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Abstract

In the present work, we give a solution to the following question from manifold learning. Sup-
pose data belonging to a high dimensional Euclidean space is drawn independently, identically
distributed from a measure supported on a low dimensional twice differentiable embedded mani-
fold M, and corrupted by a small amount of gaussian noise. How can we produce a manifold M,
whose Hausdorff distance to M is small and whose reach is not much smaller than the reach of
M?
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1. Introduction

One of the main challenges in high dimensional data analysis is dealing with the exponential growth
of the computational and sample complexity of generic inference tasks as a function of dimension,
a phenomenon termed “the curse of dimensionality”. One intuition that has been put forward to
lessen or even obviate the impact of this curse is that high dimensional data tend to lie near a low
dimensional submanifold of the ambient space. Algorithms and analyses that are based on this
hypotheses constitute the subfield of learning theory known as manifold learning; papers from this
subfield include Belkin and Niyogi (2003); Carlsson (2009); Dasgupta and Freund (2008); Donoho
and Grimes (2003); Fefferman et al. (2015, 2016); Genovese et al. (2012, 2014); Kégl et al. (2000);
Narayanan and Niyogi (2009); Niyogi et al. (2008); Roweis and Saul (2000); Smola and Williamson
(2001); Tenenbaum et al. (2000); Weinberger and Saul (2006). In the present work, we give a
solution to the following question from manifold learning. Suppose data is drawn independently,
identically distributed (i.i.d) from a measure supported on a low dimensional twice differentiable
(C?) manifold M whose reach is > 7, and corrupted by amall amount of (i.i.d) gaussian noise.
How can can we produce a manifold M, whose Hausdorff distance to M is small and whose reach
is not much smaller than 7?
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This question is an instantiation of the problem of understanding the geometry of data. To give
a specific real-world example, the issue of denoising noisy Cryo-electron microscopy (Cryo-EM)
images falls into this category. Cryo-EM images are X-ray images of three-dimensional macro-
molecules, possessing an arbitrary orientation. The space of orientations is in correspondence with
the Lie group SO3(IR), which is only three dimensional. However, the ambient space of greyscale
images on [0, 1)? can be identified with an infinite dimensional subspace of £2([0, 1]?), which gets
projected down to a finite but very high dimensional subspace through the process of dividing [0, 1]?
into pixels. Thus noisy Cryo-EM X-ray images lie approximately on an embedding of a compact
3—dimensional manifold in a very high dimensional space. If the errors are modelled as being gaus-
sian, then fitting a manifold to the data can subsequently allow us to project the data onto this output
manifold. Due to the large codimension and small dimension of the true manifold, the noise vectors
are almost perpendicular to the true manifold and the projection would effectively denoise the data.
The immediate rationale behind having a good lower bound on the reach is that this implies good
generalization error bounds with respect to squared loss (See Theorem 1 in Fefferman et al. (2016)).
Another reason why this is desirable is that the projection map onto such a manifold is Lipschitz
within a tube of the manifold of radius equal to c times the reach for any c less than 1.

LiDAR (Light Detection and Ranging) also produces point cloud data for which the methods of
this paper could be applied.

1.1. Model

Let M be a d dimensional C? submanifold of R”. We assume M has volume (d—dimensional
Hausdorff measure) equal to V, reach (i.e. normal injectivity radius) greater or equal to 7, and that
M has no boundary. Let x1, ...,z be a sequence of points chosen i.i.d at random from a measure
1 absolutely continuous with respect to the d-dimensional Hausdorff measure ’Hjlw = Ay on M.
More precisely, the Radon-Nikodym derivative dy/d\ v satisfies

0 < pmin < dH/d)‘M < Pmaz < O0. (D

Let G, denote the Gaussian distribution supported on R” whose density (Radon-Nikodym
derivative with respect to the Lebesgue measure) at x is

D
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Let (1,...,(n be a sequence of i.i.d random variables independent of 1, ..., zx having the
distribution GG,. We observe y; = x; + (; fori = 1,2,... and wish to construct a manifold M,
close to M in Hausdorff distance but at the same time having a reach not much less than 7. Note
that the distribution of y; (for each i), is the convolution of 1 and G. This is denoted by u * G,.

We observe y1,y2, ..., yn and will produce a description of a manifold M, such that for o
satisfying a certain upper bound, the Hausdorff distance between M and M, is at most O(o) and
M, has reach that is bounded below by 7.

1.2. Prior work

The question of fitting a manifold to data is of interest to data analysts and statisticians. While
there are several results dealing exclusively with sample complexity such as Genovese et al. (2012);
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Narayanan and Mitter (2010), we will restrict our attention to results that provide an algorithm for
describing a manifold to fit the data together with upper bounds on the sample complexity.

A work in this direction, Genovese et al. (2014), building over Ozertem and Erdogmus (2011)
provides an upper bound on the Hausdorff distance between the output manifold and the true man-
ifold equal to O((%)D%rs) + O(0?log(c~1)). Note that in order to obtain a Hausdorff distance
of ce, one needs more than ¢ 2 /2 samples, where D is the ambient dimension. The results of this

paper guarantee (for sufficiently small o,) a Hausdorff distance of
Cd"(oV'D) = O(0)

with less than
cVv

wa(oVD)t

samples. Thus while the asymptotic bound on the Hausdorff distance is O (o) which is worse than
0(02), the number of samples needed to get there depends exponentially on the intrinsic dimension
d. We note here that using Principal Component analysis, it is possible to replace D by a quantity
that is at most exponential in d2, however we will present these details elsewhere.

The question of fitting a manifold M, to data with control both on the reach 7, and mean
squared distance of the data to the manifold was considered in Fefferman et al. (2016). However,
Fefferman et al. (2016) did not assume a generative model for the data, and had to use an exhaustive
search over the space of candidate manifolds whose time complexity was doubly exponential in the
intrinsic dimension d of M,. In the present paper the construction of M, has a sample complexity
that is singly exponential in d, made possible by the generative model. The time complexity of
our construction is governed by the complexity of constructing a set of weights as described in
Lemma 6, which is bounded above by N (Cd)??, N being the sample compexity. Also, Fefferman
et al. (2016) did not specify the bound on 7,, beyond stating that the multiplicative degradation :—0
in the reach depended on the intrinsic dimension alone. In this paper, we pin down this degradation
to within (0, Cd"], where C' is an absolute constant and d is the dimension of M.

The paper Mohammed and Narayanan (2017) assumes a generative model with no noise and
proves that two algorithms related to the algorithm in Fefferman et al. (2016), can fit manifolds
whose Hausdorff distance is arbitrarily close to O to the data but the guaranteed lower bound on the
reach degrades to 0 as the Hausdorff distance tends to 0.

Finally, we mention that there is an interesting body of literature (Boissonnat et al. (2009);
Cheng et al. (2005)) in computational geometry that deals with fitting piecewise linear manifolds
(as opposed to C?2 —manifolds) to data . Cheng et al. (2005) presented the first algorithm for arbitrary
d, that takes samples from a smooth d—dimensional manifold M embedded in an Euclidean space
and outputs a simplicial manifold that is homeomorphic and close in Hausdorff distance to M.

O(o™%

2. Some basic estimates and definitions.

2.1. A note on constants

In this section, and the following sections, we will make frequent use of constants ¢, C, Cy, Ca, ¢
etc. These constants are absolute and positive, and may change in their value from line to line. Also,
the value of a constant can depend on the values of constants defined before it, but not those defined
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after it. This convention eliminates the possibility of circularity. We will use upper case letters to
denote constants greater than 1 and lower case to denote constants less than 1.
We need the following form of the Gaussian concentration inequality. Let G, as stated earlier,

D
be the distribution supported on R” whose density at z is given by (%) 2 exp (—@) .Letg:

RP — R be a 1—Lipschitz function and a = Eg(z) be the average value of g with respect to G-
Then,

Go{z : |g(x) — a| > to} < Cexp (—ct?). (2)
for some absolute constants ¢, C'.

Definition 1 (Tangent and Normal Space)

For a closed A C RP, and a € A, let the tangent space (in the sense of Federer) Tano(a, A)
denote the set of all vectors v such that for all € > 0, there exists b € A such that 0 < |a —b| < €
and |v/|v| — ﬁ‘ < €. Let the normal space Nor®(a, A) denote the set of all v such that for all
w € Tan®(a, A), we have (v,w) = 0. Let Tan(a, A) (or Tan(a) when A is clear from context)
denote the set of all x such that x — a € Tan® (a, A). Foraset X C RP and a point p € RP, ler
dist(p, X)) denote the Euclidean distance of the nearest point in X to p. Let Nor(a, A) (or Nor(a)
when A is clear from context) denote the set of all x such that x — a € Nor®(a, A).

Definition 2 (Reach) The reach of a closed set A C RP, denoted reach(A), is the supremum of
all r satisfying the following property. If dist(p, A) < r, then there exists a unique q € A such that

lp — q| = dist(p, A).

For a smooth submanifold, the reach is the size of the largest neighborhood where the tubular
coordinates near the submanifold are defined.

The following result of Federer (Theorem 4.18, Federer (1959)), gives an alternate characteri-
zation of the reach.

Proposition 3 Let A be a closed subset of RP. Then,
reach(A)™! = sup {2b— a2 dist(b, Tcm(a))’ a,be A,a#b}. 3)

Definition 4 We say M is a d—dimensional C?—submanifold of RP if M is compact and for
every point p € M there is a neighorhood U C RP of p, a convex open W € R® and C? functions
¢:U— W, : W — U such that MNU = (W) and ¢ o 1) is the identity map on W.

3. Preliminary structures

Definition 5 (e—net) Ler (X, dist) be a metric space. We say that X is an e—net of X, if X1 C X
and for every x € X, there is an x1 € X1 such that dist(x, 1) < €.

Let

T

r € |\orD4, ¢l

“)
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Let Ny be chosen to be an integer such that

cv

Ny / In(N _
o/ In(No) > pminwa(r2 /7Y

5)
where wy is the volume of a Euclidean unit ball in R?. We will assume that V' and o are sufficiently
small that we can choose r and [Ny such that

NO < GD. (6)

By the coupon collector applied to the Voronoi cells corresponding to a 672 /5—net of M that
is also 72 /26 —separated (such a net always exists, and can be constructed by a greedy procedure),
we see that if one chooses a set of Ny i.i.d random samples X, from u, with probability at least
1 - Ny , every Voronoi cell has at least one random sample. Therefore the Hausdorff distance of
X to M is less than 1272 /0. The maximum distance of a point y; of X to the corresponding x; in
X is bounded above with probability at least 1 — N ¢ by

o(VD +4/In(N§)) < Cr?/r.

This is due to Gaussian concentration. This is an upper bound on the Hausdorff distance between
Xy and Xg. Therefore, with probability 1 — Ny . if one chooses a set Xo of Ny i.i.d random
samples from p x G, X will be Cr? /T—close to M in Hausdorff distance.

Then, let X1 = {p;} be a minimal cr/d—net of X(. Such a net can be chosen greedily, ensuring
at every step that no element included in the net thus far is within 5 of the point currently chosen.
The process continues while progress is possible. Let the size of X; be denoted N.

We introduce a family of D dimensional balls of radius 7, {Ui}z‘e[ ~] Where the center of U;
is p; and a family of d—dimensional embedded discs of radius r, denoted {Di}z’e[ N D, C U
where D; is centered at p;. The D; are chosen by fitting a disc that approximately minimizes among
all discs of radius r centered at p; the Hausdorff distance to U; N Xy by a procedure described
in Subsecgtion C.1. We will need the following properties of (D;, p;), which hold with probability
1—-Ny~:

1. The Hausdorff distance between U; D; and M is less than 0%7"2 = 9.
2. Forany i # j, [p; — pj| > 5.
3. For every z € M, there exists a point p; such that |z — p;| < 3inf;;, [p; — pjl.

Consider the bump function &; : R” — R given by
&i(pi + rv) = ¢i(1 — [[o]|*)
for any v € Bp and 0 otherwise. Let

afz) = Zdi(:n).

Let

for each 1.
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x + Range(I1,)

Figure 1: A vector bundle over a neighborhood of the data, used to produce the output manifold. In
the figure, x is the gray point and = + Range(II,) is the gray line segment containing x.

Lemma 6 It is possible to choose c; such that for any z in a ;5 neighborhood of M,
> alz) > ¢,

where c is a small universal constant. Further, such c; can be computed using no more than
No(Cd)?? operations involving vectors of dimension D.

Proof The details of the proof appear in the appendix in section D. |

4. The output manifold

For the course of this section, we consider the scaled setting where » = 1. Thus, in the new
Euclidean metric, 7 > Cd°.

Let IT’ be the orthogonal projection onto the n — d—dimensional subspace containing the origin
that is orthogonal to the affine span of D;.

We define the function F; : U; — R" by F;(x) = II'(x — p;). Let U;U; = U. We define

F:U—->R"

by F(z) =), aj(x) Fi(x).

Given a symmetric matrix A such that A has n — d eigenvalues in (1/2,3/2) and d eigenvalues
in (—1/2,1/2),let II;,;(A) denote the projection onto the span of the eigenvectors corresponding to
the largest n — d eigenvalues.

For x € U;U;, we define II, = IIj;(A;) where A, = >, a;(2)IT%. Let U; be defined as the
%—Eucidean neighborhood of D; intersected with U;. Note that 11, is C? when restricted to UZ-UZ-,
because the ;(z) are C? and when  is in this set, ¢ < Y, &;(z) < ¢!, and for any i, j such that
ai(z) # 0 # a;(x), we have ||II — IV || p < Cd6.

Definition 7 The output manifold M, is the set of all points x € U;U; such that 11, F(x) = 0.
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As stated above, M, is the set of points x € UZUZ- such that

Hhi(z i (2)I1) (Y ei(2) T (2 — p;)) = 0. (7)

i

Using diagonalization and Cauchy’s integral formula, we have

2;111 [% Zaz 1dz] <Z i ()T ( —pz)> =0 )

where 7 is the circle of radius 1/2 centered at 1.

Let > a;(x)II = M (x), and as stated earlier, IT’(z — p;) = F;(z). Let II;; (M (x)) be denoted
IL,.

Then the left hand side of (8) can be written as

7{ = (Zal )(oT — M(x ))—15(95)). ©)

for any v € R” and and f : R® — R™ where 7,7 € N let

Oy () = Tim LEF V) = (@)

a—0 «

0§ 5o (Z i) (21 - M(x»—lm(x)) = D@L @F () (10
+ Zai(x)(ﬁvl'[z)Fi(x) (11)

i

Let |[v]| = 1. Let M denote the set of all projection matrices of rank d. This is an analytic
submanifold of the space of n x n matrices.

Claim 1 The reach of M% is greater or equal to 1/2.
Proof This proof appears in Section E of the appendix. |
We first look at the right hand side of (10). This can be rewritten as

Zaz M ILw = v + 11, (M (z) — 11,) v. (13)
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IM(z) = Te||lp = dist(M(x), Tan(Il,, Mf;)) (14)
< supdist(Il;, Tan(IT,, M) (15)
< s;pHHi—Hxll%/(%each(M"n)) (16)
< 4Zs,upHHz-—Hj\% a7
< 8d;j2. (18)
We look at (11) next. Observe that
ﬁii(zai(x) (3v((zf—M(x))1))Fi(a:>>H < 01| Zai(w)Fi(w)

In what follows, we will make repeated use of Holder’s inequality: Let p,¢ € R and % + % =1,
then,
Vo,y € R", (z,y) < ||zllpllylly-

Secondly, we will use the fact that for any ball U;, the number of j such that U; NU) is nonempty
is bounded above by (Cd)¢ because of the lower bound of < on the spacing between the p; and p;

for any two distinct i and j. A consequence of this is that any vector v € R¥ that is supported on
the set of all j such that U; N U; # () will satisfy

[0lla42 < Cdf|v]|oo, 19
and
Ioll a2 < Cd?[lv]loc. (20)

Thirdly, we will use the following bounds on the derivatives of the bump functions at points x
that are within a distance of c¢r/d of M. Recall that ), &;(x) is denoted G&(x). Then we know that
¢ < &(z) < C if the distance of = from M is less than cr/d.

Lemma 8 We have for any v € RP such that |v| = 1, and any x € R® such that dist(x, M) < o
1(0veri(2))iepll azz < Cd?. 2D
Proof This proof appears in section F in the Appendix.

Lemma9 We have for any v € R such that |v| = 1, and any x € RP such that dist(x, M) < o
1@ evi(@))seqm | a2 < Cd”. (22)
Proof This proof appears in section F in the Appendix. |

Recall that F'(z) = > a;(z) F(x).
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4.1. A bound on the first derivative of II, F'(x)

We proceed to obtain an upper bound on ||0,I1.|.

10,11 <

IN

IN

IN

IN

<

where C is an absolute constant.

Therefore,

dz
~ 21

(Z ai() (0u((=1 = M(x))™) Fi<x>>

(radius(v))||0v((2] — M (x H

@) (=1 - M(x»*lavM@)(zI -7

(;) (=1 = M ()| 710 M ()]
810, M ()|

SHZ@Uai(a:) —11%) 4 9, Zal )L ||
82]8 a;(x)]6 + 0

8!\(0 @i ()i H%H@)@-em!lm
Cd3s.

< Od3s.

Finally, we bound (12) from above.

Therefore

= (Z (Duci()) (=1 - M(x»lﬂ-(x)) H
v i

IN

i

+ H (Z 81)0@(95)) Fl X

< 1L IIZlé’ i (@)|[| F5(z
< (9w ozz( ))Ze[mllﬁ\l( i(z)
< Od%.

10, (I, F(z)) — Iyv|| < Cd36.

Note also by (23)-(30) that

10,11, || < Cd36.

(23)

(24)

(25)

(26)
@7

(28)

(29)
(30)

D

11, (Z(avai(w))(Fi(w) - R (@)) H

Fi(z)[| +0

(35)

(36)

(32)

(33)

— F1(2))ieimlla+2

(34)
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4.2. A bound on the second derivative of I, F'(x)

We now proceed to obtain an upper bound on |02 (I, F(z)) ||.

10 (W F () || <
+
_|_

1(93112) F ()]
12(00112) 0y ()|
ITL.05 F ()]

We first bound from above the right side of (37).

(33Hx) = 0

(2

= 0, [217” j{(zf — M(2)) "0y M () (2I — M (z))dz

2mi

[217” f (2] — M(x)] " \dz

+ 7{(,2[ — M(x))_lagM(x)(zI — M(:L‘))_ldz,

Therefore,

(9510, F ()|

IN

IN I IA A

IN

<

(37
(38)
(39)

(40)

(4D

2(z] — M(z)) L0, M (z) (21 — M (z)) L0, M (z)(2I — M (z))1dz

(42)

sup (Cll(=1 = M ()] 70 M ())?|| + Cll(2 = M ()| 72|93 M ())]])

zEey

C(|0uM ()| + |05 M (2)1)

Cd%6? + ||02M ()|
CdS6” + 1|07 ci(a)IL

CdS6% + " |030i(x)(IL; —

(]

IT)|

Cd®6” + | (050 () )ill ax2 1| (0)i] az

Cdb6% + Cdb.

Next, we bound (38) from above. Note that

10, F ()| < H(Z@vaz’(iv))(ﬂ(iv)—l’l(w))+Hxv|!

< 14 Cd%.

1(8,11)0, F (z)|| <
<

10

[[(OuILe)[[[|0v F () |
(Cd38)(1 + d5)
Cd*6 + CdSs?.

(43)
(44)
(45)

(46)

47
(48)

(49)
(50)
D

(52)
(33)
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Finally, we bound (39) from above.

IMLO2F(z)|| < ||02F (2)| (54)
< |03(F(z) — Fi(x))]] (55)
< 2\62% )|[|Fi(z) — Fi(z)]| (56)
+ Zp@%mmmm@—mm@m (57)
+ > Jai(@)[|07Fy(a)]]. (58)

i

We first bound (56) from above.
2132% MIF) = Fu@)l < 11050 (@) Diepm a2 [ (1Fi(2) = Fu(@)Digpm a2

(Cd*)(d%s) (59)
Cdss. (60)

IN

Next we bound (57) from above.

Z!a ai(@)||0vFi(z) = dFr(@)]| < (|10 (@) )igpm | as2 [ (100 Fi(2) — Oo Fr (@) [Diermy | ag2

< Cdd*) (61)
Cdbs. (62)
The term (58) is 0.
Therefore
|02 (I, F (x))]| < Cd®. (63)

Recall that M, is the set of points = € UiUi such that

Thi () o()TT)( Za@ VI (x — p;)) = 0. (64)

In particular, z € M, N U; if and only if h(z) = ;11 (Y, ci(2)I19) (Y, ci(2)(2 — p;)) = 0,
where II” is the orthogonal projection onto the subspace orthogonal to D;, containing the center of
D;. We take U; to be the unit ball and the center of U; to be the origin and take the linear span of
D; to be R%. We split z into its  component (projection onto R?) and y component (projection
orthogonal to R%). and define g(z,y) = (z,h(x,y)). This function is then substituted into the
quantitative inverse function theorem of section B in the appendix.

5. Hausdorff distance of M, to M and the reach of M,.

Theorem 10 With probability at least 1 — N ~C the following is true. The Hausdorﬁ‘ distance
between M, and M is less than Cd3v/rd < and the reach of M, is at least

11
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Proof Since o(v'D + 1/In(NY)) is less than Cr?/7 < oo by Gaussian concentration, with
probability at least 1 — N = every point y; = x; + (; satisfies

lyi — x| = || < (VD 4 1/In(NS)) < Cr? /7.

All the statements for the rest of this proof will hold with probability at least 1 — N ¢ Since X has
a Hausdorff distance 077"2 to M, and X7 has a Hausdorff distance % to M, as a consequence, the
Hausdorff distance between U; D; and M is less than § = %TZ by subsection C.1. The Hausdorff
distance between U; D; and M, is less than

6 .2 Ot

Cd’d=Cd . < 00
by the quantitative implicit function theorem (appendix, section B), applying Taylor’s theorem to-
gether with (122) and (125). Thus, by the triangle inequality, the Hausdorff distance between M,
and M is less than Cd7§ < %. Next, we address the reach of M,,. By Federer’s criterion (Propo-

sition 3) we know that
reach(M,) = inf {|b — al?(2dist (b, Tan(a)))_l‘ a,be My, a#b}. (66)

We wish to prove that reach(M,) > o7 Leta,b € My, a # b.
If [a — b| > #5. then |b — a|*(2dist(b, Tan(a)))~" > F4, because

|b —a| > dist(b, Tan(a)).

(65)

Therefore, we may suppose that |a — b| < g+ By the bound on the Hausdorff distance
between M and M,, the respective distances of a and b to the images of their projections onto M,
which we denote a’ and ¥’ respectively, are less than C'd®\/r6. By the quantitative implicit function
theorem (appendix, section B) and the covering property of {U;}, M, is a C2—submanifold of R".
Therefore T'an(a) is a d—dimensional affine subspace. By (122) and (125) the Hausdorff distance
between the two unit discs T'an(a) N B(a, 1) and (T'anprq(a’) N B(a’,1)) 4+ (a — a’) which are
centered at a, is bounded above by

Cd3\/s/r=Cd"?\/r|T = —CZC. (67)

Then, M and M, are Cd®\/r6 close in Hausdorff distance and (M, N B(a, 2|a — b|)) and (M N
B(d',2|a — b|)) are Cd®+\/5/r|a — b| = # close in C! over the maximal subset U? of T'an(a)
on which both are defined as graphs of functions (respectively fo and f ) whose range is Nor(a),
the fiber of the normal bundle at @ by Lemma 13; please see section A in the appendix. This subset
contains (T'an(a) N B(a, 3|a — b|/2)) because we further know by (67) and the reach of M being
at least 7, that the C'* norm of f on (T'an(a) N B(a, 3|a —b|/2)) is at most (Cd”)~!. Therefore, the
C' norm of f, on (T'an(a) N B(a,3|a — b|/2)) is at most (Cd”) L. But using this and the Hessian
bound of C'd%§ from (63), we also know that the Hessian of fo is bounded above by Cd" /7. But
now, by Taylor’s theorem, dist(b, Tan(a)) < sup |[Hessf,|||a — b|2/2, where the supremum is
taken over (T'an(a) N B(a,3/2|a — b|)). This, we know is bounded above by Cd"|a — b|?/T.
Substituting this into Federer’s criterion for the reach, we see that

-
reach(M,) > Yol

12
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Appendix A. Geometric Preliminaries

Let M € G(d,V, 7). In the remainder of this section, for x € M denote the orthogonal projection
from R™ to the affine subspace tangent to M at x, Tan(x) by IL,.

Lemma 11 For each p € M, such that Tan(p) = {(z1,22) € R¢ @ R" Az + b = 2z} for
some matrix A(p) and vector b(p), there exists a neighborhood V. C R™ of p, an open set U € R?
and a C? function F : U — R"~% with DF (u) of rank d for all w € U such that

MNV = ((u, F(u)),u € UNRY). (68)
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Proof Let U, W, ¢, be as in the definition of a C? manifold. Since ¢ o 1) = id, D1 has rank d at
each point of T, in particular ¢ = ¢(p). Therefore,

Oowy

det <8HRd o, . .., iHRd o ¢> 20 (69)
6w1

holds at g. By (69), we can apply the inverse function theorem to IIpa o 9 at ug = Ilga 0 P(g) to
see that f = (I o)~ : U’ — R? exists, is C? and D f has rank d at each u € U’ for some
neighborhood U’ (possibly smaller than U) of IIpaq. Setting F' = Ilz,—4 0% o f, we obtain (68). B

Lemma 12 Suppose that M € G(d,V, 7). Let
U= {y|ly — oyl < 7/4} N {y|lz — Moyl < 7/4}.

Then,
I, (UNM)=11,U).

Proof Without loss of generality, we will assume 7/2 = 1, and # = {0}, and Tan(z) = R% Let
N = U N M. We will first show that IIo(N) = By, where By is the unit ball in RA. Suppose
otherwise, then let ) # Y := By \ IIo(N). Note that N is closed and bounded and is therefore
compact. The image of a compact set under a continuous map is compact, therefore ITy(N) is
compact. Therefore R? \ TIo(\) is open. Let 2 be a point of minimal distance from 0 = II(0) C
o (N) among all points in the closure Z of R? \ TIo(N). Since ) # Y and R? \ IIy() is open,
|z1| < 1. Since T'an(0) = R¢ and M is a closed imbedded C2—submanifold, 0 does not belong to
Z. Therefore x1 # 0. By Federer’s criterion for the reach, Vy; € II; Yz NN,

2
dist(y1,Tan(0)) < Hyi” (70)

Therefore, Vy; € Hal(ml) NN,

dist(y1,R%)? + |zq|?

dist(y1,RY) < 1

(71

Noting that 2 > 1 > dist(y;, R?) and solving the above quadratic inequality, we see that

i (e (72)
2
lz1l)* (73)
iy

(714)

IN

ly1 — x1]/2

IN

This implies that
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Again by Federer’s criterion, for any z € T, (|z1|Bg) NN,
_1I 2
2 =TI, (2)]/2 < 1—\/1—(’1“23“2'> (75)

2
< (’yl _2Hy12|> ' (76)

By Lemma 11 and (74), we have the following.

Claim2 Let y; € Iy (z1) N N. Then there exists v € OBg such that if yj € Tan(y1) then
<yi - ylav> =0.

Let £ = {\v|A € R} and let II, denote the orthogonal projection on to ¢. Then,
He(|z1|Ba) = {Av[A € [=za], [21]]}-

By Claim 2, IT;(T'an(y1)) is the single point IT,(y ). Let IIy(y1) = Aov. Let o = |x1|vif Ag <0
and w9 = —|z1|v if \g > 0. Let yo € I, (z2) NN Then,

lz1] < [TLe(y1) — 22 (77)
< dist(y2, Tan(yy)) (78)
2
< ly2 — 1 (79)
4
_ 2 _ 2 - 2
< 20y — x2|* + |1 4562! + 2|y1 — 1] (80)
2 2
2(255)" + a2+ 2 (145)
< 1 (81)

Therefore,
o= |zy] < |z M4+ |22

Therefore, 1 < a3/4 + a. This implies that

1
|z1| > 5 (82)

Lemma 13
Suppose that M € G(d,V, 7). Let

U = {ylly — Moy| < 7/8} 0 {yllz — y| < 7/8}.
There exists a C* function F, ;; from I1,.(U) to II; 1 (IL,(0)) such that

{y+F, o)y e (U)} = MnNU.
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Secondly, let z € M N U satisfy |1, (z) — x| = 6. Let z be taken to be the origin and let the span
of the first d canonical basis vectors be denoted R® and let R% be a translate of Tan(x). Let the
span of the last n — d canonical basis vectors be denoted R"~%. In this coordinate frame, let a point
2! € R™ be represented as (2}, 2), where 2| € RY and 2, € R"~%. By the preceding lemma, there
exists an (n — d) x d matrix A, such that

Tan(z) = {(21, 25)|A.24 — Iz = 0} (83)

where the identity matrix is (n — d) x (n —d). For§ < 7/8, let z € M N {z|[z — zz| <
N {ZH:U — 1, z| < 0}. Then ||A.ll2 < 200/7.

Proof Let

U :={y|ly — Woy| < 7/4} 0 {y||lz — Myl < 7/4}.

We will first show that there exists a function F_ ;; that satisfies the given conditions and then show

that it is C2. Let z € M N U satisfy |[I,(z) — x| = d. Let z be taken to be the origin and let the
span of the first d canonical basis vectors be denoted R? and let R? be a translate of Tan(z). Let
the span of the last n — d canonical basis vectors be denoted R”~?. In this coordinate frame, let a
point 2’ € R™ be represented as (2], 25), where 2] € R% and 2, € R"~%. By the preceding lemma,
there exists a matrix A such that

Tan(z) = {(z2], 25)|Az] — [ = 0}. (84)

Further, a linear algebraic calculation shows that

dist(2', Tan(z)) = H(I + AAT) V2 (A — 1)) (85)

2

Let Sgl_l denote the d — 1—dimensional sphere of radius ¢ centered at the origin contained in R
By the preceding lemma, there is a point Z € M for every 2’ € 531—1 suchthat Z € U, I,z = 11,2
and

lz — 2" _ 49°
- =—.

|2 —1Lz|| < (86)
T
Therefore,
462 62 52
-2 =2 - I;z) — <—+—=— 87
o =2 =z~ ((5) )l < 2+ 2 =2 57)
Therefore,
dist(z',Tan(z)) < dist(z,Tan(z)) + ||z — 2'|| (88)
3|2 52
< A 5 (89)
T T
2 22 2
_ |z — 2| + |2 — 2 +ﬁ 90)
T T
52 62 2 52
< O HET/7)T | 507 o)
T T
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Therefore, for any 2] € Sg_l,

H(I + AATY 2042 ‘2 < 5: (6 + %f) . 92)
Thus,

H(I+ AAT)—1/2(A)H2 < g <6+ 6;1‘252) —. (93)
Therefore, we see that

WI+AATyU%AATxI+AAﬁ*Vﬂ2gaﬂ. (94)

Let || All2 = A. We then see that \? is an eigenvalue of AA”. Therefore,
)\2

e < 6. (95)
This gives us A\? < %, which implies that
6/

We will use this to show that , IT; 1 (IT,,z) N M N U contains the single point z. Suppose to the
contrary, there is a point 2 # z that also belongs to IT * (I, 2) N M N U. Then,
o 122117
dist(z,Tan(z)) < , 7

T

where ||25]| < 26%/7. Thus,
120212 + AAT|M/>

|22 < -
Therefore,
< [l (VT < -2 ©8)
= 172 = 2 /1-o2
Therefore
262
1-67 < =, ©9)
-
and so
8 >1—28%/72 (100)
assuming ¢ < %,
)
§ < 7—. (101)
T

Therefore
262 /T2 475/ > 1.

This implies that /7 > 1/8. This is a contradiction.
By (84) and Lemma 11, F, 1 is C2. [ |
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Appendix B. Quantitative inverse and implicit function theorems

We now prove versions of the implicit and inverse function theorems with quantitative bounds on
the second derivatives that do not depend on the dimensions involved.

We begin with the inverse function theorem.

Let g : R? — R” be a C? function on whose derivatives the following bounds hold.

At any point z € B, (0, 1),

|Jac, — || < €2/4 (102)

for some € € [0, 1]
For any non-zero vector v and z as before,

) ’ < <4> |v] (103)
for the same e.

By (102), for any x # 2/, both belonging to B,(0, 1),

9%g(x)
ov?

lg(z) — g(a') = (z = 2')| < o — 2/|(1/4),

which implies that g(z) # g(z’). Applying the Inverse Function Theorem (Narasimhan (1965)),
there exists a function f : g(B,(0,1)) — B,(0, 1) such that f(g(z)) = «, forall z € B(0,1). Let

N

F = w - f for some fixed non-zero vector w. Let g = (g1, ..., gp), Where each g; is a real-valued
function. The Jacobian of the identity function is /. Therefore, by the chain rule,

df¢>
Jac, =1, (104)
<<d9j z',je[p}> ’
().
495/ i jelp)

The second derivative of a linear function is 0 and so

2F (g dF (dg\ (dg; dF [ d2g,
- %95 . 106
0= 8v2 Z dgidg; ( ) < dv ) " ; dg; ( dv? ) (199

implying by (102) that

<(1-ée/4)7t (105)

Therefore,

&F dgz dg;\ _ daF [ dg,

and so by Cauchy-Schwartz,
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2 F , 2
Z o <d91> <%> < d gJ . (108)
dg;dg; dv ]E[p]

By (102) there exists a unit vector © such that

Z d2F dgz dg;
dgldg] dv

Together (103), (105), (108) and (109) imply that

@2
dv

dg
dv

inf
lvll=1

(109)

HH@SSF‘

. d 2 2 2
HHessF‘ inf f w| sup <€> ol < <6) lwl.  (110)
lvll=1 dgg i €] loll=1 \ 4 4—e
It follows that
€2 dg -2 16¢2
HessFH ( ) w|| sup ||— < < ) w||. (111)
| o) Il s |17 o) Il

Next, consider the setting of the Implicit Function Theorem. Let A : R™™ — R" be a
C2—function,
h:(z,y) = h(z,y).

Let g : Byin — R™ be defined by
g+ (z,y) = (2, h(z,y)).
Suppose the Jacobian of g, Jac, satisfies

| Jacy — I|| < €*/4

2
< ()

where € € [0, 1]. Suppose also that [|g(0)|| < ;% for the same e.
Let p = m + n. Then, applying the inverse function theorem, we see that defining f and F as
before, and choosing ||w|| = 1,

on By, ., and that for any vector v € R™*",

9%g(x)
ov?

1662

< G- (112)
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Lemma 14 On the domain of definition of f, i. e. g(By4n)

f((z,y)) = (2, e(z,y))
for an appropriate e and in particular, for ||z|| < %, where n € [0, 1],

f((2,0)) = (2, e(x,0))
and )

8 (€ 7
<Z(=+2).
Iovete 00l < 5 (554 3)

Finally, for any w € R" such that ||w|| = 1,

16€2
(4¢3

|Hess(e - w)| < (113)

Proof It suffices to prove that if z = (x,y) € RP and ||z|| < n/2, where n € [0, 1], then there
exists a point 2, where ||2]| < 3 <§% + g) , such that g(2) = z. We will achieve this by analysing
Newton’s method for finding a sequence 2, . . ., 2k, . . . converging to a point % that satisfies g(2) =
z. We will start with 2y = 0.

The iterations of Newton’s method proceed as follows.
For: > 0,

i1 =2 — Jy (2)(9(2) — 2). (114)

Claim 3
We shall first show that for any i > 0,

2

al<i(5+3)-

Proof Observe that

1Zi1 — Zill = 117, (20)(9(20) = 2) . (115)
Fori =0,
l9(2:) — 2| < i+ﬁ (116)
& =90 "2
and since [|.J,; 1 (%;)]| < 1716/4 < 4/3, therefore
4 e n
2.0 2l < [ Z — 4 1)
1241 — Zill < <3> (20 + 2> (117)
Suppose ¢ > 1.
g(éz) —Z=4g (ﬁz;l — Jg_l(fifl)(g(ﬁz;l) — Z)) —Z. (118)

Using the integral form of the remainder in Taylor’s theorem, the right hand side of (118) equals
9(Zi1) + Jg(2i1) (I, 1 (2im)(9(im) — 2)) + A — 2,
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which simplifies to A, where

1
A= / (1 — t)(il — fifl)THESSg(éifl + t(éi — 21'71))(/% — ﬁifl)dt.
0

The norm of A is bounded above as follows. Note that by the induction hypothesis, [|Z;|]|] <
% (% + g) yand ||2;_1]| < % (% + g), which places both 2; and 2; _; within the unit ball. There-
fore ”(ZA’l — ZA’i,l)THGSSg(éifl + t(il — 2171))(2’1 — 2’1,1)” S (62/4)HZA’1 — 731’*1 H2 for any te [0, 1]

1 62
A1 < [ =01 sl = () IG - sl

Therefore

e = = 1y ot~ < (3) (5) 16— 20 = (5 ) 16—l

By recursion,

) . 62i . . i
laoes = 2 < (7 ) 1 = 2ol 120)
Therefore,
7
. . . . . 121 — 20| 4 (e n 6 8/
il = 12 — 20l < g Bzl (2L LIV (2 22 (S L) (0
241l = [|2i41 ZO”—jEZI“Z]+1 Zll < —= <3 55 T 5 - =5 T3 )a2D
[ |

Recall that g : B, 1, — R™*™ is given by

g:(z,y) = (2, h(z,y)).

Since g is injective, it follows that on the domain of definition of f, i.e. g(By+n)

f((2,y)) = (z, e(z,y))

for an appropriate e. By (117) and (120) (2o, ..., %;,...) is a Cauchy sequence, and therefore has
a unique limit point. By the preceding Claim, this limit Z satisfies ||Z|| < % < 1. Therefore any

point in By, X B, of the form (z, 0) where ||z|| = Z <  belongs to g(By,+y,). Further,

8/
<-|=+=).
Isteonl < 5 (55+7)
In particular, setting n = 0, we have
2¢2
1£C0, 0D < 5 (122)
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By (105) the function e satisfies, for ||z|| < 1/2,

|Dzell* = [IDof]* —1 (123)
< (1-é/4)72-1 (124)
< € (125)

By (112) the function e satisfies, for any w € R"™ such that ||w|| = 1,

16€2

|Hess(e-w)l < 7= g5

(126)

Appendix C. Finding good discs

Let G2 be the spherical gaussian measure whose variance (of the marginal along any fixed direction)
is 02 and center z. When z is the origin, we will drop the superscript. Let i = p * G, be the
distribution from which the y; are drawn. We will need the following theorem which follows from
Theorem 3.2.3 in Federer (1969).

Theorem 15 Let L™ denote the m—dimensional Lebesgue measure and H™ denote the m—dimensional
Hausdorff measure. Suppose f : A — R" be a1 — 1 C? function with m < n where A is a
L™ —measurable subset of R™ and J, f is the Jacobian of f. If u is a L™ integrable function, then

[ w@dnf@erdn) = [ s ) Hm ). (127

n

C.1. Learning unit discs that approximate the data locally

Let X be a finite set of points in £ = R” and X N By(z) := {x,%1,...,%s} be a set of points
within a Hausdorff distance ¢ of some (unknown) unit d-dimensional disc D1 (x) centered at x. Here
Bi(z) is the set of points in RP whose distance from z is less or equal to 1. We give below a simple
algorithm that finds a unit d-disc centered at x within a Hausdorff distance C'dd of X := XNB(z),
where C'is an absolute constant.

The basic idea is to choose a near orthonormal basis from Xy where x is taken to be the origin
and let the span of this basis intersected with By (z) be the desired disc. This algorithm appeared
previously in Fefferman et al. (2015), but has been included in the interest of readability.

Algorithm FindDisc:

1. Let zq be a point that minimizes |1 — |x — 2'|| over all 2’ € Xj.

2. Given z1,...xy, form < d — 1, choose x,, 1 such that

max (|1 — [z — 2’|, Kz1/[za], ), - (2w /|om], 7))

is minimized among all 2’ € X for 2’ = x;11.
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Let A, be the affine d-dimensional subspace containing z, x1, . . . , T, and the unit d-disc Dy (x) be
A, N By(z). Recall that for two subsets A, B of R”, dy (A, B) represents the Hausdorff distance
between the sets. The same letter C' can be used to denote different constants, even within one
formula.

Lemma 16 Suppose there exists a d-dimensional affine subspace A, containing x such that Dy (x) =
A, N By(x) satisfies dig(Xo, D1(z)) < 0. Suppose 0 < § < 2—1d. Then dg (X, D1(x)) < Cdo,
where C' is an absolute constant.

Proof Without loss of generality, let « be the origin. Let d(x, y) be used to denote |z — y|. We will

first show that forallm < d — 1,
x x
<17$m+1> 7"'7‘<m7xm+1>‘> < 0.
|21 ||

To this end, we observe that the minimum over D (x) of

<(!2\)y> <(|i2|)y>D (128)

is 0, because the dimension of D;(x) is d and there are only m < d — 1 linear equality constraints.
Also, the radius of Dq(z) is 1, so |1 — d(x, zm+1)| has a value of 0 where a minimum of (128)
occurs at y = z,+1. Since the Hausdorff distance between D1 (x) and X is less than § there exists
a point y,m+1 € Xo whose distance from z,,,+; is less than §. For this point y,,,+1, we have § greater

than
1 R

ez g o))

is no more than the corresponding quantity in (129), we see that for eachm + 1 < n,

({2 (22 )] <5

Let V be an D x d matrix whose i column is the column z;. Let the operator 2-norm of a matrix
Z be denoted || Z||. For any distinct ¢, j we have |(z;,z;)| < 0, and for any i, |(z;, ;) — 1| < 20,
because 0 < 1 — § < |z;| < 1. Therefore,

max (\1 —d(z, Tmi1)],

g ey

max (11 ~d(a.y).

ge ey

Since

g e eey

max (]1 —d(x, Tm+1)],

max (\1 —d(z, Tm+1)],

V'V —I|| < Cyds.
Therefore, the singular values of V' lie in the interval
I = (exp(—Cdod),exp(Cdd)) D (1 — C1dd, 1 + C1d9).

For each 7 < n, let 332 be the nearest point on D1 () to the point x;. Since the HauAsdorff distance
of X to Dy(x) is less than §, this implies that |2} — 2;| < § foralli < n. Let V be an D x d
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matrix whose " column is x}. Since for any distinct 4,5 |{z/, z)| < 36 + 42, and for any i,
|(z), z}) — 1| < 40,

IVtV — I < Cdb.
This means that the singular values of V lie in the interval I¢.

We shall now proceed to obtain an upper bound of C'dd on the Hausdorff distance between X
and D, (). Recall that the unit d-disc D1 (z) is A, N By(z). By the triangle inequality, since the
Hausdorff distance of X to D;(z) is less than 9, it suffices to show that the Hausdorff distance
between D (x) and [)l(a:) is less than CdJ.

Let 2/ denote a point on D (). We will show that there exists a point 2/ € D;(x) such that
|z — 2| < Cdé.

Let Va = /. By the bound on the singular values of V, we have || < exp(Cdd). Let
' = V. Then, by the bound on the singular values of V, we have |y/| < exp(Cdd). Let 2’ = 2/ =
min(1 — &, [¢/])|y/| '+ By the preceding two lines, z’ belongs to D1 (z). We next obtain an upper
bound on |2/ — 2|

|2’ = 2| < |2’ =] (130)
+|y — 2| (131)

We examine the term in (130)

|2 —y| = |[Va—Va| < sup |z; — x2|(z la;|) < ddexp(Cnd).

We next bound the term in (131).
ly' — 2| < |y/|(1 — exp(—Cds)) < Cnd.
Together, these calculations show that
lz' — 2| < Cdé.

A similar argument shows that if z” belongs to D (z) then there is a point p/ € D;(x) such that
lp" — 2"| < Cdo; the details follow. Let V3 = 2”. From the bound on the singular values of V,
|8] < exp(Cdd). Let ¢’ :== V3. Let p’ := min(1 — 6, |¢|)|¢'| "1¢.

P 2" < g ="+ p =
< VB=VB[+1-V3
< supla; — 2| (Y |Bil) + Cod
< ddexp(Cdd) + Cod
< (Cdd.

This proves that the Hausdorff distance between X and D (x) is bounded above by C'd§ where C
is a universal constant.
|
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Appendix D. Proof of Lemma 6
Proof

Claim 4 There exists k € R independent of z such that

ekt < W(z) <c kL
Proof After appropriate scaling, we will assume that » = 1. We make the following claim.
Claim 5 If[v] < 75,
exp(—2(d + 2)|v]?) < B(v). (132)
Also
Vo € RP, exp(—(d + 2)|v]?) > B(v). (133)

Proof To see the first inequality, note that

1
v < —= 134
[l 7 (134)
= (-2)1 -] < -1 (135)
2
— (=2)(d+2)v]* < (d+2) (—1 E)||v|2> (136)
= (=2)(d+2)[)* < (d+2)(In(l - |v]*)) (137)
d+2
— exp((=2)(d+2)[0]}) < (1— )" =B). (138)
To see the second inequality, exponentiate the following inequality for |v| < 1:
—(d+2)v]* > (d+2) (In(1—[v]*)). (139)
When |v| > 1, B(v) = 0, so the inequality holds.
|
We will now use the preceding claim to get upper and lower bounds on
BL)A(dv) =: ¢57,
Rd
where A corresponds to the d—dimensional Lebesgue measure.
Bo)Adv) = Bv)A(dv) (140)
Rd By
< [ exp(~(d+2p)A@) (141)
By
T \d/2
< (——=)Y". 142
< (d n 2) (142)
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Also,
/B d/B(v))\(dv), > /%exp(—Z(d—f-Q)v))\(dv) (143)
> (g0 et () ) (144)
> (5 d12)>d/2<1—exp<fd/16>> (145)
= C(2(d7zr2))d/2' (140

Using numerical integration the value of ¢z can be estimated to within a multiplicative factor of
2 using (Cd)? operations on real numbers.

Next consider a unit disk B; C R” equipped with the measure cgA. We consider a point ¢ at a
distance A from the projection of ¢ onto By, which we assume is the origin. As a warm-up, we will
be interested in

((csM1p,) * 5)((1) _ J, Bla—v)(cpAdv) .
((cgAlp,) * s, B(=v)(cgA(dv))
as a function of A. We observe that v € B; = ((—v) > (q — v), and so
((csAlpy) * B)(q)
(53 p,) = )0) = “48)
Let A? < L. Suppose [v]? < 1 — 5, then
2 1—Jof?
A% < < o ) : (149)
Therefore,
/ Blg —v)(caA(dv)) = / (1= [0* = A*) T 21y 2 <1 a2y (cpA(dv))
By By
1
= (= ) = ) epA )
> [ e ) R ) (150)
1—35By
> c/ (1 = Jo*) ™2 (cgA(dv)). (151)
By

In the above sequence of inequalities the last step comes from dilating the disk /1 — ﬁBd to By
and observing that S(v1) > S(ve2) if |v1] < |va].
We thus have

((epAlp,) * B)(q) de q—v 05)\(dv))<1
((csAlp,) * B)(0) I, B(=v)(cgA(dv)) ~

c< (152)

27



MANIFOLD FITTING

for some absolute constant ¢ > 0 provided A? < &%.

Next consider a point ¢ at a distance < 1/(2d) from M. We let ¢ be the origin. Consider a
unit disk B; C RP that is parallel to the tangent plane to M at the point nearest to g. We will be
interested in

(csHa1B,) * B) @) Jpunp, B(—0)(caHi4(dv))

= ) (153)
((csAlp,) * )(0) [, B(=0)(csA(dv))
as a function of A. Let II; denote the projection onto By. Let
sup |z —Izz| = A. (154)

zeMNBy,

Then, by Federer’s criterion for the reach, A < 1/d. Also, M N B,, is the graph of a function f(x)
from I1;(M N By,) to the D — d dimensional normal space to By. For v € M N By, let w = I v,
and by the definition of f, v = w + f(w).

/ B(—v)(cgMiy(dv)) = / B(—(w + f(w)))(cgHiy(dv))
MNB, Hd(MﬂBn)
< / B(—w)(csHA4(dv)) (155)
II3(MNBy)
< / B(—w)(cs T (w)A(dw)). (156)
II3(MNBy)

Since || D f|| is of the order of c%lC by lemma 13 and the upper bound on r, the Jacobian

J(w) = \/det(I + (Df(w))(Df(w))")

is less or equal to an absolute constant C'. This implies that

/ B(—w)(cg (w)A(dw)) < C [ B(—v)(cgA(dv)). (157)
IIg(MNBy) By

This in turn implies that

1 - s, B €My (dv)
T, B(=0){esA(dv)

for an appropriately small universal constant c.
We now proceed to the lower bound. As noted above, A < 1/d.

(158)

28



MANIFOLD FITTING

[ s - / (w4 (W) (esHy(dv)  (159)
MNB, 114 MﬁBn)
> / —(w+ f) (s H(dv))  (160)
By(1— l/d
> / (1 [wf? — A% (e (w) M(duw))
Ba(1-1/d)
> / ~ [w)(1 = 1/d) 3 (esA (dw)
By(1— l/d
> o (- P ) (161)
Ba(1-1/d)
> & [ (= o) e du), (162)
Ba

The last step comes from dilating the disk (1 — 2)B, to B, and observing that 3(v1) > 5(v2)
if [v1] < |vz|. In dropping J(w), we used the fact that J(w) > 1.
Relabelling ¢? by c, the above sequence of inequalities shows that

Sy, B0) (M (dv))
[, B=0)(csA(dv))

> c. (163)

We next, using the fact that the Hausdorff distance of the set {p; } to M is less than < show the
following.

Lemma 17 There exists a measure jup supported on {p;} such that

c< d(,ug)\* 8) (2) <,

for all z in a 75 neighborhood of M.
Proof For any € € (0,1), let Be(erv) = c5(1 — |v||2)42 if |v| < 1, and Be(erv) = 0 if [v| > 1.

Here cj is chosen so that . integrates to 1 over R™. Let Vor; denote the open set of all points
p € R" such that for all j # 4, |p — p;| < |p — pj|. Let

pp(pi) = (cgHy * Be)(Vory).

‘We note ( ; )
I (2)

isa %—Lipschitz function of z, and this continues to be true for

d(cgHy * B * Be)
]
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for any € € (0, 1). Further, there exists an ¢y € (0, 1) such that

d(csgMb, * B+ Be)  d(csgHL, * B)

Ve € (0,60), ) N

< c(e),
L£5°(R™)

where lim._,q <9) exists and is finite. It thus suffices to prove that for all € € (0, €9),

€

d(cBHd x B*Be)  d(up*p)
" ) ) <379

L° (Rd)

for all z in a ; —neighborhood of M. For any 4, the diameter of
supp(cgH, * Be) N Vor;

is less than 7. Let 7 denote the map defined on supp(C/g’Hjin * () from Vor; to p;. Then,

ﬂ%H%*ﬁ*&%@_dWPwﬂwﬂ::'M«%H%*ﬁg—um*ﬁhd
D) ) 3 '

For any w € supp(cgH4, * Be) N Vor;, |m(w) — w| < . Let cgHG, * 8 * B be denoted v. Then,

v—pp)*fB . _
LG = / o v(de)B(z — ) — / pp(dy)B(z —y)

z+supp(B)

N Lﬁwmmyw@5@_xy_/ V(dz)flz = ().

z4supp(B)

The Lemma follows noting that 3 is g—Lipschitz.

Let )\fj denote the d—dimensional Lebesgue measure restricted to the disc D;.
Recall that

1t (pi) = (cgMy * Be)(Vory).
Let A
tip(pi) = (cgAq)(Vor; N D;).

By making = < ﬁ for a sufficiently large universal constant C, and € a sufficiently small quantity,
we see that for each 7,

for a suitable universal constant c. We see that (cgA\%)(Vor; N D;) is the volume of the polytope
Vor; N D; multiplied by cg, and Vor; N D; is given by a membership oracle, whose answer to any
query takes time (Cd)?. Thus by placing a sufficiently fine grid, and counting the lattice points
in Vor; N D;, 1ip(p;) can be computed using (Cd)?? deterministic steps. Even faster randomized
algorithms exist for the task, which we choose not to delve into here. |
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Appendix E. Proof of Claim 1

Proof Let X
d
MH = UEZOMH'

The various connected components of My are the different M% (whose dimensions are respec-
tively (n — d)d), and by evaluating Frobenius norms, we see that the distance between any two
points on distinct connected components is at least 1. Since it suffices to show that a normal disc
bundle of radius less than 1/2 injectively embeds into the ambient space (which is R™(=1)/2)y jt
suffices to show that

reach(Mr) = 1/2.

Let # € M%. Let z belong to the normal fiber at x and let ||z — 2|| < 1/2. Without loss of
generality we may (after diagonalization if necessary) take = = diag(1,...,1,0,...,0) where the
number of 1s is d and the number of Os is n — d. Further, (using block diagonalization if necessary),
we may assume that z is a diagonal matrix as well. All the eigenvalues of z lie in (1/2,3/2) and
further the span of the corresponding eigenvectors is the space of eigenvectors of x corresponding
to the eigenvalue 1. Therefore I1j;(2) is well defined through Cauchy’s integral formula and equals
. Thus the normal discs of radius < 1/2 do not intersect, and so reach(M$%) > 1/2. Conversely,
MY, is the origin and M contains the point diag(1,0, ...,0). We see that diag(1/2,0,...,0) is
equidistant from MY and MY, and the distance is 1/2. Therefore reach(M) < 1/2. Therefore,

reach(M%) > reach(Mp) = 1/2.

|
Appendix F. Proofs of Lemma 8 and Lemma 9
Proof [Proof of Lemma 8]
1(0i(2))ill a2 [1((Bu(x))di(2))il ar2
H((%Oéi(x))iew]”% < & + B (164)
d+1
< (e DNICd@ @)™ + () (@(@))ill ssz|0ua]  (165)
< Cd+ Cloya| (166)
< Cd+0|(9uai)i € [N a2 [(Villase (167)
< Cd*. (168)
|
Proof [Proof of Lemma 9]
di x
GRai(Nicmllze = 102 gl (169)
Oyci(x) | (=2)(0ui(2))(Pui()) | () N2 a2 N ]
IG5+ P + 5y 21000 = @) (@) e asz-

We use the triangle inequality on the above expression, and reduce the task of obtaining an upper
bound to that of separately obtaining the following bounds.
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Claim 6 We have
a(z)

Proof This follows from e < & < C.

)ie[N}HLJf < Cd27

Claim 7 We have

(2))(Dvr(x))
(z)?

Proof We have seen that |0,&(z)| < Cd?. Therefore,

(=2)(9vai())(9pa())

It

—2)(0y&y;
=20 e lasz < Cd,

I( () Jiewllazz < CdQH((&J@z‘(@))ie[}(f}H%2
< Cd2”((avdi(x)))ie[ﬁ]”%
< Cd°.

Claim 8

o)

It

z’iiié (2(0,6)? — 026(2)(a(2)))iepmll a2 < Cd.

o))

(170)

(171)

(172)

(173)
(174)

(175)

Proof The only term that we have not already bounded is |02G(z)|. To bound this, we observe that

Clojal < CH(aLz;di)in%?||(1)i||(d+2)/2
< cd.

Therefore, the entire expression gets bounded by C'd* as well.
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