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Abstract

We consider regression problems where the response is a smooth but non-linear function of a k-
dimensional projection of p normally-distributed covariates, contaminated with additive Gaussian
noise. The goal is to recover the range of the k-dimensional projection, i.e., the index space.
This model is called the multi-index model, and the £ = 1 case is called the single-index model.
For the single-index model, we characterize the population landscape of a natural semi-parametric
maximum likelihood objective in terms of the link function and prove that it has no spurious local
minima. We also propose and analyze an efficient iterative procedure that recovers the index space
up to error € using a sample size O(pO(RQ/ #) 4+p/e?), where R and i, respectively, parameterize the
smoothness of the link function and the signal strength. When a multi-index model is incorrectly
specified as a single-index model, we prove that essentially the same procedure, with sample size
O(pP*R*/1) 4 p/€2), returns a vector that is e-close to being completely in the index space.
Keywords: Single-index models, multi-index models, non-convex optimization, semi-parametric
models.

1. Introduction

Suppose we are given n data points {(x;, y;)}/_; generated independently from the following re-
gression model:

z; ~N(0,I,), €~N(0,0%), yi=f(zi)+e ela. (1)

Here, x; € RP are p-dimensional covariates or features and y; € R are the response variables. The
function f : RP — R is assumed to be smooth and unknown. In many applications of practical in-
terest the function f is not an arbitrary p-variate function but depends on an unknown k dimensional
projection of «, that is,

f(x)29((1&?@,<U§a$>7---a<ui7$>)v (2)

where ¢ : R*F — R and uj,uj, ..., uy are orthonormal vectors in RP. In the statistics community,
this model is called the multi-index model. The special case k = 1 is called the single-index model;
a simple example is the phase retrieval problem for real signals where g(z) = z2. We note that in
the multi-index model, the index vectors are themselves unidentifiable. However one can hope to
identify the span of index vectors which we denote as U/* “ Span(uj, u3, ..., uy).

We study the index model from a semiparametric point-of-view: the parameter of interest is the
subspace U* and the link function g is treated as an unknown nuisance parameter. The advantages
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of taking this view are two-fold. First, designing procedures which make weak assumptions on the
link function g are robust to misspecification of the link function. Second, this point of view allows
us to study the problem of representation learning or feature engineering in a simple setting. If one
is successfully able to estimate the transformation & — ((u},x),..., (uj,x)), there is hope of
avoiding the curse of dimensionality in p dimensions and incurring a curse of dimensionality only
in k dimensions.

There is a long line of work studying this model in statistics and machine learning. However
existing works suffer from one or more of the following drawbacks:

1. Some procedures derive estimators that are solutions to highly non-convex optimization prob-
lems. It is unclear when these optimization problems are tractable.

2. Some existing procedures make ad-hoc assumptions on the unknown link function g. These
assumptions seem to be required for specific procedures to work and don’t seem to capture
the inherent statistical difficulty of the problem.

3. The sample complexity analysis of some procedures suppresses the dependence of the ambi-
ent dimension p in the constants, which makes it unclear whether the sample complexity is
polynomial or exponential in p.

In this paper we attempt to address some of these shortcomings. Our main contributions are
summarized as follows:

1. For the single-index model, k = 1, we provide an explicit formula for the population loss of a
natural semiparametric maximum likelihood estimate (SMLE). We show that the population
loss has no spurious minima. However it may have degenerate critical points. In Theorem 3,
we explicitly characterize the degeneracy of these critical points in terms of a single parameter
corresponding to the unknown link function called the Order of Degeneracy of g.

2. Motivated by our analysis of population loss of the SMLE, we design an easy-to-analyze
procedure to recover the index vector for the single-index model. In Theorem 14, we analyze
the sample complexity of our procedure in terms of statistically motivated parameters R and
w which quantify the smoothness and signal strength of the link function g; see Assumptions 3
and 4 for their definitions. Our procedure (Algorithm 2) requires (’j(pO(R2 /1) 4 p/€?) samples
where the O notation suppresses factors polynomial in 1/8, In(1/€) and (R2/p)%/# to return
an estimate @ that satisfies min(||a — u*||2, [[& + w*||2) < € with probability 1 — O(d) —
on(1) — 0p(1). Furthermore, our procedure runs in time O (np). Our procedure is a natural
higher order generalization of ADE (Brillinger, 2012) and PHD (Li, 1992) estimators.

3. For the multi-index case, in Theorem 8, we show that the same procedure can be seen as
optimizing an objective which has the desirable property that (nearly) every local extrema in
the population objective is an element of the ¢/*. Finally, in Theorem 17, we show that with
O(pOkR*/1) /¢2) samples, the procedure returns an estimate @ such that || Py (@2 > 1 —e.
This means that our procedure for learning single-index model is robust even when a multi-
index model is misspecified as a single-index model.
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1.1. Related Work

There is a large literature dealing with estimation of index models. We briefly review the different
approaches mentioning some representative papers for each approach.

Semiparametric Maximum Likelihood Estimators: A well known estimator for the index vec-
tor is the semiparemetric maximum likelihood estimator (SMLE). The basic idea behind SMLE is
as follows: Suppose our best guess for the index vectors was w1, us, . . ., ur. Given this guess, one
could estimate the link function g using a non-parametric estimator such as a kernel smoothing es-
timator with bandwidth A : g, ((u1, ), ..., (ug,x)). One could also evaluate how good our guess
for the index vectors was using a suitable goodness-of-fit statistic such as the Sum-of-Squared Er-
rors SSE(uy, ..., ug) = > i (Gn({u1,x;) . .., (g, x;)) — y;)*. One can then estimate the index
vectors by minimizing the goodness of fit statistic. The SMLE is known to have excellent statistical
properties in the asymptotic regime where the ambient dimension p is fixed and the number of sam-
ples n — oo such as y/n-consistency and asymptotic efficiency under very weak assumptions on
the distribution of covariates. However, it is not clear whether the optimizing the SSE is tractable.
Furthermore, the classical asymptotic analysis does not capture terms in the Mean Squared Error
which might be more important in modern day scenarios, where p is often large and comparable to
n. See the book by Horowitz (2009) for a nice review on results about the SMLE.

Gradient-Based Estimators: A second approach developed in a series of papers by Hristache
et al. (2001b,a); Dalalyan et al. (2008) leverages the observation that the gradients V f(x) lies in
the span of the index vectors and hence U/* can be estimated by running PCA on non-parametric
estimators of the gradients, for example the slope of a local-linear regression estimate:

n
(f(=), Vf(@)) = arg _min_ 1 (yi — ¢ = (B, — 2))* Ky (& — zi])
i=
for some kernel smoothing function K. The problem with this estimate is that it isn’t clear if the
estimate of the index vectors derived from this non-parametric gradient estimate would even be
\/n-consistent since the gradients are estimated at a slow rate. However Hristache et al. (2001b,a);
Dalalyan et al. (2008) show that it is possible to iteratively improve this estimator to get a /n-
consistent estimator of the span of the index vectors when & < 4 under very weak assumptions
on the distribution of covariates. Furthermore, their procedure is also computationally tractable.
However, their analysis suppresses the dependence of p in constant terms. More precisely, they
show that estimating the span of the index vectors up to a tolerance e requires O (1/ 62) samples
(which is much better than O (1/€P)), but this O (-) suppresses a 2P factor in the sample size.

Moment-Based Estimators: Another line of work makes assumptions on the covariate distribu-
tion (e.g., Gaussian or elliptical). Such assumptions permit one to take advantage of Stein’s Lemma
and its generalizations to derive moment-based estimators for the index vectors. Specifically if
x; ~ N (0, I,), then,

Elyz] =E[Vf(z)], Elyzz'] - E[f(2)]I, = E[V*f()].

Since for multi-index models, E[V f(z)] € U* and Range(E[V?f(x)]) C U*, estimates of these
moments derived from empirical averages can be used to estimate subspaces of the span of the index
vectors. The estimator based on the first moment is called Average Derivative Estimator (ADE) and
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was proposed by Brillinger (2012). The estimator based on the second moment is called Principal
Hessian Directions (PHD) and was proposed by Li (1992). More recently, these estimators were
revisited by Plan et al. (2017) and Neykov et al. (2016) in the context of single-index models. They
analyze these estimators providing non-asymptotic bounds with explicit dependence on p. They also
extend these estimators to the situation where the index vector has additional structure like sparsity.
However, the key drawback of these estimators is that they are not guaranteed to estimate the entire
span of the index vectors. For example consider the situation when k = 1 and g(z) = H3(z). Here
H3 denotes the Hermite Polynomial of degree 3. One can check for this example, E[V f(xz)] = 0
and E[V2f(z)] = 0. Hence both ADE and PHD fail to recover the index vector. The underlying
cause for this failure mode is that both ADE and PHD extract index vectors participating in the first
two harmonics of the link function g and can miss out on index vectors involved in higher order
harmonics of the link function g.

Slicing: A partial solution to the failure of moment-based estimators to the entire subspace /™ is a
technique called Slicing. This technique was introduced in Li (1991) and is based on the observation
that almost surely with respect to vy,

E[z|y] € U*, Range(Elzx’|y] — I) C U*.

The advantage of slicing is that one can now estimate the sliced moments E[z|y] and E[xz” |y] for
a number of different values of y and this hopefully reduces the chance of missing certain relevant
directions. However, even Sliced Inverse Regression is guaranteed to consistently capture all the
relevant directions under ad-hoc assumptions like:

Rank (B, [E [z[y] E [z]y]" ] ) = F, 3)
Rank (E, |(E [ea|y] — 1)°]) = k. )

For Equation (3), it is easy to see that the phase retrieval problem violates this assumption since the
link function g(z) = 22 is even and hence E[x|y] = 0. We are not aware of any counterexamples to
Equation (4) nor a proof that this assumption holds for an arbitrary link function. Due to assump-

tions like these, the analysis of slicing depends on parameters like the Apin (Ey [IE [x|y| E [w|y]T] )

and the smoothness of the function s(y) & E[x|y]. It is not clear how these parameters relate to
more natural notions of signal strength for this problem or to the smoothness of the underlying link
function. We refer the reader to Babichev and Bach (2016) for a non-asymptotic analysis of Sliced
Inverse Regression and a discussion of the failure modes of various slicing strategies.

Other related work: Recent concurrent work of Ge et al. (2017) uses techniques based on Her-
mite polynomials similar to ours to learn neural networks of the form ) ;" | a¥o((b},x)) where
a; > 0 and b; are linearly independent. They assume that the link function o is known (e.g., ReLU
or tanh activation), and leverage this knowledge to design an objective depending on ¢ that has
benign structure (e.g., no spurious local minima or degenerate critical points). Since we take a
semi-parametric point-of-view, we are unable to do this. In particular we need to handle objectives
with degenerate critical points.
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1.2. Assumptions

We assume that we have n data points generated the regression model defined in Equation (1) with
a multi-index regression function of order k£ (defined in Equation (2)). We make the following
assumptions on the unknown link function (with z ~ A (0, Ij)):

Assumption 1 (Normalization) E[¢?(z)] = 1.
Assumption 2 (Bounded Link Function) |[/g||o. < oo.

Remark 1 Assumption 2 is not strictly required for our analysis. It can be relaxed to allow for link
functions such as g(z) = 2% in the case of phase retrieval. This is done in Appendix D.

Assumption 3 (Smoothness) ¢ is twice differentiable, and E|( gii’(g‘;) 2] < R% foralli,j € [k

Assumption 4 (Minimum Signal Strength) E|( 8?)2?) )] > pforalli € [k].

Remark 2 We note that p is a very natural notion of signal strength in this problem. If Assumption 4
is violated for some coordinate i € [k|, we have

0¢(z 2 09(2) as.
E[( gi}) ] =0 = g;) =0 = g(z1,22,---,21) = ¢ (21, -, 21, Zig 15 -+ 28)-

This means that the value of the response y is independent of the projection of the covariate along
the direction w; and hence, we cannot possibly hope to recover it.

1.3. Notation

Notation for Hermite Polynomials: We will represent the unknown link function using orthog-
onal polynomials for the Gaussian measure called Hermite polynomials. Let H;(z) denote the
(normalized) Hermite polynomial of degree . These polynomials form an orthonormal basis for
square-integrable univariate functions under the Gaussian measure. Hence, in the case of the single-
index model (¥ = 1), the unknown link function g admits an expansion in the Hermite polynomial
basis of the form:

9(z) =) af Hy(2).
=0

We define the following index sets: Z, = {S € (NU {0})* : Z?Zl S; <t} and I, & U0 Zes

and we use the notation Hg(z) for S € Z, to denote the tensor-product Hermite polynomial

basis: Hg(z) & Hle Hg,(2;). Analogously, we use the notation 2 for S € Z., to denote the

monomial: z5 £ Hle zZS’ The tensor-product Hermite polynomials form an orthonormal basis
for square integrable k-variate functions under the product Gaussian measure. Hence for the multi-

index model, the unknown link function g admits an expansion of the form:

g(z)= 3 asHs(2).

Selo



LEARNING SINGLE-INDEX MODELS

Notation for Linear Algebraic Aspects: For a vector v € RP, we use ||v||; to denote the L1 norm
and ||v||2 to denote the L2 norm. If the subscript is omitted, ||v|| refers to the L2 norm. For matrices,
|| A|| represents the operator norm. The notation Py« and Py, refers to projection operators onto
U* and the orthogonal complement u+t, respectively. The unit sphere in R? is denoted by SP~1.
Finally, we define the matrix of orthonormal index vectors U* = [uf, u}, ..., u}] € RP*F.

Notation for Probabilistic Aspects: We use the notation A (0, I,,) to represent the standard
Gaussian distribution in p dimensions. In particular the statement X ~ N (0, I,,) means the ran-
dom variable X is drawn from a p-variate standard Gaussian distribution. Analogously wg ~
Uniform(SP~!) means that ug is a uniformly random unit vector.

Outline: The remaining paper is organized as follows. In Section 2 we analyze the landscape of
the semi-parametric MLE. We propose a simple objective for the estimating single-index models
and analyze its landscape when a multi-index model is misspecified as a single-index one. In Sec-
tion 3 we construct and analyze a procedure to estimate single-index models from finite samples.
In Section 4 we analyze the behaviour of this procedure under a multi-index misspecification. We
conclude with Section 5 and discuss some open problems. All omitted proofs are in the Appendix.

2. Landscape of Some Population Objectives

A commonly used estimator for single-index models is the semiparametric MLE which is defined
as follows:

= arg min, min — 5 (5 — Al 2)°

U = arg min min — i — h({u, x;)))“.

gueSPfl heFr n P 4 ’

In the above display F7, is a suitable class of functions from R to R. The parameter L controls the
complexity of the function class and is tuned to achieve an optimal tradeoff between the bias and
the variance of the resulting estimator. For example a simple choice for F;, would be the set of all
degree L polynomials: F;, = {g : R — R, g(z) = Zz'L:o a;H;(z)}. For this function class, the
SMLE becomes:

n L 2
@ = arg min min 1 Z <yZ — ZalHl(<u, a:»)) (OPT 1)

p—1 L+1 1
uesr~! a€R i—1 1=0

It is not clear if Optimization Problem OPT 1 is tractable. The first step in understanding its com-
plexity is to understand the landscape of the associated population loss:

I 2
Rp(u):= min E <y—zazHl((va>)>
=0

aERLJfl
It turns out that it is possible to give an explicit expression of the population loss due to a surprising
algebraic property of Hermite Polynomials stated below.
Lemma 3 (O’Donnell, 2014) Let u, v be unit vectors in RP. For x ~ N (0, I,),

0 I # m,
(u,v)! 1=m.

E{H, (1, ) Ho( (v, 2))] = {
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Our first result (Theorem 5) is that the objective Ry (w) has precisely two local minima at
u = +u*. However it may have degenerate critical points. The degeneracy of the critical points of
Ry (u) is determined by the degree of the smallest non-zero harmonic in the link function f. More
precisely we define the following notion of the order of degeneracy of f:

Definition 4 (Order of Degenerarcy of f) The order of degeneracy of f, denoted by OD(f), is
defined as:

OD(f) == min {l € [L] : Eyn(o,1,) Lf (@) Hi({m,u"))] # 0} .

Theorem S5 The population loss admits the explicit form:
L
Rr(u) = o* + Za}&(l — (u, u*)?).
=1

The critical points of Ry, (u) are given by:
1. u = tu*, which are global minima.

2. u€{acSPt: (a,u*) =0}. All points in this subspace are global maxima. Furthermore,
when OD(f) > 1, these local maxima are degenerate, that is, V>R (u) = 0.

While the objective Ry, (u) has no spurious local minima, there are a few issues with it:

1. Since the objective squares the residuals, it increases the effective order of degeneracy of the
function by a factor of two. This increases the number of samples required to guarantee that
the landscape of the objective is well-behaved.

2. The coefficient vector a that minimizes the objective is dependent on the data. This depen-
dence makes the analysis more complicated.

To avoid these difficulties, we instead optimize the following objective for some value of [ and
get an estimate ;:

ueSp—1

. 1 — . .
Fi(w) = = 3 yali((@iw), @ = arg max, Fi(u).
i=1

To understand why this objective is reasonable, we consider the population version of the objective:

Fi(u) = E[f(z)H((z,u))]

terma 3 aj (u, u*)l )

Hence, Fj(u) is extremized at & = f-u* provided a; # 0. Intuitively, given a harmonic /, the objec-
tive Fj(u) tries to orient the vector w in such a way that the energy in this harmonic is maximized.

Remark 6 (Degenerate Critical Points) When | > 2, Fj(u) has a degenerate critical points at all
wt that satisfy <u*, uL> = 0. In particular, this means that for | > 2, our objective does not satisfy
the strict-saddle (Ge et al., 2015) or the ridable saddle properties (Sun et al., 2015). Hence, it is not
immediately clear if these generic analysis methods can be applied here.
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Let us now consider the situation where a multi-index model of order £ was misspecified as a
single-index model. One might still hope that optimizing F}(u) does something reasonable. It turns
out that the objective Fj(u) indeed has this desirable property. One can write an explicit form for
F;(u) when the data is generated by a multi-index model of order k. The key tool that allows us to
do this is a multivariate analogue of Lemma 3 which is stated below.

Lemma?7 Let U := [uj,us. .., ug| be a matrix in RP** with orthonormal columns. Let v be a
arbitrary unit vector. Then,

1) E[Hs(Uz)H({v,))] =0 ifl # 1S,

k
2) E[Hg(Ux)H;((v,x))] = Sl'Sg'l'Sk'H <ui,'v>5i ifl =|S]|.
=1

Our next result (Theorem 8) characterizes the landscape of the objective Fj(w) under a multi-index
model and shows that it has no spurious local extrema.

Theorem 8 Under the order k multi-index model, the population objective Fi(u) has the following
properties:

1. The population objective has the following explicit form:

k
I s,
— E: * * i
Fi(w) = 5 <51,52,...,5k>2111<“““> '

S:||S||1=!

2. Any local maximizer with Fi(u) > 0 is contained in the subspace U*.

3. Any local minimizer with Fi(u) < 0 is contained in the subspace U*.

Remark 9 We note that Theorem 8 falls short of showing that Fi(w) has no spurious local minima
or maxima. In particular existence of local maxima (or minima) not in U* such that Fi(u) = 0 is
not ruled out. However such local maxima are unlikely to be a cause of problems for procedures
like gradient ascent (or descent). To see this consider the following procedure: Choose a random
initialization point. With probability 1, we will have Fy(uo) # 0. If the objective is positive, run
gradient ascent otherwise run gradient descent. Since gradient ascent with small enough step size
is guaranteed to increase the objective, we will never get stuck in a local maxima with Fy(u) = 0.

3. Learning Single-index Models from Finite Samples

In Section 2 we showed that the population version of the objective Fl(v) is extremized at the
true index vector u* provided that the energy of the link function in the harmonic [ is not zero
(a7 # 0). In this section, we first design a procedure (Algorithm 1) that extracts an estimate of u*
from harmonic [ under the promise that aj # 0.

Algorithm 1 exhibits extremely fast convergence. In particular, it requires only two update steps
to return an estimate. The underlying reason behind fast convergence for this algorithm is that the
gradient of the population objective is perfectly aligned with the index vector u*. The analysis of
this procedure is presented in Theorem 10. At a high level, the analysis of this procedure involved
the following steps:
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Algorithm 1 Estimate-Index-Vector-from-Harmonic(S, )
input Data S = {x;,y;}]"; C RP x R; Degree of Harmonic [ € N
output Index Estimate u; € RP.
1: Split S into two equal parts:
S = {(.’Bz,yz),l =1,2, .T;.,%},SQ = {(«'Buyz) 1= % + 1,...,7},}

2: Define Fj(u; S1) := % 2, yiHi((zi,w)) and Fy(u; Sp) := %Z?:%H yiHi({(x;, u))
3: Random Initialization: uy ~ Uniform(SP~1)
. e — _VFi(ug;S1) _ _VE(u1;8)
4: Compute two steps of iterative process: u; = —=-—22L ‘and then uy = —--—122
pute P P LT VA0Sl 27 VA usS)l2
5: return u; := uo

1. Analysis of Random Initialization: We expect a uniformly random unit vector to have a pro-
jection of size ©2(1/,/p) on w*. This means that the initialization is very close to a degenerate
critical point and hence we see very small gradients of size O (1 / pl)

2. Analysis of the stochastic fluctuations of the gradient: Because our gradients are heavy tailed,
this is done via a standard truncation argument. We show that |[VFj(u) — VEj(u)|2 <
O(y/p/n). Hence when n > O(p'), the stochastic fluctuations don’t kill off the small gra-
dients we observe at the initialization. This initial sample size requirement of O (pl ) can be
seen as the price to pay to escape the degenerate local critical points.

3. Analysis of Iterates: We show that because the gradient of the objective is perfectly aligned
with the index vector, || — w*[|2 < 1 at the end of the first iteration and ||d; — u*[]2 <
O(4/p/n) at the end of the second iteration.

Theorem 10 Given any €, € (0,1); with probability 1 — 2 exp(—p/32) — 56 — 2, the output @,
of Algorithm 1 satisfies

| (g, u”) | 21—

I

100((|f [l + 40) - 2241 \/ 2 max(p, In(1/8)) In' ()
lag]| n

provided n is large enough so that the following holds:

n 32 - 104(|| flloo + 40)? 2%
l > 2 20—2
In‘(n) 2a} o

max(p, In(1/8))p' L.

Remark 11 (Connections to 1-bit Compressed Sensing) Consider the 1-bit compressed sensing
problem where g(z) = sign(z). One can check that for this link function, a% = \/2/m > 0. Hence,
when specialized to this case, Theorem 10 gives a sample complexity of O(pln(p)) which is optimal
for unstructured signals up to log-factors.

Remark 12 (Connections to Phase Retrieval) Consider the phase retrieval problem where g(z) =
22 = \/§H2(z) + 1. A common approach to get an estimate of w* is by computing the leading
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Algorithm 2 Learn-single-index-Model(S, R?,11, o2, || f|| s, 6)

Input Data: S = {x;,y;} ; C RP x R;
smoothness parameter R?; minimum signal strength parameter j; noise variance o2; upper
bound on link function || f||~; confidence parameter 0.

Output Index Estimate & € RP,

2
Split S into Sirain and Siesy such that: m := |Sieq| = 256 - Q%R‘l(az + | £112)/(013)
Let L := 22
Let u; := Estimate-Index-Vector-From-Harmonic(Siin, {) foreach i € {1,2,..., L}.
Compute T} := > ;g vil({xi, ))/m foreach l € {1,2,..., L}.
Let lpest 1= arg max;e(z) T
return i := uy

AN A Rl S e

eigenvector of the matrix M = Y oic1 yzaczacZT Using the variational characterization of the lead-
ing eigenvector, one can see that this is exactly the same as optimizing the objective Fy. When
specialized to this case, Theorem 10 gives a suboptimal sample complexity of O(p?), but more spe-
cialized analyses of the same estimator using matrix perturbation tools do give the optimal sample
complexity of O(p) (see, e.g., Candes et al., 2015).

We emphasize that Algorithm 1 succeeds only if we know a harmonic [ such that aj is not too
small. In order to design an algorithm that learns single-index models with arbitrary link functions
satisfying our assumptions we show that for any such link function, there exists a bounded Iy € N
such that al*u is not too small.

Lemma 13 (Existence of a good ly) For a link function g that satisfies Assumptions 1, 3 and 4,

there exists a ly < % such that, lﬂafu 2> %.
While Lemma 13 guarantees the existence of a [ it does not tell us which value of /; should be
used for an unknown link function. A simple solution is to construct estimates u; for all values of
1 €{1,2,...,2R?/u} and choose the one with the best performance on a held-out data set via some
goodness-of-fit statistic. This is implemented in Algorithm 2 for learning single-index models.

Theorem 14 Given any€,0 € (0, 1); with probability 1 — %eﬂv/:ﬂ - %(5 - 12122, the estimate
returned by Algorithm 2, U satisfies

2R2

_ 3200 2" (1l + dor) B \/max (pIn (5)) I~ (n)
/T n

[(u",a) [ > 1

9

provided that n satisfies

2

n 1024 - 104(||f||oo + 40)2R* 275 1\ er?_,
2R2 2 3 " TuR2 9 max | p,In g p* .
In"» (n) H §u

Remark 15 If we treat 1, || f||co, 0, R and § as fixed constants, Theorem 14 states that Algorithm 2
requires O(p*°/14p/€?) samples to return an estimate @ such that min(||u* — /|, [[u* +al|) < e

10
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Algorithm 3 Learn-single-index-Model-Robust(S, y, R%, Kmax)
input Data S = {x;,y;}}; C RP x R; Smoothness Parameter R?; Minimum Signal Strength ;
Upper Bound on true k, K«
output Index Estimate € RP.
1: Set L := 721(";3*32 + Kipax — 1
2: Random Initialization: ug ~ Uniform(SP~1)
3: Compute: lpegt = arg maXje{1,2,...,.L} HVFZ(UO)H

N VE, (u
4 return @ = — te®)
IV Eyyey, ()]

4. Learning Misspecified Single-index Models from Finite Samples

We recall that in Theorem 8 we showed that even when a multi-index model was misspecified as
a single-index one, essentially all local extrema of the objective Fj(u) belong to the index space
U*. In this section we show that with a finite sample size, with minor modifications (shown as
Algorithm 3 in Appendix C), Algorithm 2 returns a vector approximately in the index space U/*
when the data is generated order k£ multi-index model.

Recall the form of the population loss F; for a given harmonic [ and given in Theorem 8. In
particular, it is possible that for some [, the coefficients aly = 0 for all S such that ||S||; = [. For
such [, the estimate computed by Algorithm 3, u; is expected to be useless. Analogous to Lemma 13
in the single-index case, Lemma 16 shows that there exists a bounded [y such that the associated
coefficients a5 are not too small.

Lemma 16 (Existence of a good ly) Let g be a link function from R* — R obeying Assumptions 1,
3 and 4. Then, there exists an lﬁ € N such that:

2k R? 9 w2
—1 > .
S:(S[l1=1y

lﬁﬁ

Even if we knew a good l; as guaranteed by Lemma 16, since we initialize using a uniformly
random unit vector which will be close to orthogonal to the true index subspace U/*, the initial
gradient we will observe will be very small. The key challenge here is to develop a lower bound
on the norm of the observed gradient in terms of the minimum signal strenth parameter (u) and
the smoothness parameter (). We address this challenge by exploiting the form of the population
gradient and applying the Carbery-Wright anticoncentration inequality for Gaussian polynomials.

As in the single-index case, the gradient of the population objective lies in the index space I/*.
Thus, Algorithm 3 returns an estimate with an arbitrarily small constant projection on U** with a
single update step. The analysis of the sampling error in the gradients and the first update step is
identical to the single-index case. Sample complexity of this procedure is analyzed in Theorem 17.

Theorem 17 There is an absolute constant C' such that the following holds. Given any €, €
(0,1); with probability 1 — 26 Kypax(2R? /pt + 1) — 4K par (2R?/pe+ 1) -0~ — 2exp(—p/32), the
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estimate returned by Algorithm 3 satisfies || Pyf. (@)||2 < €, provided n satisfies

2
Fonae (2 +1)

2 4
n C(flloe + )3 (R% + p) P'Kﬁﬁax(%ﬂ) K2y, In(1/5)

>
2 = 2,,2 2
e (22241) (n) €2 )

In the above display, K. is an upper bound on the true k given to the algorithm and Koy > 1 is
a universal constant appearing in the Carbery-Wright Theorem.

Remark 18 If we treat || f||oo, 0, R%, 11,8 as constants, Theorem 17 states that in order to return
an estimate 4 such that ||Pir. (@) < ¢, Algorithm 3 requires O(pPEnaB /1) 1€2) . Note that with
Kinay = 1 this sample complexity is worse than the O(pO(RQ/ w4 p/€%) sample complexity of Algo-
rithm 2 in the single-index case. Due to the more complex structure of the gradients for Algorithm 3,
we are only able to analyze one update step in contrast to two update steps for Algorithm 2.

5. Conclusion and Future Work

In this paper, we studied the problem of estimating the unknown index space U/* for single and
multi-index models under natural smoothness and minimum signal strength assumptions on the link
function. In the case of single-index models, we characterized the population landscape of a natural
semi-parametric MLE. We found that though the landscape has no spurious minima, but it may
have degenerate critical points which cannot be distinguished from local minima using the first- and
second-derivative information and can possibly create problems for gradient-based procedures. We
analyzed a simple iterative procedure for estimating the index vector and showed that it returns an
e-close estimate of the true index vector with @(pO(RQ/ "+ p/ €2) samples. The procedure had an
appealing robustness property: if a multi-index model is misspecified as single-index, essentially
the same procedure recovers a vector e-close to the index space with @(pO(Kma*Rz/ ~) /€?) samples.

A major open question that remains is whether the dependence of sample complexity on p
can be made linear without sacrificing computational efficiency. The pO(R2/ 1) dependence in our
sample complexities appears to be more of a price to pay to escape degenerate critical points than a
information-theoretic requirement. A simple idea to explore would be to investigate if it is possible
to transform the response using a transformation 7 such that the composed link function 7 o g has
enough energy in harmonics of order [ = 1, 2. The reason for choosing [ = 1, 2 is that it is precisely
for these values of [ that the objective F(u) has the strict saddle property. It seems likely that the
optimal transformation 7 would be data-driven and have links to sliced inverse regression.

One drawback of our approach is that it is tailored to Gaussian covariates. Even when the co-
variates are i.i.d. and subgaussian, estimating the index vector is not possible without additional
assumptions: Ai et al. (2014) exhibit a counter-example of two index vectors that cannot be distin-
guished using samples from a single index model with the sign-link function and i.i.d. Rademacher
covariates. However, when the index vector is far from sparse (i.e., ||u||- < 1), Ai et al. (2014)
leverage high-dimensional central limit theorems to handle independent subgaussian designs. An
interesting question for future work is to see if their techniques can be extended to our estimators.
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Appendix A. Missing Proofs from Section 2
A.1. Single-index model

Theorem 19 (Theorem 5 restated) The population loss admits the explicit form:
L
Rr(u) = 0% + Za}‘Z(l — (u, u*)?).
=1

The critical points of Ry, (u) are given by:
1. u = tu?*, these points are global minima.

2. uw € {acSPL: (a,u*) = 0}. All points in this subspace are global maxima. Furthermore,
when OD(f) > 1, these local maxima are degenerate.

Proof We first note that since y = f(x) + € and E[¢] = 0,[E[¢?] = ¢%. Using the Bias-Variance
decomposition we have,

I 2
Rip(u)=0*+ min E (f(a:) - ZalHl(<u,a:))>
1=0

acRL+1

Since the multivariate Hermite polynomials form an Orthonormal Basis for L2[\ (0, I,,)], the value
of a which minimizes the expected square loss is given by:

al(u) = <f7Hl(<u7x>)>

tema s aj (u, u*)l )

Using the Pythagorean Theorem,

L 2 L 2
E (f(aa)—zalm«u,w») —E[f*(x)] - E (Zalﬂl«u,w»)
=0 =0

Hence we have,
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Differentiating the objective, we find that the (Riemannian) gradient is given by:

VRL(u ( QZla *) 2= 1> (uw* — (u*,u)u).

Solving for VR (u) = 0, we get that the only critical points are u = +u* and u € {a € SP~! :
(a,u*) = 0}. Since Ry(u) > o2 Vu E SP=1, and Ry (£u*) = o2, the points =u* are global
minimizers. Analogously consider any u* such that< L *> = 0. Since Ry, (u) < U2+ZZL 10 *2

Vu € SP~!and Ry (ut) = o2 + Zl 1 al ,utisa global maximizer. To show that for some hnk
functions g, these maximizers can be degenerate we consider a small perturbation at u’ in an
arbitrary direction w:

L
L (\/1 — 2t + 5u) ~ Rp(ut) = =3 ar?6% (u,u*)?
=1

One can see when OD(f) > 1, R, <\/ 1—82ut + (5u> — Rp(ut) = 0(6?) demonstrating that the
maximum is degenerate. |

A.2. Multi-index model

Lemma 20 (Lemma 7 restated) LetU := [uy, us, ..., u;| be amatrix in RP** with orthonormal
columns. Let v be a arbitrary unit vector. Then,

1) E[Hs(Un)H(v,@)] =0 i1 < S|,
) E[Hs(Ua)H((0.2))] =g H ui,v if1 =S|,
3) E[HsUn)Hi((v,2))) =0 if1 > |S|.

Proof We consider 2 cases:

Case 1: Consider ! < ||.S||;. We can write v = Zle a;u; + /1 — ||af|?uy . Here o; = (u;,v)

and u | is a unit vector orthogonal to uy, ug,...,u;. We define 7; = (u;,x) and Y = (u,x).
Then, H;((v,x)) = Hl(z 1 0;Z;++/1 —||a||?Y) is a degree [ polynomial in k + 1 independent
Gaussian random variables 71, . .., Z¢, Y and admits an expansion of the form:

H, (Z%Zﬁ V1-— HaHQY) = >  cpalaw HHD ZHHe(Y). (5

D,di|| D1 +d<l i=1

Hence we have:

E [Hs(Uz) Hy((v,@))] = cs.o(c v).

15
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First we note that c¢go(c,v) = 0if [ < ||S||;. On the other hand, if [ = ||.S
the expression for ¢g (o, v) by comparing the coefficient for Hle Zis ‘ on both sides of equation
Equation (5) and equating the two:

1, we can find

k !
H oS | BSEST cs(a,v)
Pt} ! VI VSIS S,
which gives us the required result.

Case 2: Consider [ > [|S||1. Let {v;"}%_, be unit vectors orthogonal to v and o; = (u;,v). We
can write:

u; = ;v +4/1— a?'vf‘.
Hence,
(uj, ) = a; (v, ) +1/1 — a? <UZ-L,$> = oW +4/1 - a?X,.
Here W, X1, Xo, ..., X} are marginally standard normal random variables. Furthermore, W is

independent of {X;}*_,, however { X;}%_, might be correlated. Next we observe:
k
Hg(Uz) =[] Hs, (aiW +4/1— a?XZ) .
i=1

is a degree ||.S||1 polynomial in the variables X1,..., Xy, W and hence can be expanded in the
basis:

Hs(Uz) = Y. pal@)Ha(W)Hs(X).
D,d:|| D|l1+d<||S|l1

Hence:

E[Hs(Uz)H,((v,z))] = > cp.a(C)E[H; (W) Ha(W)E[Hg(X)].
D ,d:|| D|j1+d<||S|l1

Finally we note that E[H;(W)H,(W)] = 0 forall d < ||S||y < l. This gives us:
E[Hs(Ux)H;({v,x))] = 0.

Theorem 21 (Theorem 8 restated) Under the order k multi-index model, the population objective
Fy(u) has the following properties:

1. The population objective has the following explicit form:

l
o *
E(U) N Z as <Sla‘927"'ask> .

S:|S =1 i

(uf, )

k
=1

16
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2. Any local maximizer with Fi(u) > 0 is contained in the subspace U*.

3. Any local minimizer with Fi(u) < 0 is contained in the subspace U*.

Proof We recall that the link function g has the following expansion in the Hermite Basis:
g(z) = ) agz®.
SeZl
Hence,
Fi(u) = E[yH ((u,x))]
= ElgU*2)H((u,z))]

k
l .
- s x4\ Si
=) as <51,52,...,Sk>£[1<ul,u> .

S:||S|1=t

We prove the second claim by contradiction. The proof for the third claim is analogous and is
omitted. Consider a unit vector u ¢ U*. Hence, we have,

k
u= Zaiu; +v1—|aPu,.

=1

In the above display, ||a|| < 1 (otherwise we would have u € U*) and the vector u; € U, We
claim that the vector u cannot be a local maximizer. To show this we will construct a direction A
such that an arbitrarily small perturbation of size § > 0 in this direction is guaranteed to increase
the objective. We construct this direction as follows:

koo
A — iz Qi
To show this is a direction of increase we compute:

X S;
F <Mu+ 5A) Z ag <S1,52,l. . .,Sk) H((uf,u))sl <m+ |i”)

S:||S||1=l i=1
( 5\ 5 l k g
-(vitea L) 2 a( ) Tt )
x| SiSTumt 51,82, 5) -5
5 l
—(Vi—o2+ -2 ) Fu).
( ’ +HaH> tw)

We now analyze the leading multiplicative factor:

) «
T L T2 1

§>0

Hence we have F; (\/ 1—6%u+ (SA) — F;(u) > 0 and u is not a local maximum. [ |
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Appendix B. Missing Proofs from Section 3
B.1. Analysis of Algorithm 1

Theorem 22 (Theorem 10 restated) With probability 1 — 2 exp(—p/32) — 5 — %, the output w;
of Algorithm 1 satisfies

| (@, ") [ > 1 -

)

100(]| f[|oo + 40) - 22141 \/ 2 max(p, In(1/8)) In’ (n)

llaf] n
provided n is large enough so that the following holds:

32 - 10%(|| flloo + 40)? 22 _
n > (l||2a|*|2 ) 522 max(p,ln(l/é))pl 1lnl(n).
l

Proof We begin by introducing some notation: For ¢ € {0, 1,2}, we define:

ap = | (u,u) |,

Ay = Vﬁ'l(ut—l; St) — E[Vﬁ’l(utfﬁ St)]-
Using Lemma 43, with probability 1 — 2 exp(—p/32) — 4,

1)
oy > ——

- \/Z—) .
We can further compute the expression for the gradients as each iteration:

. 1
VF(ui-1,5) = @ ZyiHl/«a:iaut—l»mi
1€St

acl \/Z
e’ S > yiHi (i, 1))

1€St

Using Theorem 48 and a union bound, with probability 1 — 46 — %,

2max(p, In(1/6)) In'(n) '

max([|Aill2; [[Az][2) < 100([|fllo +40) - 21\/

n
Next we derive a recursive lower bound on oy:
ap = [ (u”, uy) |
_ ‘<u VA, 5) >‘ ©)
IV E (w1, Sp) |2
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Next we note that VFl(ut_l;St) = E[VFl(ut 1;5t)] + A¢. Furthermore E[Vﬁl(ut 1;5)] =
VE[Fj(ui—1;5t)] = Vaj (w—1,u*)" = laj (ug—1,u *)'=1 y*. Substituting these into Equation (6),

—

we get,
e laf ) (A
liaf (we—r,w)' ™ w4+ Al
Triang|>elneq- l’a? <’l,l,t_17 ’l,l,*>l_1 ‘ — ’ <At, 'U/*> |
lla} (w1, U*>H w* + Al
Cauchy>Schwarz l|al ‘a HAtHQ
llaF (ug—1, u* >Hu* + All2
Triangilneq. laz\‘ <Ut LU *)l—l _ ||At||2
g (we—r, u*)™ w2+ (| A2
PN o
a ]la ‘O‘t—l
1
The condition on n assumed in the statement of theorem guarantees ||A||2 < M . Apply-
ing Equation (7) with £ = 1 yields:
S 1
ap > —.
t=
Applying Equation (7) with ¢t = 2 yields,
oy >1— 2 |Aszll2 > 100(||f||oo +40) - 21 [2max(p, In(1/4)) lnl(”)
- Uaf| llay n ‘
|

B.2. Analysis of Algorithm 2

Lemma 23 (Lemma 13 restated) For a link function g that satisfies Assumptions 1, 3 and 4, there

2
exists a ly < 2R such that, lﬁ]al 2> .

Proof We first translate Assumptions 1, 3 and 4 into statements about the coefficients a*

E:lg’(2)] =1 = ) a" =1
1=0

Next we consider the minimum signal strength assumption (Assumption 4) and we note that:

WE) S

dz ‘
=1

0o
Faétz Z \fiain_l(z).
i=1
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Hence,
dg(2)\* o 42
E [< dz > = z;m? > . (8)
Similarly the smoothness assumption can be written as:
P9\ | 2 g2 N D < B
( — <R = gz(z—l)af < R% )
We first note that, for any L € N,
L 00 o]
M= Yol Y id
i=1 i=1 i=L+1
eq. (8) s 9
> \p— Y dd} ). (10)
i=L+1

Furthermore,

Theorem 24 (Theorem 14 restated) With probability 1 — *12.¢=p/32 - 12125 _ 161 4o otimate
returned by Algorithm 2, u satisfies

[(u",a) [ >1— 20 2“/5\2|\f/|/|700 +4o) R \/maX (p,In(5)) In " (n)

)

3 |-

provided that n satisfies
2

4RZ
1024 - 10*(|| f||loo + 40)2R* 27k
n 2z " TuR?

3
w T

1 2R | 2R?
5 max p,In 5) )P In » (n).
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Proof As in the description of Algorithm 2, we define:

2R?
L:=—, m:=|Sges-
i

Theorem 13 guarantees us the existence of a [y such that:
2 p
*
lﬁ S L, lﬁalﬁ 2 W

We define the index set Lgooq as:

a*
Loood = {z e [L]:|af] > '2”'}

The condition imposed n is such that, for each [ € Lg004, We can apply Theorem 10 and get with
probability 1 — 2e7P/32 — 55 — 8 the estimates 1; satisfy:

i) | 51— 100(]| f oo + 40) - 2241 \/2 max(p, ln(l/é))lnl(n).

|a7] n

Next using the definition of the set Lgooq and a union bound, we have, with probability 1 —

4R? e~ P/32 _ 10R? 5 — 16R>
17

m :“7” , We haVe,

160027 (|| f]loc + 40) B2 [max (p,In (5)) In"(n) _
2 >

v

(G, w*) | 21— VI € Lgood-
1

Next we analyze the concentration of the goodness-fit-statistic. Using Lemma 49 and a union bound
. oy 2
we have, with probability 1 — %(5

N | =

T - E[T]| <A Viell],

provided m > %. We set:

~ o\
‘CLZ}‘ eq. (1), Iy € Lgood CL;; <’Ll,*, ulﬁ> ! ‘
= 1ok < — (12)

In order to ensure that this happens we need to make sure that

. 200 + |1f1%) _ 32-2% (% + || f]1Z%)
= A2 3, |2

Since we set m = ) this requirement is indeed satisfied. Now we argue that the
estimator returned by Algorithm 2 performs nearly as well as @, :

4R?
2562 4 R*(a2+|f11%
Sud

az)esl <u*7 ’a‘lbcsl>lbe“ The(;em ’ ‘E[Ebcst] ’

Triangle Ineq.

|ﬂbesl| - ‘ﬂbesl - E[]—'lbesl”
> |ﬂbesl| - A
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Since Ipest Was the harmonic with the best goodness-of-fit statistic,
in the previous display,

Tiyeu| > T1,]- Substituting this

> lpest

* *x A
albesl <U 7ulbcst

Z ‘Tlu’_A

Triangle Ineq.

E[Ty] - 2A
ay <u*,tllu>l”‘ —2A

Theorem 3

ly

eq. (12) #
>

- 2

ay, <“*"[‘ln>lﬁ‘

Hence one of the two cases hold:

Case 1: |a} [ > ]a}*ﬁ]/Q
In this case, we know that lpess € Lgooqa and hence using Equation (11), the estimate returned by
Algorithm 2 4 satisfies

2

4R% 2R2
w

(I fllso + 40)R? \/max (p,In (%)) In"# (n)
[/ n '

1600 - 2
(@, u) | >1-

Case 2: ‘ (u*, ﬁlbcsl>lb“‘

This means:

= ‘<u*7'&ln>ln"

) > |Gt )
y Ul /| 2= [ U aulu> est

2R2
= |<u*’ﬁlu>‘ g
2R2
1R? ) Ny, 2E2 "
o |, 1600-27 (| flloo +40)R?, [max (p,In (5))In"# (n)
B P/ 1 n
2 2
L, 3200 20 (|| £l + 40) R \/max (p,In (1)) % (n)
B 1A/ n '

Here in the last step we used the fact that (1 — )™ > 1 — nx foreveryn € N,z € (0,1).

Combining the two cases and the probabilities of the various failures, we get the claim of the
theorem. u

Appendix C. Missing Proofs from Section 4

Lemma 25 (Lemma 16 restated) Let g be a link function from R¥ — R obeying Assumptions 1,3
and 4. Then, there exists an ly € N such that:

2k R? 2
Iy < k—1 218 > —t——.
Skl 2 IS gy
S:(18 1=l
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Proof The proof of this lemma is analogous to Theorem 13. We begin by translating the as-
sumptions made on the link function into conditions on the coefficients ag. First we consider the
minimum signal strength assumption (Assumption 4) and we note that,

89
S = B VSstino 2

Sele

In the above display, S = (S1,52,...,8i-1,5; — 1,Si41,...,Sk). Hence we have,

2
E [({?i(z)) ] >u = Z a%S; > pvi € [k,

Sel
d agSizp Viek] = > aglSlh > k. (13)
SeZl SeZly

Next we consider the smoothness assumption (Assumption 3). Analogously,

@(Z) ~ — Z CLS R
v Sclw
> azSi(Si—1)<R* Vielk] = Y az(|S|5 - |S|h) < kR (14)
Seloo Seloo

Consider any arbitrary L > k — 1. We have,
> azlSlhi= > aslShi— > azlSlh (15)
S:(IS|lh<L Se€Zloo S:(1S|h>L
Next we observe that, for any S such that ||S||; > L >k — 1,

Cauchy>Schwarz H SH IS1%

IS =118~ > i L
S|l
= s (15 -)
L+1
> HS||1< A 1>. (16)
This allows us to upper bound:
eq. (16) k
Yo ddlSh < = > as(ISI3 - 1ISIh) (17)
L+1-k
S:||S|I>L S:|S|I>L
eq. (14) k2R2
< 18
- L+1-k (18)

Substituting the bounds obtained in Equation (13) and Equation (18) into Equation (15) gives:

> allSh=> aslSlh— > azlSlh
S:||S|1<L s S:|S|li>L
]CQRQ
>k — —m8—.
=HET Tk
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%k gives, L = % + k — 1. Using this value of L guarantees,

uk:
Y d&lSlh =

S:IS|h<L

. 2 p2
Setting Lﬁﬁ—k =

. . . 2
In particular, this means there exists an [y < %TR + k — 1, such that,

k w2

E ag| S| > oy
2L 2(2R2

SIS =13 2028 + p)

Lemma 26 Let [y € N be as in Theorem 16. Let u ~ Uniform(SP~1). Then, with probability
1—9—2exp(—p/32),

5 2lﬁ 2 ,LL2
2kKcew (ly — 1)/p 23Utk (2R2 4 1)’

In the above display Kcow is a universal constant appearing in the Carbery-Wright Theorem (The-
orem 44).

IVE, (u)[l3 >

Proof Since u is a uniformly random unit vector, we can assume u := ﬁ where g ~ N (0, I,).
By Theorem 7,

k
l *
Fy(w)= Y as (Sljs%‘f._?sk)llm,u»s

S:|18l=1; i=1

Taking gradients,

vﬂu(u H ”lﬁ 1 Z u17 --'a<uzvg>)u:7 (19)

where the functions D) are defined as follows:

) [ 25
DO (21,29, ., 2) = Z SMS\/<51 Sgﬁ S,)z"

S:||S|l1=ly

We note that D; is a degree [y — 1 polynomial in k independent Gaussian variables. Let d® e R

Ix|Zi, |

be its coefficient vector in the monomial basis. Let Blu S R' by be the linear transformation

24



LEARNING SINGLE-INDEX MODELS

that converts the monomial basis representation to the Hermite Basis representation. Then we have,
i) 112 i) 112
DI = 1B, dV3
T i) (12
> Amin (Blu Blﬁ) Hd(Z)HQ

Lemma 36

272 d | 3

l
—3ly—k 2 2 #
2 ) Si“5<sl,52...,sk>

S:||S =1y ’

> 27 N Sag
S:[|S|1=ly

Combining the above display with Lemma 16, we get,
2

k
. Lemma 16
Z DO2 TS 7 9-8ly—k H '

We know that D) is a polynomial in k independent Gaussian variables of degree Iy — 1. Applying
Carbery-Wright Theorem (Theorem 44),

P||DW| < ||DV — < -
| | H ||2 <k[§cw(lﬁ—1)> k

Furthermore, using Equation (19) and a union bound, we know that:

20,2 2
2032 2 0 ]
P [||9||2 IV E, (u)]z < <kI(CW(ljj—1)> SARFL QR 1)

Using standard chi-square concentration (Fact 5),

Plllgll3 > 1.5p] < 2exp(—p/32).

Hence, using a union bound we have,

0 w2

2,2
VE 5 <
H Iy (u)”2 = <2kKCW(lIi _ 1)\/5) 231ﬂ+k+1(2R2 + M)

P < 0+ 2exp(—p/32).

Theorem 27 (Theorem 17 restated) Givenany e € (0, 1); with probability 1—2 K 4 (# + 1) —

I
n

4K nax (E‘i’l)
——F 2 — 2exp(—p/32), The estimate returned by Algorithm 3 satisfies

1Pz (@2 < e,
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provided n satisfies

2
mec (% +1)

4
R2
n =z

2,2 52 P

In the above display, K.y is an upper bound on the true k given to the algorithm and Kcow > 1 is
a universal constant appearing in the Carbery-Wright Theorem.

Proof We begin by introducing some notation. We define:

R 2K max R?
Al = VF('U,O) — VE(Uo) L= Ta 4+ Kmax — 1.

. . . eqe 41,
Applying Theorem 48 and a union bound, we know that with probability 1 — 2L6 — ==,

Al <
mae Ay < e(n),

where we define e(n) as:

max (p, In(1/4) lnL(n)) ‘

e(n) :=100(||fllco + 40) - 2L\/
Theorem 13 guarantees the existence of [y such that:

2kR?

Iy < +k—-1<L.

For this Iy, Lemma 26 tells us with probability 1 — § — 2 exp(—p/32),
IVEL (uo)ll2 > w,
where we define w as:

5 ly—1 M
w = .
(2kKCW(lﬁ — 1)@) \/23lu+k’+1 (2R2 + ,U)

It is easy to check that once

4 (2R? 4 Kmax(#ﬂ)
4. 104(”]0”00 + 40)2(2R2 + ) 256 In(n) K« (7 + 1) Kéw In(1/9)
n Z 62[1/2 52 p

we have,
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We can now analyze the estimator returned by Algorithm 3. Let uy |, u} . .., u; be an orthonor-
mal basis for i**. Consider the projection of the estimator returned by the algorithm on any wu;,

1> k+1:
(Vi (o) )]

‘|vaesl(u0)||
| <V‘F1lbest(u0)7ul*> | + ‘ <Albesl’ 'U/:> ’

[(ui, @) =

< ~ (20)
H vﬂbesl (uo) H
Next we observe that since VFj,  (ug) € U*, we have,
<V'F1lbest(u0)7 u?> = 0 (21)
By Cauchy-Schwarz inequality,
€
| <Albest’ u:) | S ||AlbestH S e(n) g 2\/}3(’0 (22)
Next using the definition of lpeg, we know that,
“vaest(u0)|’ Z HVEn (UO)H
Triangle Inequality
> IVEy, (uo)|| — e(n) (23)
> w—e(n)
€
> wll-—
(-55)
e € (0,1)
> % (24)

Substituting the bounds obtained in Equation (21), Equation (22) and Equation (24) into Equa-
tion (20) gives:

[ (ui, @) | <

Sle

This implies,

p
1 /- ~
1P @3 = 3 [ a) P < e
i=k+1

Appendix D. Handling Unbounded Link Functions

In this section, we relax the assumption that the link function g is bounded. We assume the link
function g satisfies Assumptions 1, 3 and 4. But instead of the assumption that ||g|/- < o0, we
assume that g and Vg grow at most polynomially at infinity. More precisely, we assume, that the
link function g is (d, T', C')-polynomial bounded (defined below).
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Definition 28 A link function g : R¥ — R is (d, T, C)-polynomially bounded, if:
3T > 0,7 € Nsuch that, ¥V t > T, max(|g(2)], | Vg(2)|ls) < C|2||%.

Remark 29 A number of link functions of practical interest are not bounded but are polynomially
bounded. For example, in the phase retrieval problem g(z) = 2> which is (2,1,2)-polynomially
bounded.

The reduction from polynomially bounded link functions to bounded link functions involve the
following steps:

1. We construct a auxiliary link function g; which is bounded. Here ¢ > 0 is a parameter which
we will choose appropriately at the end.

2. Next, we compute the /., norm bound, minimum signal strength parameter and smoothness
parameter for the auxiliary link function. Hence Algorithms 1,2 and 3 will have the desired
guarantees when the data is generated from a multi-index model with this link function.

3. Finally, we show that the total variation distance between the data distribution induced by the
auxiliary link function and the true link function is small. Hence, if an algorithm succeeds
with high probability with the auxiliary link function, it must succeed with high probability
with the actual link function.

We first construct the auxiliary link function g;. We first introduce some notation. Let g(z) : R — R

be the function: )

0 z < =2
2(z +2)2 —2<2<-15
e J1-2(z+1)2 —-15<2< -1
a(z) =
1 ~1<z<1
1-2(z—-1)2 1<2<15
2(z — 2)? z>2.

\

The above function is an approximation to the indicator function of the interval [—1, 1] that is twice
differentiable almost everywhere. In particular, we have,

g(z)=1 V zel[-1,1], q(z)=0 V z€(—-00,-2]U[2,0), 0<¢q(z)<1 V ze€R.
Furthermore, we have that almost surely,
()] <2, 1¢"(2)] <4

Finally we define the function Q; : R*¥ — R as:
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We can now approximate the original link function with a bounded link function g; defined as:
9(2)Q:i(2)
VE[g*(2)QF(2)]

The following lemma verifies that the auxiliary link function satisfies Assumptions 1,3 and 4. We
recall that 1{-} denotes the indicator of an event.

~ def
gi(z) =

Lemma 30 The auxiliary link function g; satisfies
1. 1lgillos < 2C(28)%

2. E[(%2E0)2) > & forall i € [k].

3. E[(%ng;a(;))Q] < 10R? for all i, j € [K]

provided t > max (T, 8d, /4In(C2k), \/4In(C2k(u + 1) /1), /4 In(256kC2(R? + 1)/ R2)).
Proof

1. We note that, since g;(z) = 0V [|z]|o0 > 2t,

19¢llo0 <

Furthermore,
Elg*(2)Q7(2)] = 1 - E[¢°(2)(1 — Q7 (2)]
> 1 - E[g*(2)1{]|z[loc > t}]
> 1 — C?E[||2]|321{] 2|0 > ¢}]
> 1 — C*kE[|Z|%1{|Z] > t}].

From Lemma 42, we know that, E[|Z|2¥1{|Z| > t}] < 0.25exp(—t2/4) provided t > 8d.
Hence by choosing ¢ such that ¢ > max(+/4In(C2k), 8d), we get ||§:]|o < 2C(2t)°.

2. Consider the following sequence of inequalities:
0g:(2) \* 03:(2) |
<
(% 22 1l < 1
d9(2)\*
<
(%) 1llsl < 0

<6g(zj)>2]l{HZ!oo > t}]

> j - kC?E[| 21| 2] > t}).

E >E

>E

Choosing ¢ > max(1/41n(C2k(p + 1)/p1), 8d) gives us the required lower bound of .
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3. We note that,

625715(25) _ 1 829(2’) + 82Qt(Z) + @8Qt + @8@t
827;82]‘ E[QZ(Z)Q%(Z)] 62182] 82’182’] 0%; aZj 82’]' 0z; '

Furthermore,
0Qy
<2.1{t < ot
52| <224t < el < 20
& Q:
<4-1{t < <2t
| <41t <zl < 20
Hence,

E

(52)

&g(2) ? ?Qi(2) 2 g 0Q:\ 2 dg 0Q;\ >
§8E<(M> (Fot) + (3252) + (552)

<gi>2]l{t < zllos < 2t}]> .

Finally choosing ¢ > max(/41n(256kC2(R2 + 1)/R2),8d) gives us the required upper
bound of 10R?.

=8 (R2 + 16P [t < ||z(|o0 < 2t] + 8E

Next, we bound the total variation distance between the measures induced on the data when the link

function is g and the link function is g;. We first introduce some notation:
def T
X = @] - |2n]

def
Y = [y17y27"'7yn]T

Let P be the measure induced on (X,Y’) when the link function is g. Let P; denote the measure
induced on (X,Y’) when the link function is §;. We note that the under both these measures, the
marginal density of X is the same. Let us denote the marginal density of X by p(:). Let the
conditional density of Y'|X = X be denoted by ¢(-|X) and §(-|X) under P and P; respectively.
Finally, V ¢ > 0, we define the event F; as follows:

def

E, = {||@i|loc <t Vi€ n]}.
We observe that if X € E}, then,
q(-[X) = q(-|X).

The followin~g lemma bounds the total variation distance (denoted by drv (P, 75t)) between the mea-
sure P and P.

Lemma 31 In the setup introduced above, we have,

drv(P, 75t) < 2np exp(—t2/2).
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Proof From the definition of total variation distance we have,
drv(P.By) = - / / Ja(YX) — p(X)d(V]X)| dY dX
RnXxp n
— / / A(Y]X) — p(X)d(Y|X)| dY dX
XEE; n
ey [ [ p0a )~ p0a(Y1X)|dY ax
X¢E, JRn

Using the fact that ¢(-| X)) = ¢(-|X), when X € F;, we find the first term in the above display is 0.
Turning our attention to the second term, we note,

; / a(Y1X) = G(Y1X)]dY = drv(g(1X), (1 X))
<1.
Hence,
dry (P, P)) = /XgE / Jg(Y1X) — p(X)G(Y|X)| dY dX
</X€Et p(X)dX
=P[X ¢ Ey.

Applying standard concentration bounds for a gaussian random variable and a union bound gives us
the required result. |

The following theorem gives a general reduction showing that any algorithm which is able to esti-
mate multi-index models with bounded link functions is also able to estimate multi-index models
with polynomially bounded link functions.

Theorem 32 Let A be any algorithm which returns an estimate @ that satisfies ||Pir.@ll2 < €
with probability atleast 1 — 0 given data generated from a multi-index model with normalized link
function g with ||g||cc < B, minimum signal strength parameter ;i and smoothness parameter R*
provided the number of samples n satisfies

n > N(p,k,aQ,,u,RQ,B,e, J).

Then the same algorithm returns an estimate u that satisfies H'Pj'&”g < € with probability atleast
1 — 2§ given data generated from a multi-index model with (d, T, C')-polynomially bounded nor-
malized link function with minimum signal strength parameter |1 and smoothness parameter R?
provided the number of samples n satisfies,

n > N(p,k,o2, 1/2,10R* B’ ¢, 6)

where

2 2
B' = 2C' max <Td, 8%q?, 44/2 1n?/? (2560 (R }_;61)(“ +1) /mp>) .
0
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Proof To construct g; choose t as:

2( P2
t=max | 7,8d,4/4In 256C (R + 1)(p+1) -knp .
wR?6

By Lemma 30, we have, that g, satisfies

1Gtlloc < B
~ 2
E [(%ﬁ?) ] z% Vie [kl
~ 2
E [(%2?2) ] < 10R? Vi,j e [k].

Hence when given data generated using link function g, the algorithm succeeds with probability
1 — ¢ provided,

n > N(p,k,o?, 1/2,10R* B ¢,0).
On the other hand, by Lemma 31,
dTv(P,'ﬁt) < 4.

Hence, by the definition of Total Variation distance, given data generated from g, the same algorithm
succeeds with probability atleast 1 — 26. |

Remark 33 We note that in Theorems 14 and 17, the sample complexity depends only polynomially
on ||gl|co- Hence, if the link function is unbounded but polynomially bounded, the same guarantees
hold provided the number of samples n. > O(poly(p)/€2) where the O notation suppresses factors
that are logarithmic in p but can possibly be exponential in the link function parameters like R, %, d.

Appendix E. Properties of Hermite Polynomials

Fact 1 (Explicit Form of Hermite Polynomials) The (normalized) Hermite Polynomial of degree
1 is given by:

Fact 2 (Differentiating Hermite Polynomials) The derivative of the Hermite Polynomial of de-
gree 1 is given by:

H(x) = ViH;-1(x).
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The following lemma gives an upper bound on the value of a Hermite polynomial on a compact
interval. This will be helpful in analyzing the concentration properties of Hermite polynomials via

a truncation argument.

Lemma 34 Forall \ > 1,
N
sup |H;(z)| < —=.
wl<h Vil

Proof We make the following crude approximations to get an upper bound:

Li/2] (_1)m xi—?m
m

H; =il
[Hi(z)] \/;mzo | (i —2m)i2m

L2l ] i—2m

< i [ bl R
< Vi - s
m=0

#/2] 1 )\i—2m

< Vi) m! (i —2m)12m’

m=0

Next we note that for A > i, \?/i! is the dominant term in the above summation. This is because:

1 )\im2m . . . .
ml Gi—2myzm  (i—2m+1)-(i—2m+2)---(i—1)-1i
AL N AZm2mm)
N .\ 2m
i
< —
<(3)
<1

Hence we have,

N
[
I

sup |H;(x)] < = - Vil=
|x\§/\ ' 2 Z!

We will also need bounds on the maximum coefficient in the monomial representation of the
Hermite Polynomial of degree .
Lemma 35 Let B; be the maximum absolute coefficient in the monomial expansion of the degree i

Hermite Polynomial. Then,

B; < 2%
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Proof Using the explicit formula for Hermite Polynomials (Fact 1), we have,

B Vil
;= max —_— .
‘ OSWSL%J 'm'(z — 2m)!2m

Hence, it suffices to bound the right hand side for a fixed value of m < L%J ‘We observe that,

Vil o (em) [
m!(i —2m)!12m  omupl /Gl \2m
Lemma 50 (Qm)'
< 2
2mmI\/il
2m<§ i v/2m) o
- 2mpl
20 [ /2m
- om m

Lemma 50

2i

Appendix F. Condition Number of Monomial Basis

We define the index set Z; as: Z, = {S € (NU{0})* : ||S||1 < t}. Any arbitrary polynomial with
degree at most ¢ in k variables is of the form:

V(Z) = Z ’Uszs.

SEII

k S

We have used the notation 2 := [Ti; z;7*. We can associate every degree | polynomial V' (z) with

a coefficient vector v € RI%tl. We can also write the polynomial V() in terms of the Hermite basis:

V(z) =) vsHs(z).

S (S

Let B; € RTIXIZtl denote the invertible linear map that converts the monomial representation v
to the Hermite representation v’. That is, v = Byv. The main goal of this section is to obtain
lower bounds on Amin (B Bt). We note that since the B} By is positive definite, Amin (B{ By) =

W. Let bg denote the coefficient representation of the Hermite Polynomial Hg(z) in
max t t
the monomial basis. One can see that the columns of B, ! are precisely bg for S € 7.

Lemma 36 (Condition Number of Monomial Basis)

)\min (BtTBt) > 2_3t_k-
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Proof Instead of trying to lower bound Apin (BtT Bt), we upper bound Apax (B; 1B[ T) .

Amas (BB = || S bsbl

Se1;
<> sl
Se1;
<|Tl Y Ibsll
SeT:
< ol ax b1 (25)

Next we give an upper bound for ||bg||~.. We recall that,

k

Hg(z) = [ [ Hs,(21).

=1

Using the explicit formula for Hermite Polynomials (Fact 1) and the fact that the largest coefficient
in the monomial representation of the degree ! (univariate) Hermite Polynomial is 2! (Lemma 35),
we see that,

HbSHoo < 2S1+52+---+5k < 2t'

Furthermore using standard combinatorial arguments,

t+k—1\ Lemmaso
.| = < 2t+k—1'
m= (1)

Substituting these bounds in Equation (25) gives:

Amax (Bt—lBt—T) < 3kl Amin (BtTBt) > 9—3t—k+1,

Appendix G. Concentration Results

In this section we collect some basic concentration results which will be useful in our analysis.
We first recall the definitions of subgaussian and subexponential random variables from Wain-
wright (2015).

Definition 37 (Subgaussian Random Variables) A random variable X with E[X] = pu is called
o-subgaussian if:

YA € R, Efexp(AM(X — )] < exp(\202/2).

35



LEARNING SINGLE-INDEX MODELS

Definition 38 (Subexponential Random Variables) A random variable X with E[X| = v is called
(v, b)-subexponential if:

VI < 3 Blexp(A(X — p))] < exp(3%?/2).

Next we recall the standard concentration bounds for sum of independent subgaussian and subex-
ponential random variables.

Fact 3 (Hoeffding Bound) Let X; be independent subgaussian random variables with mean p;
variance proxies o;. Then,

P [Zn:(xi ) > t] < exp (-22f;02> .

=1

Fact 4 (Subexponential Concentration) Let X; be independent subexponential random variables
with parameters (v;, b;). Define:

Uy i=

=1

by := maxb;.
i€[n]

Then,

o3> ] < (v () o (1))

Fact 5 (Chi Square Concentration) Let Z; "% N (0,1). Then, ¥t € (0,1), we have,

1<~
EZZ,C—I

k=1

P > t| < 2exp(—nt?/8).

Lemma 39 (Product of a Gaussian RV and a bounded RV) Ler X be a 1-subgaussian random
variable and let Xy be a bounded random variable. Then X1 X5 is 8|| X2||oo-subgaussian.

Proof Omitted. |

Lemma 40 (Conditioning preserves subgaussianity) Ler 71, Z be jointly gaussian with E[Z,] =
E[Zy) = 0, E[Z?] = E[Z2] = 1 and E[Z1Z5] = p. Let Z = {|Z3| < \}. Then conditioned on Z,
the distribution of 71 is 1-subgaussian.
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Proof Omitted. |

Lemma 41 Let Z ~ N (0,1) and let W be a w-subgaussian random variable independent from Z.
The W Z is (4w, 4w)-subexponential.

Proof

Elexp(AW Z)| = Ew [E[exp(AZW |W]]
Eyw [exp(A*W?/2]

> \2a12a
|

q=0

Since W is w-subgaussian, E[W24] < ¢!49w24. Substituting this bound we get, if 4\%w? < 1,

Efexp(AWV 2)] < ﬁ
_pg X
1 — 4202
Furthermore, if A2 < ﬁ
E[exp(AW Z)] < exp(8A\%w?).
Hence we conclude W Z is (4w, 4w)-subexponential. [ |

Below, 1{ P} is the zero-one indicator function for a predicate P.

Lemma 42 Let Z ~ N (0,1). Let | € N. Then, for all X > 4l, we have,

E[|Z1{|Z] > A} < ¥exp(—v/4).

Proof

11171 > 0 = ) 2 [ el

Next by comparing the taylor series of x! and exp(x?/4) we note that exp(z?/4) > z! for all
x > 4l. Since \ > 41, we have,

E[|Z["1{]Z] > A}] < \/5/0<> exp(—22/4)dz
\/>/ fzexp 22 /4)dz
= A\/;exp( N2 /4)

1.6
< Texp(—)\Q/él).
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Lemma 43 (Anticoncentration of a Uniformly Random Unit Vector) Let v ~ Unif(SP~!) and
let u be a fixed unit vector. Then,

1)
P || (u,v)| < —| <2e7P/32 4+ 6.
[|< >|_ﬁ] <

Proof Let g ~ N (0, I,). We know that,

L4 (u,v).

lgll2
Therefore we have,
) [ )
VP gl — P
[ )
< Plla] < —=lgll2, 92§1-5p]+IP’ gll3 > 1.5p
_\ \ \/ﬁll 2, 1lgll2 [llgll3 ]
Fact 5 I )
< Pllgil < —lgl2 llgl3 < 1-5p] + 2~ P/32
_\ \ \/ﬁll 2, 1lgll2
< Pllg1] < 6V1.5] 4+ 2exp(—p/32). (26)
Next we note that, if Z ~ A (0, 1),
P|Z] < d / L 22
cl = e 2z
o _e V2T
< 2c
~Vor
Substituting the above display in Equation (26),
) 20v/1.5
P [| (u,v)| < ] < + 2¢7P/32
VP V2
< §42e7P/32,

Theorem 44 (Carbery and Wright, 2001; O’Donnell, 2014) Let P : RP — R be a polynomial of
degree atmost L. Then,

1P()]28"] _

P.no.1,) [1P(2)] < Kb, LF | <

Here Koy is a universal constant.
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G.1. Concentration of Gradients

Let h : RP — R be a arbitrary bounded function. Let (x;,y;) be independent and identically
distributed observations from the following model:

Zr; ~ N(O, Ip),
€; ~ N (0,0'2) s
Y = h(a:,) + €.

The gradient of the objectives we consider are of the form:
1 n
- > i H (i, w));.
i=1

Hence, we will often be interested in analyzing the deviation of the following empirical average
from its expectation:

% Z yiH((zi,u))z; — ElyH;((z,u))x].
i=1

In the above display, H; denotes the Hermite polynomial of degree [ and w is a fixed unit vector.
Since the aforementioned vector involves higher moments of gaussians, we proceed via a stan-
dard truncation argument. We define the events:

Ei(N) = {[{w, i) | <A},

Ea(N) =&
i=1

We will represent the conditional distribution of &; on the event &; with the random variable z;. The
basic idea behind introducing this event is that conditioned on this event, all the random variables
involved are either subgaussian or subexponential and standard concentration inequalities apply. We
analyze the concentration of this random vector via a sequence of intermediate lemmas:

1. In Lemma 45 we analyze the difference between expectations conditioned on the event &y ()
and the unconditional expectations. This is important since conditioned on &y (\) all quanti-
ties concentrate to their respective expectations conditioned on &y (\) while we want to show
they concentrate near their unconditional expectations.

2. In Lemma 46 we analyze the concentration of the signal part, % Yoy (g, w)) ;.
3. In Lemma 47 we analyze the concentration of the noise part, = >-7 | & H;((x;, u));.

4. In Lemma 48, we combine the above mentioned intermediate results into a ready-to-use the-
orem.
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Lemma 45 Consider the setup outlined above. Let a be any fixed unit vector. Then we have,
Elei i ((w, i) zi] — Ele; H ((u, 2))@:| € (N)] = 0,
[E [h(a:) Hi((@i, w)) (xi, )] — B [h(zi) Hi((2i, ) (2, @) [E:(V)]] < |h2H°° exp(—A?/8),
provided \ > 8.
Proof For the first equality, we note that ¢; is independent of x; and hence,
Ele; H ((w, x;))x;|Ei(N)] = Ele; H({(u, x;) ;] = 0.
For the second claim we note that,
E [h(zi) Hi (i, w))ai] = E[h(@:) Hi((xi, w))xi| EPE] + E [h(:) Hi((®i, w)) @il E7] PIET].

Hence,

[E [h(e:) Hi((®i, w)) (i, @)] — E [h(a:) Hi((@i, w)) (@i, @) |EN)]| = |E [h(2:) Hi((2i, w)) (@i, @) T{ET] |-

Furthermore,

|E [h(ai) Hi((zi, w) (i, @) H{EF | < E[|h(zi) Hi({mi, w)) (=i, @) [1{EF (M) }]
1Plloo B [|H ({2, w)) (@i, @) [I{EF (M) }]

Lemma 34 thHOO

< W]EH (@, i) (u,2;)' [1{E(N) Y]

Cauchy-Schwarz [ | | h | | 00 4 2 c

Z ﬁ\/IE[(@“u)) L{EF(N) Y]
Lemma 42 13l||h||oo 2

e L3l 2

S v e

> 8l h
2| 2Hoo exp(=A2/8).

IN

Lemma 46 In the setup introduced above, with probability, 1 — § — %,

< 100|A|so - gl\/maX(p, In(1/9)) lnl(n).

n

% > h@) Hi((u, zi)z: — Elh(z) Hi((u, 2))a]

i=1

2
Proof Let E,, := 13" | h(x;)x; — E[h(x)x]. Let N denote a 3-packing of the unit sphere in R?
with |A/| < 5P. Using standard arguments, we know that,

|En|l2= sup (a,E,) <2max{a, E,).
ailjall2<1 aeN
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Hence we have,
Pl Enl2 > 2t] <P[|Epll2 > 2¢[Ean(A)] + PlEan(N)‘] (27
< P | max (a, By) > Hem(A) |+ Plea (V)]
< 5P [{a, E,) > t|Em(N)] + P[Em (M) (28)

For a fixed unit vector a,

(@B = > hlw) (i, a) Hil(wi, w) — Elh(e) (@, a) (e, u))
=1

Lemma 45 1 n HhHOO

< - E_; hlw:) (i, @) Hil(ws, u)) — Elh(@) (@, a) Hy((@, ) €]+ exp(~X?/8).

~~

En

The final task is to analyze the concentration of En conditioned on the event E,;(\). We note that
on the event Ey(\), (x4, @) is 1-subgaussian. By Lemma 34, |h(x;) H;((z;, w))| < 2||h|loo AL
By Lemma 39, h(z;) (x;, a) H;({x;,u)) is 16| h||co\!-subgaussian. Applying the Hoeffding bound
(Fact 3), we get,

_ 2
P|E, > 16||h||ooA’v} < exp (—”’5) .

Substituting this bound in Equation (28) gives us:

2

”; ) +PEn(V)].

P (I8 > 320l Al + [l exp(-X2/3)] < 57ex (-

By standard results on gaussian concentration, P[E,;(\)¢] < 2n exp(—A%/2). We set:

A =+/41n(n),
max p, In(1/4)

7= 3y B
n

and conclude,

max(p, In(1/6)) In’(n) | <54 g

P || Eull2 > 100[|A ] - ﬁ

n

Lemma 47 Consider the setting introduced above. With probability 1 — 6 — %

% Z EiHl(<$z‘, u))xz

i=1

9

< 4000 - 21\/ max(p, In(1/9)) n'(n)

n

2
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provided,

1
n > 9max (p,lné) .

Proof Let F, := 13" | ¢;H;((x;, u))x;. Via arguments analogous to the proof of Lemma 46,
we get,

P[||Fy|l2 > 2t] < 5PP[(Fy, a) > t|Ean(N)] + P[Ean(N)°].

Here a is a fixed unit vector. Furthermore,

n

(F,.a) = %Z (s, a) Hi((zi, u))es.

i=1

On the event & (), Hy((x;,u)) < 2\ and (z;, a) is 1-subgaussian. By Lemma 39, (x;, a) H;((x;, u))
is 16)\!-subgaussian. By Lemma 41, %W is (64!, 64)\!) subexponential. By concen-
tration of sum of independent subexponential random variables (Fact 4), we have,

P[||Fy |2 > 64tA\'o] < 5P max (exp(—nt®/2), exp(—nt/2)) + 2nexp(—A?/2).
We set

f— gy max(pIng)
n

A = +/41In(n).

When n > 9max (p, In %), we have ¢t < 1 and we obtain,

In(1/4)) In* 2
P |[|Fyl2 > 4000-21\/%’((]” nl/o)ln(m)| 5, 2
n n
|
We are now ready to state our main concentration result.
Theorem 48 In the setting introduced above, we have, with probability 1 — 2§ — %,
1 — max(p,In(1/6) In'(n
- > yiHi((u, i)z — ElyH ((u, z))z]|| < 100([|h] + 40) - 21\/ (p (n/ ) (n).
i=1 2
Proof This follows directly from Lemma 46 and Lemma 47 and a union bound. |
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G.2. Concentration of Goodness-of-Fit Statistic

The goodness of fit statistic we consider is:

1

T =
) =15

yiHi((u, ;).
1€ Stest

We define m := [Siesi|. We recall that by Lemma 3, E[T'(u)] = aj (u*, u)'. The following lemma
analyzes the concentration of 7}(w) about its expectation.

Lemma 49 With probability 1 — 6,
Ti(w) — E[Ti(w)]| < A,
(@ +|R]1%)
§A2 :

provided m > 2

Proof Since we don’t need exponential tail bounds, we use Chebychev’s Inequality for simplicity.
‘We first bound the variance,

Var (yH;((x,w)) <E [y*H ((z,u)] .
Using the inequality (a + b)? < 2a? 4 2b% we have y? < 2(e? + h(x)?). Hence,

Var (yHy((z,w)) < 2 (E [€Hf (u,2))] + E [1*(2) Hf (2, u))])

<
< 2 (02 + ||h||go) )

Applying Chebychev Inequality with this variance upper bound, we get,

2(0? + ||h|2
P (1T w) ~ ETi(w)] > A] < 2O IM)
Hence if m > %, the above probability is bounded by é. |

Appendix H. Miscellaneous Results
Fact 6 (Stirling’s Approximation)

V2rnt/2e—n <nl< en /2=,

Lemma 50 (Upper Bound on Multinomial Coefficient)

kt k.?t k/2
<evVtk| — .
(t,t,...,t) = (27Tt>
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Proof This follows from Fact 6.

Lemma 51 Define pop, = E[Z?*] where Z ~ N (0,1). Then,
_ 2 e (2
Hoe =9k = m \e )

Proof This follows from Fact 6
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