forp € [(1— O], [lwll, =1,
12" (@) = (b (p,w),x — (e + pw)) + hy(pw)  forp € [, (14 0)r], [lwll, = 1.

After substituting i_(p, w), h(p,w), h—(p,w), and h(p, w), and then arranging terms, we get

w ! (1—a)(1—6)*?2 11—«
f2 (x):(l—a)Q w1 — |5 + BO* + 59 —< 59 —|—a>p2
+ <12_aa(x1 —x9) — {a —a)él _H)Tw—i— (1;0( —|—2a> pw, T — c> (73)
w a? (1—a)(1+6)%? 1-—«
e LR e &t L
2 1- 1+6 1-
+<1_aa(961—3?2)—( a)é + )Tw—i-( 9a+2)pw,x—c>.

We can finally state the definition of the interpolated function, which is
f(x) = max {fl (), fa(x), sup 7% (x), sup fﬁ’w(x)} . (74)
pe[(l—t)’l’,T‘],”’LU”Q:l pG[T,(l—‘y—t)’!’},H’wHQZI
E.3. Proof of Lemma 14
Before the proof of Lemma 14, we state and prove a “helper” lemma.

Lemma 23 The following holds:

1. Forany 0 < p < p1 < pg where p1,pa € [(1 — 0)r,r], and any unit vectors w,w', we have
[P (e + pw) > fP2Y (¢ + pw), where equality holds if and only if py = pa and w = w'.

2. For any p > p1 > po where p1,p2 € [(1 — 0)r,r], and any unit vectors w,w’, we have
[P (e + pw) > fP2 (¢ + pw), where equality holds if and only if py = pa and w = w'.

3. Forany 0 < p < p1 < pg where p1, p2 € [r, (1 + 0)r], and any unit vectors w,w’, we have
P (e + pw) > 2" (¢ + pw), where equality holds if and only if p1 = ps and w = w'.

4. For any p > p1 > po where p1,p2 € [r,(1 + 0)r], and any unit vectors w,w’, we have
P e+ pw) > f72" (e + pw), where equality holds if and only if py = p2 and w = w'.

5. Forany p € [(1 — O)r,7], h—(p,w) > fa(c + pw), where equality holds if and only if

p=(1-0)r
6. For any p € [r,(1 + 0)r], hi(p,w) > fi(c + pw), where equality holds if and only if
p=(1+0)r
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Proof For Part 1, we first show that f”*"" (c+pw) > £ (c+ pw), and then show f7** (c+pw) >
#72"" (¢ + pw). From Eq (73), we can see that

P2 (e + pw) > P2 (e + pw)

e (= N etz s (L= e (lz2 .,
55 T )i 7 a)pip> 55 T) P 7 ) pap
< (p2 = p1)(p2 + p1) = 2(p2 — p1)p;

which is true because p < p; < pa2. Also, we can check that equality holds if and only if p; = po.
For the next step,

2 (e + pw) > 22 (e + pw)

(1-—a)(1-0)r (l—a
w +

— (— 7 7

+2a> pow, pw) > <_(1 A =0 . (1;(1

5 + 2a> paw’, pw)

= (5= 1= 0)r) + 2002 pl1 = (') 20

which is true and equality holds if and only if w = w’. Parts 2—4 can be proved in a very similar
way.
Part 5 holds because of the definition of A_(p, w) in Eq (71) and we can check that

(h—(p,w),w) > (V fa(c+ pw),w) for p € [(1 — 0)r,r],
where equality holds if and only if p = (1 — 6)r. Part 6 can be proved similarly. |

Given the helper lemma, we prove Lemma 14 by partitioning p into 8 intervals and prove each
case separately. Specifically, for each case we show that for any given p and w, the supremum
f(c + pw) is achieved by exactly one or two functions among all the functions. If there are two
functions that achieve the supremum, we show that they have the same gradients. If this is true, the
statement about V f(c + pw) will naturally follow.

Case 1: p = 0. When p = 0, f5 is strictly bigger than all other functions. We can show this by
directly comparing function values at x = c¢. For this case, recall from Eq (72) and definition of f;
and f, that

2

(1?70[)2 o1 — 222 = ﬁ 21 — ) 2486°—(1—a)r? = foc)—(1—a)r?. (75)

file) =
There are three things that we need to check:

1. fae) > f2(e),¥p € [(1 = O)r,7], '], = 1
2.2
= 0> 0GR — (158 4 a) o2V € [(1 - O)r.]

1—a)(1—6
2
— 0> % — (52 +a) (1-0)%2 = —a(1 — )%2
2. fale) > £ (c),¥p' € [r, (1 + 0)r], |||, = 1. Note that

' W a? 1 —a)(1+6)2r? 11—«
00 = g e -l O T (20 2
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— 27'2 —
— (0) - (1 -y LECEOT (12040

so we need to show

(1—a)(1+6)*?

11—«
_ _ 2 _ /2 /
1oy L2 (1552 +1) 2 <0 € 1+ 0]
_ 2,.2 _
= —(1—a)7’2+(1 a)(219+9) z —<126a+1)r2<0 —= (1-a)f <2,

which is true because o, 0 € (0,1).
3. fa(c) > fi(c). This is already shown by Eq (75).
Case 2: p € (0,(1 — 0)r). In this region,

2ap
fa(c+ pw) = ( 5 Hx1—x2H3+552+ 1

T _aa) (z1 — 22, W) + ap?

—
dominates all other functions.

1. folc+ pw) > 7 (c + pw),¥p' € [(1 = O)r, 7], |w'|l, = 1. To show this, it suffices to

show fa(c+ pw) > fﬁH’)”’w (c+ pw), and the rest follows because of Lemma 23.1. We can

)r,w(

calculate and arrange f£1_9 ¢+ pw) to get

fil—e)r,w( ap <$1_w27w>—a(1—9)2’r2+2a(1—9)7'p,

ctpw) =

s [l — 5
oy 71— 22l B0

SO

£1—9)r,w(

fa(c+pw) > f chpw) <= a(1-0)*r*—2a(1-0)ptap® > 0 <= a(1-0)r—p)* > 0,

which is true.

2. fole+pw) > fi,’w’(c—l—pw),v,o’ € [r,(1+0)r], ||w'||, = 1. Notice that we just showed that
fa(e+ pw) > f2%(c+ pw) = f7*(c+ pw). The rest follows by Lemma 23.3.

3. fa(c+ pw) > fi(c+ pw). This can be shown by direct comparison.

Case3: p = (1—-60)r. Inthiscase, fo(c+(1—0)rw) = fil_e)r’w(c—i—(l—ﬁ)rw) =h_((1-0)r,w)
is strictly greater than all other functions. The gradient still exists because the gradients of these two
functions are the same: V fa(c+ (1 — 0)rw) = Vf&lfe)r’w(c + (1= 0)rw) = h_((1 — 0)r,w), as
we can see from Eq (69). We need to show:

L. fo(e+ (1 = O)rw) > ff/’w/(c + (1 = 0)rw),¥p' € [(1 — O)r,r],||w'||, = 1, as long as
(p',w') # ((1 — 0)r,w). This is true because of Lemma 23.1.

2. fale+ (1= 0)rw) > £ (c+ (1= 0)rw),¥p' € [r,(1+0)r], |w'|l; = 1. We just showed
that fo(c+ (1 — 0)rw) > f2(c+ (1 — O)rw) = fL"(c+ (1 — 6)rw), so the rest follows
by Lemma 23.3.

3. fale+ (1 —8)rw) > fi(c+ (1 — @)rw). This can be shown by direct comparison.
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Cased: p € ((1 —0)r,7). In this region, the function f”* dominates all other functions. Note
that f*"(c + pw) = h_(p,w).

1. f%(c+ pw) > fa(c+ pw). This is true by Lemma 23.5.

2. [P e+ pw) > 7 (e + pw), Vol € [(1—0)r,r], ||uf |, = 1, as long as (o, w') # (p, w).
This is true because of Lemma 23.1 and 23.2.

3. 2%+ pw) > fﬁ/’w/(c + pw),¥p' € [r,(1 + 0)r],||w'|]l, = 1. We just showed that
2% e+ pw) > f2%(c+ pw) = f1"(c + pw), so the rest follows by Lemma 23.3.

4. f%(c+pw) > fi(c+(1—0)rw). This can be shown by noting that fo(c+pw) > fi(c+pw)
by direct comparison, and then Lemma 23.5.

Case 5: p =r. Inthiscase, 2" (c+rw) = h_(r,w) = f7"(c+rw) = hy(r,w) is greater than
all other functions, but their gradients are also the same.

1. f°“(c+ rw) > fa(c+ rw). This is true by Lemma 23.5.

2. P+ rw) > ffl’w,(c#— rw),Vp' € [(1—0)r, 7], ||w'||, =1, as long as (p,w’) # (r,w).
This is because of Lemma 23.2.

3 11 (ct rw) > 7 (e rw), Y € r, (14 0)r], [, = 1, as long as (¢, w') # (r,w),
which is implied by Lemma 23.3.

4. f¥(c+rw) > fi(c+rw), by Lemma 23.6.

Case 6: p € (r, (1 +0)r). We have to show that f?"(c + pw) = h(p, w) is greater than values
from all other functions.

1. f2"(c+ pw) > fi(c+ pw). This is true by Lemma 23.6.

2. (et pw) > 1 (e + pw), Vol € r, (1+60)r],||u |, = 1. as long as (o, w') # (p, w).
This is true because of Lemma 23.3 and 23.4.

3. (e + pw) > 7 (e + pw), Vo' € [(1 = O)r,7), |w'[], = 1. We just showed that
e+ pw) > f2(c+ pw) = f2"(c + pw), so the rest follows by Lemma 23.2.

4. f2(c+pw) > fa(c+(1—6)rw). This can be shown by noting that f1(c+pw) > fa(c+pw)
by direct comparison, and then Lemma 23.6.

Case7: p= (1 +0)r. Here, fi(c+ (14 0)rw) = J(FHQ)T’w(c + (1 +0)rw) = hy (14 0)r,w)
dominate, but the gradients at the point are the same.

1. filc+ (1 + 6)rw) > f_’:’w,(c + (1 + 0)rw),¥p' € [r,(1 + 0)r],||w'|, = 1, as long as
(p',w") # ((1 + 0)r,w). This is true because of Lemma 23.4.

2. file+ (L+0)rw) > 7 (c+ (1 + 0)rw),¥p' € [(1—0)r, 7], |[w' ||, = 1. We just showed
that fi(c+ (1 + 0)rw) > fI(c+ (1 + 0)rw) = f2(c+ (1 + 6)rw), so the rest follows
by Lemma 23.2.

3. file+ (1 +8)rw) > fa(c+ (1 + @)rw). This can be shown by direct comparison.
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Case 8: p € ((1+6)r,00). In the final case,

? 2ap 2

(1 — 9, w) + p~.
-«

@ 2
file+pw) = T—a) [z — wall;

dominates all other functions.

L. fi(e+ pw) > f¥ 7 wl(c + pw),¥p' € [r, (14 0)r], |w'||, = 1. To show this, it suffices to

show fi(c+ pw) > f (H0rw (¢ 4 pw), and the rest follows because of Lemma 23.4. We can

calculate and arrange f (L+6)r, (e + pw) to get
2
o 2a
M e pw) = g oy = wally T (1 — ) — (L0 4 21+ 6)rp,
(1—-a) 1—a
SO

frletpw) > IO (chpw) = (140) 22 —2(140)p+p> > 0 <= ((1+6)r—p)>

2. file+pw) > ff/’w/(c%— pw),Vp' € [(1—0)r,r],|w||, = 1. Notice that we just showed that
file+ pw) > [ (c+ pw) = f7(c + pw). The rest follows by Lemma 23.2.
3. fi(c+ pw) > fa(c+ pw). This can be shown by direct comparison.
E.4. Proof of Lemma 15

From Lemma 14, it became clear that

YfQ(C +pw) ifpe0,(1—0)r

i (ow) if p € [(1—6)r,7]

VICT P =N w)  ifpeln(lt o)
[

]
Vfi(c+ pw) ifpe[(1+0)r 00).

In order to show that the function is ( 1;‘)‘)—smooth, it suffices to show that each piece of the
function has ( 1—a

7 )—Lipschitz gradient. Since f; and fs are quadratic functions, it is easy to see

that they are 2-smooth and 2a-smooth, respectively. In case of h_(p, w), for py, pa € [(1 — 6)r, 7]
and any arbitrary unit vectors w; and ws,

h—(p1,w1) — hf(m’m)HQ

I a)él — G)T(un —wz) + (1204 + 206) (prw1 — paw) ,
= 75201 — (1= 8)r)wr — (o2 — (1 = O)r)un] + 2a(pres — o) )
<UDy — (1= B)ryun — (o2~ (1~ B))unl, + 20 orn — ol

1 _
<204 + 9) [ p1wr — pawz]|, -
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The last inequality sign used that ||(p1 — (1 — 0)r)wi — (p2 — (1 — O)r)wal|, < |[prwi — pawall,.
To see this, whenever 0 < z3 < z7 and 0 < z3 < 29,

[(21 = z3)w1 — (22 — z3)wa|ly < [[z1w1 — 22w2ly
< (21 — 23)2 + (22 — 23)2 —2(z1 — 23) (22 — 23) (w1, we) < z% + z% — 2z129(w1, w3)
< ((Zl — 23) — (2’2 — 23))2 + 2(21 — 23)(22 — 23)(1 — <w1,w2>) < (Zl — 22)2 + 2Z122(1 — <’LU1,U)2>).

Similarly, for p1, p2 € [r, (1 4 0)r] and any arbitrary unit vectors w; and wo,

|t (p1, w1) — hy(p2,w2)]l5

— H_ (1-— a)él + 9)7"(w1 —wa) + (1_90[ + 2) (prw1 — pows)

2

0 [(T+0)r — p2)wa — ((1+ 0)r — pr)wi] + 2(prw1 — pow2)

1«
< [((1+0)r — p2)wa — (1 +0)r — pr)wi|ly + 2 [[prwr — pawsl|,

_Hl—a

2

11—«
< <2 + 0) | prwr — pawsl|, -

The last inequality sign used that ||((1 + 0)r — p2)ws — ((1 4+ 0)r — p1)wi ]y < [[prwi — pawall,.
To see this, note that whenever 3 < 21 < z3 and 3 < 20 < 23,

(25 — 2z2)wa — (23 — 21)wi |y < [lz1wr — 22w2[
<~ ((23 - ZQ) — (23 — Zl))2 + 2(2’3 — 22)(23 — 2’1)(1 — <w1, w2>) S (21 — 2’2)2 + 22122(1 — (wl,w2>)
e (23 — Z2)<23 — 2:1) < 2921.

The last statement holds because 0 < z3 — 21 < 21 and 0 < z3 — 29 < 29. Recalling § € (0, 1), p1,
p2, and (1 + 0)r corresponds to z1, 2o, and z3, respectively. This concludes that the whole function
has (2 + 152)-Lipschitz gradient.

Now, since we know that fo(x) is 2a-strongly convex, the proof of 2a-strong convexity can be
done by showing that f(z) := f(x) — fa(z) is convex, or equivalently, that V f(x) is monotone.
The value of V f (c + pw) depending on different values of p is as the following:

0 if0<p<(1-0)r
) B ww if(l—-0)r<p<r
Vf(c+ pw) = (1fa)((1+2g)pf(1+9)r)w ifr<p<(1+06)r

2(1 — a)pw ifp>(1+06)r

Now, we need to show that V f (¢ 4 pw) is monotone, meaning that
<Vf(C—|— p,w/) - Vf(c—}— pw)ap,w/ - pw> >0, Vp = Oap/ >0, ||U)H2 = Hw,HQ =L
For notational simplicity in the proof, define (x) = (V. f(c + p'w’) — V f(c + pw), p'w’ — pw).

1. If p,p € 10,(1 — O)r], (x) = 0.

59



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

2. Ifpef0,(1—=0)r],p € ((1—0)rr]

(= Lm0 () > 00

3. If pe [0, (1 =0)r],p € (r,(1 + 0)r], the proof is similar to Case 2.
4. Ifp € [0,(1 —0)r], p' € ((1 4 0)r, o0), the proof is similar to Case 2.
5. Ifp,p € (1 =0)r,r],

(=" 5 D (¢ = (1= 0o = plw,w')) + (o — (1= O)r)(p — ', w')))
> Lo (0 (1= 00— )+ (0~ (=)o~ 1)
(1-a)f —pP
W=p? s

6. if pe ((1=0)r,r], 0 € (r,(1+06)r],

(2 L= W=D (1 20)f — (14 0)r) — (o~ (1~ B)r)

7. ifpe((1—=0)rr],p € ((1+0)r, o),

(2 Lm0 (9 (o 1 - 0y
= W(G@p’—r)—i—r—p) > 0.

8. If p, p' € (r, (1 + 0)r], the proof is similar to Case 5.
9. Ifp e (r,(1+0)r],p" € (1 +0)r,00),

() > LT =D) (995 (142000 — (14 0)r)))

L= WZ0) (99 — )+ (14 0)r — p) > 0.

10. If p, p' € ((1 + 0)r, 00), the proof is similar to Case 5.

E.5. Proof of Lemma 16
By Lemma 13,

Itp = {c+pw | (1= 0)r < p < (L+0)r [lwll, = 1} C (B, (n6)° N B, (4)).

So, Lemma 16.1 and 16.2 are implied by Lemma 14.
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For Lemma 16.3, By observing fo(xs) = 5852 +t < fao(z) < f(z) for all z, it is easy to see
that the global minimum value of f(z) is 5362 + ¢ and is attained at zo € B2 (nd). Also, at any
z such that ||z — z1|, = J, we can check f(z) = fi(z) = s62 + t. By convexity, any point in
between x and 5 cannot be larger than s§2 + ¢, which means that s36% +t < f(x) < s6% + t for
allz € B2 (6).

For the last statement Lemma 16.4, we will assume that the scaling factor s = 1 and prove
that |V f(z)|l, < 2. The norm of gradient ||V f(x)||, naturally scales with s, so Lemma 16.4
follows for any s > 0. Note that ||V f1(z)||, = [|2(z — 1), < 26 for any = € B2 (4). Also, for
z € B2 (0),

|V fa(x)]ly = 20 ||z — 22|y = 20 || — 21 ||y + 20 |21 — 225 < 206 + 2amd < 26,

where the last inequality is by Eq (37): +a+an < 1, which implies o +an < 1. Forz = c+ pw
where p € [(1 — 0)r,r] and w is any unit vector, V f(z) = h_(x).

Ji-te o], = |25 o1 = )+ [ E=2Z =0 o |
<ol = gl + | U OO g0 < 2O 14y

where the last inequality is obtained by substituting p = 7, the maximum possible p in the range.

(1—a)(p—(1+0)r)
0

2

s ol 2o+ ]

2 [(1—04)(p— (1+6)r)

2

2
+m}glmﬁ+2a+@n
—

<

Sy—g Iz a2l + 7

also where the last inequality is obtained by substituting p = (1 + €)r. We can check that 1 + o <
2 < 2(1 + 0), so it suffices to show

20md
1an +2(1+ 0)r < 26. (76)
—
First, recall from Eqs (36) and (38) that
_ o 2 | Bo? Q=) +n)? o
T_\/<1_a)2||x1 x2||2+1_a¢ andﬁ_ A 1_—a
Substituting 3,
(1 +77)252 o 259 2 (1+77)5
= — — — < 2T
r \/ 4 (1 _ Oé)2 (77 4 H‘Tl x2||2) — 2
substituting this to LHS of Eq (76) and also 6 = }IZ:% as defined in Eq (39),
2 2 l—-n—a-— 1
M0 501 4 o)y < 2010 +2(1+ i an) (L+m)?
-« 1l -« l14+n—a—an 2
2and l—a—an
el i T ) (48 = 26,
I~ ((1+n)(1—a)>( )

Thus, we have shown that for any = € B2 (4), ||V f(x)||, < 26, which is our desired Lemma 16.4
with s = 1.
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E.6. Proof of Lemma 17

We start by showing the following technical lemma, which illustrates how the functions after the
smooth max operations look like. Its proof is deferred to Appendix E.8.

Lemma 24 For any set of parameters ui, us, . .., un, v chosen by ug € UM, vy € u&i{l for
t€2:M,andv €V, run Algorithm 3 and get f; . (x). Then, for anyt € 2 : M, we have:

fulztfl (x) V:U ¢ B12j,t_1 (6t_1)7
hul:t (x) = g’ul:t (x) vx 6 Bit,l(nétfl)a

2. CBYL aml62 < fuy,(x) S CB Y2 a2 +-Cat=262 | forall x € B2, (6;-1).

Ut—1

1L fuu(‘r) = {

3. fur, (@) = max{fu,, (), gu,.(x)} is smooth.

Also, at the final step,

4. fr (x)= Surons () va & B?LM (9r),
- Jurm hy (x)=gb (x) Voe B?LM (méar),

5. C8YM amTlel < fu (x) < CBY ML amT162 +CaM 163, for all x € B2 (Su).

un
6. f;’l:M(as) = max{ fu,.,, (), Gityns ()} is smooth.

As done for Lemma 6 in Section D.2, we prove Lemma 17.1 and 17.4 using simple and intuitive
argument that max operations done in Algorithm 3 only changes limited parts of the domain. From
Lemma 24.1, note that whenever we have f,,, ,(z) and take max operation with g, ., (z) to con-
struct fy,, (), any point Vo & B2 _ (0¢—1) does not change its value; i.e. fu,,(2) = fu,,_, ().
This means that the Line 6: f,,, (x) := max{ fu,, , (%), gu,,(x)} in Algorithm 3 can only possibly
change function values in B2, (&;_1). Also, later iterations of the algorithm do not change that the
(61-1) D B2 (6;) D --- D B2 (). From

upn

this argument, we can see that 2 (x) = f7 . (2) = fuy,_,(x) forallz ¢ B2, (6;1),

therefore proving Lemma 17.1. Similarly, Line 10: f? = (z) := max{fy,,, (2), g, ,,(z)} in Al-
gorithm 3 can only change function values in B2 (éx7), so f.1, (z) = fiI1 (z) = fu,,, (z) for
allz ¢ B2 (0)), proving Lemma 17.4.

Lemma 17.5 can be implied directly by Lemma 24.5. In order to prove Lemma 17.2, note the

following facts from Lemma 24.5 and 24.2:

Ut—1

function values at z ¢ B2 (6;_1), because BZ

M M—1
cp Z amm1e2 < fuy () OB Z ™ 162 + CaM162, forall z € B?LM((SM)7

m=1 m=1
M-1 M-2

CBY o™ 6% < furp(@) SCB Y o™ 60, + Ca 7265, forallz € B (6a-1).
m=1 m=1

Note from Lemma 24.4 that f¥ (z) = fu,,,(z) forall z ¢ B2 (éy), and that, for all z €
B, (0n).

M-1 M—2
fo (@) S CB Y am a2+ CaMle < 08 S o leE + CaM 23,
m=1 m=1
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_a\82
The last inequality is because % > (5]2\4 holds for large enough n by assumption that §; =

0(dpr—1). From these observations, we have

M-1 M-2
CBY ™ok < fy (x) <CB Y amen, + CaMTsy,  forallz € BY (6a-1).
= m=1

Again note that, forany z ¢ B2~ (dy—1) wealsohavex ¢ B2 (6ar),50 [0 (%) = fu,,, (@) =
Juyas—q (z). We can repeat a similar argument and obtain

M—-2 M—
CBY o™ o < fu (x)<C Z 162, 4+ CaM 353,y forallz € BZ  (Sp—2).
m=1 m=1

For any ¢ € 2 : M, we can repeat this argument until B2 (6;_1), so that we get

_ t—2
CBY o™ lor < fo  (x) SCBY o™ 6% + Cal 267 foralle € B, (61),

m=1

which directly implies Lemma 17.2 that we are after.
For Lemma 17.3 and 17.6, we will show that the function value f = (x)inB2Z,_ (§;—1) canbe
expressed as

ket:M

Juy.p (T) = max {hul:t_l(x), max {90 ()} 5 9y o, (T )} for all x € BUt L(0-1). 77

Notice from Lemma 24.1 that f,,, (z) = hy,,_ ,(2) for all z € B2 (nd—2). Recall that

’l,Lt 1 (5t 1) C B’IQAt 2(77575*2)’ SO fulzt—l (x) = hulzt—l( )ln B121,t 1 (57&71) After thlS p01nt f;t)l Jw( )
is obtained from max operations with gy, ,, - -, Guy.,s> gul_ - This proves Eq (77). Given Eq (77),
we prove Lemma 17.3 by showing that for any x € B2 ., (0¢—1), all the operands of the max op-

eration in Eq (77) satisfy that £5 norm of the gradlent is bounded above by 2C'a!~2§;_1. First, the
gradient of hy,, , (z) == Cal™2 ||z — w1 |3+ CB Y2 ™= 162, is Vhy,, ,(x) = 20t 2(z—
Ug—1), SO

Hthl:t L H2 < 2Ca!™28;_, forany z € BUt (0¢-1).

Now, for k € ¢t : M, apply Lemma 16 for g, , (x) = SMAX(hy,.,_,, huy.,, @1, 0k—1). Recall the
definition

k—2
P (1) = Ca* 2 [z — w2+ CBY - am1s2,

k—1
i (2) = CoM |l — w3+ CBY o™ o,

then we can note that in terms of the formulation in Lemma 16, s = Ca*=2,t = C3 Zm L amLg2
and 0 = 6j_1. From Lemma 16.1 and 16.4, we have

gul:k(x) = hul:kfl (':U) for all x ¢ Buk 1(5k5—1)
IV gu,,, (2)]l5 < 20aF 25,1 < 2Cat™25,_, forallx € Bik (Ok—1)-
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For z € B, (6x—1) we already proved that ||Vgy,, (2)ll, < 2Ca'"2§;_;. We now have to
consider points in B2 (d;—1)°NB2,_ (d;—1). Note that for k = ¢, this is (. For k € (t+1) : M,

199010 @y = [|Vuy,s @), = ||2064 2@ = w)
<2007 |o — w1y + 2C" 2 Jup—1 — up_1 ]|y < 20aF726, 1 + 20026,y
<20t 16,1 +2Cat s, = QCat_th,l(a +na) < 20at726,_4.
Thus, for any z € B2 (0;-1), |[Vgu,.,. (@)|ly < 2Cal™28,_1 for k € t : M. We can prove this

Ut—1
inequality for g;,  (z) in the same way. Since all the function in the max operation satisfies upper

bound on ¢2 norm of gradient, we have

IV fe ., (93)”2 <2Cat™26;_y forallz € B2 (6;_1),

Ut—1

which implies Lemma 17.3. From a similar argument as Eq (77), we have

ffjl:M(x) = max{hul:M(x),gle:M(az)}, forall x € BiM((FM),

whereby we can prove Lemma 17.6.

Finally, we have to show Lemma 17.7. To do so, we first show that, for any choice of w1, uo, ..., uns
and v,
M
. _ —152
inf fy, () = CB Y o™ 'en,. (78)
m=1

In fact, from Lemma 24.4, we have f! (z) = hY () forallz € B2 (ndy). Also, hY, ()

U: M
is minimized at up; + vndpse; € B%M (ndnr), whose minimum value is the RHS of Eq (78). So,

for any x € D,
M
ZL)I:]M (:U) 2 th:IM (x) 2 hZLM (UM + UU&Mel) =Cp Z 04m_1572m
m=1
proving Eq (78).
Next, we show that
M
ir;f( JfM (z) + fu_llM (x)) =2Cp Z am_légl + 2Con7]25%/[. (79)
m=1
Againnote that f? (z) = k% (x)forallz € B (ndy). Thatis, forz € B2 (ndas), we have
Skl (@) =hfl (x)and f /! (x) = hy! (x). Therefore, for any z € BZ (1),
+1 —1 _ o+l -1
fu1:M (:E) + UL: M (:E) - hul:M (x) + hule(m)

M
=CaM <Ha: —ups — ndarer ||y + || — uar + 776Me1H§> +2Cp Z ™12
m=1

Note also that x = wu, attains minimum, which evaluates to the RHS of Eq (79). So, forany z € D,

o (m) + fu—lle (x) B hill:M (JU) + h;11:1V1 (:L“) = h1T11:M (UM) + h1711:M (UM)

ui:M

M
=208 o™ 62, +2CaMn?sy,,
m=1

thus proving Eq (79). Now, Lemma 17.7 follows from Eq (78) and Eq (79).

64



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

E.7. Proof of Lemma 18

First note that

ur.a (¥) = max {hm (), max {gu1,, (2)}, Guy.a (x)} : (80)

As seen in Lemma 24.6, fy  is smooth. Thus, the smoothness constant is determined by the

“piece” of the function with the largest smoothness constant. This appears at g,,.,(x), whose

smoothness constant is C' (2 + I_Ta), as seen from Lemma 15. In order to prove that f (z)

is 2C oM -strongly convex, it suffices to show that every operand in the max operation in Eq (80) is
at least 2C' o™ -strongly convex. This can be readily checked using Lemma 15.

Now, we are ready to pick parameters «, 77, and C' of Algorithm 3 so as to make sure output

v (x) is H-smooth and A-strongly convex, for the case H/5 > A. The other case (H/5 < \)

UM
will be handled later. That is, we have to choose the right parameters to make

H20<2+1;0‘) and \ < 2Ca™M. (81)

‘We first choose
11—«

2 )
so that 0 < 7 < 1 for @ € (0, 1). Which this choice, we have

’r]:

a2

1
n+a+an—§+a—?,

which satisfies % <n+a+an<1fora e (0,1). Also, from Eq (38),

.= 1-a)@+n)? o’ (9-a)1-a)
' 4 1—a« 16 ’

which satisfies 0 < 8 < % for a € (0, 1). From Eq (39),

0. l-n—a—-—an 1l-«
" 1l4n—a—an 3-a’

which satisfies 0 < 0 < % for o € (0,1). We finished checking that constraints on 7, 3, and 6 are
met, under this particular choice of 7.
With this choice of 7,
l-«o

0
s02 < 122 < 3fora € (0,1). This also means that

C<2+1;O‘) < 5C.

=3 -0,

Now choose

1\ /M H
« <2) , and C 3
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With 7 = (1 — «)/2, we can check that

C<2+0><5C’<H and 2Ca™M > A\,

2H 1
5 2
thus proving Eq (81).
2
For H/5 < A < H, the choice of parameters is a bit more complicated; we choose n = (172&)
which satisfies 0 < i <  for @ € (0, 1). With this choice, 3 < n+a+na < 1. Also, 0 < 8 <

and % < 0§ < 1is satisfied, so all the constraints are met. With this choice of ),

H_ 1 <2+1—a>: 1 <2+(1—a)(a2—2a+3)>‘

B

A 2aM (9 2aM 1+ a?

When expressed as a function of «, the RHS of the last equation has limit co when @ — 0, and

limit 1 when o« — 17. Therefore, for any ratio of H/\A > 1 there exists a g that satisfies the
above equation. Choose o = ag, 7 = (1 20‘ 0)? ,and C' = M, then the output of Algorithm 3 is

H-smooth and A-strongly convex. "

E.8. Proof of Lemma 24

We demonstrate in details the proof for Lemma 24 below, which is based on an induction argument.

Base case t = 2. In the base case, recall the definitions that

fur () = huy () = Cllz = w[|3, huy, (z) := Cal|z — ug|l3 + CB67,
Gui .2 (:L‘) = SMAX(hm ; hul;zv «, 1), 51)

Apply Lemma 16 to h,, and h,,,. Note that in this case s = C, ¢t = 0, and 6 = d;. Then,
Lemma 24.1-2 is immediately proved by Lemma 16.1 and 16.3.
For Lemma 24.3, we want to prove that f,,,(z) = max{fy, (z), gu,,(z)} is smooth. By

ful (33) = hu1 (x)’ already Gui.o (x) > hul (1:) = fu1 (x) Thus, fu1;2 (‘T) = Gui.2 (x)’ and it is proven
to be smooth by Lemma 15.

Inductive case 2 < ¢t < M. Recall the definitions that

Col ™2 ||z — us |2 +C’BZ mfl(sg@,
Calt? ||:U—ut||2+CBZ m—léfn,

sM hul:t727 Py gy s 051, 51&—2)7
sM (hult 1’hul:t7a77775t_1>7

m X{fult 2(x)7gu1;t71(x)}7
m

aX{fUl it— 1(33)7 Guy.4 (1‘)}

Apply Lemma 16 to h,,,_, and h,,,,. Note that in this case s = Ca!=2,t = C8 Zm LamieZ
and § = §;_1. By Lemma 16.1-3,

huyy o (@

ho, ., (z

(

(
Gurs (@

(

(

(

Guy. \ T
Jurg o (@

Jur (T

):
) :
) :
):
) :
) :

G (®) = huyy () forany x € (B _ (1)), (82)

Ut—1
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gul:t (x) - hul:t (x) for any T € B12Lt_1 (77515—1)7 (83)
t—1 t—2

cp Z Q™62 < gy, (@) < CB Z Q™62 4+ Cal™252 | foranyz € Bit71(5t,1), (84)
m=1 m=1

Vgu,.,(¥) = Vhy,, ,(x) foranyz € cl(BZt_l((St_l)C). (85)

We will prove Lemma 24.1-3 using this list of facts. Note that fy,, ,(x) > guy, ,(z) >
hu,., . (z) for all z € D. Together with Eq (82), this yields
Fure1 (%) 2 Guy, (@) forall 2 € cA(By,_, (5-1)%). (86)

Ut—1

For the other case, by using Lemma 24.1 for case ¢ — 1 (induction hypothesis), we have f,,,, ,(z) <
gul:tfl (‘T) = hu1;t71 (w) for all T B12Lt_2 (77575—2) From the deﬁnition fulztfl (a;) = max{ful:tf2 (w)7 gul:tfl (x)}’
we have fu,, () = guy., () = hyy, ,(x) forz € Bgt72(’l7(5t,2). Note that BZFQ (ndi—2) D

B2, (6-1),s0
fU1:t71 (w) = guufl(x) = hm:tﬂ(w) forall z € th_l(dt—l)' (87)

By Eq (83), guy., (%) = huy, (2) > Ry, (z) forany z € B2 (nd;—1). With Eq (87), this proves

Ut—1

ful:t—l(x) < guu(x) = hum(x) forz € Bit,l(n(st—l)’

hence finishing the proof of Lemma 24.1.
By Eq 87), and that hu1;t71 (x> < Guie (x)’ we have fu1;t71 (.%') < Gui.¢ (:L') forallz € B%t_l (675—1)'
Together with Eq (86), this means

Guy. () if |2 — w1y < 0¢1,

. (83)
fUl:t—l(w) if HZL‘ - ut,1H2 > 01

fulzt(x) = maX{fulzt—l(x)’gUI:t(m)} = {

Combining Eqs (84) and (88), this proves Lemma 24.2.

We now have Lemma 24.3 to prove. If we look into Eq (88) more closely, we can see that
furer (@) = guy., () if [|& — us—1|ly = ;1. We know by induction hypothesis that f,,, ,(x)
is smooth, and by Lemma 15 that g,,,, () is also smooth. So, the proof of smoothness of f,, ()
suffices to check if V fy,,, | () = Vgy,,,(x) for all z such that ||z — us—1 |, = d;—1. From Eq (85),

v9u1:t (.I) = thl:t—l(x) if H(E - ut—1H2 = 0¢-1-

Also, fu,., , () is asmooth function, meaning that V f,,,., ,(z) = Vgy,., ,(x) whenever f,,.,, ,(x) =
Guy.,_, (x). Together with Eq (87), we have

vfulztfl(m) = Vgul:tfl(x) = thufl(w) if ”x - Ut—ng = 0¢-1-

This shows V fy,,.,_, () = Vgy,., (z) whenever x satisfies ||z — u;—1]|5 = d¢—1. So f,., is smooth,
hence Lemma 24.3 is shown.

Final Case. It is left to prove Lemma 24.4-6. Their proof can be done in a similar way as
Lemma 24.1-3 for the inductive cases, hence omitted.
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Appendix F. Proof of Theorem 3: Roadmap

The proof of theorem 3 is fairly involved. Indeed, we divide the proof of Thoerem 3 into four
parts: in Section G, we present the proof for the case where the function class & = Fp  and the
oracle is first order oracle, in Section H, we present the proof for the case where the function class
F = Fpu, and the oracle is zeroth-order oracle, in Section I, we present the proof for the case
where the function class F = F, and the oracle is the first order oracle, and lastly, in Section J, we
present the proof for the case where the function class 7 = F, and the oracle is zeroth order oracle.
Broadly speaking, for each of those four cases, we prove the corresponding upper bound via first
introducing a concrete algorithm, and then showing that the algorithm achieves the upper bound in
Theorem 3 through careful theoretical justifications.

Common Notations from Section G to Section J. The following notations are useful throughout
the proofs of the upper bounds from Section G to Section J. For any ¢ € R%, r € R, and k € N, we
use G(c,r, k) to denote the following grids in R?:

r.or, .o\ )
G(eyr k) := C+<EZI’%ZZ""’EZd) |ij e {—k,—(k—1),....,k=1k}foralll1 <j<d;.

Denote v : R, — R to be the function () := x/log(x), which we heavily use in the proof.

Appendix G. Smooth Function with First Order Oracle
G.1. Description of Algorithms

In this section, we propose two generic algorithms: algorithm 4 parameterized by parameters
(¢,r,k,T) € D x Ry x N x N and algorithm 5 that builds from algorithm 4. We note here
that, algorithm 5 in essence, builds from M times of repeated calls of algorithm 4. As will be
shown immediately in the later subsections, it turns out that the two algorithms with careful choice
of parameters return the minimax estimator in single and multi rounds respectively.

G.2. Analysis of Algorithm 4: Single-Stage Analysis

In this section, we analyze the single-stage algorithm 4. For purpose of convenience in later discus-
sion for multi-stage algorithm 5, we slightly generalize the domain of interest. In fact, we consider
the domain to be D, = {x : ||z — ||, < r} parameterized by ¢ € R? and r € R, and the goal
of the algorithm is to find x} ¢, the minimum of f in D, so that the performance of the algorithm

is measured by E[f (%) — f(27} . ,.))]- Note that, if we substitute ¢ = +-1andr = 1 into the results
below, it leads to corresponding results to the original domain D = [0, 1]¢.

Proposition 25 Given any fix c € R? and r € (0, 1], suppose there exists k € N satisfying

(2k +1)? [2k? 1o 2 10 ! : 2
g(2k +1)] < nr?, and k > v o log5+3d +Hd2 |. (89

Then, pick any k satisfying Eq (89) and set T' = LﬁJ . Denote ¢, 7 and T to be the output from

algorithm 4 when we input (c, k, T, r) as the input parameters. Then, we have,

P (@)~ f(2}c,) < 2Hdi? and ||, —él| < 7) =14,
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Algorithm 4 Generic Routine for One Stage Smooth Functions Fp \ (First-order Oracle)

Input: Prior knowledge on A\, H € R, satisfying A < H and the noise level 0 € R,. User
specify the sampling center ¢ € D, radius r € R, grid size parameter £ € N, the sampling
times 7' € N and the confidence level § € (0, 1).

1: Compute the grid points G = G(c, r, k).

2: At each point x € G, query the first oracle 7" times and denote each sample gradient value via
V@)D, Vf@)2,.... V@) D).

3: Compute the gradient estimate at each point z € G via V f(z) := + Zszl Vi),

1
4: Define r° as r¥ := % : (20 (log% + Sd) 2 4+ Hd%) Compute the ‘candidate’ set S € G:

- A
S = {x €G: <Vf(x),y — x> +5 ly — /|3 > 0 forally € G satistying ||y — x|, > TS}.

5: Find the center z° € S, defined by 2° := argmin, . g maxycs ||z — y||,-
1

6: Define 7 as 7 := % (a (log % + 3d) 2+ Hd%> Define the following rectangular W by:
W .= {xeD : Hx—a:SHOO Sf}
7. Return the center ¢ = 2, the radius # and the estimate 2 € W, defined by

T = argmaX’{Z' € {1,2,. . ,d} : |.CCZ — Ci| = T}’,
zeW

where for each 1 < i < d, z;, ¢; denotes the ith coordinate of x, c € RA.

Algorithm 5 Generic Routine for Multi-stage Smooth Functions Fp » (First-order Oracle)

Input: Prior knowledge on A\, H € R, satisfying A < H, the noise level 0 € R and number
of rounds R € N,. Initialization of parameters (cq,7r1,k1,71) € R? x Ry x N x N. User
specifies the confidence level § € (0, 1] and the updating rule used in line (3) of the algorithm.

1: fori=1to M do

2:  Run algorithm 4 with input parameters (c;, r;, k;, T;). Denote the output to be ¢;, radius 7;
and estimate Z;.

3:  Update (¢jt1,7i+1, ki+1, Ti+1). The updating rule may take ¢;, 7; and Z; as input.

4: end for

5: return I s as estimate of :c} and the radius rp741.
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Remark 26 Before we give the proof of proposition 25, we give some high-level intuitions why the
algorithm 4 should work. First of all, since the noise are all light-tailed random variables, it is
expected that all gradient estimate NV f(x) concentrates at the true gradient ¥V f(z), so that they
give useful information of the gradient value at all grid points in G. So the question becomes,
how can we utiliize the noisy gradient information in G to find the minimum :r; e which can be
characterized as the following:

(Vf(@5 o)z —25.,) >0 forallz € De,. (90)

Due to the construction of the grids, it is immediate that there always exists some point & belonging

T — :z:} or < %- A more careful analysis

to the grid set G such that T is close to a:} oy Up to ‘
bt [e'e)
from lemma 28 gives us a stronger but useful result: we can always find some T € G such that it

satisfies below two equations simultaneously,
|z — x}’c,rHoo < % and (Vf(2%,.,),x—7) >0 forallx € De,. 1)

Basically, Eq (91) and Eq (90) tell us that, there always exists some grid point & € G close enough
to x}y e SO that, it has similar property as m}’ e This motivates us to search for points as T € G.
One difficulty in searching for T is that its characterization from the second inequality of Eq (91), as
it requires knowledge of the value V f (.:13‘}7 c,r)' Our strategy is to approximate the unknown gradient

value V f (1:}7 CJ,) by f (). However, due to such approximation, we need additional regularization
to make the term to be non-negative. This motivates us to define the set S in line 4 of the algorithm 4.
As will be made more precise in lemma 29, we know that, with high probability, T € S and all points
in S is close to & up to O(k~Y). This crucial observation also motivates the construction of our
algorithm from line 5 to line 7. In line 5, we first find the center of the set S, i.e, z° and then in line
6 construct the set W centered at x° with an appropriate radius so that we can make sure both T
and thus :c} o are within the box W with high probability. Finally, we carefully select & from the
box W in line T to make sure the function value f(%) is also close to the minimum f(z% . ).

Proof We start proving the proposition by considering the following high probability event. Denote
I" to be the following event:

= {H@f(ﬂi) - Vf(l‘)Hz < rf = 20\/; <10g; + 2d + dlog(2k + 1)> forall z € G}.

The lemma below shows that I" happens with probability at least 1 — 4.
Lemma 27 We have P(I") > 1 — 6.

Proof First, let us for each z € G, denote () := V f(x) — V f(z). Then, since by our assumption
the noise vectors {V f(z)® — V f(x) iTzll are mean 0, independent and is subgaussian with param-
eter o2, we have that () is mean 0 and is subgaussian with parameter o2 /T". Therefore, we have,
for any fix z € G,

ra 2
P (el > ) < expedexp (5T ) < st + )7
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where the last inequality above uses the definition of 7*. Now, the desired claim of the lemma
follows from the fact that |G| = (2k + 1)? and the union bound of the above events. |

Note that, since our condition on k in Eq (89), we get, T' > 2k2 log(2k + 1)1"_2, and hence,

1
2 1 2 1 2
o = 20\/T <10g 5+ 2d + dlog(2k + 1)) < % <log s 3d> . (92)

Lemma 28 There exists some T € G satisfying the below conditions:
|z — x}ywHoo < % and (Vf(x%.,),Z—25.,) =0. (93)
Any Z satisfying Eq (93) satisfies the crucial property below:
(Vf(@},p),x—Z) > 0forall x € Dey. (94)
Proof To start with, let us define the set K* to be:
K*={ie{1,2,...,d}: |(x;,c,7")i — ¢l =r},

where in above, (m} ..»)i denotes the ith coordinate of x} .r- Now, using optimality condition of
x’} ¢ (actually complementary slackness condition from the KKT characterization of ac} or)s WE
know that, (V f(z%.,)); = 0 forall i ¢ K*. Now, denote the following sets:

RN = {z e R?: 2; = (a,,)i foralli € K*}, GX" = GNRX and DX = DN RY".

Then 2% .. € D®". Now, denote z = argmin_qx+ ||z — L5y i Then, it is easy to see that,
Hi‘ — X, . < % since GK” forms a set of grid points of DX”. Thus, we have,
<vf(x},c,r)7 z— x},e,r> - Z (vf(x},c,r))i (i'l - x?,z) + Z (vf(x;,c,r))l(j% - x},l) =0.
iEK* T igK* ﬂ-’

Now, the above identity and the optimality condition of :z:} ¢ I Eq (90) together imply that
(V@) z—z)=(Vf(a}e,),x—af.,) >0 forall z € D,.

Lemma 29 Let  be any point in D, satisfying Eq (93). Denote S to be the ‘candidate’ set S C G
in the line 4 of algorithm 4. Then, on event ', we have,

1
4 1 2
zeS and S C {:L‘ €D, :|lz—27|y < )\—; (20 (log5+3d>2 +Hd§>}. (95)
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Proof Throughout the proof, we assume event I' happens. Note the upper bound on r* in Eq (92),
we know that, on event I,

21618 H@f(m) — Vf(a:)H2 < %%T <log; + 3d>é . (96)

To show the desired result, let us define D%, to be the following subset of D,

T

1
4 1 3
DY, = {x: |z —z|y > )\—7]; (20 <log(s —|—3d) +Hd§> }

By definition of S, it suffices to show that, for all x € D&

~ A ~ A
<Vf(gz), z— a?> + 5w =[5 >0 and <Vf(x),§; - :c> +Sle—al3<0. O
To do so, let Z € D, satisfying Eq (93). Then for any x € D, using Eq (94), we get,
(VI(@),2 —7) > (Vf(@) = V[ (2},)x—T). (98)

Now, note that Z satisfies HJE — x} or

< % Since the function f is smooth, we get that,

_ _ _ _ Hrvd
IV5@) = Vi@, o = all, < H |7 = 2f,ll, < HVA||7 - oo, || < =
Hence, by Cauchy Schwartz inequality, we further get,
_ _ _ _ Hrvd _
(V@) = V(@fep)z =) = = [|[VI@) = V(@fe,)], lz =2l = - [ = ], -
99)
Noticing the definition of DY, Eq (98) and Eq (99) together imply that, for all z € Dg%,,
_ A _ Hrvd A _
(Vi@a -2+ e -3l 2 - e gl + Sl -alz 0. (00)

ex
Cc,7r?

Now, using Cauchy Schwartz inequality, we get that, for all x € D

—~ _ _ A _ —~ _ _ A _
(Vi@ - Vi@,a—2)+ 7 e -2l > || Vi@) - V1@)|, Iz =2l + 5 o — 203 > 0
(101)
Now, inequality (100) and (101) gives that for all x € D%

~ B A B
Vi@)a—z)+5 lle -3l

— (twr@so-ah+ § e al) + (950 - Vr@) o)+ § o - al) >0
(102)

S
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This gives the first part of Eq (97). Now, since the function f(-) is A strongly convex, for all
z € D¢, we have,

(VF(@) = Vf@),2—z) >Nz — 3.
Together with Eq (100), it shows that, for all x € D%

c,r?

(Vi) )+ 2 o — 22 < Alle — 23— (V&) ~ Vi@), 2 —a) 0. (103)

Now, using again by Cauchy Schwartz inequality, we get for all z € DX

c,r

= _ _ A _ =~ _ _ A _
(V1@ - Vi@)a-7) - 5 lle -3l < |V1@) - V@) Iz = all, - 7 llo = 2l < 0.
(104)
Thus, for all z € D, the inequality below holds

~ B A B
(Vi@ —a)+5 e -l
_ 3 2 N _ A 2
= ((Vi@a—a)+ e —2l3) + ((VF@ - V@2 —2) = 7 =33 ) <.
This gives the second part of Eq (97). As discussed previously, this shows that Z € S. |

The lemma above has a lot of nice implications. Indeed, denote W to be the set that we construct in
the Gth line of the algorithm. In fact, using Eq (93) and Eq (95), on event I, the distance between
z5 and :U’},C?T can be upper bounded by,

1
i i 10r | 2 D\
Hxs _ wa}’w‘b < HxS —z||, + ||z - :p}vcerz < % (0’ <log5 + 3d> +Hd2> =7

By definition, this means that x}@r € W on event I'. Finally, we show that, our careful choice of
& € W makes f(Z) is close to f(z7},..) close up to O((7)?).
Lemma 30 Assume that k satisfies Eq (89). Then, © < r, and on event I, T satisfies,
f(&) = f(aF,) < 2HdP.
Proof We prove the desired inequality by showing the following crucial property of Z:
(Vf(@}er) @ —aFep) =0 and ||&—a%,,|, <2VdP. (105)

Given above equation, the desired inequality follows, since by smoothness of f,

R . H\. 2 R
f(l‘) - f(x},c,r) < <vf(x},c,r)7x - x},c,r> + 5 T = I},CJ’H2 S 2Hd7‘2,

The rest of the proof is thus devoted to proving Eq (105). Note that, the second inequality of
Eq (105) follows easily since on I, :c} cr € W and the diameter of W' is exactly 2v/dr. Now, we

prove the first equality in Eq (105). To do so, denote K™* and K respectively as follows:

K*:{z'e{l,2,...,d}:](m}’c’r)i—ci\ =r} and K:{ie{l,Z,...,d}:\a?i—ci\ =r}
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Now, we show K* C K. Suppose on the contrary, then, consider some x such that x; = &; for
i€ Ky U(K*)and z; = (2% ,)i fori € K*\ K;. Then z € W and the set K, defined below,

Ky={ic{1,2,....d}: |zi —c;| =r} D K*UK,

and hence K, contains K. This contradicts the definition of . Thus, we have, K* C K. Now, the
optimality condition of z* gives that (V f (x}c,,))z = 0 for all « ¢ K*. In addition, if k satisfies
Eq (89), then 7 < r. Since both x?,c’r and % belong to W, we know that, (az}w)Z = g, for all
1 € K*. Together, it gives the first part of Eq (105), as

<vf(x},c,7”)"% - x;,c,r> = Z (vf(x},c,r))i (i‘Z - (:’U;,C,r)i) + Z (vf(x},c,r))i(iji_(w},cm)i) =0.

ieK* ‘_\Of—’ g K+
|
The desired claim of the proposition now follows easily from Lemma 27 and Lemma 30. |

Motivated by Proposition 25, it becomes important to understand when such k& exists in Eq (89)
and how large it is.

Lemma 31 Assume n is large enough satisfying

1
1 1 2
nr? > (6B)22)  ywhere B = 70 <a <log s+ 3d) + Hd%> . (106)

1
Denote k(r) = (y (nr?)) 72 and k* = |1k(r)|. Then k* € N, and k* satisfies Eq (89).
Proof Note that, v(x) > \/z whenever 2z > 3. Thus, by our assumption on n, we get that,
1
(v(nr?))#2 > 6B > 6.

This immediately gives us that k* > 1 and k* satisfies the second inequality of Eq (89). Now, we
show that £* satisfies the first inequality of Eq (89). In fact, when k& = k*, we have,

(2k +1)4 [2/{2 log(2k +1)] < (3k)21og(3k)42 < (k(r) 2 log(k(r) 2 < nr?,
where the last inequality follows from the fact that, for any z > 0, y(x) logy(z) < x. [

Proposition 25 and Lemma 31 together immediately give the corollary below.

1
Corollary 32 Given any fixc € Reandr € [0,1], set k = [% (’y (m’z))mJ, andT = [MJ
Assume n is large enough satisfying Eq (106). Then if we denote ¢,7 and % to be the output of
Algorithm 4 when we input (c, k, T, r) as the input parameters, we have,

. . 41 oL 10 1 2 1
7 < min{r, 6 Bra2n" &2 log(nr<)d+2}, where B = S log 5 +3d| +Hd2|.

In addition, we get that,
P(f(z)— flz— fie,r™) <~%) > 19,

where o ) )
v = 2Hdi? < 2HA(6B)*rd+2n~ @2 log(nr?)a+2.
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G.3. Analysis of Algorithm 5: Multi-Stage Analysis

In this section, we show that, with careful choice of input parameters (cj, 71, k1, 77) and updat-
ing rule, algorithm 5 returns some minimax estimator z. In essence, algorithm 5 recursively uses
algorithm 4 to build smaller confidence region of the optimum x} through iterations. Indeed, an
important message from proposition 25 shows that, given any § > 0, with appropriate choice of pa-
rameters, one can find some rectangular W such that JJ} lies inside the rectangular with probability
at least 1 — §. This means that, after one round, one can ‘localize’ the search of the optimum ac}
by searching the optimum of f inside W. Now, treating W as the original D, one can thus get an
improved rate of convergence in the second round. Finally, we note that such ‘localized’ search can
be recursively applied in all rounds from the first to the last round.

To be clear about how we specify the updating rule in line 3 of the algorithm 5, we summarize it
as follows: given the output parameters (¢;, 7;), we update (¢;+1,7i+1, ki+1, Li+1) via algorithm 6.
The next proposition shows that with appropriate choice of the initial parameter, we have nice
convergence guarantees for the output of algorithm 5.

Algorithm 6 Updating Rule in Algorithm 5

Input: ¢; € R%and 7; € R
(i) Update c;41 coordinate-wisely via:

Ci+17]‘ = Hlln{l — fl', max{ri, é’i,j}}7
where ¢; ; and ¢; 1 ; denote the jth coordinate of ¢; and c; 1.
(ii) Update ;41 as 741 = 7.
(iii) Update k; 11 to be the largest £ € N such that
(2k + 1)% [2k? log(2k + 1)] < nr?. (107)

If no such k exists, return FAIL.

(iv )Update Tj41 to be Tj11 = LWJ ‘

Proposition 33 Let D = [0, 1]%, and we are given the confidence level § > 0. We initialize the
initial parameters as follows: set c; = % -1, r = % and set k to be the largest k € N (if exists)
such that, (2k 4+ 1)% [2k%log(2k + 1)] < nr} and T = [WJ Consider algorithm 5 that

uses algorithm 6 to be the updating rule. Denote )y and ryr+1 = Tpr to be the output of estimate
and radius from algorithm 5. Now, assuming that the {k:l}f\il exist for Eq (107) and satisfy the
following lower bounds:

10 M 3 1 .
k¢>7 o logF—i—?)d + Hdz2 | foralll <i< M. (108)

Then, we have,

P (f(ium) = f(2}) < 2Hdrip, ) > 1-06.
Proof Note that, when M = 1, proposition 33 reduces to proposition 25. When M > 1, note that,
the definition of k; and 77 takes the same form as that in Eq (89). In addition, the condition of k; in
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Eq (108) changes by substituting ¢ by /M. Hence, denoting W| = {z € D : ||z — &1, < 71},
Proposition 25 gives P(} € W{) > 1—6/M. Now, denote similarly W1 = {z : [lz — c2| , < 72}
Then, by definition of ¢z and ro, Wi C W] C D, and hence P(z}} € W1) > P(z} € W) >
1—-6/M.

Now, in the second round of sampling and estimation, the algorithm essentially view W as
the entire domain D and sample the points using the same strategy as that in the first round. As
the noise vectors in the second round is independent of the first one, Proposition 25 gives that

P (ac} EWy |} € W1> > 1—06/M, where Wy = {z : ||z —c3|, < r3}. Indeed, the same
conclusion holds for the ith round: denoting W; analogously to be W; = {x : ||z — ¢i+1|| < 7iv1}),
we get, P (33; € Wiyt | :c} € VVZ> >1—6/M forall1 < ¢ < M — 1. Thus, denoting via
convection that Wy = D, we get,

P(a} € Wa) > I, [P (25 € Wi | 2} € Wisa)] > (1= 0/M)M >1 -4

Now, we introduce the notation I' = {x} € Wy }. Then, P(T') > 1 — 4. Now the requirements on
k in Eq (108) guarantees that the size of W; is strictly decreasing when 1 < 7 < M. Hence, we
can prove similarly to lemma 30 to get that, on event I', f(Zn) — f(2}) < 2H dr?, for our careful
choice of the estimator Z; € Wy,. [ |

Motivated by Proposition 33, it becomes important to understand when k; € N exists to satisfy
both Eq (107) and Eq (108).

Lemma 34 Assume n is large enough satisfying the bounds below:

2
loglogn > M log (1 + d) + log (2M log(6Blogn) + (2d + 5) log(6B)) , (109)

i=1

1
where we denote B to be B = % (0 (log% + Bd) 2+ Hd%> . Then, the sequence {r;}M
{ki}M, and {T;}}1, are well defined via algorithm 6. In addition, the sequence {k;}M, satisfy
Eq (108). Finally, the output {r;}, satisfy the bound below:
d+2 (4 _(_d \M ll_LM 11 [ d\M
r < (GB) _g (1 (d+2) )Di( <d+2) )n ;(1 (d+2) ) foralll <i< M.

Proof We prove the desired claim of the lemma via induction. Our strategy is to show via induction
that the below hypothesis hold for all 1 <17 < M:

(i)ynr? > (6B)X9+2) (ii)k; is well defined and k; > B (110)

d+2 (_d i—1 1 (. d i—1 1 (.d_ 1—1
(ZZ’L) r; < min {1’ (6B) 2 (1 (d+2) >(logn)2 (1 (d+2) )n 2 <1 (d+2) )} . (111)
We first show the base case ¢ = 1. Note that, the first part of Eq (110) is implied by the assumption
on n, the second part of Eq (110) follows from the first part and corollary 32, and Eq (111) is
trivial when 7 = 1. Now, for some 7 < M, assuming that the induction hypothesis holds for all

j € {1,2,...,i}, we show that the hypothesis holds for i + 1. We first show the second part of
Eq (110) for 7 4+ 1. Indeed, by induction hypothesis, we know that, the first inequality of Eq (110)
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is true for 7, and thus the second part of Eq (110) follows from a direct application of corollary 32
(by substituting § by § /M and r by r; there). Next, we show Eq (111) holds for ¢ + 1. Again, we
d

know from corollary 32 that ;41 < r; < 1 and the bound that r;1; < (6B)r/** n-are (log n)ﬁ
Now, using the induction hypothesis of the upper bound on r;, we get,

d

3(1-(a%)")

)

= (63)"% (7(5)) (10 3 (= ()

so we have shown Eq (111) for ¢ 4 1. Finally, we show the first part of Eq (110) for ¢ + 1. Note that,
by definition of {r;},, we know that,

rip = - 22— B ,L»l = Z-BZ :
Tj I kj 2005k,
Hence, the first part of Eq (119) for ¢ + 1 is equivalent to
nBY > 4(6B)* ™ 114 k2. (112)
To establish Eq (121), note first that, by definition of k;, we have, for all j < 1,
b < 5 ()P < S (nrd) .

Now, using Eq (121) from the induction hypothesis for j < ¢, we get that,
d i 1

b < (wr)as < (6B) (@) ) pata(ata) ™ (ogny 72 (1)) < pnata(ata? ™ (10gn)

Hence, to prove Eq (121), it suffices to show that, forall 1 <17 < M,

nB% > 4(6B)* %2 (6B log n)%nﬁ Tico(ats) = 4(6B)%4*+2) (6B log n)%nl_(ﬁd?)i.
Note that, it suffices if 7 is large enough satisfying the bound below,
d )]\/f

n(@2)" > 4(6B)22) (6B logn)?M,

which would suffice is n satisfies

2
loglogn > M log (1 + d) + log (2M log(6Blogn) + (2d + 5) log(6B)) .
Now, Proposition 33 and Lemma 34 together immediately give the corollary below.

Corollary 35 Let D = |0, 1]d. Consider algorithm 5. Suppose we use the same initialization rule
as that in Proposition 33 and use Algorithm 6 to be the updating rules for algorithm 5, then, when
n is large enough so that it satisfies Eq (109), then the output  yr from algorithm 5 satisfies

P(f(Em) = f(2}) <o) 2 1-6
with
Y= 2Hd(6B)(d+2)(1_(#2)M) (logn) (1_($)M>n_<1_(r12)]w).
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Appendix H. Smooth Function with Zeroth Order Oracle
H.1. Description of Algorithms

In this section, we propose two generic algorithms: algorithm 7 parameterized by parameters
(¢,r,k,T) € D x Ry x N x N and algorithm 8 that builds from algorithm 7. We note here
that, algorithm 8 in essence, builds from M times of repeated calls of algorithm 7. As will be
shown immediately in the later subsections, it turns out that the two algorithms with careful choice
of parameters return the minimax estimator in single and multi rounds respectively.

Algorithm 7 Generic Routine for One Stage Smooth Functions F ) (Zeroth-order Oracle)

Input: Prior knowledge on A\, H € R, satisfying A < H and the noise level 0 € R,. User
specifies the sampling center ¢ € D, radius € R, grid size parameter k € N, the sampling
times 7' € N and the confidence level § € (0, 1].

1: Compute the grid points G = G(c, r, k).

2: Ateach point x € G, query the first oracle 7" times and denote each sample function value via
(7@, f@)®,..., f@)D}. ) )

3: Compute the function value estimate at each point = € G via f(z) 1= # Z?:l f(z)@,

4: Compute the estimate € G, defined as,  := argmin, 4 f(:z)

N

1
5: Return the estimator # and the confidence radius 7 = 1 - ( 27" (log % + d) 2 4 %d) .

Algorithm 8 Generic Routine for Multi-stage Smooth Functions Fp; ) (Zeroth-order Oracle)

Input: Prior knowledge on A, H € R, satisfying A < H and the noise level 0 € R, and
number of rounds R € N, . Initialization of parameters (c1, 71, k1,71) € R x Ry x N xN.
User specifies the confidence level § € (0, 1] and the updating rule that used in line (3) of the
algorithm.

1: fori=1to M do

2:  Run algorithm 4 with input parameters (c;, r;, k;, T;). Denote the output to be &;, confidence
radius 7;.

3:  Update (¢jy1,7i+1, ki+1, Ti+1). The updating rule may take Z; and ; as input.

4: end for

5: return I ,; as estimate of x} and the radius rps4 1.

H.2. Analysis of Algorithm 7: Single-Stage Analysis

In this section, we show that a single call of algorithm 7 with careful choice of input parameters
(¢,r, k,T) returns some estimator Z that is minimax optimal. To serve for the purpose for latter
discussion on multi-stage algorithm, in this section, we slightly generalize the domain of interest
D., = {z € R : ||z — ||, < r} and denote % ., the unique minimum of f on domain D,

We consider finding the minimax estimator & € D, for 2% ., evaluated by f(2) — f(2}.,).

Substituting ¢ = 2

5 -landr = % gives the result for the single-stage algorithm for the original
domain D = [0, 1]%.
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Proposition 36 Given any fix c € R? and r € (0, 1], suppose there exists some k € N satisfying

1 2
2 2 2 H
(2k + )% |2k* log(2k + 1)| < nr* and k > (A" <10g 5+ d) + Ad) . (113)
Set T = [mJ Then, if we denote 7 and & to be the output from algorithm 7 when inputting

(¢, k,T,r) as above, then, we have 7 < r and
1
P <f(a§) = @) € GA%and o}, — 3| < ﬁ) >1-6.

Remark 37 Before we give the proof of proposition 36, we give some high-level intuitions why
algorithm 7 should work. As shown previously in lemma 28, we know that there always exists some
point T € G satisfying

|z — I}vcerOO < % and (Vf(z%,.,),Z—2%,.,) =0

It turns out that such T also has function value f(Z) close to f(z%.,) up to O(#?). Since & is

defined to be the smallest point in grid that minimizes f, intuitively it makes sense that f(z) should
also be as good as f (:E} c,7,) when the sample size n is large enough.

Proof We first recall lemma 28 in the proof of proposition 25.

Lemma 38 There exists some T € G satisfying the below conditions:

_ r _
|7 = ferll < 5 and (VI@fep)@ = afer) = 0. (114)
Now, take any point z € G satisfying Eq (114). Note first that, by smoothness assumption of the
objective function f, we have,

H

. N o o Hr%d
@) = F@h o) S (V@) T = Thep) + 5 |17 = 05l < 57

QS 2]{:2‘

Now, let us consider the following event:

I'= {)J?(x)f(fﬁ)‘ <r? IZU\/zlongorallxeG},

T )

The next lemma shows that I" happens with probability at least 1 — 4.

Lemma 39 We have P(T) > 1 — 4.

~

Proof First, for each z € G, denote €(x) := f(x) — f(x). Then, since by our assumption, the noise

o~

{f(x) — f(x)}L_, is mean 0, independent and subgaussian with parameter o, we have that €(z) is
mean 0 and subgaussian with parameter o2 /T'. Therefore, for any fix x € G,

ra 2
B (Je(x)] > r) < 2exp (—( . j_T) < o(2k + 1),
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where the first inequality above uses the subgaussianity of ¢(z), and the second inequality uses the
definition of k£ and T". Now, the desired claim of the lemma follows from the fact that |G| = (2k+1)¢
and the union bound of the above events. |

Since the assumption on k, T shows that T" > 2k* log(2k + 1)r‘4, and therefore, we have,

3 ( ) : § 1
" 2log 5 + 2dlog(2k + 1 or 2 2
r _O'< T < 12 lOgg‘f‘d y

this shows that, on I, for all x € D, such that H:z: — az} erll =7, we have,

.

A, Hrid

A
f(JT) - f(x},c,r) > <vf(x;,c,r))7$ - x},c,r> + 5 H$ - x;,c,rH; = §T = k2

+ 2r°.

> 7, we have,

Hence, on event I', we have, for all z € D satisfying Ha: — :v} o ‘
" 2

~ N

f@) = f@) = (F@) = f@) + (@) = 1@ o) + (F@er) = @) + (F@) = f@)) >0,
——r —

2 2
>_pra >Hr d a >_Hr d >_pa
= 2552 T =7 k2 =

which gives us that on event I', we must have

z— .CE?C’THQ <t & .. €W

Finally, since always f(i) < f(&), on I, we have below upper bound on f(&) on event I':

. . PN PN A A _ _ Hr%d
@)1 (@) = {0) = @)+ §(0) = F@) + f@) = 1)+ 12) = [(@5,.,)) < 420
<re <0 <ra Sizd
The desired claim of the proposition follows from %Zd + 2r® < %7&. |

Motivated by Proposition 36, it becomes important to understand when such k exists in Eq (113)
and how large it is.

Lemma 40 Assume n is large enough satisfying

1 2
nrt > (6B)2 Y where B = 12 <2; (1og(2S + d) g Iid) : (115)

1
Denote k(r) = (v (nr*)) ¥ and k* = |1k(r)|. Then k* € N, and k* satisfies Eq (113).
Proof Note that, v(x) > \/z whenever 2 > 3. Thus, by our assumption on n, we get that,
1
(fy(mA))‘”“ > 6B > 6.
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This immediately gives us that k* > 1 and k* satisfies the second inequality of Eq (113). Now, we
show that k* satisfies the first inequality of Eq (113). In fact, when k = k*, we have,

(2k + 1)% [2k* log(2k + 1) < (3k) T 1og(3k) T < (k(r))“T* log(k(r)) ™™ < nr?,
where the last inequality follows from the fact that, for any x > 0, y(x) log v(z) < z. [

Proposition 36 and Lemma 40 together immediately give us the corollary below.

Corollary 41 Given any fix c € R and r € [0,1], set k = Ev(nr‘l)ﬁJ and T = LﬁJ
Assume n is large enough satisfying Eq (115). Then, if we denote v and % to be the output of of
Algorithm 7 when we input (c, k, T, r) as the input parameters, we have,

1 2
2 2 2 H
7 < min{r, 6Br Trin @t log(nr4)di4}, where B = (; <log 5 + d) + )\d> )

In addition, we get that,
P(f(#) ~ fafe,) <77) 213,
where
N = %)\fg < (6113)27“%47171%4 log(nr4)%ﬂ.

H.3. Analysis of Algorithm 8: Multi-Stage Analysis

In this section, we show that with careful choice of input parameters (c1, 1, k1, 71 ) and the updating
rule, algorithm 8 returns some estimator & that is minimax optimal. To do so, our strategy is similar
to the strategy used in algorithm 5. In fact, an important message from proposition 36 shows that,
given any 0 > 0, with appropriate choice of parameters, one can find some rectangular W such that
:):; lies inside the rectangular with probability at least 1 — §. This means that, after one round, one
can ‘localize’ the search of the optimum x} by searching the optimum of f inside W. Now, treating
W as the original D, one can thus get an improved rate of convergence in the second round.

To be clear about how we specify the updating rule in line 3 of the algorithm 5, we summarize it
as follows: given the output parameters (¢;, 7;), we update (¢; 41, 7i4+1, ki+1, Ti+1) via algorithm 6.
The next proposition shows that with appropriate choice of the initial parameter, we have nice
convergence guarantees for the output of algorithm 5.

Below proposition quantifies such ‘localization’ idea and shows us that an appropriate choice
of the initial parameter (c1, 71, k1, 71) and appropriate choice of the updating rule gives back some
estimator that optimal minimax rate.

Proposition 42 Let D = [0, 1]%, and we are given the confidence level § > 0. We initialize the
initial parameters as follows: set c; = % -1, r = % and set k; to be the largest k € N (if exists)
such that, (2k 4+ 1)% [2k*log(2k 4+ 1)] < nr{ and Ty = [WJ Consider algorithm 8 that

uses algorithm 9 to be the updating rule. Denote )y and ry;+1 = Tpr to be the output of estimate
and radius from algorithm 5. Now, assuming that the {k:l}f\il exist for Eq (107) and satisfy the
following lower bounds:

1 2
2 oM 2 H
ki > (; <log5+d> +)\d> Sforalll <i< M., (117)

81



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

Algorithm 9 Updating Rule in Algorithm 8

Input: #; € R?and 7; € R
(i) Update c;41 coordinate-wisely via:

Ci+1,j = mln{l — 721', max{rl-, f@j}},
where ; j and ¢; 11 ; denote the jth coordinate of z; and ¢; 1.
(ii) Update ;41 as 741 = 7.
(iii) Update k; 11 to be the largest £ € N such that
(2k + 1)% [2k* log(2k + 1)] < nr. (116)

If no such k exists, return FAIL.

(iv)Update Tj 11 tobe Tj 11 = {WJ :

Then, we have,

P (fan) ~ 1) < e ) 215

Proof Note that, when M = 1, proposition 42 reduces to proposition 36. When M > 1, note that,
the definition of k1 and 77 take the same form as that in Eq (113) However, the condition of k; in
Eq (117) changes by substituting 6 by d/M. Denote W| = {x € D : |z — Z1||,, < 71}, then
proposition 36 asserts that P(2} € W) > 1 — §/M. Now, denote Wi = {x : ||z — x|, < 72}
Then W1 C W] C D by definition of & and the fact that #; < r. Thus, we have P(m} e W) >
P(z} € W{) > 1 —6/M. Now, in the second round of sampling and estimation, the algorithm
essentially view W as the entire domain D and sample the points using the same strategy as that
in the first round. Since the noise in the second round is independent of the noise in the first

round, by proposition 36 that P (:U} € W | :c} € Wl) > 1—0/M, where we define analogously
Wy = {z : ||z — 23|l < r3}. The same reasoning applies to any round, which shows that,
we have P <:c} € Wiyt | x} € Wl) > 1— §/M, where we define W; analogously by W; = {x :
|z — xit1]lo, < rit1}. Inaddition to that, in the Mth round, with the same reasoning as proposition
36, one can easily show that P (f(i“M) — f(a}) < %T%JH |z} € WM_l) >1—9/M. Thus, if
we denote via convection that Wy = D, then we have,

P (#Gaw) - flap) < o )
=P <f(~%M) 1@ < 5 o e WM_1> TMTU[B (2 € Wi | 2 € Wis)]
>1—6/MM>1-4,

which gives the desired claim of the proposition. |

Motivated by Proposition 42, it becomes important to understand when k; € N exists to satisfy
both Eq (116) and Eq (117).
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Lemma 43 Assume n is large enough satisfying the bounds below:

4
loglogn > M log <1 + d) + log (2M log(12Blogn) + (2d + 6) log(6B)) . (118)

1
i 1
where we denote B to be B = (27" (log 2 +d)> + %d) * . Then, the sequence {ridM,, (kM
and {T;}M | are well defined via algorithm 9. In addition, the sequence {k;}, satisfy Eq (117).
Finally, the output {r;}}., satisfy the bound below:
MY l(q_(_d WM M
< (6B)F (-)") p; (=Gt )n’%(lf(ﬁ) ) foraii1 < i< M.

Proof We prove the desired claim of the corollary via induction. Our strategy is to show via
induction that the below hypothesis hold forall 1 <17 < M.

(i)nri > (6B)?9*Y) (ii)k; € Nand k; > B (119)
(i) s < mm{ 1 68)" (7)) (1og n)i(l—um“)n—z(l—(;;r1)} . (120

We first show the base case ¢ = 1. Note that, the first part of Eq (119) is implied by the assumption
on n, the second part of Eq (119) follows from the first part and corollary 41, and Eq (120) is
trivial when ¢ = 1. Now, for some ¢ < M, assuming that the induction hypothesis holds for all
j € {1,2,...,i}, we show that the hypothesis holds for ¢ + 1. We first show the second part of
Eq (119) for ¢ + 1. Indeed, by induction hypothesis, we know that, the first inequality of Eq (119)
is true for 7, and thus the second part of Eq (119) follows from a direct application of corollary 41
(by substituting 0 by §/M and r by r; there). Next, we show Eq (120) holds for i + 1. Again, we

know from corollary 41 that 7,11 < r; < 1, and the bound that, ;11 < 657/ i n ~ i (logn)da+s d+4
Now, using the induction hypothesis of the upper bound on r;, we get,

_d_
d

= (68)"%" () (ogmyt (- (0)) 4 (D)

)

so we have shown the Eq (120) for ¢ 4 1. Finally, we show the first part of Eq (119) for 7 + 1. Note
that, by definition of {r;}},,

T | B
rip1 =11 -1 Ly B - == -
s Hj:lkj 2Hj:1kj
Hence, the first part of Eq (119) for ¢ 4 1 is equivalent to
nB' > 16 - (6B)* ) . Ii_ k1. (121)

To establish Eq (121), note first that, by definition of k;, we have, for all j < 1,

k‘j<
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Now, using Eq (121) from the induction hypothesis for j < ¢, we get that,
g (1-(z5)"), 2 (3 7 (1-(z4)") o
kj < (nrj)dts < (6B) ) paratara’  (logn) 4t + < 6Bndtita+i”  (logn).
Hence, to prove Eq (121), it suffices to show that, forall 1 <17 < M,
i 2(d+4) 2 A ith(od) 2(d-+4) 2 1-(7%)"
nB* > 16(6B) (6Blogn)“nd+i ~i=o\d+i) = 16(6B) (6Blogn)“n ~\@+i) .
Note that, it suffices if n is large enough satisfying the bound below,

()"

> 16(63)%4*Y) (6B logn)*M,

which would suffice if

4
loglogn > M log (1 + d) + log (2M log(6B log n) + (2d + 6) log(6B)) .

Now, Proposition 42 and Lemma 43 together immediately give the corollary below.

Corollary 44 Let D = [0, 1]% Consider algorithm 8. Suppose we use the same initialization rule
as that in Proposition 42 and use Algorithm 9 to be the updating rules for algorithm 8, then, when
n is large enough so that it satisfies Eq (118), then the output Ty from algorithm 8 satisfies

P(f(&n) — f(2F) <) 216

with
d+4

i = 3768) T (0 ) 10gn)

N

(1-()™), -5 (1-(a2)™).

Appendix I. Lipschitz Function with First-Order Oracle
L.1. Lipschitz Function with First-Order Oracle, d = 1
[.1.1. DESCRIPTION OF ALGORITHM

In this section, we propose a generic algorithm: Algorithm 10 to solve the problem when the dimen-
sion d = 1. The algorithm is a one-round algorithm. As will be seen immediately, this one-round
algorithm achieves the best possible statistical minimax rate (up to logarithmic factors and con-
stants). Thus, under the first oracle situtation, adaptivity gives no advantage for optimization in one
dimension.
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Algorithm 10 Routine for One Stage Lipschitz Function F), (First-Order Oracle)

Input: User’s choice of the sampling center ¢ € D, radius » € R, resolution M, grid size
parameter {k;}},, sampling times {7;}£, and the precision {A;}},.
Initialize the interval I = [l1,l2] = [c — r,c + 7).
fori=1to K do

Compute the grid G; = G(c, r, ki) N 1.

At each point x € G;, query the first-order oracle T; times. Denote each sample derivative
value via { f'(z)@, f'(z)@, ..., f'(z)T)}.

Compute the derivative estimate at each point x € G; via averaging:

bl T

A

. 1 &
)= 3 Fa)?
vi=1

6: if there exists ¥ € G; such that | f/(x¥)] < A; then
7: Return the estimator & = 7.

8: elseif forall x € G, f’(xj) < —A, then

9: Return the estimator £ = r

10 elseif forall z € Gy, f'(z*) > A, then

11: Return the estimator & = [

12:  else update the interval I = [I1, [2] via:

I =max{zel: fl(x)<—A;} and Iy = min{z € I : f'(x) > A;}.
xEGi xEGi

13:  endif

14: end for

15: Return the estimator & = (I + l2)/2.

I.1.2. ANALYSIS OF ALGORITHM 10

In this section, we show that, with careful choice of input parameters, algorithm 10 returns some
estimator & so that its risk is upper bounded by O (n_l/ 2). As before, we slightly generalize the
domain of interest to be D, = [c — , ¢ + r|. The target of interest now becomes a:; c.r» the unique

minimum of f in the domain D, and the risk of interest would be E [ f@)—f (:n}w)} :

Proposition 45 Given any fix c € R and r € R. Let us choose the parameters

. 1 n 202 2M(2k; + 1)
k=21 M= -1 To=|—" | and A, = log =N T D) 190
’ {2 Og?”J’ {M(%H)J an \/T 8 5 (122)

If we denote & to be the output of the algorithm 10 with the above input parameters, then,

" 7.1 —1 B
P (f(x) f(@Fe,) < max{41£n%>]<w{Ajkj },LkM }r) >1-6.
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Proof Now, let us consider the following event:

M
— m {\f’(a:) — fl(z)] < A;forall x € Gi}

i=1
The next lemma shows that I happens with probability at least 1 — 6.
Lemma 46 We have P(T') > 1 — 4.

Proof First, for each z € G, denote ¢(z) := f’( ) — f'(z). Then, since by our assumption the
noise { f'(z) — f'(x )}x | is mean 0, independent and subgaussian with parameter o2, we have €()
is mean 0 and subgaussian with parameter o2 /T;. Therefore, for any fix z € G},

AT,
L > < SM 2k +1)79,
o

P(le(x)] > A;) < 2exp <—

where the first inequality above uses the subgaussianity of (x), and the second inequality uses the
definition of k and T'. Now, since |G;| = (2k + 1)%, by union bound, we have,

P(I°) gz (Fz € Gy : |e(zx)| > Ay) <6,

which gives the desired claim of the proposition. |

Now, assuming in the rest of the proof that event I' happens. We now take a look into the first
iteration from line 2 to line 14. Note that, basically, from line 6 to line 14, we are checking whether
there exist 1 € G such that f’(xl) < —Aj or x5 € G5 such that f’(mg) > Asy. There are four
different circumstances, and here we discuss them one by one:

1. Suppose there exist some ¥ € G such that | f/(x1)| < Ay, then the algorithm terminates at
line 7. In this case, we know that | f'(z1)| < |f'(z)|+]|f(x1) — f/(x1)| < 2A;. By convexity,
this gives the following upper bound on f(z7) — f(27% ., ):

F@1) = f(@fe,) < F@0)(@] = 2% ,,) < | @Dl — 2%, | < 4Dk
In this case, the algorithm returns z7.

2. Suppose for all z € Gy, f’ () < —Aj, then the algorithm terminates at line 9. Hence, for
all x € G, we indeed have f'(z) < 0, and the function is monotonically decreasing on the
interval [l1, [2]. In this case, we return r, the minimum of f.

3. Suppose for all z € G, f’ (z) > Aj, then the algorithm terminates at line 11. Hence, for
all x € G1, we indeed have f’(x) > 0, and the function is monotonically increasing on the
interval [I1, [2]. In this case, we return [, the minimum of f.

4. Lastly, suppose there exists some 21,22 € Gp such that f'(z1) < —A; and f/(z2) > A;.
Thus in this case, f'(z1) < 0 and f’(z2) > 0. As fis a convex function on the interval
I = [l1,1s], its derivative f’ can only flip the sign at most once on I. Our way of updating the
interval, will make sure that the minimum :c} or lie in the updated interval I. Note that, the

length of the interval I now decreases to k; Ly = 2ky 1y in the next for loop.
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Now, following exactly the same reasoning as above, one can prove via induction that, in the jth
loop, where 1 < j < M, we have, |I| = 2k;1r.

1. Suppose there exist some 2 € G such that | f! (zj)] < Aj. Then, the algorithm returns z7,
which satisfies,

F@5) = f@he,) < |F @)llaf = afe,| < 40K .
2. Suppose for all = € G, f'(x) < —A}, then the algorithm returns the minimum of .
3. Suppose for all z € G, f '(x) > Aj, then the algorithm returns the minimum of f.

4. Suppose there exists some x1, x2 € G such that f’(acl) < —Aj and f/($2) > Aj. Then [ is
updated, and its length shrinks to k;lr. I contains the minimum J:} o

Now, when the algorithm does not terminate until we finish the M-th loop, the interval I now
contains x} ... With length at most l-c]_wlr. In this case, we return the middle point of the interval, so
that by Lipschitzness of the objective function f, we have,

F(@) = f(@}e,) < LIE =2, < LI < Lk,
The desired claim of the proposition now thus follows. |
Corollary 47 Assume n > 30, then the parameters in Eq (122) satisfy
min T; > 1,ky <n /?and max {A-kfl} < 30n*%(log (n))% log§ +logn ’ .
1<em 0 = T = 1<j<m U0 )= 2 5
Moreover, the output  from algorithm 10 with the input defined in Eq (122) satisfies,

P (f(i') - f(x;,c,r) < 7*) >1- 57

where
1
1 3 : =
= max {120(10g2(n))2 <log 5 + logn> ,2L} n-2r

Proof Note that, the second part of the corollary follows immediately from the first part and propo-
sition 45. To prove the first part, note first that, k; < ky < n% for1 < 5 < M. Since n > 30, we
getforl <j7 < M,

n n

>
M(2k; +1) — 3 log, n(2n% +1)

>1 = T; > 1.

Finally, note that, since we have, forall 1 < j < M:

T > n > n > n
7T 2M(2k; +1) T logy(n) - (2kj +1) ~ 3kjlogy(n)

this gives us that, whenn > 30, forall 1 < j < M:

2 1/2
Akt < 607 logy m log Sn'/* log, (n) < 3o logy(n) log§ +logn |.
J nk; o n o

and 2k; + 1 < 3n3.

87



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

Appendix J. Lipschitz Function with Zeroth-Order Oracle
J.1. Lipschitz Function with Zeroth-Order Oracle,d = 1and M > 1

J.1.1. DESCRIPTION OF ALGORITHMS

In this section, we propose two generic algorithms: algorithm 11 and algorithm 12 that builds from
algorithm 11. We note here that, algorithm 12 in essence, builds from M times of repeated calls
of algorithm 11. As will be shown immediately in the later subsections, it turns out that the two
algorithms with careful choice of parameters return the minimax estimator in the single and multi
rounds respectively.

Algorithm 11 Routine for One Stage d = 1 Lipschitz Functions F), (Zeroth-Order Oracle)

Input: User’s choice of the left point and right point of interval /; and [o, grid size parameter
k € N and sampling times 7" € N, value m; and my and function gap U € R.

1: Setc = £(I1 + lz) and r = 1 (I — l1). Compute the grid points G = G(c, r, k).

2: At each point x € G, query the zeroth oracle 7" times and denote each sample function value
via {f(2)D, f(@)®),..., f(x)D)}.

3: Compute the function value estimate at each point 2 € G via f(z) = % ST )@,

4: Compute the estimate = € G via & = argmin, ¢ f(z).

5: Compute 71 and o as follows:

1 =min{z € G : f(z) — f(&) < U} and 1hy = max{z € G : f(z) — f(2) < U}

6: Compute il and fg as follows:

I = max{m1 - %Jl} and [y = min {m2 + %:ll}

7: Return the the estimator Z, the value of Zl, ZQ, m1 and Mmo.

Algorithm 12 Routine for Multi Stage d = 1 Lipschitz Functions F) (Zeroth-Order Oracle)

Input: Initialization of th eparameters (lgl), lél),mgl), mél), ORI EON U(l)) ERXR xR x
R x N x N x R,. User specifies the updating rule used in line (3) of the algorithm.

I: for i =1to M do o ‘ '

2:  Run algorithm 11 with input parameter (lgz), lgl), mgz), mg), kO 70 U (i)). Denote the out-
put to be i, 189 1m0 () i) and 20

3. Update (1D, 16D (1) (D) i) ) i)y,

4: end for

5: return &/ as the estimate of 2}, and U=yuM+l),

J.1.2. ANALYSIS OF ALGORITHM 11: SINGLE-STAGE ANALYSIS

In this section, we show that, with careful choice of input parameters, algorithm 11 returns some

. . . . . . ~ (1 .
estimator Z so that its associated risk R is upper bounded by O (n 3 > . For purpose of convenience
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in later discussion on upper bounds for multi-stage algorithm, in this section, we slightly generalize
the domain of interest by considering the domain D = [I1, 3] (while noting that [; = 0 and [y = 1
corresponds to the original domain D = [0, 1]). In this sense, the algorithm discussed in this section
seeks to estimate %, ., the unique minimum of f in the domain Dy, ;,, while the risk of interest

would be E [ /(&) — f(7,,,,)|.

Proposition 48 Given any fix ¢ € R? and r, suppose there exists some k € N satisfying

(2k +1) [2k*log(2k + 1)| < nr? and k > 6. (123)

Set T = L%HJ and U = 2Lr. Then, if we denote Zl, Zg, m1, Mo and T to be the output from
algorithm 12 with inputly = mi1 =c—1r,lo =mo =c+r, and k, T, U set up as above, we have,
with probability at least 1 — 9.

1. The output set [fv, s is amenable to [I1, l3] with parameter (k,t) = (6,1).

1
2. The output estimator % satisfies f(2) — f(z%},, ;,) < k=tr (6L + 20 (log% + 1) 2).

1
3. For any x € {1, o}, we have, f(x) — f(z7};, ,,) < k=tr (18L +20 (log 2 +1) 2).
4. The output [I1, 2] contains the minimum: any minimum Ty, 1, Satisfies x5 . € [[1, Ls).

Proof The proof of the proposition relies on the following two critical lemma. The first lemma
bounds the deviation of the function value f(z) and its estimate f(z) on the grid G. The second
lemma establishes a critical property of the algorithm, which turns out to be very useful in the
analysis of multi-stage algorithm. We start with the first lemma. Consider the following event,

I':= {‘f(m)—f(m)’ <7r®:= a\/;logZ(Qk:;_l) forallxeG}.

The next lemma shows that I happens with probability at least 1 — 4.

Lemma 49 We have P(I') > 1 — 4.

~

Proof First, for each z € G, denote €(x) := f(x) — f(x). Then, since by our assumption, the noise

~

{f(x) — f(z)}I_, is mean 0, independent and subgaussian with parameter o, we have that ¢(z) is
mean 0 and subgaussian with parameter o2 /T'. Therefore, for any fix x € G,

ro 2
P (Je(x)] > r*) < 2exp (—< 2;2T> <62k + 1),

where the first inequality above uses the subgaussianity of €(z), and the second inequality uses the
definition of k£ and T". Now, the desired claim of the lemma follows from the fact that |G| = 2k + 1

and the union bound of the above events. [ |

Before we introduce the next lemma, we introduce the following concept.
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Definition 50 An interval [my, mg] is amenable to another interval [l1,l2] with parameter k* €
N, t* € Ry if it satisfies the following two conditions:

1. The set [m1, ma| C [l1,12].

2. Forany k € N, denote Gy, to be the grid points Gy, = G(c,r,k) with ¢ = %(I; + l2) and
r = %(lg — 11). Then, for any x € [l1,l2] and k > k*, there exists three consecutive grids
xg < 11 < x9 € Gy such that, either mi; < g < x1 < x < xo,x —my > t*(la — 1) or
zog <x <z <a9 <mg,me —x >t (lp — 1),

The lemma below is helpful in understanding the above concept.

Lemma 51 Let [y, 2] be some interval on R. Suppose my,my satisfy the following condition:
1
my < ly <ly < mgandmg —my > g(lg—ll). (124)

Then, the interval [m1, ms)] is amenable to [l, l5] with parameter (6, %)
Proof By definition, we need to show that, [m1, mo] satisfies the following conditions:
1. The set [ml,mg] - [ll, lg]

2. For any k > 6, denote Gy, to be the grid points G, = G(c,r, k) with ¢ = 3(l; + I2) and
r = 1(ly — ly). Then, for any = € [l1,l5] and k > 6, there exists three consecutive grids
xo < 11 < 19 € Gy, such that, either mq < 29 < 11 <z < T9, T — M1 > %(lg — ll) or
zo <x<wp <@g <mg,my—ax > 5l — ).

The first condition is satisfied according to the first group of inequality of Eq (124). To show the
second inequality, pick any = € [l1,[2], and we divide our discussion into two cases. (i) z >
%(ml + mg). Then, since k > 6, we can take three consecutive grids xg, x1,x2 € G} such that
x € [z1,2). Then, by definition,we know that, zo — z1 = @1 — 9 = 5-(l> — [1). This gives
To> T — % (Il — 11). Since mg — my > %(lg —[1) by Eq (124), we get that,

1 1 1
z—my 2 o(my—mi) 2 (I —h) andwo 2 & — o (I —la) 2 M.

The desired claim of the lemma now thus follows. (ii)z < %(ml + m2). One can similarly show
that, for k& > 6. there exists consecutive grids zg,x1,22 € G such that g < z < 21 < 29 <

Mo, Mo — T > %(12 — 11). The proof under this case is essentially the same as that under the case

where z > J(mq 4+ my). [ |

Now, we are ready to introduce the following lemma. It is deterministic in nature.
Lemma 52 Assume that, the following four conditions hold:
1. The set [my, mg] is amenable to the set [l1,l3] with parameter (k,t) = (6, %).

2. Forany x € [m1,ma), we have, f(z) — f(2%, ,,) < U’ for some U’ > 0.

3. The grid G = G(c,r, k) withc = 1(I1 + 1s), r = 3(lo — 1) and k > 6.

90



MINIMAX BOUNDS ON STOCHASTIC BATCHED CONVEX OPTIMIZATION

f(2) = fla)] < re.

Now, let us denote U to be U = 9U'k™" + 2r® > 0. Then, the output of algorithm 11 with input
parameters l1,la, m1, ma, k, T and U satisfies:

4. Forany x € G, we have,

1. The output set [1iv1, 1ig] is amenable to [l1, l3] with parameter (k,t) = (6,%)-
2. The output estimator & satisfies f(Z) — f(2%,, ,,) < Uk~ + 2ra,

3. Forany x € [, 1ha), we have, f(x) — f(z7%;, ,,) < OU'k~! +2r® = U.

4. The output [I1, 2] contains the minimum: any minimum Ty, 1, Satisfies 7y, . € (01, 12

Proof First note that, [my, ms] is amenable to I, l] with parameters (6, ¢). Since 2% b € [0, 2]
and the grid size £ > 6, thus, by definition, we know that, there exist three consecutlve grid points
ro < 21 < 29 € G, such that, either mq < xp < 21 < x}ll 1, < T2, az}ll 1, — M1 > (lg —1Ij)or

zo < @%y , S @1 <@ Smgandmg — 2%, 0 > %(lg — 11). We only prove the desired claim of
the lemma under the first situation, thatis my < zg < @1 <@}, . < @2, 2%, ), —m1 > =),
while noting that the desired result of the lemma can be proved in a totally similar way under the
other situation.

We start by showing the first claim of the desired result. To do so, we show that, m; < xp <
x1 < mg. Indeed whenever z € {xg,z1}, we know that, m; < z < ;L';,ll,lQ’ and therefore, by
convexity of f, we have,

Z1 — My * x;yll,b A
[ 0) + 5 f(ma).
_ f7 ’ —

Tl — M1 Flide — 1

f(z) <

Hence, the value f(z) — f(z%,, ;,) for z € {zo, z1} can be upper bounded by:

—Z

f(2) = f(@%,0,) < % (f(ma) = F(@F4, 1)) -

LT, — M1

Now, note that, since we have 0 < a:}h’l2 — 1z < % (la —11),0 < :c},lhl2 -1z < i (Io — 1),

% (la—1) < x}7l17l2 —my and f(my) — f(x}7l17l2) < U’, we get that,

flx1) = f(25,0,) < 3U'k™" and f(zo) — f@fn,) < 6U'k™". (125)

Thus, whenever z € {z, 1}, we get,

~

f(z)—f(ﬂf},zl,lz)

A~

f(z

‘—i‘f F@5 )+ f(x},zl,zg) — (@, )] < 246Uk~ = U.

This gives m1 < zg < T < Mmy. As an 1mmedlate consequence, we get e > mi + k~1r. Since
by definition, we know l1 <mp < l1 + k7 1r and 1y < lg < 1y + k7 1r, we get that,

A 2 1. 1. 2. -
I <my <=1 -1 d = —lo < 1Mo < lo.
1_m1_31+32an 31+32_m2_2

Thus, by lemma 51, we get that, [, 72] is amenable to [il, Zg] with parameter (6, %)
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Next, we show the second and third claim of the desired result. Indeed, note first that, by
definition, f(2) < f(x1). In addition, we know from the condition 4 of the lemma that, f(i) —
f(#) < r*and f(z1) — f(z1) < r* Lastly, we know from Eq (125) that, f(z;) — (@, 0,) <

3U'k~1. Thus, combining all these bounds together, we have,

F@) = f(@50,0,) < F@)—F@)+F(@)—F(@0)+f(@1)—f(@1)+f (@) —f(@h,,) < 30Uk +2r.

This gives us the second claim of the desired result. Similarly, notice that, for any z {ml, ma},
we have f(z) — f(z) < r® and the definition of 7711, 72 and & implies that, f(2) = flzy) <
f(z) = f(2) <6U'k™ + 2ra Thus, combining these bounds together, we get for z € {m,ma},

FR)=F (@5, 1) < F2)—F(2)+f(2)— f(@0)+f(@1) = f@)+f(21)— f(ahy, ) < Uk +2r,

This gives us the third claim of the desired result.

In the last step, we show the fourth claim of the desired result. To do so, we need to show that,
ll < xfl I < l2 First, we know that xfl 1 > my > ll Next, we show that a:fl s < my. We
divide our discussion into two cases: (i) mo = [s. In this case, the result is trivial. (i1) Mg < lo.
In this case, by definition of lg, we know that in this case l2 = 17y + k7. Since we have already
shown that 1o > 1, the fact that, 2% il <z +k7r gives us that, z7% il < Zg. Now, altogether,
we have shown the fourth claim of the desired result. |

Now, we are ready to show the desired claim of the proposition. Since the function f(x) is
known to be Lipschitz with parameter L on the interval [I1, 3], thus, it is known that, for all z €
[l1, 2], we have, f(z) — f(z7},,,,) < L(l2 — 1) < 2Lr. Now that, the condition on k shows that
T > 2k*log(2k + 1)r~2. As a consequence, this gives us that,

" 2 22k+1) _or [ 2
r 0\/T log 5 =7 log 5 +1

Now, the desired claim of the proposition follows from lemma 52 and above bound on r¢. |

Motivated by proposition 48, it becomes important to understand when such k exists in Eq (123)
and how large it is.

Lemma 53 Assume n is large enough satisfying nr®> > 62, Denote k(r) = (7(nr2))%, and
k* = |2k(r)|. Then k* € N and it satisfies Eq (123).

Proof Note that, the second part of the corollary follows easily from the first part, and proposi-
tion 48. To show the first part, note that, (x) > /x when = > 3. Therefore, whenever nr? > 612,
we have, y(nr?) > 6°. As a consequence, k() > 36, and hence, k* > 6. Now, we show that k*
satisfies Eq (123). Indeed, when k = k*,

(2k + 1) |2k* log(2k + 1)| < (3k)?log(3k)® < k(r)*log(k(r))® < nr?,
where the last inequality follows from the fact that, for any x > 0, vy(z) log v(z) < z. [ |

Now, proposition 48 and Lemma 53 immediately give us the following corollary.
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Corollary 54 Given any fixc € R andr € (0,1], setk = E'y(nT‘Q)%J andT = [ﬁJ Assume

n is large enough satisfying nr?> > 62. Then, if we denote 3 to be the output from algorithm 12
with inputly =my =c—r,lo =mo =c+r, and k,T,U set up as above, we get,

2 3
P (f(fv) — f(@%,1,) < 12Bn" 373 log(an)%) >1—0where B=3L+ o (log 5 + 1) .

J.1.3. ANALYSIS OF ALGORITHM 12: MULTI-STAGE ANALYSIS

In this section, we show that with careful choice of input parameters [y, l2, k1, 71 and U;, and
appropriate updating rule, then algorithm returns some estimator & that is minimax optimal. The
idea is from the crucial lemma 52: lemma 52 helps locate an interval such that all point in this new
interval has smaller function value gap to the minimum value f (x}7l17l2). The idea is to apply this
technique in multiple rounds, and after each round, get a better convergence rate of the function
value.

To be clear about how we specify the updating rule in line 3 of the algorithm 12, we summarize
D10 m® 59, we update 1§+, 1§+D, (D)
m(;ﬂ), k(41 71 and U6+Y as described in Algorithm 13. Our update also requires knowledge
of {k(j)}§:1 and {U(j)}ézl.

it as follows: given the output parameters L

Algorithm 13 Updating Rule in Algorithm 12

Input:lg"), lg), mgi), mg’), {k(j)}zi:l and {U(j)}ﬁ:y
(i) Update lfﬂ) _ ZY)’ lé@'+1) _ Zg‘)’ m§i+1) _ mgz) mgm) _ mg)

(ii) Update k(1) to be the largest & € N such that,

. A\ 2
(2k + DIT._, (k’(J)) [21og(2k +1)] < n (126)

If no such k exists, return FAIL.

(if) Update T0+1) to be T0+1) — | s |

(iv) Update UG+ to be U0Y) = U@ (D) ™" 4 2011 _ (k)1 (log 2 + 1)7.

[NIES

Proposition 55 Let D = [0,1]| and we are given the confidence level 5 > 0. Set the initial
parameter lgl) = m(ll) = 0 and l;l) = m(Ql) = 1. Set the parameters k') to be the largest k € N
such that, (2k + 1) [21og(2k + 1)] < n. Set the initial parameters T") = Lﬁj and UM = L.

Consider algorithm 12 that uses algorithm 13 to be the updating rule. Now, assuming that the
{k:(i) Z-]\il exist and satisfy k) > 6 for all 1 < i < M. Then, if we denote & and U to be the output
from algorithm 12, we get,

P (f(f) — f(@F,0,) < U(MH)) >1-4.

Proof The proof of the proposition relies on the following two components. The first component
is the following probabilistic lemma that bounds the deviation of the function value f(z) and its
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estimate f(z) on the grid {G;},. The second component is the crucial lemma 51 that we have
shown before. We start with the first component. Consider the following event I,

M
= ()10 0 <7 = 0y 2 1og LY e
i=1 A

The following lemma shows that I" happens with probability at least 1 — 4.

Lemma 56 We have P(T') > 1 — 4.

~

Proof First, fix 1 < ¢ < M. Note that, for each z € G;, denote e(z) := f(x) — f(x). Then,

~

since by our assumption, the noise { f(z) — f (x)}f;l is mean 0, independent and subgaussian with
parameter o2, we have that ¢() is mean 0 and subgaussian with parameter o2 /T;. Therefore, for
any fix x € Gj,

a2,
B (Je(z)| > 1) < 2exp (—(2”) < 6M 2k 1),
(o2

where the first inequality above uses the subgaussianity of €(z), and the second inequality uses the
definition of r®. Since |G;| = 2k; + 1, after taking a union bound, we get for 1 < i < M,

P (Ela: € G, such that | f(z) — f(z)| > rg) <sML
Now, the desired claim of the lemma follows from a union boundon 1 < i < M. [ |

We are now ready to prove the desired claim of the proposition. Indeed, we can prove the following
via induction on the rounds 1 < i < M:

1. The output [mgi“), mé’*”] is amenable to [lAgiH), léiﬂ)] with parameter (k,t) = (6, ¢).
2. The output estimator (1) satisfies f(2()) — @5, ,) < 3UO (kD)= 4 270,
3. Forany z € [m?*”,mﬁ*”}, we have, f(z) — f(z%,, ,,) < U (k)= 4 2p0 < Ul+1),

4. The output [I1, 5] contains the minimum: any minimum T}, 1, satisfies 2%, € (01, 15).

The only trick is to apply lemma 52 repeatedly and notice the fact that 70 > 210g(2k:(i) +
DIT,_, (k19))2 implies the following upper bound on r¢:

. 2 M (2k() + 1 . L oM 3
ry = a\/  1og 224 = )gaszl(kU)) 1<log5+1> :

Motivated by Proposition 55, it becomes important to understand how large {k(i)}f\il and
(UM are.
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Lemma 57 Suppose that n is large enough satisfying
loglogn > M log 3 + log 12 + log log 6. (127)

Then, the sequence {kWYM AT and {UDYM | are well-defined via algorithm 13. In addi-
tion, kW > 6 for all 1 < i < M. Finally, if we denote the output UM*V satisfies,

1

1
(-1 2 2
UM+ < gM+2B(Jog n)% -n? (1 3M) where B =L + o (log 5 + 1> : (128)

Proof First of all, we show that {k(Y}, are well defined via algorithm 13. To do so, we show that
the following hypothesis hold for all 1 < ¢ < M:

(i)n > 62110, (kY))? (ii)k® € Nand k) > 6 (129)
(#i0)ITi_ k) > (12)‘%(1‘5) (log n)‘é(l‘@n%(l‘%) (130)
()T kD) < 62 (1=31) 2 (1) (131)

We first show the base case ¢ = 1. Note that, the first part of Eq (129) is implied by the assumption
on n, both the second part of Eq (129), Eq (130) and Eq (131) follow from the first part of Eq (129)
and corollary 54. Now, for some 7 < M, assuming that the induction hypothesis holds for all
j € {1,2,...,i}, we show that the hypothesis holds for ¢ + 1. We first show the second part of
Eq (129) for i + 1. Indeed, by induction hypothesis, we know that, the first inequality of Eq (129) is
true for 7, and thus the second part of Eq (129) follows from a direct application of corollary 54 (by
substituting § by 6 /M and r by Hé»:lkj_l there). Next, we show Eq (130) holds for ¢ + 1. In fact,

note that, by definition of k(i), we know that,

<
~
W=

G+ > % [’y (nﬂézl(k(j))Q)]é > 1 <n1‘[i._1(k;(' ),2> (lognr%,

and therefore, we get that,

W=

ML ED) = T kO - k0D > 127103 (log ) 5 (H;i:lk(j))
Now, using the induction hypothesis Eq (130), we get,

3

. . _3 _ 1 _1 _ 1 3
it kD > 1271075 (log n)s <(12) 3(75) (logm) 2 (130) 3 (0 si)>
= (12)_%(1_ﬁ) (log n)_%(l_ﬁ)n%@_ﬁ)
This gives Eq (130) for the case 7 + 1. In the third step, we show Eq (131) for ¢ + 1. The proof idea

is similar to that of Eq (130). In fact, by definition of k), we know that,

1

EOHD < é ['y (nﬂ;:1(k(j))72)] ’ < é (nHé’:l(k(j))iﬂ ’

Wl
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and hence immediately we can get that,
1
Mt RO = T kO k0D < 671ns (H§:1 k(j)) s

Now, using the induction hypothesis Eq (131), we get,

w

l -
) <07t (720 0)A000)) < g7t (e 1 0-ske)
Finally, we show the first part of Eq (129). Note that, by the proven fact of Eq (131) for ¢ + 1, it
suffices to show that, nl/3! > 612, which would suffice if n is large enough so that,
loglogn > M log 3 + log 12 + log log 6.

Now, we are ready to show the rest of the corollary. We first show Eq (128). Indeed, it is easy
to use induction argument to show the following result: forall 0 <7 < M — 1:

1
. o 1 . 2 2 -
U(M-i-l) — 91+1U(M Z)H;:Ole_j + Z(91—{-1 o 1)0 <10g 5 + 1) H;\/iokj 1'

Therefore, if we plug in ¢ = M — 1 in the above argument, we get that,

) 1
2 \? 2.1\
UM+1) < gM <U1 +o <log 5 + 1) ) Hj]‘iokj_l = 9MHinokj—1 <2L +o <log 5 + 1> )
|

Now, Proposition 55 and lemma 57 together immediately give us the corollary below.

Corollary 58 Let D = [0,1]. Consider algorithm 12. Suppose we use the same initialization
rule and use algorithm 13 to be the updating rule as that in Proposition 55. Then, when n is large
enough satisfying Eq (127), then the output & from algorithm 12 satisfies,

P(f(#) — f(z") <7jy) 21—

where

1
1(q__1_ 2 2
N = 9MF2(log )2 3 (1m3hr) <L+0 (log5+1> ) , (132)

J.2. Lipschitz Function with Zeroth-Order Oracle,d > 1 and M =1
J.2.1. DESCRIPTION OF ALGORITHMS

In this section, we introduce the one stage algorithm for minimization of Lipschitz function under
zeroth-order oracle: algorithm 14 parameterized by (¢, 7, k,7T) € D x Ry x N x N. Note that,
algorithm 14 is in essence the same as algorithm 7.
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Algorithm 14 Routine for One Stage Lipschitz Function F), (Zeroth-Order Oracle)

Input: User’s choice of the sampling center ¢ € D, radius r € R, grid size parameter k € N
and the sampling times 1" € N.

1: Compute the grid points G = G(c, r, k).

2: Ateach point z € G, query the zeroth-order oracle T times and denote each sample function
value via { f(z)D, f(2)@, ..., f(z)D}.

3: Compute the function value estimate at each point 2 € G via f(z) = + Z;‘FZI f(m)(i).

4: Compute the estimate & € @, defined by # := argmin, . f(z).

5: Return the estimator Z.

J.2.2. ANALYSIS OF ALGORITHM 14

In this section, we show that, with careful choice of input parameters (c,r, k,T'), algorithm 14
returns some estimator & that achieves the minimax risk (up to constants and logarithmic factors).
The analysis is pretty close to that of algorithm 7. For convenience, we slightly generalize the
domain of interest by considering D..,, = {z : ||z — ¢/, < r} parameterized by ¢ € R? and
r € R. The target now becomes x} ¢ the unique minimum of f in the domain D, and the risk

of interest would be E [f(:%) - f(‘T?cm)} .

Proposition 59 Given any fix c € R? and r € (0, 1], suppose there exists k € N satisfying

(2k + 1)% [2k? log(2k + 1)] < nr?. (133)

Then, pick any k € N satisfying Eq (133), and set T' = {mJ Denote I to be the output from

algorithm 14 when we input (c,r, k,T) as the input parameters. Then, we have

P (f(fc) — f(@fe,) < % (20 (,/21og§ +d> +L\/&>> >1-04.

X Then, by construction of the grids G and Lipschitz-

Proof Denote = argmin, Hi’ — T,

ness of the function f, we know that,

rvd Lrv/d
3 .

o= erll, < 5 and 1) = f(@ o) < ElJo = 5]l < 20

Now, let us consider the following event:

I'= {’J?(x)—f(w)‘ <r? :ZU\/;logQ(%;—DdforallxeG},

The next lemma shows that I" happens with probability at least 1 — 4.

Lemma 60 We have P(I') > 1 — 0.
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~

Proof First, for each z € G, denote €(x) := f(x) — f(z). Then, since by our assumption, the noise

{f(x) — f(z)}I_, is mean 0, independent and subgaussian with parameter o, we have that €(z) is
mean 0 and subgaussian with parameter o /T'. Therefore, for any fix z € G,

(ro)2T
2 2

P (je(x)] > 19) < 2exp (— ) <82k + 1),

where the first inequality above uses the subgaussianity of €(z), and the second inequality uses the
definition of . Now, the desired claim of the lemma follows from the fact that |G| = (2k + 1)¢
and the union bound of the above events. |

Note that, since by definition f(i) < f(Z), we get the below upper bound of f(&) on T,

X R Y S o _ _ .. Lrvd
F@)= (@ er) = $@) = F@) + f@) = F@)+ @) - 1)+ $@) - flaf,,) < 20420

N—

<re <0 <re < L,-k\/g
Now, the assumption on k, T' shows that, T > 2k? log(2k + 1)r~2 and,
2log 2 + 2dlog(2k + 1 2

e \/ 85+ Tog( D g?( 210g5+d>

This gives the desired claim of the proposition. |

Motivated by Proposition 59, it becomes important to understand when such k exists in Eq (133)
and how large it is.

1
Lemma 61 Assume n is large enough satisfying nr> > 32¢+2. Denote k(r) = (’y (m‘Q)) 42 and
k= |3k(r)|. Then k* € N, and k* satisfies Eq (133).

Proof Note that, y(z) > \/x whenever z > 3. Thus, by assumption that nr? > 32(9+2) we get
that y(nr?) > 3912 and hence k* > 1. To show that k* satisfies Eq (133), note that, when k = k*,
we have,

(2k + 1)% [2k? log(2k + 1)| < (3k)T?1og(3k)?*2 < (k(r))* T2 log(k(r)) 2 < nr?,
where the last inequality follows from the fact that, for any x > 0, y(z) log v(z) < z. [ |

Proposition 59 and lemma 61 immediately give us the corollary below.

Corollary 62 Given any fix c € R% and r € (0,1], set k = [%(v(nrz))th and T = {%HJ

Assume n is large enough satisfying nr> > 32412, Then if we denote & to be the output from
algorithm 14 when we input (c,r, k,T) as the input parameters, we get,

P (f(2) = f(@}er) <77) 210,
. 41 oyl 2
v* = 6riatzn” @2 log(nr) @z - | 204/ 2log 5 +d+LVd).

98

where



	Introduction
	Problem Formulation
	The big ideas
	Achieving reasonable convergence rates
	Lower bounds on optimality
	The information recursion


	Lower Bounds
	Upper Bounds
	Proof of Theorem 2: roadmap
	Proof of Theorem 2
	The outline
	Function construction
	Function construction: Lipschitz convex functions
	Function construction: smooth strongly convex functions

	The information recursion
	Minimax rates: information-theoretic intuition
	Notation
	The inductive argument

	Finishing the proof

	Function construction for smooth strongly convex functions
	Smooth interpolation of two quadratic functions: a 1D example
	Smooth interpolation of two quadratic functions: multi-dimension
	Multi-stage recursive construction

	Technical Proofs for Section B 
	Proof of Lemma 4
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Lemma 19
	Proof of Lemma 8
	Proof of Lemma 9
	Proof of Lemma 10
	Proof of Lemma 11
	Proof of Lemma 20

	Technical Proofs for Section C
	Proof of Lemma 13
	Development of Algorithm 2
	Proof of Lemma 14
	Proof of Lemma 15
	Proof of Lemma 16
	Proof of Lemma 17
	Proof of Lemma 18
	Proof of Lemma 24

	Proof of Theorem 3: Roadmap
	Smooth Function with First Order Oracle
	Description of Algorithms
	Analysis of Algorithm 4: Single-Stage Analysis
	Analysis of Algorithm 5: Multi-Stage Analysis

	Smooth Function with Zeroth Order Oracle
	Description of Algorithms
	Analysis of Algorithm 7: Single-Stage Analysis
	Analysis of Algorithm 8: Multi-Stage Analysis

	Lipschitz Function with First-Order Oracle
	Lipschitz Function with First-Order Oracle, d = 1
	Description of Algorithm
	Analysis of Algorithm 10


	Lipschitz Function with Zeroth-Order Oracle
	Lipschitz Function with Zeroth-Order Oracle, d = 1 and M 1
	Description of Algorithms
	Analysis of Algorithm 11: Single-Stage Analysis
	Analysis of Algorithm 12: Multi-Stage Analysis

	Lipschitz Function with Zeroth-Order Oracle, d 1 and M = 1
	Description of Algorithms
	Analysis of Algorithm 14



