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Abstract

We consider the problem of minimizing a convex objective function F' when one can only evaluate
its noisy approximation F'. Unless one assumes some structure on the noise, F' may be an arbitrary
nonconvex function, making the task of minimizing F' intractable. To overcome this, prior work has
often focused on the case when F'(2) — F'(z:) is uniformly-bounded. In this paper we study the more
general case when the noise has magnitude a.F'(x) + 5 for some «, 5 > 0, and present a polynomial
time algorithm that finds an approximate minimizer of F' for this noise model. Previously, Markov
chains, such as the stochastic gradient Langevin dynamics, have been used to arrive at approximate
solutions to these optimization problems. However, for the noise model considered in this paper,
no single temperature allows such a Markov chain to both mix quickly and concentrate near the
global minimizer. We bypass this by combining “simulated annealing” with the stochastic gradient
Langevin dynamics, and gradually decreasing the temperature of the chain in order to approach
the global minimizer. As a corollary one can approximately minimize a nonconvex function that
is close to a convex function; however, the closeness can deteriorate as one moves away from the
optimum.

Keywords: Nonconvex optimization, Stochastic gradient Langevin dynamics, Simnulated anneal-
ing

1. Introduction

A general problem that arises in machine learning, computational mathematics and optimization is
that of minimizing a convex objective function F' : K — R, where K C R? is convex, and one can
only evaluate F' approximately. Let F' denote this “noisy” approximation to F'. In this setting, even
though the function F' is convex, we can no longer assume that F' is convex. However, if one does
not make any assumption on the noise function, the problem of minimizing F' can be shown to be
arbitrarily hard. Thus, having some restrictions on the noise function is necessary.

A well studied setting is that of “additively” bounded noise (Applegate and Kannan, 1991;
Singer and Vondrdk, 2015; Risteski and Li, 2016; Zhang et al., 2017). Here, the noise N(z) :=
F(x) — F(z) is assumed to have a uniform bound on K: sup,cx |N(z)| < 3 for some 8 > 0. In
practice, however, the strongest bound we might have for the noise may not be uniform on K. One
such noise model is that of “multiplicative” noise where one assumes that | F'(z) — F(z)| < aF (),
for all z € K and some a > 0. In other words, [N (z)| = |F(z) — F(z)| = |F(z)| x a, which
motivates the name. One situation where multiplicative noise arises is when F' decomposes into a
sum of functions that are easier to compute, but these component functions are computed via Monte
Carlo integration and the stopping criteria of these integration methods depend on the computed
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value of the component function (Chen, 2015). For other natural settings where multiplicative noise
arises see (Chen et al., 2015; Jebalia and Auger, 2008; Jebalia et al., 2011).

More generally, one can model the noisy function F by decomposing it into additive and multi-
plicative components, in the following sense:

Definition 1 We say that F' has additive and multiplicative noise levels (3, «) if
|F(z) = F(x)| < a(F(z) = F(«*)) + 3 (1

Note that this noise model has the natural property that the noise level does not change if we replace
F(z) and F'(z) with a new objective function F'(z) + C and a new oracle F'(x:) + C for the same
number C' > 0. To motivate this definition, we consider a situation where the error in computing
the objective function depends on the amount of time spent on the computation. For instance,
to compute the objective function one may be required to solve a complicated system of partial
differential equations, where a finer discretization leads to a greater accuracy but also to a longer
computation time (Conrad et al., 2018; Cliffe et al., 2011). In this case, one can start by using
a short computation time for each evaluation and gradually increase the computation time as one
approaches the minimum value. Whereas a purely additive noise model would require one to have
a uniform computational cost at each step, the multiplicative noise model allows one to analyze
methods where one has the flexibility to use a different cost at each step.

As another application, we consider the problem of solving a system of noisy linear or non-
linear black-box equations where one wishes to find a value of x such that h;(x) = 0 for each
component function h; (Chen et al., 2015). Since each equation h;(x) = 0 must be satisfied si-
multaneously for a single value of z, it is not enough to solve each equation individually. One
way in which we may solve this system of equations is by minimizing an objective function of the
form F(z) = 3" | (hi(x))? since any value of z that minimizes F'(z) also solves the system of
equations h;(x) = 0 for every 7, provided that such a solution exists. While it is true that one may
instead minimize the objective function 2 3% | |k;(z)] to solve the same system of equations, it
is oftentimes preferable to use the quadratic objective function F(z) = 2 3% | (h;(2))? since it is
much smoother and can lead to faster convergence in practice (Chen et al., 2015). Rather than hav-
ing access to an exact computation oracle for /;(x) one may instead only have access to a perturbed
function h(xz) = hi(z)+ N;(z). Here N;(z) is a noise term that may have additive or multiplicative
noise (or both), thatis, | N;(x)| < b+ah;(z) for some a,b > 0. Hence, instead of minimizing the ob-
jective function F', one must try to minimize a noisy function of the form F'(z) = IS (hi(z))2.
A straightforward calculation shows that the fact that | N;(x)| < b+ ah;(x) for all 7 implies that

A

|F(z) — F(z)] < (2a + a® + 2b+ 2ab)(F(z) — F(z*)) + %(b + ab) + b7,

where F'(z*) = 0. Thus, F' can be modeled as having additive noise level 8 = %(b + ab) + b?
together with multiplicative noise level & = 2a-+a®+2b+2ab. In particular, even if each component
function only has additive noise (that is, if a = 0), F will still have nonzero multiplicative noise
a = 2b. Thus we arrive at the following general problem.

Problem 1 Let K C R? be a convex body and F : K — R be a convex function, where F(z*) = 0
and x* is a minimizer of F' in K. Given access to a noisy oracle F for F that has additive and
multiplicative noise levels ([3,«). The problem is to find an approximate minimizer I for F' such
that F(z) < € for a given € > 0.
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One of the first papers to study this problem was by Applegate and Kannan (1991) in the special case
of additive noise (where o« = 0). Specifically, they studied the related problem of sampling from
function. Roughly, their algorithm discretized X with a grid and ran a simple random walk on this
grid. Using their Markov chain one can solve Problem 1 in the special case of a = 0 for some error
€= O(dﬁ ) with running time that is polynomial in d and various other parameters as well.

In Belloni et al. (2015), Problem 1 was studied in a special case where the noise decreases to
zero near the global minimum' and F is m-strongly convex. Specifically, they study the situation
where the noise is bounded by |N(z)| < c||z — x*||P, for some 0 < p < 2 and some ¢ > 0.
Roughly speaking, in this regime they show that one can obtain an approximate minimizer & such

the canonical distribution e ¢(®) when F is an additively noisy version of a convex

that F'(z) — F(z*) < O((%)ﬁ) in polynomial time. To find an approximate minimizer z, they
repeatedly run a simulated annealing Markov chain based on the “hit-and-run” algorithm. They state
that they are “not aware of optimization methods for such a problem” outside of their work, and that
“it is rather surprising that one may obtain provable guarantees through simulated annealing” under
noise with non-uniform bounds even in the special case of strong convexity.

Problem 1 was also studied by Zhang et al. (2017) in the special case of additive noise (where
o = 0 but 8 > 0). The main component of their algorithm is the stochastic gradient Langevin
dynamics (SGLD) Markov chain that runs at a fixed “temperature” parameter to find an approximate
minimizer Z. In particular, they show that one can solve Problem 1 in the special case of & = 0
for some error £ = O(dﬁ ) with running time that is polynomial in d and 3 and various smoothness
parameters. Other related works that have studied various aspects of optimization under additive
noise include (Singer and Vondrdk, 2015; Hazan et al., 2016; Risteski and Li, 2016).

The difficulty of extending these results to the general case when both «, 8 > 0, and F' is not
necessarily strongly convex arises from the fact that, in this setting, the noise can become unbounded
and the prior Markov chain approaches do not seem to work. Roughly, the Markov chains of
(Applegate and Kannan, 1991; Zhang et al., 2017) run at a fixed temperature and, due to the fact that
the noise can be very different at different levels of F', would either get stuck in a local minimum
or never come close to the minimzer; see Figure 2 for an illustration. The Markov chain of Belloni
et al. (2015) on the other hand varies the temperature but the strong convexity of F' makes the task
of estimating progress significantly simpler.

1.1. Our contributions

The main result of this paper is the first polynomial time algorithm that solves Problem 1 when
«, B > 0 without assuming that £’ is strongly convex. Our algorithm combines simulated annealing
(as in Belloni et al. (2015)) with the stochastic gradient Langevin dynamics (as in Zhang et al.
(2017)). We assume that ||[VF'|| < X and that K is contained in a bounding ball of radius R > 0,
and that £ = K’ + B(0,r') for some ' > 0, where “+” denotes the Minkowski sum. Note that,
given bounds A and R, one can deduce an upper bound of AR on the value of F' in L. Also note
that while the Lipschitz gradient assumption helps us prove running time bounds for our algorithm,
it is likely not needed to solve the problem.

1. Belloni et al. (2015) also study separately the special case of purely additive noise, but not simultaneously in the
presence of a non-uniformly bounded noise component.
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Theorem 2 [Informal; see Section B.2 for a formal description] For any desired accuracy level
g, additive noise level 5 = O(£), and a multiplicative noise level « that is a sufficiently small
constant, there exists an algorithm that solves Problem 1 and outputs & with high probability such
that F(z) — F(2*) < é. The running time of the algorithm is polynomial in d, R, 1/7', and )\,
whenever o < O(é) and 8 < O(%)

When the multiplicative noise coefficient satisfies a < O(é), Theorem 2 guarantees that one can
obtain an approximate minimizer & such that F'(z:) — F'(z*) < & for arbitrarily small € in polynomial
time. Also note that related work (Applegate and Kannan, 1991) for additive noise does not require
a Lipschitz gradient or a bound on the diameter of /C, although they still require a bound on the
range of the objective function.

The requirement that § < O(fl) in order to get a polynomial running time can be shown to
be necessary using results from the work of Blum and Rivest (1989) (as done by Zhang et al.
(2017)). If the additive noise 3 was required to be any lower than Q(%) the algorithm would take
an exponentially long time to escape the local minima (Figure 1). We believe that the requirement
that o < O(é) in order to get a polynomial running time is also tight for a similar reason. This is
because a sub-level set U of F of height &, i.e., U = {z € K : F(z) < &}, will have a uniform
bound on the noise of size sup,cyy «F(z) < af in the presence of multiplicative noise level a.
This is equivalent to having additive noise level O(%), which is required for the Markov chain to
quickly escape the local minima of that sub-level set. Establishing this formally is an interesting
open problem. While our algorithm’s running time is polynomial in various parameters, we believe
that it is not tight and can be improved with a more thorough analysis of the underlying Markov
chain. The results of Zhang et al. (2017) for the additive noise is more general; their algorithm
works for a class of nonconvex functions F' with a certain saddle-point property. It would therefore
be interesting to see if we can solve Problem 1 for this class of nonconvex functions F' but under
the more general noise model where we have both additive and multiplicative noise. We note the
following obvious but important corollary of our main result for nonconvex functions: Suppose we
are given oracle access to a nonconvex function F with a guarantee that there is a convex function
F such that |F'(z) — F(z)| < a(F(z) — F(2*)) + 8 (as in Definition 1), then there is an algorithm
to minimize F.

1.2. On the assumption that F'(z*) = 0.

Suppose that we are given a function F with noisy oracle F with additive and multiplicative noise
level «, 3, but F(z*) # 0. Then, if we know the value of m = F(z*), we can put this function
in the form of Problem 1 by defining a “shifted” objective function F'(x) := F(z) — F(x*) and
“shifted” oracle F'(x) := F(z) — m. In practice, we do not know the minimizing value m, but we
can still obtain a noisy oracle F' for F' by guessing a value for m’ and setting F”(z) = F(z) — w’,
although F’ will have a larger additive noise level |m’ — F(z*)| + 8 depending on the accuracy
|m’ — F(z*)| of our guess. In practice, if we know [, then we can get around this problem by
Rerfqrming a binary search, by repeatedly running our algorithm using a sequence of noisy oracles

F1, F, ... obtained with different guesses m}, mj, . ... If we make a guess m;- and our algorithm

returns a value F (i) < m;- + [, then our next guess m;- 1 should be lower; otherwise it should be
higher. The number of times we must run our algorithm is therefore only logarithmic in the desired
accuracy £~ ', If we do not know /3, then the number of times we must run our algorithm will instead
be polynomial in €1, X and R.
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Since our framework (Problem 1) assumes F'(z*) = 0, the value of F'(x) gives us a good
estimate for the amount of (multiplicative) noise near a point z. Therefore, F can help us choose
the temperature parameter at each step in our algorithm: a larger value of F' means that there may
be more noise present and we require a higher temperature, while a lower value of F means that we
can lower temperature. (See Section 1.2 for how our framework can be generalized to F'(z*) # 0).

1.3. Short summary of techniques

To find an approximate global minimum of the objective function F', we must try to find an ap-

proximate global minimum of the noisy approximation F'. One method of optimizing a nonconvex

or approximately convex function F' is to generate a Markov chain with stationary distribution ap-
1

proximating the canonical distribution 7(¢) () := We_gﬁ (=) where ¢ is thought of as an
K€ Y

“inverse temperature” parameter. If the “temperature” ¢! is small, then 7(¢) concentrates near the
global minima of F'. On the other hand, to escape local minima of “depth” § > 0 in polynomial
time, one requires the temperature £~ to be at least 2(3) (see Figure 1). Now consider the random

variable Z ~ N (0,£ 1) with 78 (z) := %e—g%uxuf Then F'(Z) concentrates near
Jnd e €31l qy

d¢~1 with high probability. This suggests that for a noisy function F' where we are given a bound
on the additive noise level 8 > 0, the best we can hope to achieve in polynomial time is to find a
point & such that |F (&) — F(2*)| < O(d), since there may be sub-optimal local minima in the
vicinity of 2* that have depth O(/3), requiring the temperature £~ to be at least 2(3) (Figure 1).

As mentioned earlier, optimization of a noisy function under additive noise is studied by Zhang
et al. (2017), who analyze the stochastic gradient Langevin dynamics (SGLD) Markov chain. The
SGLD chain approximates the Langevin diffusion, which has stationary distribution 78, They
show that by running SGLD at a single fixed temperature £ one can obtain an approximate global
minimizer Z of F such that |F(&) — F(z*)| < O(€) with high probability with running time that
is polynomial in d, e??/¢, and various smoothness bounds on F. In particular, for the algorithm to
get a polynomial running time in d and 3 one must choose £ = 2(df3). Thus, the SGLD algorithm
returns an approximate minimizer such that |F(z) — F(2*)| < O(df) in polynomial time in the
additive case.

More generally, if multiplicative noise is present one may have many local minima of very
different sizes, so our bound on the “depth” of the local minima is not uniform over /. In this
case the approach by Zhang et al. (2017) of using a single fixed temperature will lead to either a
very long running time or a very large error €: If the temperature is hot enough to escape even the
deepest the local minima, then the Markov chain will not concentrate near the global minimum and
the error € will be large (Figure 2(b)). If the temperature is chosen to be too cold, then the algorithm
will take a very long time to escape the deeper local minima (Figure 2(c)). Instead of using a fixed
temperature, we search for the global minimum by starting the Markov chain at a high temperature
and then slowly lowering the temperature at each successive step of the chain (Figure 2(d)). This
approach is referred to as “simulated annealing” in the literature (Kirkpatrick et al., 1983).

The only non-asymptotic analysis we are aware of where the bound on the noise is not uniform
involves a simulated annealing technique based on the hit-and-run algorithm (Belloni et al., 2015).
Specifically, Belloni et al. (2015) show that if F' is m-strongly convex, then one can compute an
approximate global minimizer & such that |F'(z) — F'(2*)| < (%)ﬁ with running time O(d*%),
as long as N(x) < c||z||P for some 0 < p < 2 and some ¢ > 0. The algorithm used by Belloni
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et al. (2015) runs a sequence of subroutine Markov chains. Each of these subroutine Markov chains
is restricted to a ball B(yg, 1) centered at the point yy returned by the subroutine chain from the
last epoch. Crucially, for this algorithm to work, r; must be chosen such that B(yg, k) contains
the minimizer z* at each epoch k. Towards this end, Belloni et al. (2015) show that since the
temperature is decreased at each epoch, F'(yi) is much smaller than F'(y;_1) at each epoch k.
Since F'is assumed to be strongly convex, Belloni et al. (2015) show that this decrease in F' implies
a contraction in the distance ||y, — =*|| at each epoch k, allowing one to choose a sequence of radii
7y, that contract as well at each step but still have the property that 2* € B(yg, r'%)-

One obstacle in generalizing the results by Belloni et al. (2015) to the non-strongly convex case
is that we do not have an oracle for the sub-level sets of F', but only for F, whose sub-level sets
may not even be connected. Instead, we show that the SGLD Markov chain concentrates inside
increasingly smaller sub-level sets of F' as the temperature parameter is decreased. To analyze
the behavior of the SGLD Markov chain at each temperature, we build several new tools and use
some from the past work. Our results make important contributions to the growing body of work on
non-asymptotic analysis of simulated annealing, Langevin dynamics and their various combinations
(Raginsky et al., 2017; Bubeck et al., 2015; Welling and Teh, 2011; Lee and Vempala, 2017).

1.4. Organization of the rest of the paper

In the main body of the paper we present a detailed but informal primer of the algorithm followed
by the key steps and ideas involved in the proof of Theorem 2 in Section 2. The precise description
of the algorithm and the full proofs are quite technical and have been moved to the appendix due to
space constraints. In the Appendix, we present the notation and other preliminaries in Section A.
This is followed by a formal presentation of the algorithm and the statement of the main results in
Sections B.1 and B.2. Section C contains the detailed mathematical proof of our main theorem.

2. Overview of Our Contributions

The model and the problem. Let C C R? be the given convex body contained in a ball of radius
R > 0and F': K — R the given convex function. We assume that £ has gradient bounded by some
number A > 0, and that £ = K’ 4+ B(0,r') for some ' > 0, where “+” denotes the Minkowski
sum and K’ is a convex body. Let 2* be a minimizer of F' over K. Recall that our goal is to find an
approximate minimizer & of I on K, such that F'(z) — F(z*) < £ for a given € > 0.

We assume that we have access to a membership oracle for K and a noisy oracle F for F. Recall
that in our model of noise, since F'(z*) = 0, we may assume that there exist functions ¢ : £ — R
and ¢ : K — R and numbers «, 8 > 0, with |p(z)| < § and |¢)(z)| < « for all z € K, such that

F(z) = F(z)(1+¢(2) + o(z) Vo ek )

We say that £ has “additive noise” ¢ of level 3 and “multiplicative noise” ¢/ of level a.. To simplify
our analysis, we assume that F' > 0 and that F' has minimizer 2* € K such that F'(z*) = 0 (if not,
we can always shift ' and F down by the constant F'(z*) to satisfy this assumption). That way, the
multiplicative noise v has the convenient property that it goes to zero as we approach z*.

We first describe our algorithm and the proof assuming that F' is smooth and we have access to
its gradient VF'. Specifically, we assume that |V F'|| is bounded above by some number X > 0 and
that the Hessian of £ has singular values bounded above by L > 0. This simplifies the presentation
considerably and we explain how to deal with the non-smooth case at the end of this section.
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Our algorithm. To find an approximate minimizer of F', we would like to design a Markov chain
whose stationary distribution concentrates in a subset of X' where the values of £ are small. The
optimal choice of parameters for this Markov chain will depend on the amount of noise present.
Since the bounds on the noise are not uniform, the choice of these parameters will depend on the
current state of the chain. To deal with this fact, we will run a sequence of Markov chains in different
epochs, where the parameters of the chain are fixed throughout each epoch. Our algorithm runs for
kmax epochs, with each epoch indexed by k.

In epoch k, we run a separate Markov chain { X Z-(k) };‘i’{ over K for the same number of iterations
imax. Each such Markov chain has parameters &, and 7;, that depend on k. We think of 5;1 as the
“temperature” of the Markov chain and 7y as the step size. At the beginning of each epoch, we
decrease the temperature and step size, and keep them fixed throughout the epoch. We explain
quantitatively how we set the temperature a bit later. Each Markov chain also has an initial point
X(()k) € K. This initial point is chosen from the uniform distribution on a small ball centered at the
point in the Markov chain of the previous epoch (k£ — 1) with the smallest value of F'. In the final
epoch, the algorithm outputs a solution &, where & is chosen to be the point in the Markov chain of
the final epoch with the smallest value of F.

Description of the Markov chain in a single epoch. We now describe how the Markov chain,
(k)
i1

VF (Xi(k)). Then we compute a “proposal” X ; for the next point as follows

at the point Xi(k) in the k-th epoch, chooses the next point X First, we compute the gradient

20k
k

where P; is sampled from N (0, I). If X/, is inside the domain /C, then we accept the proposal

k
i,—l-l :Xi( )~

mVEXM) + j 3)

and set X l(f)l = X/, ;; otherwise we reject the proposal and we set X l(f)l =X i(k) — which is the old
point. The update rule in Equation (3) is called the Langevin dynamics. This is a version of gradient
descent injected with a random term. The amount of randomness is controlled by the temperature
{k_l and the step size 7. This randomness allows the Markov chain to escape local minima when
F' is not convex. Although the stationary distribution of this Markov chain is not known exactly,
roughly speaking it is approximately proportional® to e <. This completes the description of
our algorithm in the smooth case and we now turn to explaining the steps involved in bounding its
running time for a given bound on the error €.

Steps in bounding the running time. In every epoch, the algorithm makes multiplicative progress
so that the smallest value of F' achieved by the Markov chain decreases by a factor of 1/10. To
achieve an error &, our algorithm therefore requires kpyax = O(log %) epochs, where M is the
maximum value of ' on K (M < AR). The running time of our algorithm is given by the number
of epochs kpax multiplied by the number of steps imax taken by the Markov chain within each
epoch. For simplicity, we will run the Markov chain at each epoch for the same number of steps
imax. For the value of F' to decrease by a factor of 1/10 in each epoch, we must set the number

2. By this we actually mean that the Markov chain is £’-close to another Markov chain Z with stationary distribution
o e~ ¢+¥ (see Definition 5 and Theorem 12). Specifically, a Markov chain X on a space S with transition kernel
Qx is said to be £'-close to a Markov chain Z w.r.t. aset U if Qz(x, A) < Qx(z,A) < (1 +¢)Qz(z, A) for all
z € K\U and A C K\{z} (Zhang et al., 2017)
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of steps imax taken by the Markov chain during each epoch to be no less than the hitting time of
the Markov chain for epoch £ to a sub-level set Uy C K of F, where the “height” of Uy, is one-
tenth the value of F' at the initial point in this Markov chain. By the height of a sub-level set, we
mean the largest value of F' achieved at any point on that sub-level set, that is the sub-level set
{y € K : F(y) < h} has height h. Thus, bounding the hitting time will allow us to bound the
number of steps i,.x for which we must run each Markov chain. Specifically, we should choose
imax to be no less than the greatest hitting time in any of the epochs with high probability.

This approach was used in the simpler setting of additive noise and a non-iterative way by Zhang
et al. (2017). Thus, the running time is roughly the product of the number of epochs and the hitting
time to the sub-level set U, and having determined the number of epochs required for a given
accuracy, we proceed to bounding the hitting time.

Bounding the hitting time and the Cheeger constant. To bound the hitting time of the Markov
chain in a single epoch, we use the strategy of Zhang et al. (2017), who bound the hitting time of
the Langevin dynamics Markov chain in terms of the Cheeger constant. Since the Markov chain has
approximate stationary measure induced by e ¢¢¥", we consider the Cheeger constant with respect
to this measure, defined as follows:

Given a probability measure i on some domain, we consider the ratio of the measure of the
boundary of an arbitrary subset A of the domain to the measure of A itself. The Cheeger constant
of a set V is the infimum of these ratios over all subsets A C V (see Definition 4 in Section C.2
for a formal definition). We use some of the results of Zhang et al. (2017) to show a bound on the
hitting time to the sub-level set Uy, contained in a larger sub-level set U}, in terms of the Cheeger
constant Cy,, with respect to the measure induced by e () on U ... Specifically, we set U}, to be

the sub-level set of height £ (X(()k)) + &, 'd and Uy, to be the sub-level set of height LF (Xék)) and
show that for a step size

Nk = (ék)Q
d3((kA)? + €6 L)
the hitting time to U}, is bounded by %}’jgd; see Section C.5. Thus, to complete our bound on the

a Yk
hitting time we need to bound the corresponding Cheeger constants.

Bounding the C}leeger constant. We would like to bound the Cheeger constant of the measure
induced by e~ ¢+’ (=), However, F' is not convex, so we cannot directly apply the usual approach of
Lovész and Simonovits (1993) for convex functions. Instead, we first apply their result to bound the
Cheeger constant of the convex function F'. We then bound the Cheeger constant of the nonconvex
function £ in terms of the Cheeger constant of the convex function F’, using a very useful stability
property satisfied by the Cheeger constant.

Roughly speaking, we show that the Cheeger constant of U;,\ U}, is bounded below by 1/r (where
R is the radius of the bounding ball for ) as long as the inverse temperature satisfies

_ 4
1/10F (X))

E
Vv

(see Lemma 6). However, the difficulty is that since U;, may have sharp corners, the volume of Uy,
might be so small that Uj, would have much smaller measure than U} \Uy, leading to a very small
Cheeger constant. To get around this problem, we instead consider a slightly “rounded” version of
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K, where we take K to be the Minkowski sum of another convex body with a ball of very small
radius 7. The roundness allows us to show that U}, contains a ball of even smaller radius # such that
the measure is much larger on this ball than at any point in U;,\Uj. This in turn allows us to apply
the results of Lovész and Simonovits (1993) to show that the Cheeger constant is bounded below
by /R (see Lemma 6). Note our Cheeger bound is more general (for convex functions) than that
obtained by Zhang et al. (2017), where the constraint set is assumed to be a ball.

The Cheeger constant has the following useful stability property that allows us to bound the
Cheeger constant of the nonconvex F' with respect to the convex F': if |F(z) — F(z)| < Ny, for all
x € U}, then the Cheeger constant for the measures proportional to e~ and e~ F" differ by a
factor of at most e =25+ For our choice of U,., we have

Ny, ~ a[F(X) + &74d) + 8.

We can then use the stability property to show that the Cheeger constants of F and F differ by a
factor of at most e~%+Vk allowing us to get a large bound for the Cheeger constant of F'in terms
of our bound for the Cheeger constant of F as long as the bound on the noise NV}, on Uj, is not too
large, namely we get that the Cheeger constant is bounded below by

1 ogn 1 g @
Re ~ Rexp ad F(Xék))ﬁ

d
P

At this point we mention the key difference between the approach of Zhang et al. (2017) and
ours in bounding the hitting time. As Zhang et al. (2017) assume a uniform bound on the noise they
only consider the Cheeger constant of IO\ Uy, where K is the entire constraint set and is assumed to
be a ball. Since the noise in our model depends on the “height” of the level sets, we instead need to
bound the Cheeger constant of U, \Uy,, where Uy, is the level set of height F (X ) + & 'd and U,

is the level set of height - F° (Xék)). )

In order to complete our bound for the Cheeger constant of F', we still need to verify that we
can choose a temperature such that the Cheeger constant of I’ is large and the Cheeger constants of
F and F are close at this same temperature.

if we choose &, =

Requirements on the temperature to bound the Cheeger constant. To get a large bound for
the Cheeger constant of F', we need to use a temperature {k_l such that the following competing
requirements are satisfied:

1. We want the Cheeger constant of the convex objective function F' on U} \Uj, to be bounded
below by 1/r. We can show such a bound on the Cheeger constant if the temperature is low

k
Nw<”>

enough, in particular a temperature of &, 1 k suffices.

2. We need the Markov chain to stay inside a level set on which the upper bound N on the noise
is at most o[F (Xék)) + &, 'd] + B, to show that the Cheeger constants of F and F are close.
That is, we need to show that the ratio e 2k of the Cheeger constants of F' and F'is not
too small, roughly e~ 2Nk > exp (—ad — W B) . This again requires the temperature

0

1 (k)
to be low enough, with 51;1 R % sufficing.
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3. To show that the ratio of the Cheeger constants roughly satisfies e 2+™Vk > exp <—ad S —

F(x)

we also need the temperature to be high enough. Specifically, a temperature of £, U
Lrx® . :
W suffices for this requirement as well.

At some epoch k, the value of F' becomes too low for all three of these requirements on the tem-
perature to be satisfied simultaneously. At this point the Cheeger constant and hitting time to Uy
become very large no matter what temperature we use, so that the minimum value of F' obtained by
the Markov chain no longer decreases by a large factor in ¢y, Steps.

Quantitative error and running time bounds. We now give a more quantitative analysis to
determine at what point I stops decreasing. The value of F' at this point determines the error &
of the solution returned by our algorithm. Towards this end, we set the inverse temperature to be

& = W and check to what extent all 3 requirements above are satisfied.
10+ (o

1 (k)
1. We start by showing that if the temperature roughly satisfies £, b < % then the

Cheeger constant for F' on U,’C\U & is bounded below by /R (see Lemma 6).

2. We then show that at each epoch the Markov chain remains with high probability in the level
set U}, of height F (Xo(k)) + &, 'd (Lemma 10). The fact that the noise satisfies |F(x) —
F(x)| < aF(x)+ B (note that we assume F' > 0), implies that the noise is roughly bounded
above by Ny, = a[F(X[gk)) + & 1d] + B on this level set.

15 F(x6Y)

d

3. Since we chose the temperature to be &, 1= , we have that

d

F(X57)

B.

Combing these three facts we get that the Cheeger constant is bounded below by %6_2&“]\[ ko

1 —ad — —4__
7 XD < ad O
any desired error € > 0, the Cheeger constant will be roughly bounded below by % exp(—ad—$f).
(Cr)?
Rd3((€xA)2+€x L)

B) . If we run the algorithm for enough epochs to reach F’ (X(gk)) < € for
d

Recall that the hitting time is bounded by Ij/j‘%gd, for stepsize 1 ~ . Choosing
K

k

imax to be equal to our bound on the hitting time, and recalling that k. = O( 1), we get a running
time of roughly

) ¥sL d
B <R§ d5§ + d%T exp(clad + AB])) )
5 € ¢

for some ¢ = O(1).

Therefore, for our choice of inverse temperature & = the running time is polynomial

d
k ’
- )T
in d, R, A and A whenever the multiplicative noise level satisfies av < O(é) and the additive noise
level satisfies 3 < O(%). As discussed in the introduction, the requirements that o < O(}) and

B < O~(%) are not an artefact of the analysis or algorithm and are in fact tight.

10
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Drift bounds and initialization. So far we have been implicitly assuming that the Markov chain
does not leave U}, so that we could analyze the Markov chain using the Cheeger constant on Uj..
We now show that this assumption is indeed true with high probability. This is important to verify,
since there are examples of Markov chains where the Markov chain may have a high probability of
escaping a level set U}, even if this level set contains most of the stationary measure, provided that
the Markov chain is started far from the stationary distribution.

To get around this problem, at each epoch we choose the initial point Xék) from the uniform

distribution on a ball of radius r centered at the point in the Markov chain of the previous epoch
k — 1 with the smallest value of £'. We then show that if the Markov chain is initialized in this small
ball, it has a low probability of leaving the level set U;, (see Propositions 8, 10 and Lemma 10).

Our method of initialization is another crucial difference between our algorithm and the algo-
rithm by Zhang et al. (2017) and Belloni et al. (2015), since it allows us to effectively restrict the
Markov chain to a sub-level set of the objective function F', which we do not have direct oracle
access to, rather than restricting the Markov chain to a large ball as by Belloni et al. (2015) or the
entire constraint set KC as by Zhang et al. (2017) for which we have a membership oracle. This in
turn allows us to get a tighter bound on the multiplicative noise than would otherwise be possible,
since the amount of multiplicative noise depends, by definition, on the sub-level set.

We still need to show that the chain X *) does not leave the set U .. with high probability. To
bound the probability that X (¥) leaves U}, we would like to use the fact that most of its stationary
distribution is concentrated in U;. However, the problem is that we do not know the stationary
distribution of X*). To get around this, we consider a related Markov chain Y *) with known
stationary distribution. The chain Y *) evolves according to the same update rules as X *), using
the same sequence of Gaussian random vectors Pp, P, . . . and the same starting point, except that it
performs a Metropolis “accept-reject” step that causes its stationary distribution to be proportional
to e ¢k, The fact that we know the stationary distribution of Y (¥) is key to showing that Y (¥) stays
in the subset Uj, with high probability (see Proposition 9). We then argue that Yy® = X*) with
high probability, implying that X (¥) also stays inside U}, with high probability (see Lemma 10).

Another coupled toy chain. So far we have shown that the Markov chain X (¥) stays inside the
set Uy, with high probability. However, to use the stability property to bound the hitting time of the
Markov chain X *) to the set Uy, we actually want X (%) to be restricted to the set U .. where the
noise is not too large. In reality, however, the domain of X %) is all of K, so we cannot directly
bound the hitting time of X (¥) with the Cheeger constant of U \Uy. Instead, we consider a Markov
chain X*) that evolves according to the same rules as X (), except that it rejects any proposal
outside of U Since X () has domain U ;.» we can use our bound on the Cheeger constant of U} \U,
to obtain a bound on the hitting time of X®). Then, we argue that since X (%) stays in U, with high
probability, and X®) and X*® evolve according to the same update rules as long as X(¥) stays
inside Uy, X®) = X*) with high probability as well, implying a hitting time bound for X (¥,

Rounding the sub-level sets. We must also show a bound on the roundness of the sets U}, to
avoid the possibillty of the Markov chain getting stuck in “corners”. Zhang et al. (2017) take this as
an assumption about the constraint set. However, since we must consider the Cheeger constant on
sub-level sets U), rather than just on the entire constraint set, we must make sure that these sub-level
sets are “round enough”. Towards this end we consider “rounded” sub-level sets where we take the
Minkowski sum of U}, with a ball of a small radius r’. We then apply the Hanson-Wright inequality

11
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to show that any Gaussian random variable with center inside this rounded sub-level set and small
enough covariance remains inside the rounded sub-level set with high probability (see Lemma 17).
Smoothing a non-differentiable noisy oracle. Finally, so far we have considered the special
case where F' is smooth. However, may not be smooth or may not even be differentiable, so we
may not have access to a well-behaved gradient which we need to compute the Langevin dynamics
Markov chain (Equation 3). To get around this problem, we follow the approach of Duchi et al.
(2015) and Zhang et al. (2017). We define a smoothed function

folz) = Bg[F(x+ Z)]

where Z ~ N(0,014) and o > 0 is a parameter we must fix. The smoothness of fg comes from
the fact that fg is a convolution of ' with a Gaussian distribution.

When choosing ¢, we want ¢ to be small enough so that we get a good bound on the noise
|f5(z) — F(x)|. Specifically, we need

-ofam (5 215

where ) is a bound on ||V F'||. On the other hand, we also want ¢ not to be too small so that we get
a good bound on the smoothness of f,.

Further, so far we have also assumed that we have access to the full gradient of F,butin general
F may not even have a gradient. Instead, we would like to use the gradient of j‘}7 to compute the
proposal for the Langevin dynamics Markov chain (Equation (3)). However, computing the full
gradient of fo can be expensive, since we do not even have direct oracle access to fo. Instead, we
compute a projection g(z) of V fs, where

o) = (Pl +2) - F(2))

Since g has the property that E[g(z)] = Vf,, g is called a “stochastic gradient” of f,. We use this
stochastic gradient g in place of the full gradient of ' when computing the proposal for the Langevin
dynamics Markov chain (Equation 3). This gives rise to the following Markov chain proposal, also
known as stochastic gradient Langevin dynamics (SGLD):

2
L= XY —ng(x) + gp

To bound the running time of SGLD, we will need a bound on the magnitude of the gradient of fs
(see Lemma 13), bounds on the Hessian and tails of fg, which we obtain from Zhang et al. (2017)
(see Lemma 15), and bounds on the noise of the smoothed function, ’f o — F'(x)| (see Lemma 16).

Although in this technical overview we largely showed running time and error bounds assuming
access to a full gradient, in reality we prove Theorem 2 for the more general stochastic gradient
Langevin dynamics algorithm, where we only assume access to a stochastic gradient of a smooth
function. Therefore, the bounds on the noise and smoothness of fg allow us to extend the error and
polynomial running time bounds shown in this overview to the more general case where F may not
be differentiable.

12
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Appendix A. Preliminaries

In this section we go over notation and assumptions that we use to state our algorithm and prove our
main result. We start by giving assumptions we make about the convex objective function F. We
then explain how to obtain an oracle for the gradient of the smoothed function f(, if we only have
access to the non-smooth oracle £,

A.1. Notation

In this section we define the notation we use to prove our main result. For any set S C R%and t > 0
define S; := S + B(0,t) where “+” denotes the Minkowski sum. We denote the ¢3-norm by || - ||,
and the d x d identity matrix by ;. We denote by || - ||op the operator norm of a matrix, that is, its
largest singular value. We define B(a,t) to be the closed Euclidean ball with center a and radius
t. Denote the multivariate normal distribution with mean m and covariance matrix ¥ by N (m, ).
Let 2* denote a minimizer of F' on K.

A.2. Assumptions on the convex objective function and the constraint set

We make the following assumptions about the convex objective function F' and C:
e K is contained in a ball, with K C B(c, R) for some ¢ € R%.

o F(z*)=0.2

There exists an ' > 0 and a convex body K’ such that £ = K’ + B(0,7’) for some convex
body. (This assumption is necessary to ensure that our convex body does not have “pointy”
edges, so that the Markov chain does not get stuck for a long time in a corner.)

e ['is convex over K, for some r > 0.

|IVF(z)|| < Aforall z € KC;, where A > 0.

A.3. A smoothed oracle from a non-smooth one

In this section we show how to obtain a smooth noisy oracle for F' if one only has access to a non-
smooth and possibly non-continuous noisy oracle F. Our goal is to find an approximate minimum
for F' on the constraint set K. (We consider the thickened set /C, only to help us compute a smooth
oracle for F' on ). We assume that we have access to a noisy function F' of the form

F(z) = F(z)(1+4(x)) + ¢(z), (4)

where [¢)(z)] < o, and |p(z)| < f for every z € K, for some a, 3 > 0. We extend F" to values
outside /C, by setting F'(x) = 0 for all x ¢ K,. Since F' need not be smooth, as in Duchi et al.
(2015) and Zhang et al. (2017) we will instead optimize the following smoothed function

folz) == Ez[F(z+ Z)] (5)

3. If F(z*) is nonzero, we can define a new objective function F'(x) = F(z) — F(z*) and a new noisy function
f'(x) = f(z) — F(z*). The noise N'(z) = f'(z) — F’(x) can then be modeled as having additive noise of level
B = B+ aF(z*) and multiplicative noise of level o' = a, if N(z) = f(z) — F(z) has additive noise of level 3
and multiplicative noise of level a.
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where Z ~ N(0,01y), for some o > 0. The parameter o determines the smoothness of fo: alarger
value of o will mean that f, will be smoother. The gradient of f,(z) can be computed using a
stochastic gradient g(x), where

o) = 92(0) = 57 (Fla+ 2) = F@)),  Visle) = Ezlg(@)]

o

Appendix B. Our Contribution
B.1. Our Algorithm

In this section we state our simulated annealing algorithm (Algorithm 2) that we use to obtain a
solution to Problem 1. At each epoch, our algorithm uses the SGLD Markov chain as a subroutine,
which we describe first in Algorithm 1. The SGLD Markov chain we describe here is the same
algorithm used in Zhang et al. (2017), except that we allow the user to specify the initial point.

Algorithm 1 Stochastic gradient Langevin dynamics (SGLD)

input: Convex constraint set K C R?, inverse temperature £ > 0, step size n > 0, parameters
imax € N and D > 0, and a stochastic gradient oracle g for some f K =R
input: Initial point Xy € K.
for : = 0 10 i1y do
1. Sample P; ~ N (0, I).
2. Set Xl y = Xi —ng(X) + /2P,
3.Set X;1 = X if Xj, € Kn B(X;, D). Otherwise, set X; 11 = X;.
end

~

output: X+, where ¢* := argmin;{ F'(X;)}

Using Algorithm 1 as a subroutine, we define the following simulated annealing algorithm:

Algorithm 2 Simulated annealing SGLD

input: Convex constraint set K C R? initial point xy € K, inverse temperatures &g, &1, ..., &g
Step SiZ€S 1o, M1, - - - » Mhyax» PATAMELETS Kmax, tmax € N, D > 0 and r > 0, and a stochastic
gradient oracle g for some f K = R.
1. Sample o from the uniform distribution on B(x,7) N K.
for £k = 0 to kyax do
2. Run Algorithm 1 on l@, inverse temperature £ = &, and step size 7, imax, the oracle g, and
the initial point Xy = yj. Let ;1 be the output of Algorithm 1.
3. Sample y1 from the uniform distribution on B(zj41,7) N K.
end
output: x;_

max
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B.2. Statement of Our Main Theorem

We now formally state our main result, where we bound the error and running time when Algorithm
2 is used to solve Problem 1, assuming access to an oracle F' that may be non-smooth or even
non-continuous.

Theorem 3 (Main Theorem: Error bounds and running time for Algorithm 2) Let F' : K — R
be a convex function, and IC C R? be a convex set that satisfy the assumptions stated in Section A.1.
Let F'be a noisy oracle for F' with multiplicative noise of level o < O(1) and additive noise 0f level
B, as in Equation (4). Let ¢ > 7503 and &' > 0. Then there exist parameters iyax, kmax, (&g Uk) o,
and o, such that if we run Algorithm 2 with a smoothed version fo of the oracle F (as defined in
Section A.3), with probability at least 1 — &', the algorithm outputs a point T such that

(&) — F(z%) <&,

with running time that is polynomial in d, e(do‘+d§)c, R, )\ %, B, é, and log %, where ¢ =
O(log(R + X)).

We give a proof of Theorem 3 in Section C.8.

The precise values of the parameters in this theorem are quite involved and appear in the proofs at
the following places: & appears in (39), i in (41), imax in (40), and the expression for k.5 can be
found in (38). Below we present their approximate magnitudes. The inverse temperature parameter
&, the smoothing parameter o, and the number of epochs k. satisfy:

Q (A‘;) <& ~O <d-max{;,F(Xéo)) : 10’f}> <0 (‘Z) ,

15} r

0 = —min ,

2 ML+ a)Vd' flog(L) 14

Kmax ~ log Ei
é

To make the expressions for 7, and iy,ax understandable, assume that AR > 1, 3, that r > g d>é€,

and that R > \. Then
L& —d(a+Z)c 1ok
™ P RSB

3 14+c"
db'5 11 B

1 S imax S ?R7A6ﬁ€d(a+g)d :

15

2 . . e
where ¢’ ~ log Mamfw and c” is a constant factor. In particular, the running time is given by

Tmax X Fmax-
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Appendix C. Proofs
C.1. Assumptions about the smooth oracle

We first show how to optimize F' if one has access to a smooth noisy objective function f:K—
R (Sections C.2, C.3, C.5). Then, in Section C.6, we show how one can obtain a smooth noisy
objective function from a non-smooth and possibly non-continuos noisy objective function F. We
will make the following assumptions (we prove in Section C.6 that these assumptions hold for a
smoothed version f, of a non-smooth noisy objective function F). We assume the following noise
model for f:

f(@) = F(z)(1 +¢(x)) + o(x),

for all z € K where |¢(z)| < « and |p(z)] < S. Note that, with a slight abuse of notation, in
Section A.3 we also used the letters o and 3 to denote the noise levels of the non-smooth oracle F,
even though typically F will have lower noise levels than f . In this section, as well as in Sections
C.2-C.5 where we assume direct access to a stochastic gradient for the smooth oracle f we will
instead refer to the noise levels of F by “&” and “B”. In Section B.2, on the other hand, “a” and
“6” will be used exclusively to denote the noise levels of F'. We also assume that

a>a& and B> 5. (6)
We make the following assumptions about f :

e ¢(z) > —af for some 0 < of < 1. This assumption is needed because if not we might have
(xz) = —1forall z € K, in which case f(z) would give no information about F'.

o |[Vf(z)| < Aforall z € K.

e We assume that we have access to a stochastic gradient g such that V f(x) = E[g(z)] for
every x € K. However, we do not assume that we have oracle access to f itself.

Assumption 1 (Based on assumption A in Zhang et al. (2017)) Let f : K — R? be differentiable,
and let g = g, - K — R® be such that V f(x) = Elgw ()] where W is a random variable. We will
assume that

1. There exists (max > 0 such that for every compact convex K C RY, every x € K, and every
0 < ¢ < (maxo the random variable Z ~ N (x,2(1,) satisfies P(Z € K) > % We prove this
assumption in Lemma 17.

2. There exists L > 0 such that | f(y) — f(x) — (y — x, V f(x))] < %Hy — x| Va,y € K.
3. There exists byax > 0 and G > 0 such that for any u € R% with ||u|| < buax the stochastic
gradient g(z) satisfies Ele{®9®)*|z] < ¢@*llull”,
C.2. Conductance and bounding the Cheeger constant

To help us bound the convergence rate, we define the Cheeger constant of a distribution, as well as
the conductance of a Markov chain. For any set K and any function f :  — R, define

> —f(z)

K € ”
= Vo e K.

Mf (.%') f]@ e_f(w) 2
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Definition 4 (Cheeger constant) For all V C K, define the Cheeger constant to be

: KAL) — k(A
C}C(V) = liminf inf il E)’% i )
el0 ACV ek (4)

recalling that A, = A + B(0, ¢).

For a Markov chain Zj, Z1,... on K with stationary distribution pz and transition kernel Q z, we
define the conductance on a subset V' to be
¢ z,K\A x)dx .
SE(V) = inf Ju Qz(@, K\A)pz(x) WV C R
ACV 1z (A)

and the hitting time
77(A) :=inf{i: Z; € A} VACK.
Finally, we define the notion of two Markov chains being £’-close:

Definition 5 If Wy, W1, ... and Zy, Z1, . .. are Markov chains on a set K with transition kernels
Qw and Q z, respectively, we say that W is €'-close to Z with respect to a set U C K if

Qz(x,A) < Qw(x, A) < (1+)Qz(x, A)
for every x € K\U and A C K\{z}.
We now give a generalization of Proposition 2 in Zhang et al. (2017):
Lemma 6 (Bounding the Cheeger constant) Assume that K C K’ is convex, and that F is convex

and \-Lipschitz on K. Then foreverye > 0and all £ > 4d1og(R/ min(z3 7))

E we have

/6/ > 1
Cer (Ko \U®) = .

Proof Let #* be a minimizer of F on K. Let # = min(5,r’). Then since K,» = K + B(0,7"),
for some a € K there is a closed ball B(a,#) C K+, with z* € B(a, #). By the Lipschitz property,
we have
sup{F(z) : x € B(a,7)} < F(a*) + 2fA < F(z*) + g
Therefore,
inf{ ——— : z € B(a,7),y € K'\U?) p > /2, (7)
e—{F(y)

Then Equation (7) implies that

HEr (CAUS) _ g, Vol(BIe, )
Nfﬁl (U.) - Vol(B(a, 1))
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R
_ —¢&/2 d
€ ( f )

_ 6—55/2+d10g(R/'f‘)

IN
_

57

which implies that

: ®)

| =

K,/ e
Hep (K \Ue) <

Then by Theorem 2.6 of Lovasz and Simonovits (1993) for all A C ICT/\U €forany 0 < 0 < 2R
we have

. 5 . -
K, 255 . K. Ko
Hep (As\A) > 1_% mln(ﬂg}? (A), Nglg (Kr\Az))
2R
2i . l& ’ I@ /
=7 _QRL mm(uﬂ? (A),1— Hefr (As))
2R
2i . IC / ’a / ’é -/
_QRL min(pez (A), 1 — prep (As\A) — pegr (A))
2R
Bq.8) 20 g K, 1
2 2R in i (4), 1 (4\4) )
2R
QL . K: ’ 1 16 /
= T min(ueg (4), 5 = pei! (A5\A))
2R
9 ) N
_ _“3R K.
1 . i 5 (A)a
2R

provided that 0 < § < A4 for some small enough value A 4 > 0 that depends on A. Therefore for
every A C K,/ \ Uk there exists A4 > 0 such that

%,
n(As\A 2L
pe A0 S 2n s,

Taking 6 — 0, we get

C.3. Bounding the escape probability

We will use the Lemma proved in this section (Lemma 10) to show that the SGLD chain X defined
in Algorithm 1 does not drift too far from its initial objective function value with high probability.
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This will allow us to bound the noise, since the noise is proportional to the objective function F'. The
organization of this section is as follows: we first define a “toy” algorithm and an associated Markov
chain Y that will allow us to prove Lemma 10 (and which we will later use to prove Theorem 2).
We then prove Propositions 8 and 9, and Lemma 10. Proposition 8 is used to prove Proposition 9,
which in turn is used to prove Lemma 10.

We begin by recalling the Metropolis-adjusted version of Algorithm 1 defined in Zhang et al.
(2017), which defines a Markov chain Yp, Y7, ... with stationary distribution ,u’;f. Note that this
is a“toy” algorithm which is not meant to be implemented; rather we state this algorithm only to
define the Markov chain Yj, Y7, ..., which we will use as a tool to prove Lemma 10 and Theorem
2.

Algorithm 3 Lazy Metropolis-adjusted SGLD

input: Convex constraint set K C R?, inverse temperature £ > 0, step size n > 0, parameters
imax € Nand D > 0, stochastic gradient oracle g for some f K= R,

input: Initial point Y; € R%.

for i = 0 t0 imax do

1. Sample P; ~ N(0, I4).

2. Set Y/, =Y; —ng(Yi) + /2P

3.SetY/,, =Y/, if Y/, € KnB(Y; D). Otherwise, sct Y/, =Y.

HY -v/ Y3l "
O gy f(16+1))

V=Yt na 0l

4. Set Y, = /|, with probability min (1, Ele &
Ele 4”

i
Otherwise, set Y;\'; = Y;.

5. Set V; = 1 with probability % and set V; = 0 otherwise. Let Y1 = Y/, if V; = 1;
otherwise, let Y; 11 = Y;.

end
output: z;-, where i* := argmin,{ f(z;)}.

We now define a coupling of three Markov chains. We will use this coupling to prove Lemma 10
and Theorem 2.

Definition 7 (Coupled Markov chains) Let X and X be Markov chains generated by Algorithm 1
with constraint set K and ICT/, respectively, where K C K and ICT/ =K+ B (0,7"). LetY be the
Markov chain generated by Algorithm 3. We define a coupling of the Markov chains X, X andY
in the following way: Define recursively, t(0) = 0,

ti+1)=min{j e N:j >i V; = 1}.

Let Qo,Q1,... ~ N(0,13) be i.id. Let Xg = Yy = Xo. Let Y; be the chain in Algorithm 3
generated by setting P; = Q; for all i > 0 with constraint set K. Let X be the chain in Algorithm 3
generated by setting P; = Q) for all i > 0 with constraint set K. Let X be the chain in Algorithm

3 generated by setting P; = Qy(;) for all t > 0 with constraint set ICT/.

We now bound the escape probability of the Markov chain Y from a sub-level set of a given height,
assuming that it is initialized from its stationary distribution conditioned on a small ball.
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Proposition 8 (Escape probability from stationary distribution on a small ball) Let r > 0 be

such that v’ > r > 0 and let £ > 0. Let Yy,Y1,... be the Markov chain defined in Algorithm 3
with stationary distribution ™ = M?fv and let Yy be sampled from 1y := uff(y’rm’c, where 1 is the

distribution of  conditioned on B(y,r) N K for some y € K. Then for every i > 0 we have

P(f(Y;) > h) < S/ @+Mrl=ghtdlog(25)  yp > g,

Proof Fix h > 0. Define S; := B(y,r7) N K and S2 := {z € K : f(z) > h}. Let ey =
f K e~$f(@)dz be the normalizing constant of 7. Since  is the stationary distribution of Y,

m(S2)

]P’(YZ S SQ) < W(Sl)

Vie{0,. .., imx} )

We can see why Inequality (9) is true by the following argument: Let Z be a copy of the Y chain
started at stationarity. Let £ be the event that Zy € S1. Then Zy|€ (Z conditioned on the event &)
has the same distribution as Yy ~ mg. Therefore, Z;|€ has the same distribution as Y; (since the Z
and Y chains have the same transition kernel). Therefore, P(Z; € S3|€) = P(Y; € S2). Hence,

W(SQ) = P(Zi S 52) > P({ZZ’ S SQ} N 8) = P(Zi € SQ’g)IP(g) = P(Yl € SQ)P(ZO € Sl) = P(Y; S 52)71'(51),

which implies Inequality (9).
But [VEf]| = IEVf]] < €A, implying that

7(S1) = 7(B(y,r)) > cre TN S NOI(B(y, 7) N K) (10)
> cre O VOB, 7)),

since B(y,r) N K contains a ball of radius 57 because r < /. Also,

7(Sy) = n({z : f(x) > h}) < cre MVOI(K) < cre $"Vol(B(0, R)). (11)
Therefore,
Ea.©) 7(Sy)
P(Y; <
MRS )
d
Eq. (l%),(ll) ef[f(y)-i-jﬂ“]—&h o (f{)
QT’

— Lf (W) +Ar]—Eh+dlog(3F)
u

We now extend our bound for the escape probability of the Markov chain Y (Proposition 8) to the
case where Y is instead initialized from the uniform distribution on a small ball:

Proposition 9 (Escape probability from uniform distribution on a small ball) Let r > 0 be such
that v’ > r > 0 and let £ > 0. Let vy be the uniform distribution on B(y,r) N K for some y € K.
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Let Yy, Y1, ... be the Markov chain defined in Algorithm 3 with stationary distribution m = u’;f,
and let Yy be sampled from vy. Then for every i > 0 we have

P(f(Y;) > h) < @ +Arl=ghtdlog(3h) | 9p5¢ wp > 0. (12)
Moreover, for every A C K, we have
vo(A) < e2RAEFdlog(3) 1 ). (13)
Proof Since | VEf(z)]| < €N,

sup  Ef(z)— inf  £f(z) < 2rA¢,

z€B(y,r)NK z€B(y,r)NK
and hence
lanEB(y,T)ﬂ/C W(.T) > 6—27’5\5‘ (14)
SUPgzeB(y,r)NK W(l’)
Define g := uff(y’r)mc to be the distribution of 7 conditioned on B(y,r) N K'. Let Z be sampled
from the distribution 7p. Let Z' = Y[ with probability min(zggjsg, 1); otherwise let Z' = Z.

Then Z’ has distribution . Moreover, by Equation (14), Z' = Y, with probability at least e=2rAE,
Therefore, by Proposition 8

2

=

P(f(Y;) > h) < S +arl-ehtdlos(2E) | g _ ,-2rke

< UM =ghtdlog((E) 4 9,3e  wp > 0.

BN

This proves Equation (12). Now, since ||V f(z)|| < éXand K C B(c, R),

sup&f(z) — inf £f(z) < 2RAE,
zek zck

implying that
infrejc W(JI) 2 6_2R5\§, (15)
super ()

Therefore, for every z € K we have

F(Z)) = Vol(B(y,r) NK) x 7(2) (16)
1Z01¥4

> Vol(B(0, %r)) x m(2)

" 1 infyexc m(x)
Vol(B(0,2R)) sup,¢x m(x)

—d
Eq.>(15) <2R) 2R

- r

> Vol(B(0, %7"))
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3 2R
_ e—?R/\E—dlog( =) )

Where the second inequality holds since » < /. This proves Equation (13). |

We are now ready to bound the escape probability of the SGLD Markov chain X defined in Algo-
rithm 1 when it is initialized from the uniform distribution on a small ball:

Lemma 10 (Escape probability for unadjusted SGLD chain) Let v > 0 be such that v’ > r > 0
and let £ > 0. Let vy be the uniform distribution on B(y,r) N K for some y € K, and let X be
sampled from vgy. Let X, X1, ... be the Markov chain generated by Algorithm 1 with constraint set

/C.Letégiandlet0<n§mthen

P(f(X;) > h) < ST @+Ar]-ghtdlog(E

)4 2rAE+68 YR >0.

Proof
Let Yy, Y1, . . . be the Markov chain generated by Algorithm 3, and let X, X, . .. be the Markov
chain defined in Algorithm 1, where both chains have constraint set K. Couple the Markov chains X
and Y as in Definition 7. By Claim 2 in the proof of Lemma 13 of Zhang et al. (2017), foreach 7 > 0
)
memﬁmkmpmmmﬁMyPO@H::E)Bbomﬂakmmmbyl—€4MMG%L)§1—e_555§Li{
Hence, for all 0 < ¢ < 45 We have

o

Tmax

)y >1-04. (17)

P(X; =Y; VO <j<i)>(1—

Thus,

P(f(X;) > h) <P(f(Y;) > h) + P(X; # Y; for some 0 < j < 4)

Eq. (17) -
< P(f(Yi)=h)+d Vh>0

Proposition 9

< EF@HMI=ehrdlos((E) L 9p3e 15 R > 0.

C.4. Comparing noisy functions

In this section we bound the ratio of F' to f. We use this bound to prove Theorem 2 in Section C.5.

Lemma 11 (Bounding the ratio of two noisy objective functions) Fix x € K and let t > 50.
Define H = max{ f(z),t} and let J = max{F(x),t}. Then,

H<.J<5H.

(S

Proof By our assumption in Equation (6), we have that

|F(z) — F(z)] < aF(z) + B < aF (z) + .
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Since o < % we have,
F(x) < 2F(z) +28. (18)

‘We also have that,

[f(z) = F(z)| < aF(z) + 5

implying that

f(z) <4F(z) + 6. 19)

Therefore, combining Equations (18) and (19), we have

f(z) < 4F(x) + 58, (20)
implying that
max(f(z),56) < max(4F(z) 4 53,208).
Thus,
max(f(z),58) < 5max(F(z), 58).
Thus, we have H < 5J. By a similar argument as above, we can also show that J < 5H. |

C.5. Bounding the error and running time: The smooth case

In this section we will show how to bound the error and running time of Algorithm 1, if we assume
that we have access to a stochastic gradient oracle g for a smooth noisy function f, which approx-
imates the convex function F'. In particular, we do not assume access to the smooth function f
itself, only to g. We also assume access to a non-smooth oracle F', which we use to determine the
temperature parameter for our Markov chain based on the value of F(X ,2) at the beginning of each
epoch. To prove the running time and error bounds, we will use the results of Sections C.2 and C.3.

Recall that in this section « and 3 refer exclusively to the multiplicative and additive noise levels
of f. We must first define parameters that will be needed to formally state and prove our error and
running time bounds:

e Fix(0<e< 5 andd > 0.
e Set parameters of Algorithms 1 and 2 as follows:

- Letyp € K and let Hy := f(yo).

- Fix® > %ﬁ. For every 0 < k < kpax, let Hy := f(:ck) and define ﬁk =
max(Hy, D).
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Assume, without loss of generality, that 7’ < % 4

Forevery 0 < k < kpax, let J := F(xk.) Define .J;, := max(J, D).

lOg(5J0/©) '| + 1.

Set the number of epochs to be kpax = [ log(=1)
25¢e

4dlog(R/ min(559D,r"))
%&]Ak

At every k > 0, set the temperature to be & = . Define £ :=

4dlog(R/ min(55D,r"))

%5@ :
— 9
Setr = =
Define
2 p2 1
—f . . di max _ _
and

(dlog(28) + 5+ 1 +log(})))

B = 2
' 2dlog(R/ min(5;D,77))

Set the number of steps i, for which we run the the Markov chain X in each epoch
to be
1
1150,

o 8RAE, + 4d(1 + log(1 + £) + log(222)) + 41log(1) o

)
<15316R ﬁT/deJiOd [kaaf (3+5%'+%)+%] log(R/ mimg@’“”)

(dlog(22)+6-+log(imax+1)+log(1)))
2dlog(R/ min(55D,r"))

— For every £ > 0 define

2 B2 (e_ 10€Od [1:;1‘7(3_‘—6%_‘_%)_‘_%] log(R/ min(55 @7,1/)))2
= i max; d y max’ ,
e) = eming ¢ 27 d Rd3((£G)? +€L)?

where w = €D, and c is the universal constant in Lemma 15 of Zhang et al. (2017).

Set the step size at each epoch to be n, = 1(&). Also define 77 = n(&).

- Set D = +/27d.

We now state the error and running time bounds:

Theorem 12 (Error and running time bounds when using a smooth noisy objective function)
Assume that o < =5. Then with probability at least 1 — 60 (kmax + 1) Algorithm 2 returns a point

such that

F(#) - F(z*) < ——(©@ + 8),

1—«

4. This is without loss of generality since if there exists a convex body K’ such that X' + B(0,r’) = K, then for every
0 < p < r' there must also exist a convex body K such that K" + B(0, p) = K, namely K" = K’ + B(0,r" — p).
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ﬁ(3+s%’+%)+%] log(R/min(%'D,r’))’ R\ 5\’ L

d
with running time that is polynomial in d, e=/1%° [
G: Cmax, bmax; and 10g<%)

Proof Set notation as in Algorithms 1 and 2. Denote by X (¥) the Markov chain generated by
Algorithm 1 as a subroutine in the k’th epoch of Algorithm 2 with constraint set X.
Set hy, = Hy, + §k_1 (dlog(%) + 9 +log(imax + 1) + log(%)) . Then by Lemma 10

B( sup FOXPY > hy) < (imax + 1) x [eSHrtAr=guhatdloa(Z) | op5e 1+ 5] (21)
1X%max
<i< < egkgk+5_§khk+d1og(¥)+log(z‘max+1) + 44]
= 59,
where the second inequality holds since r = g’%\ and &, < € for all k.
But f(X™) > hy if and only if
PO+ + (M) 2 iy

if and only if

since 1 + ¢(Xi(k)) > 0. Also,

1 (k) 1
—— (e —e(X;7)) < (his + B),
L+ o(x;") L-al
since w(Xi(k)) > —af > —1and ]cp(Xi(k))\ < B.
Hence,
Eq. 21) ~ (k)
50 > P sup f(X;7)>h (22)
0<i<imax
1
zP( sup F(X®) > 4m+ﬁﬁ.
0<i<imax l-a

Define K .= (K'n{z e R?: F(x) < ——(hi, + B8) + Xr'}) + B(0,7'). Then

—af
{QJEIC:F(QC)S 1_1aT(hk+5)}gI€<k)v (23)
since ||[VF|| < A. Thus, by Equations (22) and (23),
P (X" € K V0 < < imax) 21— 50. (24)
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Also, for every z € K®), since r’ < % we have

[

F(x) < (h,r€ + B) + 2\’ (25)

1

IN
,_.I

(hk +8)+29

1 ~ R 1
= 1o <Hk +¢&,! <d log(4—") + & + log(imax + 1) + log(5)> + ﬁ) + 29

_ 1 i+ 15 5 (dlog(4§) + 0 4+ log(imax + 1) + log(%)))
1—af k k 2dlog(R/ min(%@ﬂn/))

Lemma 11 1 ~ ~
T—af (Hk + eHpB + /3) + 29.

+B>+2©

Thus, for every x € Ié(k),

IN(2)| < aF(z) + 8 (26)

B (psm 29 N
< 17&( L(1+eB) + 8+ )+ﬁ._ .

Define U := {x € K® : F(z) < "} for every ¢” > 0. Then by Lemma 6, C(Ig?;(K(k)\UEHk) =
4dlog(R/ min(iﬁkﬂ“/)

Eﬁk )
4dlog(R/ mln( =9,7"))

% for any £ >

4dlog(R/ min(5 Hy,r')

But by Lemma 11, &, = J, > 7 , implying that
+  Eq. (26) .
Clorpy RINDE!) = 26Nl (KD (@7)
LCIn;ldG 1 —QEka
1 f%dgv—Jklog(R/mm(%%’D,r’))
- R°
Lemma1l 1 —44 Mk log(R/min(5D,))
el E@ ¢ 25tk
| o (Hk(lJlra‘AB)+2D+B)+B log(R/ min(59.+"))
= —e € 25 Hk
R
> %e— 1004 [ (34842 )+ 2] log(R/ min(2.),

where the first inequality holds by the stability property of the Cheeger constant, and the last in-
equality is true since Hy > ® by definition.

Recall that
w? b2 (e e [l—aaT (3+5%+%)+%] log(R/ min(%ﬂr’)))z
= * maX,d , maX’ 28
Mk = cmin < ¢ 2 d RAB((€,G)2 + E4L)2 (28)
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) (R ety )2
Eq. (27) 2 19 (CIC ) (IC( \U ))
qS cmin < Cpax, di Omax (& f) k

V(GO a7 [

where w = €9.

Recall that X (%) is the subroutine Markov chain described in Algorithm 1 with inputs specified
by Algorithm 2 and constraint set . Let X*) be the Markov chain generated by Algorithm 1
with constraint set l@ff) and initial point X ék) =X ék). Let Y %) be the Markov chain generated by
Algorithm 3 with constraint set I@fff)
Write

. Couple the Markov chains as in definition 7.

(U™ )upr = (U™ + BO,w/2) N KD
as shorthand. Then by Lemma 15 of Zhang et al. (2017) and by Equation (28), the Markov chain
X®) is ¢'-close to Y(¥) with &/ < %be(lC(k)\(UZH’“)w/)\) and
. : 1 k) .
By (KON ) 12)) 2 /e O ) (KON ),,10) 29)

Eq.2(27) 15;6R \/17T/de*1050d [ﬁ(3+s%+%)+%] log(R/ min(59,r"))

Recall that by Equation (13) of Proposition 9, for every A C K', we have

vo(A) < 64R5\§k+dlog(¥)ug(;) (A).

Therefore, since X ¥ is ¢’-close to Y (%), by Lemma 11 of Zhang et al. (2017), with probability at
least 1 — 0 we have

Llog(e? P s )
O3 (KN (UF)2)
Ea, 29) 8RAE, + 4ddlog(28) + 4log()
= __1o00d a B B o min( £ D )
<15?}6R\/m6 c [I_O‘T <3+6%+9)+©]1 g(R/ min(559, )))

8RAL, + 4d(log(€) + log(222)) + dlog ()

- _ 1004 o c BYL B |10 min( 9.1 2
(15§6Rvnk/de 04 [ o (3468 45) + 5] lo(R/ min(5D, ))>
S8R, + 4d(log(1 + &) + log(zg:\)) + 4log(%)
_100d « B8 B o min( 9.1 2
(15§6R Ve/de  © [1—aw‘ (3+5%+®)+®]1 g(R/min(55, ))>

8RAE), + 4d(1 + log(1 + &) + log(282)) 4 4log(1)
1

5 e — += 1 lo R £ 2
36R D D g min D.r

TX(k)((UIin)w/A) < (30)
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_ 8RAE), + 4d(1 + log(1 + &) + log(282)) + 4log(1)
= 2
——— —120d 3+eB'+ 5 )+ £ | log(R/ min(5D,1"))— L alog(imax+1)
(72 [ 82 i 22
8RAE, + 4d(1 + log(1 + €) + log (282 A)) 4 4log(%) , 150

- 150d , A 2 X (Zmax + 1) ‘
(15§6R Tde (25 (3+eB/+ 5)+ 5] log(R/ min( 559, )))

S imaxa

where the first equality is true since r = 2 the fourth inequality is true by the definition of 7, the

2%
fifth inequality is true by the definition of 777, and the last inequality is true by our choice of % ax.
But by Equation (24), Xi(k) =X Z.(k) with probability at least 1 — 5§. Therefore, since Equation
(30) holds with probability at least 1 — §, we have that

TX(k)((U]in)w/A) < Imax- 31D

with probability at least 1 — 64.
Therefore, by Equation (31), with probability at least 1 — 66 for some 0 < i7 < ipax We have

x® e (UEH’“) ./ and hence that

iy

F(XWY < eHy + X x

ik

= cH), +e® < 2eH,,

> €

and therefore, since 0 < o < 1,

Lemma 11 .

[0}

fr) = Fla) = min F(XP) < Px) <2P(X[Y) + 8 < 4y + 8 < 5eliy.

0<i<imax

Hence, for every 0 < k < kpax we have
f(hi1) = Hypr < 25¢Hj, = 25¢ max(Hj, D) (32)

with probability at least 1 — 64.
Therefore, by induction on Equation (32), for every 0 < k < kpax, we have

Hyyr < 256 X max ((255)’“H0, @) (33)

with probability at least 1 — 65(k + 1).

By Lemma 11, we have kpax = [%} +1> [%] + 1. Then, with probability at least
25¢ 25¢
1 —66(kmax + 1),
F@hp) = F(2%) = f (k) (34)
= iy
Eq. (33)

<  25e¢ X max ((256)kmax_1Ho,©>
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<2be x®
<9,

since 0 < € < 5= implies that 0 < 25¢ < 1.
Hence,

F (k) = F(27) = F(hp0)

E(f(l’kmx) +B)

1
—(®
— @ +5),
where the first equality holds since F'(z*) = 0. |

IN

C.6. The non-smooth case

In this section we bound the gradient, supremum, and smoothness of the smoothed function f,
obtained from F' (Propositions 13 and 14 and Lemma 15), where f, is defined in Equation (5). We
also bound the noise |F'(z) — fs(x)| of f, (Lemma 16). We use these bounds in Section C.8 to
Prove our main result (Theorem 3).

Proposition 13 (Gradient bound for smoothed oracle)
For every x € IC we have

IV fo ()l < \{‘Td(?)\R(l + 2a) +20).

Proof

Vil < Bz | 5121 [Fa+ 2) - F(o)]|
<Ez | 512 sl ) - F(ym]

1
=~ max |F(y) —

O y1,42€K [

IN

I
||Z||]

< = max |F(y) —

0 y1,y2€K
= — a. F F \/>
ny;%cl (y2) — F(y1)] (%)
v2d A
< = max_|F(y)— F(y)]
O y1,52€K
< 7(2)\R(1 + 2a) + Zﬁ),
g

where the equality is true since 2||Z|| has y distribution with d degrees of freedom, and the second-

L%
r'(3)

and because of our assumption on the noise (Equation (4)). |

to-last inequality is true since < v/d. The last ineqaulty is true because F' is A-Lipschitz,
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Proposition 14 (maximum value of non-smooth noisy oracle) For every x € IC,, we have

Fz) < (1+a)2X(R+r1) + 5.
Proof Since F'is A-Lipschitz,

F(x) <2X\(R+7) Vz € K. (35)
Thus,

F(z) < (1+a)|F(@) +B8< (1+a)2MR+r1)+ B

We recall the following Lemma from Zhang et al. (2017):

Lemma 15 (Lemma 17 in Zhang et al. (2017)) Suppose that M > 0 is a number such that
0 < F(x) <M forall x € K, then

1.

Ezlgz(x)] = Vfa(ac) Vz € K.

2. Foreveryu € RY,

4M H H2

By o972 @11/0) < 4

. M
V2 fo ()] op < o

We show that the smoothed gradient is a good approximation of F' for sufficiently small o

Lemma 16 (Noise of smoothed oracle) Let A C A; C K, for some A C K, and some t > 0. Let
H' = supye 4 F(y). Then

2

~ t2/o —d

|fo(z) — F(z)| < Ao(1+a)Vd+H xe 5 +aH +8
for every x € A.
Proof Define N(z) := F'(z) — F(z). For any function h : R? — R, define

ho(z) == Ezlh(z + Z)),
where Z ~ N(0,021;). Then for every x € A we have,

| fo (@) = F()] = |Fo(2) + No(2) = F(x)]
|[Fo(2) = F(x)] + INg ()]
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=Ez[|F(z + Z) — F(z)|] + |Ez[N(z + 2)]|
<Eg[|F(z+ Z) — F(x)] + Ez[a(H + )| Z]|) + 5]
<Ez\Z||] + H xP(| Z|| > t) + Ez[a(H' + | Z]|) + 5]
= A1+ Q)EZ[|Z|]+ H xP(||Z] >t) +aH + 8

1 1 t
=do(L+ @Bz [ Z|]+ H' x P(_[|Z] = ~) + aH' +

1 t
<Ao(l+a)Vd+H xP(~|Z]| > ~) +aH + 8
t2 02—d

<Ao(l+a)Vd+H x5 4ol + 8,

where the second inequality holds because F' is A-Lipschitz on X, and also since F' is defined to
be zero outside C; with x € K C ;. The third inequality holds by our assumption on the noise
(Equation (4)), and since F' is defined to be zero outside &, . The fourth inequality holds because
L)|z|| is x-distributed with d degrees of freedom. The last inequality holds by the Hanson-Wright
inequality (see for instance Hanson and Wright (1971), Rudelson and Vershynin (2013)). |

C.7. Rounding the domain of the Markov Chain

We now show that our constraint set K is sufficiently “rounded”. This roundness property is used to
show that the Markov chain does not get stuck for a long time in corners of the constraint set.

. _ r’ 2 ¢ /
Lemma 17 (Roundness of constraint set) Let (pax = ( 0Vl d+20)) . Let K C K’ be a convex set.
Then for any ¢ < (max and any x € K, the random variable W ~ N (0, 1) satisfies

— - 1

Proof Without loss of generality, we may assume that x is the origin and that I@T/ contains the ball
B(a,r") where a = (r',0,...,0)" (since K=K+ B(0,7") implies that there is a ball contained
in K, that also contains z on its boundary. We can then translate and rotate K, to put z and a in
the desired position).

Since IP’(% < Wj <100) > 0.45, with probability at least 0.45 we have that

1
— < <1
10_W1_ 00

but Cax = (m)Q, and hence, with probability at least 0.45,

V2 r’
T +20) < W5 < N

But our choice of (,,x implies that 1/ (7"222 — (d + 20) > 0, implying that

@2
2¢
r! (r)?2 1 r! (r')2 1
— — d+ 20 <W; < + — d+ 20
Ve X JeE (@+20) ) <M < 5z X [T (d+20)
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But for any a > 0, we have /a — ﬁ < y/a—tforeveryt € [0,a), which implies

\;2%—\/(222 —(d+20) <W; < \};CJF\/(ZQQ — (d + 20).

Therefore

' — /()2 = 2¢(d + 20) < /2(Wi <+ + /()2 — 2¢(d + 20).

Hence,
(V20W1 = 1)? < (')? = 2¢(d + 20),

which implies that
(V20Wy — )% +2¢(d + 20) < (11)2. (36)

But by the Hanson-Wright inequality

d a1
P> W} >d+20) <. 37)
10
7j=2
Thus, Equations (37) and (36) imply that with probability at least 0.45 — % % we have
IV2W = all = VW = (+,0,...,0) T
d
= (V20Wy =7/ 420> W
j=2
< (V2¢W1 —r')? +2{(d + 20)
Eq. (36)
<
implying that W € B(a,r’) C K, with probability at least % |

C.8. Proof of Main Result (Theorem 3)

In this section, we prove Theorem 3. We do so by applying the bounds on the smoothness of f, of
Section C.6 to Theorem 12.

We note that in this section we will use and “(” exclusively to denote the multiplicative
and additive noise levels of F. We will then set the smooth oracle f to be f = f,,, where f, is the
smooth function obtained from F’, defined in Equation (5). As an intermediate step in proving the
main result, we show that fg has multiplicative noise level 2« and additive noise level 2.

Proof We will assume that o < 8(1)—0. This assumption is consistent with the statment of Theorem
3, which assumes that o = O(1).

Define the following constants: M = 2\R + 23, M = 6AR+ 3, L = ‘;—AZ, G = %, bmax = 1,
2 -
) ,and A = Y24 (2\R(1 + 2a) + 28).

13 ”

Cmax = (10\/§7Ed+20)
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We set 0 = %min ( 3 (1+ﬁa Vi \/10g(r;)+d>' Recall from Section A.3 that o determines the

amount of smoothness in fg. A larger value of o means that fg will be smoother, decreasing the
running time of the algorithm. On the other hand, a smaller value of o means that fo will be a closer
approximation to F', and consequently lead to a lower error. We choose ¢ in such a way so that the
error ¢ will be bounded by the desired value €.

Set parameters of Algorithms 1 and 2 as follows:

gl

e Fixe =

o [et® = £¢.

winN

e Define Jy := F'(x0) and set the number of epochs to be

_ [1og(5J0/D)
[ [bg@)w F1. (38)

e Forevery 0 < k < knpax, let J := F(mk) and define Jj, := max(Jx, D).
e Fix (5 = 6“@#;4—1)'
e Atevery k > 0, set the temperature to be

£ = 4dlog(R/min(%©,r’))

k = . (39)
%&Ik
= 4dlog(R/min(55D,r"))
Define ¢ := o = .
-
e Setr = 5%
e Define
2 p2 1
_t — . dw— max _ _
77 cmln{Cmaxa )\27 d 7Rd3((£G)2+§L)2}
and

dlog(28) + 5 4+ 1 +log(1)))

w =
' 2dlog(R/ min(5D,7"))

e Set the number of steps i,,x for which we run the the Markov chain X in each epoch to be

1
150
1—Ta

8RAE), + 4d(1 + log(1 + &) + log(282)) + 4log(1)

——— 18041 o (34094 2) 4 £ log(R/ min(£5D,"))
(s 7 2 i em )£ e s

tmax =

5 + 1. (40)
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dlog(2£)+5+log(imax+1)+log(§)))

_
e Define B = 2dlog(R/ min(5D,1))

e For every £ > 0 define

w2 b2 (6_ 1050d [1—aaT (3+E%+%)+%] log(R/ min(%@,r’)))2
max

227 d Rd3((€G)2 + €L)?

n(§) := cmin < Cax, d (41)

where w = €9, and c is the universal constant in Lemma 15 of Zhang et al. (2017). We set

the step size at each epoch k to be g, = n(&). We also define 77 := n(§).
o Set D = /27d.

We determine the constants for which f = fg satisfies the various assumptions of Theorem 12.

Since o = 1

. B r
g i </\(1+a)\/3’ 8\/log(1)+d

, by Lemma 16, we have that

\f(z) — F(z)| < 2aF(z) +28  Va eKk.

So, with a slight abuse of notation, we may state that f = f, has multiplicative noise of level 2«
and additive noise of level 2, if we use “«” and “5” to denote the noise levels of F.

Hence, M = 2\R + 283 > sup,cx fo(x). By Lemma 17, part 1 of Assumption 1 is satisfied
with constant (.x. By Lemma 15 and Proposition 14, fo satisfies parts 2 and 3 of Assumption 1
with constants L, G and by, (recall that we defined these constants at the beginning of this proof).
By Proposition 13, ||V f, ()| < A for all # € K. Therefore, applying Theorem 2 with the above
constants and the smoothed function f,, we have,

1
F(&)—-F(z") < D +28)<é
(8) - Fa) < s (0 +28) <&,
8d|_a 1B\, B - ’ -
with running time that is polynomial in d, e © [l—aT (3+eB'+5 )+©] log(R/ min(55D,r )), R, L, G,
Cmaxs bmax, and log(%). This completes the proof of the Theorem. [ |
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Appendix D. Figures

F(z°)+dg

Figure 1: To quickly escape a local minimizer x° of “depth” /3, a Markov chain must run at a
temperature 3. At this temperature, the Markov chain will concentrate in a sub-level set of height
df. This sub-level set does not have a narrow bottleneck, so a Markov chain running at temperature
[ will quickly escape the local minimum at z°.
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(© (d)

Figure 2: (a) Optimization of a convex function F' (green) with noisy oracle F (black) under
bounded additive noise. Since the gap between the noise bounds (dashed lines) is constant, the
Markov chain (red) can be run at a single temperature that is both hot enough to quickly escape
any local minimum but also cold enough so that the Markov chain eventually concentrates near
the global minimum. (b) and (c) Optimization of a convex function F' (green) with noisy oracle F
(black) when both additive and multiplicative noise are present, if we run the Markov chain at single
a fixed temperature. If the temperature is hot enough to escape even the deepest local minima (b),
then the Markov chain will not concentrate near the global minimum, leading to a large error. If
instead the Markov chain is run at a colder temperature (c), it will take a very long time to escape the
deeper local minima. (d) Optimization of a convex function F' (green) with noisy oracle F (black)
under both additive and multiplicative noise, when using a gradually decreasing temperature. If
multiplicative noise is present the local minima of F are very deep for large values of F'. To quickly
escape the deeper local minima, the Markov chain is started at a high temperature. As the Markov
chain concentrates in regions where F' is smaller, the local minima become shallower, so the tem-
perature may be gradually decreased while still allowing the Markov chain to escape nearby local
minima. As the temperature is gradually decreased, the Markov chain concentrates in regions with
successively smaller values of F.
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