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Abstract

We study the problem of efficient PAC active learning of homogeneous linear classifiers (halfs-
paces) in R, where the goal is to learn a halfspace with low error using as few label queries as
possible. Under the extra assumption that there is a ¢-sparse halfspace that performs well on the
data (t < d), we would like our active learning algorithm to be attribute efficient, i.e. to have label
requirements sublinear in d. In this paper, we provide a computationally efficient algorithm that
achieves this goal. Under certain distributional assumptions on the data, our algorithm achieves a
label complexity of O(t - polylog(d, 1)). In contrast, existing algorithms in this setting are either

7€

computationally inefficient, or subject to label requirements polynomial in d or %

1. Introduction

Active learning is a machine learning paradigm that aims at reducing label requirements through in-
teracting with labeling oracles (Settles, 2010). The learner is given a distribution from which it can
draw unlabeled examples, and a labeling oracle from which it can query labels interactively. This
is in contrast with passive learning, where labeled examples are drawn from distributions directly.
Using the ability to adaptively query labels, an active learning algorithm can avoid querying the la-
bels it has known before, thus substantially reducing label requirements. In the PAC active learning
model (Valiant, 1984; Kearns et al., 1994; Balcan et al., 2009; Hanneke, 2014), the performance of
an active learner is measured by its label complexity, i.e. the number of label requests to satisfy an
error requirement € with high probability.

There have been many exciting works on active halfspace learning in the literature. In this set-
ting, the instances are in R?, and the labels are from {—1,+1}. The goal is to learn a classifier
from H = {sign(w - ) : w € R}, the class of homogeneous linear classifiers, to predict labels
from instances. Efficient active halfspace learning algorithms that work under different distribu-
tional assumptions have been proposed. Some of these algorithms are computationally efficient,
and enjoy information theoretically optimal label complexities (Dasgupta et al., 2005; Balcan et al.,
2007; Awasthi et al., 2017; Hanneke et al., 2015; Awasthi et al., 2015; Yan and Zhang, 2017), that
is, O(dIn 1) in terms of d and € (See e.g. Kulkarni et al., 1993, for an 2(dIn 1) lower bound). On
the other hand, a line of work on attribute efficient learning (Blum, 1990) shows that one can in fact
learn faster when the target classifier is sparse, i.e. it depends only on a few of the input features. In
the problem of active halfspace learning, one can straightforwardly apply existing results to achieve
attribute efficiency. For instance, consider running the algorithm of Zhang and Chaudhuri (2014)
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with concept class H;, the set of ¢-sparse linear classifiers. Under certain distributional assump-
tions, Zhang and Chaudhuri (2014)’s algorithm achieves label complexities of order O(tIn dIn %)
However, such algorithms are computationally inefficient: they require solving empirical 0-1 loss
minimization with respect to H;, which is NP-hard even in the realizable setting (Natarajan, 1995).

The results above raise the following question: are there active learning algorithms that learn
linear classifiers in an attribute and computationally efficient manner? A line of work on one-bit
compressed sensing (Boufounos and Baraniuk, 2008), partially answers this question. They show
that when the learning algorithm is allowed to synthesize instances to query their labels (also known
as the membership query model (Angluin, 1988), abbrev. MQ), it is possible to approximately re-
cover the target halfspace using a near-optimal number of O(t(Ind + In %)) queries (Haupt and
Baraniuk, 2011). However, when applied to active learning in the PAC model, these results have
strong distributional requirements. For instance, the algorithm of Haupt and Baraniuk (2011) re-
quires the unlabeled distribution to have a constant probability to observe elements in the discrete
set {—1,0,+1}.

In the PAC setting, recent work of Awasthi et al. (2016) proposes attribute and computationally
efficient active halfspace learning algorithms, under the assumption that the unlabeled distribution
is isotropic log-concave (Lovasz and Vempala, 2007). In the ¢-sparse €2(¢)-adversarial noise set-
ting, where all but an () fraction of examples agree with some ¢-sparse linear classifier (see also
Definition 1), their algorithm has a label complexity of O(e%) In the t-sparse n-bounded noise
setting, where each label is generated by some underlying ¢-sparse linear classifier and then flipped
with probability at most a constant n € [0, %) (see also Definition 2), their algorithm has a label
complexity of O((E)O(l)). Compared to those achieved by computationally inefficient algorithms
(e.g. Zhang and Chaudhuri (2014) discussed above), these label complexity bounds are suboptimal,
in that they do not have a logarithmic dependence on %

In this paper, we give an algorithm that combines the advantages of Zhang and Chaudhuri
(2014) and Awasthi et al. (2016), achieving computational efficiency and O(t polylog(d, 1)) la-
bel complexity simultaneously, under certain distributional assumptions on the data. Specifically,
our algorithm works if the unlabeled distribution is isotropic log-concave, and has the following
guarantee. If one of the two conditions below is true:

1. the t-sparse puje-adversarial noise condition holds (see Definition 1), where 7 > 0 is some
numerial constant;

2. the t-sparse po-bounded noise condition holds (see Definition 2), where po > 0 is some
numerical constant,

then, with high probability, the algorithm outputs a halfspace with excess error at most €, and queries
at most O(t(Ind + In2)®In 1) labels. As a corollary, if there is a t-sparse linear classifier that
agrees with all the labeled examples drawn from the distribution (see Definition 3), the algorithm
also achieves a label complexity of O(t(Ind + In 1)3In 1). In the next section, we give a detailed
comparison between our results and related results in the literature.

From a technical perspective, our algorithm combines the margin-based framework of Balcan
et al. (2007); Balcan and Long (2013) with iterative hard thresholding (Blumensath and Davies,
2009; Garg and Khandekar, 2009), a technique well-studied in compressed sensing (Candes and
Tao, 2006; Donoho, 2006). Our analysis is based on sharp uniform concentration bounds of hinge
losses over linear predictors in ¢1 balls in the label query regions, which is in turn built upon classical
Rademacher complexity bounds for linear prediction (Kakade et al., 2009).
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2. Related work

Attribute efficient active learning of halfspaces. There is a rich body of theoretical literature on
active learning of general concept classes in the PAC setting (Dasgupta, 2011; Hanneke, 2014). For
the problem of active halfspace learning, sharp distribution-dependent label complexity results are
known, in terms of e.g. the splitting index (Dasgupta, 2005), or the disagreement coefficient (Han-
neke, 2007). Direct applications of these results (without taking advantage of sparsity assumptions)
yield algorithms with label complexities at least Q(d In %) (Kulkarni et al., 1993). To make these al-
gorithms attribute efficient, a natural modification is to consider concept class H;, the set of ¢-sparse
linear classifiers. It is well known that H; has VC dimension O(¢Ind). In conjunction with exist-
ing results in the active learning literature, this observation immediately yields attribute efficient
active learning algorithms. For example, when the unlabeled distribution is isotropic log-concave,
an application of Zhang and Chaudhuri (2014)’s algorithm with H; yields a label complexity of
O(tIndIn 1) in the t-sparse realizable setting, and gives O(tInd- (In1 + Z—j)) and O( (1t_lgg)2 In1)
label complexities in the ¢-sparse v-adversarial noise and ¢-sparse 7-bounded noise settings.! How-
ever, these algorithms require solving empirical 0-1 loss minimization subject to sparsity constraints,
which is computationally intractable in general (Natarajan, 1995). The only attribute and compu-
tationally efficient PAC active learning algorithms we are aware of are in Awasthi et al. (2016).
Specifically, under the t-sparse (2(¢)-adversarial noise setting, Awasthi et al. (2016) gives an ef-
ficient algorithm with label complexity 0(6% polylog(d, %)) Under the ¢-sparse n-bounded noise

setting, Awasthi et al. (2016) gives an efficient algorithm with label complexity O((E)O( (e )).

The notion of attribute efficient learning algorithms is initially studied in the pioneering works
of Littlestone (1987); Blum (1990). Littlestone (1987) considers attribute efficient online learning of
linear classifiers, with an application to learning disjunctions that depends on only ¢ attributes. The
algorithm incurs a mistake bound of O(¢ In d), which can be of substantially lower order than O(d)
when ¢ is small. Blum (1990) considers an online learning model where the feature space is infinite
dimensional, and each instance shown has a bounded number of nonzero attributes. It gives efficient
algorithms that learn k-CNFs and disjunctions with finite mistake bounds in this setting. Servedio
(2000); Klivans and Servedio (2006); Servedio et al. (2012) study attribute efficient learning of
decision lists and analyzes the tradeoff between running time and mistake bound. Long and Servedio
(2007) shows that, if the unlabeled distribution is unconcentrated over {—1, 1}d, then there is an
algorithm that learns ¢-sparse linear classifiers with a sample complexity of poly (¢, Ind, 20(6_2)).
Feldman (2007) gives algorithms for attribute efficient learning parity and DNFs in the membership
query model.

One-bit compressed sensing. The line of work on one-bit compressed sensing (Boufounos and
Baraniuk, 2008) is closely related to our problem setup. In this setting, there is a unknown ¢-
sparse vector © € R? and the algorithm can make measurements of u using vectors € R¢
and receives (possibly noisy) values of sign(u - «). Note that different from standard compressed
sensing (Candes and Tao, 2006; Donoho, 2006), the measurement results of one-bit compressed
sensing are quantized versions of (u - z)’s (i.e. they lie in {—1,+1} as opposed to R). The goal
is to approximately recover u up to scaling with a few (ideally, O(¢1n d)) measurements. In the
non-adaptive setting, the measurement vector 2’s are chosen at the beginning, while in the adaptive

1. To see this, note that the ¢(-, -) function defined in Zhang and Chaudhuri (2014) with respect to #; can be bounded
as: ¢(r,§) < O(rln g), as Hy is a subset of H. Theorem 4 of Zhang and Chaudhuri (2014) now applies.
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setting, the measurement vector x’s can be chosen sequentially, based on past observations. The
problem of adaptive one-bit compressed sensing is therefore equivalent to attribute efficient active
halfspace learning in the membership query model (Angluin, 1988). We remark that active learning
in the PAC model is more challenging than in the membership model, in that the learner has to query
the labels of the unlabeled examples it has drawn.

Jacques et al. (2013) gives an algorithm that has robust recovery guarantees, however it is
based on computationally-intractable ¢y minimization. Inspired by the count sketch data struc-
ture (Charikar et al., 2002), Haupt and Baraniuk (2011) proposes an efficient procedure that recov-
ers the support of v using O(t In d) queries, and has strong noise tolerance properties. In conjunction
with efficient full-dimensional active halfspace learning algorithms (Dasgupta et al., 2005; Awasthi
etal., 2017; Chen et al., 2017; Yan and Zhang, 2017), this procedure yields efficient algorithms that
have label complexities of O(¢(Ind+1n 1)) (resp. O(t(Ind+1n 1)), O(W (Ind+1n1)))in the
t-sparse realizable setting (resp. t-sparse )(e)-adversarial noise setting, t-sparse n-bounded noise
setting). Gopi et al. (2013); Acharya et al. (2017) gives upper and lower bounds for universal one-
bit compressed sensing, that is, the same set of measurements can be used to approximately recover
any underlying ¢-sparse signal. In this setting, Acharya et al. (2017) shows that, perhaps surpris-
ingly, the number of measurements necessary and sufficient for support recovery is (:)(t2 Ind), as
opposed to O(¢1Ind) in the non-universal setting. Plan and Vershynin (2013a) proposes a linear
programming based algorithm that works in the ¢-sparse realizable setting, and has a measurement
complexity of O(e%), based on a new tool named random hyperplane tessellations. Li (2016) gives
a support recovery algorithm that tolerates bounded noise, using a-stable random projections. Plan
and Vershynin (2013b) proposes a convex programming based algorithm that works in the ¢-sparse
Q(e?)-adversarial noise model, and has a measurement complexity of O(el%)

Works on one-bit compressed sensing under the symmetric noise condition has been studied
in the literature (Plan and Vershynin, 2013b; Zhang et al., 2014; Chen and Banerjee, 2015; Zhu
and Gu, 2015). In this model, it is assumed that there is a known function g, such that for all =,
Ely|z] = g(u - x). This assumption captures some realistic scenarios, but is nevertheless strong: it
requires any two examples that have the same projection on u to have the same conditional label
distribution. In contrast, the ¢-sparse adversarial noise and the ¢-sparse bounded noise conditions
allow heterogeneous noise levels, even among examples that have the same projection on w. In this
setting, the state of the art result of Zhang et al. (2014) gives an nonadaptive algorithm with O(“ﬁ%l ).
It also proposes an adaptive algorithm that works in same setting, achieving a label complexity
bound of O(min(t%d, @)), which is sometimes lower than that of the nonadaptive algorithm.
The special case of Gaussian noise before quantization has been studied extensively, i.e. given
x, the label y is generated by the formula y = sign(u -  + n), where n is a Gaussian random
variable. Gupta et al. (2010) shows that when u has a large dynamic range (the absolute value of the
ratio between u’s largest and smallest nonzero elements in magnitude), adaptive approaches require
fewer measurements to identify the support of v than nonadaptive approaches.

We provide a detailed comparison between our work and the results most closely related to ours
in Tables 1, 2, and 3.

3. Preliminaries

We consider active learning in the PAC model (Valiant, 1984; Kearns et al., 1994). Denote by
X := R? the instance space, and ) := {—1, +1} the label space. The learning algorithm is given a
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Algorithm Model Label complexity Efficient?
Haupt and Baraniuk (2011)

with Dasgupta et al. (2005) MQ Ot(lnd +In %)) Yes
Dasgupta (2005) PAC  O(t(lnd+Inl))  No
Awasthi et al. (2016) PAC  O(Z% polylog(d, %)) Yes
Our work PAC O(t polylog(d, %)) Yes

Table 1: A comparison of algorithms for active learning of halfspaces in the ¢-sparse realizable
setting (Definition 3); all the PAC algorithms above work under isotropic log-concave
distributions.

Algorithm Model Noise tolerance Label complexity Efficient?
Haupt and Baraniuk (2011)

with Awasthi etal. 2017) ~ MQ v =0 Oltnd+Ing))  Yes
Zhang and Chaudhuri (2014) PAC v = Q(e) O(tIndIn 1)) No
Plan and Vershynin (2013b) PAC v = Q(¢?) O~(tel%d) Yes
Awasthi et al. (2016) PAC v =Q(e) 0(6% polylog(d, 1))  Yes
Our work PAC v =9Q(e) O(t polylog(d, 1)) Yes

Table 2: A comparison of algorithms for active learning of halfspaces in the ¢-sparse v-adversarial
noise setting (Definition 1); all the PAC algorithms above work under isotropic log-
concave distributions.

data distribution D over X x ). Denote by Dx the marginal distribution of D over X', and Dy x
the conditional distribution of label given instance. The learning algorithm is also given a concept
class, the set of homogeneous linear classifiers (halfspaces) H := {sign(w - z) : w € R9}. For any
classifier h : X — Y, we denote by err(h) := Pp(h(x) # y) the error rate of h. Denote by h*
the optimal classifier in H: h* := argmin,, <4 err(h’). The excess error of classifier h is defined as
err(h) — err(h*); in words, it is the difference between h’s error and the best error in H. A vector
w corresponds to a linear classifier h,, := sign(w - ) whose decision boundary has w as its normal;
define w* as the unit vector w such that h,, = h*. We define the angle between two vectors w, w’
in R? as O(w, w') = arccos(m). Balcan and Long (2013) shows that there exist numerical

constants C1, Cy > 0, such that if Dy is isotropic log-concave, then for all w, w’ in RY,
C1Pp(hy(x) # hy (2)) < 0w, w') < CoPp(hy(z) # hy (7). (1)

In active learning, the algorithm has the ability to draw unlabeled examples from Dy and per-
form adaptive label queries to a labeling oracle . The oracle O takes into input an unlabeled
example z, and returns a label y ~ Dy |x—,. Given a random variable z whose distribution is A
over Z and aset ' C Z, denote by A|r the conditional distribution of z given that z is in 7. An
active learning algorithm is said to (€, §)-PAC learn H and D with label complexity n(e, d), if with
probability 1 — 4, it performs at most n(e, d) label queries to O, and returns a classifier h that has
excess error at most €.
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Algorithm Model Noise tolerance Label complexity Efficient?
Haupt and Baraniuk (2011)

1 3 t 1
with Chen et al. (2017) MQ  mel03) ?( aapz(nd+Ing))  Yes
Zhang and Chaudhuri (2014) PAC n € [0, %) O( { 17’5277)2 Indln %)) No
~ 1
Awasthi et al. (2016) PAC ne [0’ %) O((%)O( (1—2m)2 )) Yes
Our work PAC n € [0,9(1)) O(t polylog(d, %)) Yes

Table 3: A comparison of algorithms for active learning of halfspaces in the t-sparse n-bounded
noise setting (Definition 2); all the PAC algorithms above work under isotropic log-
concave distributions.

Given a vector w and example (x, %), the 7-hinge loss £, (w, (x, %)) is defined as (1 — ¥2%) .,

where (2)4 = max(0, z). Denote by I(-) the indicator function, that is, I(A) is 1 if predicate A
is true, is 0 if A is false. A vector v in R? is said to be s-sparse, if it has at most s nonzero entries.
For an integer s € {1,2,...,d}, define P(-) as the hard thresholding operation that takes a vector
v in RY as input, and outputs a vector that keeps v’s s largest entries in absolute value (breaking ties
lexicographically), and setting all its other entries to zero (Blumensath and Davies, 2009).

In this paper, we focus on the setting where there is a sparse halfspace that performs well under
D. Specifically, denote by H; := {sign(w - z) : w € R%, ||w|¢ < t} the set of ¢-sparse halfspaces.
We consider the following two conditions on D:

Definition 1 A distribution D over X x ) is said to satisfy the t-sparse v-adversarial noise condition
forv e (0,1)andt € {1,...,d}, if there is a t-sparse unit vector u, such that Pp(sign(u - x) #
y) <.

Observe that under this condition, h,, is not necessarily the optimal classifier in H; in fact, it may
not even be the optimal classifier in H;. Nevertheless, by triangle inequality and Equation (1),
the angle between u and w* is at most O(v). It can be readily seen that if ¢ and v are larger, the
learning problem becomes more difficult. When ¢ = d, the condition becomes the v-adversarial
noise condition with respect to  (Awasthi et al., 2017).

Definition 2 A distribution D over X x Y is said to satisfy the t-sparse n-bounded noise condition
forn €[0,%) andt € {1,...,d}, if there is a t-sparse unit vector u, such that for every x € X,
Pp(sign(u - z) # ylz) < n.

Under this condition, it can be seen that h,, is the Bayes optimal classifier, therefore u coincides with
w*. It can be readily seen that if ¢ and 7 are larger, the learning problem becomes more difficult.
When t = d, the condition becomes the 7-bounded noise condition with respect to H (Massart and
Nédélec, 20006).

Note that the above two conditions characterize different aspects of the data distribution D. The
t-sparse v-adversarial noise condition only requires an upper bound on the total label flipping prob-
ability. On the other hand, the ¢-sparse 7-bounded noise condition characterizes Dy |x everywhere
in X': for every instance x, the expected label E[y|z]| has the same sign as u - z. The following
condition is a special case of the above two conditions by setting v = 0 or n = 0:
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Definition 3 A distribution D over X X ) is said to satisfy the t-sparse realizable condition, for
t € {1,2,...,d}, if there is a t-sparse unit vector u, such that Pp(sign(u - z) # y) = 0.

4. Algorithm

We present our main algorithm, namely Algorithm 1 in this section. We defer the exact settings of
constants c1, c2, c3 to Appendix A. Our algorithm uses the margin-based active learning framework,
initially proposed by Balcan et al. (2007). Specifically, it proceeds in epochs, where at each epoch
k, it draws a sample Sj, from distribution Dx|p, , queries their labels, and updates its iterate wy,
based on Sj. Due to technical reasons, at the first epoch (k = 0), the sampling region By and
the constraint set Wy are different from those in subsequent epochs. Throughout the process, the
algorithm maintains the invariant that at each epoch k, wy, is a t-sparse unit vector.

At each epoch k > 1, the sampling region By, is a “small-margin” band {x : |wg_1 - x| < by},
with bandwidth by descreasing exponentially in k. Then it performs constrained empirical hinge
loss minimization over Sy, getting a linear classifier wj. The constraint set 1/}, is the intersection
between an ¢; ball and an {5 ball, centered at wj_1 with different radii (p; and r). This is similar
to the approach in Plan and Vershynin (2013b) for tackling the symmetric noise setting, where a
linear optimization problem with a similar shaped constraint set is proposed. The construction of
Wy’s is inspired by version space constructions in the PAC active learning literature (Cohn et al.,
1994; Balcan et al., 2009; Hanneke, 2014). Throughout the algorithm, we ensure W, to satisfy the
following two properties with high probability: first, « lie in all the W},’s; second, the W},’s are
shrinking in size.” In addition, the hinge loss used at epoch k is parameterized by 7, which also
decreases exponentially in k.

Observe that w), may not be a sparse vector; therefore, we perform a hard thresholding step (ap-
plying P;), to ensure that our learned halfspace at the end of round k, is ¢-sparse. Hard thresholding
has been widely used in the (unquantized) compressed sensing literature (See e.g. Blumensath and
Davies, 2009; Garg and Khandekar, 2009), however its utility in one-bit compressed sensing is
not yet well-understood. For example, Jacques et al. (2013) proposes an algorithm named BIHT
(binary iterative hard thresholding) that has strong empirical performance, but its convergence prop-
erties are unknown. To the best of our knowledge, our work is the first that establishes convergence
guarantees for iterative hard thresholding style algorithms for one-bit compressed sensing. We then
perform a ¢5 normalization step to ensure that our iterate wy is an unit vector, which has a scale
comparable to u.

Finally, we remark that Algorithm 1 admits a computationally efficient implementation. First,
the sampling regions Bj’s can be shown to have probability masses at least 2(¢) in Dx for all &k in
{0,1,..., ko}, which makes rejection sampling from Dx |, take O(2) time per example. Second,
optimization problem (2) is convex, and can be approximately solved by e.g. stochastic gradient
descent (See e.g. Shamir and Zhang, 2013, Theorem 2) efficiently.

5. Performance guarantees

In this section, we prove Theorem 4, the main result of this paper.

Theorem 4 There exist numerical constants iy, 2 € (0, %) such that the following holds. Suppose
Dx is isotropic log-concave, and one of the following two conditions hold:

2. We refer the reader to Lemma 6 for a formal statement.
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Algorithm 1 Attribute and computationally efficient active learning of halfspaces
input: sparsity parameter ¢, target error e, failure probability 6.
output: learned halfspace w.
1: Initialization: ko < [log, C%J, where (' is defined in Equation (1).
2: fork=0,1,2...,kydo
3: Sk < sample ny = c1t(Ilnd + In % +In i)?’ examples from Dy |p, and query their labels,

where
RY k=0
Bk. — 9y 9
{z:|wg—1 - x| < b}, kE>1,
_ ) _ —k
5k—mandbk—02'2 .
4:  Solve the following optimization problem:
W, argmin,,cyy, Z O (w, (x,y)), 2
where
B {weRY: ||w|]z <1and |w|; < V1}, k=0,
{weR: |Jw—wp_1]]2 < rpand |w — wp_1|1 < pr}, E>1,
rp = 27k3, Pk = V2t 2753 and 1, = 5 - 27F.
. _Pufwy)
5: Let wg < BACAIS

6: end for
7: return wg,.

1. D satisfies the t-sparse 1 e-adversarial noise condition;
2. D satisfies the t-sparse po-bounded noise condition.

In addition, Algorithm 1 is run with sparsity parameter t, target error € and failure probability 6.
Then, with probability 1 — 6, the output halfspace W is such that err(hg) — err(h*) < €, and the
total number of label queries is O(t - (Ind +In 1)? - In 1),

As the t-sparse realizable setting is a special case of the ¢-sparse adversarial noise setting (by
setting v = 0), Theorem 4 immediately implies the following corollary:

Corollary 5 Suppose Dx is isotropic log-concave, and the t-sparse realizable condition holds for
D. In addition, Algorithm 1 is run with sparsity parameter t, target error € and failure probability
d. Then, with probability 1 — 0, the output halfspace 1 is such that err(hy) — err(h*) < €, and the
total number of label queries is O(t - (Ind +In )3 - In 1),

Theorem 4 and Corollary 5 imply that, under the respective noise conditions defined above,
Algorithm 1 has a label complexity of O(t polylog(d, 1)). To the best of our knowledge, this is the
first efficient PAC active learning algorithm that has a label complexity linear in ¢, and polyloga-
rithmic in d and % Previous works either need to sacrifice computational efficiency to achieve such

guarantee (Dasgupta, 2005; Zhang and Chaudhuri, 2014), or have label complexities polynomial in
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dor % (Awasthi et al., 2017, 2016). We remark that in the membership query model (Angluin, 1988;
Boufounos and Baraniuk, 2008), efficient algorithms with O(¢ polylog(d, 1)) label complexities are
implicit in the literature (e.g. by combining Haupt and Baraniuk (2011)’s support recovery algo-
rithm with efficient full-dimensional active halfspace learning algorithms (Dasgupta et al., 2005;
Awasthi et al., 2017; Chen et al., 2017; Yan and Zhang, 2017)). In contrast, the focus of this paper is
on the more challenging PAC setting, and it is unclear how to modify a membership query algorithm
to make it work in the PAC setting.

5.1. Proof of Theorem 4

Recall that 63, = m;

constants p1, pu2 € (0, %) in Appendix A, such that under either the ¢-sparse p;e-adversarial noise
condition or the t-sparse po-bounded noise condition, the following lemma holds:

note that ngo 0 < 4. To prove Theorem 4, we give exact settings of

Lemma 6 Foreveryk € {0,1,...,ko}, there is an event Ej, with probability 1 — Zf:o d;, on which
wis in Wiy1.

The proof of Lemma 6 relies on the following two supporting lemmas. The first lemma (Lemma 7)
shows that, w) produced in the hinge loss minimization step (line 4) has a small angle with w.
Specifically, the upper bound on 6(wj,, ) is halved at each iteration k, with the help of constrained
hinge loss minimization over a fresh set of nj, = O(t polylog(d, 1)) labeled examples. This relies
on two ideas: first, as is standard in the margin-based active learning framework (See e.g. Balcan
et al., 2007; Balcan and Long, 2013), it suffices to let w}i, achieve a constant error with respect to
the sampling distribution at epoch k; second, to ensure that the setting of n;, ensures that wj. indeed
has a constant error under the sampling distribution, we use a novel uniform concentration bound
of hinge losses of W}, over .Sy tighter than all prior works (Awasthi et al., 2017, 2016). Thanks

to our construction of W}, our concentration bound of hinge losses is of order O~(1 / %), which
can be substantially tighter than O(, /nik) used in Awasthi et al. (2017); Hanneke et al. (2015) and

O( %) used in Awasthi et al. (2016). We refer the reader to Appendix C for a formal state-
ment.

Lemma 7 For every k € {0,1,...,ko}, if u is in Wy, then with probability 1 — 0y, 0(w;,, u) <
27 k=87,

The second lemma (Lemma 8) shows that, performing a hard thresholding operation followed
by /5 normalization on wj, (line 5) yields a t-sparse unit vector wy, that is close to u in terms of
both ¢; and ¢y distances. This ensures that Wy 1, the constraint set of the optimization problem at
the next epoch, contains u. A key fact used in the proof of the lemma is that, the hard thresholding
operator P, is effectively a £2-projection onto the £ ball {w € R?: ||wl|o < t}.

Lemma 8 Foreveryk € {0,1,...,ko}, if O(w},,u) < 27%=87, then w is in Wi.11.

We are now ready to prove Lemma 6.
Proof [Proof of Lemma 6] We prove the lemma by induction.
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Base case. In the case of £ = 0, observe that as u has unit £5 norm and u is ¢t-sparse, by Cauchy-
Schwarz, |jul|; < v/#||ull2 = V/t. Therefore, u belongs to the set W deterministically. Lemma 7
with k£ = 0 shows that there is an event E with probability 1 — dy, conditioned on which 6(wy, u) <
2787, By Lemma 8, we get that u is in T/7.

Inductive case. For k£ > 1, suppose the inductive hypothesis holds. That is, there is an event
F)._1 with probability 1 — 2592—01 d;, such that on Fj_1, u is in Wj. By Lemma 7, there is an event
F}, such that P(Fy|Eg—1) > 1 — 0%, conditioned on which (w},u) < 2787,

Define event £y, := Ej,_q N Fy. Observe that P(Ey) = P(Ex_1)P(Fx|Ex—1) > 1 — Zf:o 0.
Now, on event Ej, Lemma 8 implies that u is in Wj_1. This completes the induction. |

Theorem 4 is now a direct consequence of Lemma 6; we give its proof below.
Proof [Proof of Theorem 4] From Lemma 6 and the fact that the output @ is wy,, we have that with
probability 1 — Zfﬁo 0; > 1 =9, wisin Wy, 1. By the definition of W7,

lu = wig |2 < Trgr = 277071
By Lemma 10 in the Appendix and the fact that ||u||2 = 1, we know that 0(wg,,u) < w|ju —
Wiy |l2 < 277072 < % By the first inequality of Equation (1), we have that Pp (e, (z) #
hy(z)) < §. Therefore, by triangle inequality and the fact that the output b is wy,,,
err(hy) — err(hy) <

DO

We now consider two separate cases regarding the two different noise conditions:

1. In the p;e-adversarial noise setting, we know that err(h,) < pre < §. Therefore,

err(hyg) —err(h*) <err(hy) <err(hy) + = < =+ = <e.

N
N
DN

2. In the po-bounded noise setting, as h, and h* are identical, it immediately follows that
err(hg) —err(h*) < § <e.

We now bound the label complexity of Algorithm 1. The total number of labels queried is
',zozo ny, where ny, < ¢1 - t(lnd+Int +1n %)3, and kg = O(In1). As a consequence, the
total number of label queries is O(¢-(Ind+1n 1)3-In 1) in terms of ¢, d and e. The theorem follows.

6. Conclusions and future work

We give a computationally efficient PAC active halfspace learning algorithm that enjoys sharp at-
tribute efficient label complexity bounds. It combines the margin-based framework of Balcan et al.
(2007); Balcan and Long (2013) with iterative hard thresholding (Blumensath and Davies, 2009;
Garg and Khandekar, 2009). The main novel technical component in our analysis is a uniform con-
centration bound of hinge losses over shrinking #; balls in the sampling regions. We outline several
promising directions of future research:

10
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e Can we extend our algorithm to work under n-bounded noise, when 7 is arbitrarily close to
%? Recall that the results of Zhang and Chaudhuri (2014) imply a computationally inefficient
algorithm with a label complexity of O( (lt_lgf]l)Q In %) in this setting, which state of the art

computationally efficient algorithms (e.g. Awasthi et al., 2016) cannot achieve.

e Can we design attribute and computationally efficient active learning algorithms that work
under broader distributions? Existing results in the active learning and one-bit compressed
sensing literature have made substantial progress on settings when the unlabeled distribu-
tion is a-stable (Li, 2016), subgaussian (Ai et al., 2014; Chen and Banerjee, 2015), or s-
concave (Balcan and Zhang, 2017); an attribute and computationally efficient, statistically
consistent recovery algorithm under any of the above settings would be a step forward.

e In one-bit compressed sensing, under the symmetric noise condition (Plan and Vershynin,
2013b), algorithms with sample complexity polynomial in % have been proposed (Plan and
Vershynin, 2013b; Zhang et al., 2014; Zhu and Gu, 2015). Can we develop adaptive one-
bit compressed sensing algorithms with O(¢ polylog(d, %)) measurement complexity in this
setting?

Acknowledgments

I am grateful to Daniel Hsu for suggesting this research direction to me, and many insightful discus-
sions along this line. I would also like to thank Pranjal Awasthi, Jie Shen and Hongyang Zhang for
helpful initial conversations about the results in this paper. I thank the anonymous COLT review-
ers for their thoughtful comments. Special thanks to Yue Liu, who provided unconditional support
throughout this research project.

References

Jayadev Acharya, Arnab Bhattacharyya, and Pritish Kamath. Improved bounds for universal one-
bit compressive sensing. In Information Theory (ISIT), 2017 IEEE International Symposium on,
pages 2353-2357. IEEE, 2017.

Albert Ai, Alex Lapanowski, Yaniv Plan, and Roman Vershynin. One-bit compressed sensing with
non-gaussian measurements. Linear Algebra and its Applications, 441:222-239, 2014.

D. Angluin. Queries and concept learning. Machine Learning, 2:319-342, 1988.

Pranjal Awasthi, Maria-Florina Balcan, Nika Haghtalab, and Ruth Urner. Efficient learning of
linear separators under bounded noise. In Peter Griinwald, Elad Hazan, and Satyen Kale, editors,
Proceedings of The 28th Conference on Learning Theory, COLT 2015, Paris, France, July 3-6,
2015, volume 40 of JMLR Proceedings, pages 167-190. IMLR.org, 2015.

Pranjal Awasthi, Maria-Florina Balcan, Nika Haghtalab, and Hongyang Zhang. Learning and 1-bit
compressed sensing under asymmetric noise. In Proceedings of The 28th Conference on Learning
Theory, COLT 2016, 2016.

Pranjal Awasthi, Maria Florina Balcan, and Philip M Long. The power of localization for efficiently
learning linear separators with noise. Journal of the ACM (JACM), 63(6):50, 2017.

11



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

M.-F. Balcan and P. M. Long. Active and passive learning of linear separators under log-concave
distributions. In COLT, 2013.

M.-F. Balcan, A. Z. Broder, and T. Zhang. Margin based active learning. In COLT, 2007.

M.-F. Balcan, A. Beygelzimer, and J. Langford. Agnostic active learning. J. Comput. Syst. Sci., 75
(1):78-89, 2009.

Maria-Florina F Balcan and Hongyang Zhang. Sample and computationally efficient learning al-
gorithms under s-concave distributions. In Advances in Neural Information Processing Systems,
pages 4799-4808, 2017.

Peter L Bartlett and Shahar Mendelson. Rademacher and gaussian complexities: Risk bounds and
structural results. Journal of Machine Learning Research, 3(Nov):463-482, 2002.

Avrim Blum. Learning boolean functions in an infinite attribute space. In Proceedings of the
twenty-second annual ACM symposium on Theory of computing, pages 64-72. ACM, 1990.

Thomas Blumensath and Mike E Davies. Iterative hard thresholding for compressed sensing. Ap-
plied and computational harmonic analysis, 27(3):265-274, 2009.

Petros T Boufounos and Richard G Baraniuk. 1-bit compressive sensing. In Information Sciences
and Systems, 2008. CISS 2008. 42nd Annual Conference on, pages 16-21. IEEE, 2008.

Emmanuel J Candes and Terence Tao. Near-optimal signal recovery from random projections:
Universal encoding strategies? [EEE transactions on information theory, 52(12):5406-5425,
2006.

Moses Charikar, Kevin Chen, and Martin Farach-Colton. Finding frequent items in data streams. In
International Colloquium on Automata, Languages, and Programming, pages 693—703. Springer,
2002.

Lin Chen, Seyed Hamed Hassani, and Amin Karbasi. Near-optimal active learning of halfspaces
via query synthesis in the noisy setting. In AAAI, 2017.

Sheng Chen and Arindam Banerjee. One-bit compressed sensing with the k-support norm. In
Artificial Intelligence and Statistics, pages 138—146, 2015.

David A. Cohn, Les E. Atlas, and Richard E. Ladner. Improving generalization with active learning.
Machine Learning, 15(2):201-221, 1994.

S. Dasgupta. Coarse sample complexity bounds for active learning. In NIPS, 2005.

Sanjoy Dasgupta. Two faces of active learning. Theoretical computer science, 412(19):1767-1781,
2011.

Sanjoy Dasgupta, Adam Tauman Kalai, and Claire Monteleoni. Analysis of perceptron-based ac-
tive learning. In Learning Theory, 18th Annual Conference on Learning Theory, COLT 2005,
Bertinoro, Italy, June 27-30, 2005, Proceedings, pages 249-263, 2005.

12



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

David L Donoho. Compressed sensing. IEEE Transactions on information theory, 52(4):1289—
1306, 2006.

Vitaly Feldman. Attribute-efficient and non-adaptive learning of parities and dnf expressions. Jour-
nal of Machine Learning Research, 8(Jul):1431-1460, 2007.

Rahul Garg and Rohit Khandekar. Gradient descent with sparsification: an iterative algorithm for
sparse recovery with restricted isometry property. In Proceedings of the 26th Annual International
Conference on Machine Learning, pages 337-344. ACM, 2009.

Sivakant Gopi, Praneeth Netrapalli, Prateek Jain, and Aditya Nori. One-bit compressed sensing:
Provable support and vector recovery. In International Conference on Machine Learning, pages
154-162, 2013.

Ankit Gupta, Robert Nowak, and Benjamin Recht. Sample complexity for 1-bit compressed sensing
and sparse classification. In Information Theory Proceedings (ISIT), 2010 IEEE International
Symposium on, pages 1553-1557. IEEE, 2010.

S. Hanneke. A bound on the label complexity of agnostic active learning. In /ICML, 2007.

Steve Hanneke. Theory of disagreement-based active learning. Foundations and Trends®) in Ma-
chine Learning, 7(2-3):131-309, 2014.

Steve Hanneke, Varun Kanade, and Liu Yang. Learning with a drifting target concept. In Interna-
tional Conference on Algorithmic Learning Theory, pages 149-164. Springer, 2015.

Jarvis Haupt and Richard Baraniuk. Robust support recovery using sparse compressive sensing
matrices. In Information Sciences and Systems (CISS), 2011 45th Annual Conference on, pages
1-6. IEEE, 2011.

Laurent Jacques, Jason N Laska, Petros T Boufounos, and Richard G Baraniuk. Robust 1-bit com-
pressive sensing via binary stable embeddings of sparse vectors. IEEE Transactions on Informa-
tion Theory, 59(4):2082-2102, 2013.

Sham M Kakade, Karthik Sridharan, and Ambuj Tewari. On the complexity of linear prediction:
Risk bounds, margin bounds, and regularization. In Advances in neural information processing
systems, pages 793-800, 2009.

Michael J Kearns, Robert E Schapire, and Linda M Sellie. Toward efficient agnostic learning.
Machine Learning, 17(2-3):115-141, 1994.

Adam R Klivans and Rocco A Servedio. Toward attribute efficient learning of decision lists and
parities. Journal of Machine Learning Research, T(Apr):587-602, 2006.

Sanjeev R Kulkarni, Sanjoy K Mitter, and John N Tsitsiklis. Active learning using arbitrary binary
valued queries. Machine Learning, 11(1):23-35, 1993.

Ping Li. One scan 1-bit compressed sensing. In Artificial Intelligence and Statistics, pages 1515—
1523, 2016.

13



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

Nick Littlestone. Learning quickly when irrelevant attributes abound: A new linear-threshold algo-
rithm. Machine Learning, 2(4):285-318, 1987.

Philip M Long and Rocco Servedio. Attribute-efficient learning of decision lists and linear threshold
functions under unconcentrated distributions. In Advances in Neural Information Processing
Systems, pages 921-928, 2007.

Laszl6 Lovasz and Santosh Vempala. The geometry of logconcave functions and sampling algo-
rithms. Random Structures & Algorithms, 30(3):307-358, 2007.

Pascal Massart and Elodie Nédélec. Risk bounds for statistical learning. The Annals of Statistics,
pages 2326-2366, 2006.

Balas Kausik Natarajan. Sparse approximate solutions to linear systems. SIAM journal on comput-
ing, 24(2):227-234, 1995.

Yaniv Plan and Roman Vershynin. One-bit compressed sensing by linear programming. Communi-
cations on Pure and Applied Mathematics, 66(8):1275-1297, 2013a.

Yaniv Plan and Roman Vershynin. Robust 1-bit compressed sensing and sparse logistic regression:
A convex programming approach. IEEE Transactions on Information Theory, 59(1):482-494,
2013b.

Rocco Servedio, Li-Yang Tan, and Justin Thaler. Attribute-efficient learning andweight-degree
tradeoffs for polynomial threshold functions. In Conference on Learning Theory, pages 14-1,
2012.

Rocco A Servedio. Computational sample complexity and attribute-efficient learning. Journal of
Computer and System Sciences, 60(1):161-178, 2000.

Burr Settles. Active learning literature survey. University of Wisconsin, Madison, 52(55-66):11,
2010.

Ohad Shamir and Tong Zhang. Stochastic gradient descent for non-smooth optimization: Conver-
gence results and optimal averaging schemes. In International Conference on Machine Learning,
pages 71-79, 2013.

Leslie G Valiant. A theory of the learnable. Communications of the ACM, 27(11):1134-1142, 1984.

Songbai Yan and Chicheng Zhang. Revisiting perceptron: Efficient and label-optimal learning of
halfspaces. In Advances in Neural Information Processing Systems, pages 1056—-1066, 2017.

Chicheng Zhang and Kamalika Chaudhuri. Beyond disagreement-based agnostic active learning. In
Advances in Neural Information Processing Systems 27: Annual Conference on Neural Informa-
tion Processing Systems 2014, December 8-13 2014, Montreal, Quebec, Canada, pages 442-450,
2014.

Lijun Zhang, Jinfeng Yi, and Rong Jin. Efficient algorithms for robust one-bit compressive sensing.
In International Conference on Machine Learning, pages 820-828, 2014.

Rongda Zhu and Quanquan Gu. Towards a lower sample complexity for robust one-bit compressed
sensing. In International Conference on Machine Learning, pages 739-747, 2015.

14



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

Appendix A. Detailed choices of learning and problem parameters

In this section, we give the exact settings of ¢y, ca, c3 that appears in Algorithm 1, and w1, po, the
noise rates that can be tolerated by Algorithm 1 under the two noise conditions.

Define Dy, as the distribution D over (x, y) conditioned on that x lies in By. Although cannot be
sampled from directly, for analysis purposes, we define D as the joint distribution of (z, sign(u-z)),
and Dk as the distribution of D conditioned on that z lies in By,. Let A > 0 be a constant, which
will be specified at the end of this section. Given A, we define ¢ := c2(A) such that:

1. () = O(In ),
2. For all w such that 0(w, wy,_1) < 2737,

Pp(sign(w - x) # sign(wp_1 - ), |wp_1 - | > c2(N) - 27F) < X-27F, 3)

The existence of such function ca(+) is guaranteed by Theorem 21 of Balcan and Long (2013), along
with the fact that D is isotropic log-concave.

In addition, given A > 0, define c3(\) := Amin(C5/81, C3c2(A)/9) (where C5 is a numerical
constant defined in Lemma 18), such that 7, = ¢32~%. Under this setting of 75, we have that for all
kin {0,1,... ko}:

Ppy(usl<m) _ 9

E €7— )y S ]P) : S S - 1 S )\
Dpln, (W, z,y) < Pp, (Ju-z| < 7) Pp, (x € By) min(C3/9, C3by,)

“)

where the first inequality is from that ¢, (u, (x,sign(u-z))) € [0,1], and ¢, (u, (z,sign(u-x))) =0
if |u - x| > 71; the second inequality uses the fact that P(A|B) < E B; for any two events A, B;
the third inequality uses Lemma 18 to upper bound (resp. lower bound) the numerator (resp. the
denominator).

Recall that ny, := c1t(Ind 4+ In1 + In i)?’. Given A > 0 and c2(A), c3(A), we set ¢1 := ¢1(A)
such that by Lemmas 13, for all £ in {0, 1, ..., ko}, for all w in Wy,

|E5k£7'k(w7 (xay)) —EDkETk(’LU,(ZL‘,y)” <A &)

Given A and c2(\), c3(A), we also choose 11 = p11(A), p2 = p2(A) € (0, 1) such that under the
respective noise condition, for all k in {0, 1,..., ko}, for all w in Wy,

Ep, by (w0, (2,9)) — Ep, b (1, (2. ))] < A ©

The existences of 11 () and pa(\) are guaranteed in light of Lemmas 21 and 22.

Define f(\) = Co(45c2(N)N 4+ 5)'). Observe that by the definition of ca(+), f()\') goes to
zero as \' goes down to zero. Therefore, we can select a value of A > 0, such that f(\) < 287,
Note that our selection of A also determines the value of ¢y, ¢, c3 and py, po.

Appendix B. Learning guarantee at each epoch

In this section, we prove two key lemmas, namely Lemmas 7 and 8, both of which serve as the basis
for Lemma 6.

15



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

B.1. Proof of Lemma 7

The proof of Lemma 7 is based on a uniform concentration bound on the 7¢-hinge loss over Wy
in the sampling region By, namely Lemma 13. Specifically, Lemma 13 implies that the difference
between the empirical hinge losses and the expected hinge losses for all w in W}, with respect to
t(Ind+In 1)3
ng

concentration error A is required in the hinge loss minimization step (see Equation (5)). Therefore,
the setting of nj, = O(t(Ind + In 1)3) fulfills this requirement.

Proof [Proof of Lemma 7] We consider the cases of £ = 0 and k& > 1 separately.

Dy, is uniformly bounded by O( ). As will be seen in the analysis, only a constant

Case1l: £ = 0. ByLemma 9 below and the fact that D = Dy, Pp(sign(w(-x) # sign(u-z)) < 5
holds. In addition, by the second inequality of of Equation (1), we have that §(w(, u) < 5C3\. By
the definiton of ), it is at most 27 °7.

Case 2: k£ > 1. By Lemma 9 below, Pp, (sign(wy}, - «) # sign(u - )) < 5X holds. We now show
that the above fact implies that the angle between w;, and u is at most 2~k=87 This implication
is well known in the margin-based active learning literature (Balcan et al., 2007; Balcan and Long,
2013); we provide the proof here for completeness.

By Lemma 18, Pp, (sign(wy, - ) # sign(u - )) < 5\ implies that

Pp(sign(w), - ) # sign(u - z),x € By)
= Pp, (sign(w}, - ) # sign(u-z)) - Pp, (x € B) < 5X-9ca(N)27F < 45Xea(N)27F. (7)
On the other hand, observe that for all w in Wy, ||w — wi_1]|2 < 2—k=3, Using Lemma 10 and

the fact that wy_1 is a unit vector, we get that for all w in Wy, 0(w, wg_1) < 2—k=37. Specifically,
by Equation (3), we have that

Pp(sign(w - x) # sign(wy_1 - =),z ¢ By,) < A\27F
holds for w € {u, w} } C Wy, respectively. Therefore, by triangle inequality,

Pp(sign(wy, - ) # sign(u - z), z ¢ By)
< Pp(sign(wy, - ) # sign(wg—1 - z), ¢ By,) + Pp(sign(u - ) # sign(wy_1 - ), ¢ By)
< 2x27k (®)

Combining Equations (7) and (8), we have that
Pp(sign(w), - ) # sign(u - z)) < (45c2(A)X + 20)27F,
Applying the second inequality of Equation (1) gives that
O(wh, u) < Co(45¢2(N) + 2)A27F,

By the definition of )\, the above is at most 2% =87
Combining the above two cases, the lemma follows. |
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Lemma 9 Forevery kin {0,1,... ko}, if uis in Wy, then

Pp, (sign(wy, - z) # sign(u - x)) < HA.

Proof If u is in W}, then we have the following chain of inequalities:

B, (sign(w - 2) # )
Ep mw;,(x,y))

Pp, (sign(w), - ) # sign(u - 7))

IN

A A A A IA A
=
;3’3
E‘
?

where the first inequality is from the fact that the 7-hinge loss is an upper bound of the 0-1 loss; the
second inequality is from Equation (6) and that w}, € Wj; the third inequality is from Equation (5)
and that wj, € Wj; the fourth inequality is by the optimality of w), in optimization problem (2) and
that v € Wy; the fifth inequality is from Equation (5) and that u € W} ; the sixth inequality is from
Equation (6) and that u € Wj; the last inequality is from Equation (4). |

The following lemma is used in the proof of Lemma 7; it establishes a connection between the
angle and the /5 distance of two vectors, when one of the vectors has unit £5 norm.

Lemma 10 Suppose v is an unit vector in R¢
O(w,v) < ml|lw —v|2

N

Proof Denote by w the £5 normalized version of w, i.e. w =

Y— Lemma 11 below implies that

[wll2
[ = w2 < 2ffw = vff2. ©)
Consequently,
6 O(w
O(w,v) < g - 2sin (U;’U) = g - 2sin (U;’U) = gHﬁJ —vl2 < 7llw — v|2.

where the first inequality is from the elementary inequality that ¢ < T sin¢ for ¢ € [0, 7] (by

taking ¢ = a(w 2, the second inequality is from the identity that ||@ — v||s = 2sin e(w ®) a5 both
w and v are un1t vectors, and the last inequality is from Equation (9). |

The following lemma is used in the proof of Lemma 10; it uses the fact that {3 normalization is
an /o projection onto the unit sphere.
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Lemma 11 Suppose v is an unit vector in R? (that is, ||v||2 = 1). Then, for any vector w in RY,

w
7= = vll2 < 2[lw — vll2.
[[w]|2
Proof Denote by w the ¢5 normalized version of w, i.e. W = ”11")””2. We have that by triangle
inequality,
. 1
[0 — w2 = ”(W — Dwllz = [lwlla = 1| = [[lwll2 = [[vll2] < [lw = vll2-

Again by triangle inequality,
[0 = vll2 < [lo —wllz + [w = v]l2 < 2[w —v]2.

The lemma follows. |

B.2. Proof of Lemma 8

The proof of Lemma 8 is based on the key insight that the hard thresholding operation P, is effec-
tively a projection onto the £-ball {w € R? : ||w||g < t}; see Lemma 12 for a formal description.

W . Under the

llwgll2

Proof [Proof of Lemma 8] Denote by ), the ¢ normalized version of w} : W} :=

condition that 6(wj, u) < 2-k=81 as W), and v are both unit vectors, we have

6(wy, u)

5 < O(wy,u) < 2 k=81 < 9=hk=6

|}, — ull2 = 2sin

Now, by Lemma 12 below, we have that ||}, — Py(@})|l2 < ||, — ulla < 27576, By triangle
inequality of /5 distance, we have that

| Py(dby,) — ullz < [l — w2 + [[df, — ulla < 2775,
Py (wy) ¢ ()

o . L o . P
Observe that as wy and w), are equal up to scaling, wy = TP il 18 identically (ECAIE

Applying Lemma 11 with w = P;(},) and v = u, we get that
lor, —ulla < 2| Pe(df) — ullz < 27571 = .
In addition, as wy and u are both ¢-sparse, wy — w is 2t-sparse. Therefore, by Cauchy-Schwarz,
|lwp — |1 < V2t|wp — ull2 < V2trp1 = pry1. Hence, u is in the set {w € R? : ||w — wy |2 <
Ti+1 and ||w — w1 < pg+1}, namely Wy . [ |
Lemma 12 Suppose w is a vector in R%. Then, for any t-sparse vector v in R¢,
[Pe(w) —wllz < flv—wl2.

In other words, P(w) is the best t-sparse approximation to w, measured in ¢y distance.

18



EFFICIENT ACTIVE LEARNING OF SPARSE HALFSPACES

Proof Denote by w(1), w(g), ..., w(q) the d entries of w in descending order in magnitude. We have
that
d
IPe(w) —wll3 = ) wfy.
i=t+1

On the other hand, for any ¢-sparse vector v, denote by S its support (|S| < t). We have that

d
lo-wlFz 3wz wd,
i€{1,....d"\S i=t+1

where the second inequality is from that the sum of squares of any d — ¢ entries in w must be greater
than that of the bottom d — ¢ entries. The lemma follows. |

Appendix C. The uniform concentration of hinge losses in label query regions

In contrast to Awasthi et al. (2016) where the constraint set of the hinge loss minimization problem at
epoch k is the intersection of an /5 ball of O(27%) radius and an /1 ball of O(+/t) radius, Algorithm 1
defines the constraint set W}, to be the intersection of an ¢y ball of O(Q_k) radius and an ¢, ball
of O(v/t27%) radius. The following key lemma, namely Lemma 13, shows the advantage of our
construction of Wj,. Specifically, it establishes a sharp uniform concentration of hinge losses ¢,
over Wy, with respect to sample S, drawn from distribution Djy. Observe that the concentration

bound is O

t(Ind+In 1)3 | . . .
(\/ =) if one were to use the constraint set in Awasthi et al. (2016), one would

get concentration bounds of order é(\ / %), which has an exponential dependence in &.

Lemma 13 For any co, c3 > 0, there exists a constant C'g > 0 such that the following holds. Given
kin {0,1,...,ko}, suppose Sy is a sample of size ny drawn from distribution Dy. Then with
probability 1 — by, for all w € Wy, we have:

d t(lnd + In 2
Es,lr, (w0, (2.9)) — B b (w, (2,5))] < Coln ™24 /12010 5)
€0 ng

Before going into the proof of the lemma, let us define some notations. Forevery kin {0, 1,...,ko},
denote by Ry, = Cy 1n(2§:d max(c%, ﬁbk)) for some large enough positive constant C7 such that
Ppy (|z]|eoc > Ri) < min(Cs/9, C3by)dr/2ns holds. The existence of such C7 is guaranteed by
Lemma 20 of Awasthi et al. (2016). In addition, define T}, := {(x,y) : |||lcc < Rk}

The proof of Lemma 13 relies on the following observation: as the marginal distribution of Dy,
over X has a light tail, the probability that (x, y) ¢ T}, is extremely small, therefore Dy, is “close”
to Dy. The subsequent reasoning is composed of two parts: first, we show that |[Eg, (., (w, (z,y)) —
Epyjr, ri (w, (x,y))| is small (Lemma 14). To this end, we argue that Sy, is almost a sample iid from

Dy|7,., and then carefully apply Rademacher complexity bounds for ¢; bounded linear predictors
on /~, bounded examples (Kakade et al., 2009). Second, we show that ’EDHTk lr (w, (z,y)) —
Ep,lr, (w, (x,y))| is small for all w in W}, (Lemma 16).
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Proof First we show that there is an event E that has probability at least 1 — 0y /2, conditioned on
which all the unlabeled examples in Sj, have ¢, norms uniformly bounded by Ry,. Define:

E := {forall (z,y) in S, (z,y) is in T} }. (10)
Observe that for each individual (z,y) in Si drawn from Dy,

Pp,((z,y) ¢ Tk) _ min(C3/9, Csbg)oy/2ny, _ Ok
Pp,(x € By) — min(C3/9, Csby) ~ 2ny’

Pp, ((2,y) ¢ Ti) <

therefore, by union bound, P(E) > 1 — 0y /2.
By Lemma 14, there is an event F' such that P[F|E] > 1 — §;/2, and on event F,

ngd  [t(2Ind +1n &)
Eske’rk(wa (xay)) - EDk|Tk£Tk(w7 (IL’,y)) < CS : lna : n—k, (11)

for some constant Cg defined in Lemma 14.
Note that P(E N F) > (1 — §;/2)? > 1 — 6. We henceforth condition on £ N F happening.
Using Lemma 16, we get that for all w in W,

/1
’EDHTkng (w’ (x7y)) - EDkng(w? (.%‘, y))’ < Cy TTka (12)

for some constant Cg defined in Lemma 16.
Combining Equations (11) and (12), we conclude that there is a constant Cg such that on event
ENF,

ngd t(Ind + In %)

|Esk€7'k(w7 (x7y)) - EDkng (w, (x,y))\ <Cgsln on -
€0 ng

This proves the lemma. n

Lemma 14 For every k in {0,1, ..., ko}, suppose event E is defined as in Equation (10). Then
there is an event F such that P[F|E] > 1 — 6. /2, and on event F, for all w in Wy,

t(2lnd + In %)

Eskg’fk(w7 (xay)) - EDk|Tk£7'k (w7 (xay)) < CS . h’la . \/nk’

for some constant C's > 0 that depends on co and cs.

Proof Conditioned on event £, sample S, can be seen as drawn iid from Dy |7, . We consider the
cases of k = 0 and k > 1 separately.

Case 1: k£ = 0. Using Corollary 4 of Kakade et al. (2009) with ¢ = +£¢,,, L, = %, X = Ry and
W1 = /t in the notations therein, we get that there is an event F, such that P[F|E] > 1 — 6y/2, on
which for all w in Wy,

Cr7

ESOETO (w7 (x7 y)) - EDlTO ETO (w7 (x, y)) S 70 IH(W

max(a, Cab .

2nod 9 1 32t(Ind +In 3})
ng
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Case 2: k£ > 1. By Lemma 15 below, we have that there is an event F', such that P[F|E] >
1 — 01./2, on which for some constant C'jy > 0 and for all w in Wy,

Esbr (0, (2,9)) = By, £, (0, (2,1))|

b R Ind+1n 2
< (14 ko PETRy O
Tk Tk ng
d t(2lnd +In 2
< C1o-lnnk~\/( 5’“);
6(5k ng
where the second inequality is by observing that 3—2 = % and i—: = g/—fz and recalling that R, =
d
Cy ln(zgl’: max(c%, #bk))
Combining the above two cases, we can find a large enough constant Cg > 0 such that the
lemma statement holds. |

We next show Lemma 15, a key concentration result used in the proof of Lemma 14.

Lemma 15 Given k in {1,...,ko}, suppose Sy, is a set of ny, iid samples drawn from Dy|7,. We
have that with probability 1 — 6y, /2, for all w in Wy,

b R 2Ind +1n 2
[Es lr, (w, (2,)) = Ep, br, (w, (2,9))] < (1+ 2 + Py, %
Tk Tk ng

Proof First, for all w in Wy, (z,y) € Ty, the instantaneous hinge loss ¢, (w, (x,y)) is at most
1+ % <1+ lw’“;kl'ml + Kw_u;’“’l)ml <1+ %k + %. By standard symmetrization arguments
(see Theorem 8 of Bartlett and Mendelson (2002)), we have that with probability 1 — dy /2, for all

w in Wk,

b R ln 2
B Ly (w, (2,)) — Ep, by (w, (2,9))] < (1+ & 4 PEZEY [0

R (F), (13

where R,,, () denotes the Rademacher complexity over the examples in Sy, F is the set of functions
{(z,y) — (1 — yfk'x)Jr : w € Wy}. Note that F can be written as the composition of ¢(a) :=
(1 — )+ and function class G := {(z,y) = yw -z : w € Wi }.

By the contraction inequality of Rademacher complexity (see Theorem 12 of Bartlett and Mendel-
son (2002)) and the %—Lipschitzness of ¢, Ry, (F) is at most %Rnk (G). We now focus on bound-
ing Ry, (G). First, denote by (z;,v;), ¢ = 1,...,ny the elements of S;. By the definition of

Rademacher complexity,

1 ok
R, (G) = n?EU wseu‘% ; oYW - Xy,

where 0 = (01, ...,0p,), 0;’s are iid random variables that take values uniformly in {—1, +1}.
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It can be easily seen that o has the same distribution as (o1y1, . . ., on, Yn, ). Hence, R, (G) can
be simplified to

1 ok
R,, (G) = —E, sup oW - X
Nk g UweWk; 7 )
We bound R, (G) as follows:
1 o
R, (G) < —E, sup Z oW - T
e wiflw—wy_1ll1<pr 11
ng
= —E, sup Z oi(wi—_1 - x; +v-x;)
vil|vll1 <pg i=1
ng 1 Nk
= —E, sup Z ov-x; + —E4 Z OiWk_1 * i,
villvlli<pr = [ —

where the inequality uses the fact that all w’s in W, satisfy that ||w — wi_1]1 < pg.

As all z;’s have £, norm at most Ry, by Theorem 1, Example 2 of Kakade et al. (2009), the

2Ind
ng °

first term is bounded by py - Ry - In addition, as all (z;, y;)’s are sampled from Dy, for all

i, |wg—1 - x;| < bg. Therefore, the second term can be bounded by:

2

1 & 1 ok 1
—E; » ojwp_1-7; < — |Es Owp—1 - T; | < by —.
ntr 2 TREALD Vs

=1

Summing the two bounds up, we have that R,,, (G) < (bx + pr.Ri)y/ 222, Therefore,

ng

Combining this inequality with Equation (13), along with some algebraic calculations, we get the

lemma as stated. =
Lemma 16 For any ca,c3 > 0, there is a constant Cy > 0 such that for all k in {0,1,...,ko}, w
in W,
1
B Dy, b (w, (2,9)) = Epy by (w, (2,9))] < C9\/n:'

Proof We consider the cases of £k = 0 and k > 1 separately.
Case 1: k = 0. Observe that Pp((z,y) ¢ Tp) < 22 < L, and Ep(w - x)? < 1 for w in W as

= % = ni()’
D is isotropic. Using Lemma 17, this implies that

ED‘TOKTO (wv (x,y)) - EDETo(w? (.CI?, y))‘ < 6
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Case 2: £k > 1. Observe that by Lemma 19, there is a constant C such that for all w in Wy, C
{we RY lw—wk_1]l2 < 7k}, Ep, (w - r)? < C’4(b2 +rk) In addition, Pp, ((z,y) ¢ Tj) <
Therefore, by Lemma 17 and the definitions of by, r; and 73, we have

_nk

1 Cu(b + 12 1 C
|EDk|Tk£Tk(w7 (‘Tay))_EDké‘F}c (w, (l‘,y))| <6 nik (1 + 4(k2k)> =6 (1 + 4(64 + 2))

TL ng

Combining the above two cases, we can find a large enough constant Cy > 0 such that the
lemma statement holds. n

In the proof of Lemma 16, we use the following lemma to bound the difference between
E Dz, bri (w, (z,y)) and Ep, ¢, (w, (z,y)) in terms of T},’s probability mass in Dy, and Dj,’s sec-
ond moments.

Lemma 17 Forkin{0,1,... ko}, if Pp, ((x,y) ¢ Tk) < ;Tkk’ then the following inequality holds
for all win R%:

Epy 1, n (0. (2.9)) — Epy b, (w, (2.9))| < 6\/Bp,((2.9) ¢ Th)- \/ 14 B D7

Tk

Proof First, observe that

EDkéTk(w? (xa y)) - EDk\TkETk (wv (way))PDk(('%y) € Tk) + EDkng (’LU, (ac,y))I((x,y) ¢ Tk)'

(14)
Therefore,
[Ebyin, (0, (@) = Ep, £, (w, (2,1))

C Polew ey, o Epdn(w e y)I(@y) £ T)

= Bp, (. y) € T o (0 (@) Pp, ((z.y) € Tp)

< 9Bp, ((2.9) ¢ TEp, lr, (w, (2.9)) + 2Ep, £, (1, (2, y) () ¢ Tv)

< 2P, (@) # T, (1+ 22 28, (14 I 10 ¢ 73

< By, () ¢ T+ [P0 2\/Ppk<<m,y> ¢ T, (1+ 02

k
k

where the equality is from Equation (14) and algebra; the first inequality is from that Pp, ((x,y) €

Tp) > 1 — ;Tkk > 1 and the elementary inequality [a + b| < |a| + |b|; the second inequality

is from that ¢, (w, (z,y)) < (1 + ‘";—:'), the third inequality is by applying Cauchy-Schwarz on
both terms, and the last inequality is from algebra (using the following elementary inequalities:

Va+vb < \/2(a+0b),Pp, ((2,y) ¢ Ty) < 1and (a + b)? < 2(a® + b?)). u
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Appendix D. Auxiliary lemmas

The lemmas in this section are known and used in previous works on efficient halfspace learning
under isotropic log-concave distributions (See e.g. Awasthi et al., 2017, 2016); we collect them here
for completeness.

The following lemma characterizes one-dimensional projections of isotropic log-concave distri-
butions (which are in fact also isotropic log-concave).

Lemma 18 (Lovasz and Vempala (2007)) There exists a numerical constant Cs € (0, 1) such that
the following holds. Given a unit vector v and a positive real number b,

min(Cs/9,C3b) < Pp, (Jv-z| <b) < 9.

Suppose w is a unit vector, and B = {w : |w - x| < b} is a band of width b > 0 along the w
direction. The following technical lemma bounds the second moments of D x|z, along directions
close to w.

Lemma 19 (Awasthi et al. (2017)) Suppose w, b, B are defined as above. Then there is a numeri-
cal constant Cy > 0, such that for all w' € {v : ||[v — wl||2 < r}, we have

Ep W - z)? < Cy(r® +0%).

Recall that D (resp. D) is the joint distribution over (z, ) (resp. (z,sign(u - z))). In addition,
recall that b, = ¢227%, 7, = 327 % and By, = {z : |wy_; - 2| < by.}. The following lemma shows
that under certain “local low noise” conditions on D, for every halfspace w in Wy, its expected
Tk-hinge loss on Dy, is close to that on ﬁk. With the help of this result, in Lemmas 21 and 22,
we will show that under the ¢-sparse p; e-adversarial noise condition and ¢-sparse to-bounded noise
condition for sufficiently small 7 and po, the hinge loss of w on Dy is at most a constant away
from the hinge loss of w on Dk, for all w in Wy,.

Lemma 20 For any choice of ca,c3 > 0, there exists a constant Cs > 0 such that the following
holds. For every k in {0,1, ..., ko}, suppose Pp, (y # sign(u - z)) < &, then for every w € W,

’]EDkng (wv (:L',y)) - EDkeTk(w7 (a:,y))] < V 05&6 (15)

Proof We first bound the difference as follows:

|ED1C£T1€ (wv (l’, y)) - EDkETk (wa (CE, y))|
= [Ep,[lr.(w, (x,y)) — bz, (w, (z,sign(u - z)))]]
= [Ep,I(y # sign(u - x)) - ({r,(w, (z,y)) — Lr, (w, (z, sign(u - x))))|

< Ep,I(y #sign(u-x)) - QM
Tk
= 2\/IP)DIC(?/7é Sign(u-a:))w (16)
k
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where the first inequality is from that an example (z,y) drawn from Dy, satisfies y = sign(u-z) with
probability 1; the second inequality is by decomposing 1 as I (y # sign(u-xz))+I(y = sign(u-x));

the first inequality is from that |(1 + |1i—:‘) -(1- %)H < 22—:‘; the second inequality is from

Cauchy-Schwarz. We now consider the cases of k = 0 and k£ > 1 respectively.

Case 1: k = 0. In this case, Wy is a subset of {w € R?: ||w||s < 1} and Dy = D. Therefore, for
all w in W,
Ep, (w - :L‘)2 <1

as D is isotropic log-concave. Continuing Equation (16), we get that

[Epylry (w, (2,9)) = Epylry (w, (z,9))] < 2\/?2 = 2\/%
7_0 C3

Case 2: k > 1. In this case, W}, is a subset of {w € R? : ||w — wy_1||2 < 7}. By Lemma 19,
and the choices of b, and r;, we have that for all w in W,

Ep, (w-z)? < Cy(ri + b3). 17

By the definitions of 7, b, and 7, and Equation (16), we have

Cu(r2 + b2 1+ 2
|EDk£Tk(w7 (Iay)) _EDkng(wﬂ (:c,y))| < 2\/ k4(l7€-2k) = 2\/51604 62 2-
k 3

Now, choose C5 = max <C4( 1;‘33 ), C%) Combining the above two cases and by the choice of
3 3
C'5, we conclude that Equation (15) holds for all £ in {0, 1, ..., ko}. |

Applying the above lemma to the two noise settings respectively, we have:

Lemma 21 For any A > 0 and ca,c3 > 0, there exists a constant p1 > 0 such that the following
holds. Suppose D satisfies the t-sparse pje-bounded noise condition. For every k € {0,...,ko},
and w in Wy,

|EDk€Tk (w’ (l'vy)) - Ebkg‘rk(w’ (x,y))| <A

Proof By Lemma 20, it suffices to let y; be such that for all k € {0,1,...,ko}, Pp, (y # sign(u -
x)) < é—i for the C5 defined therein. Observe that

Pp(y # sign(u - 2))
PD(SC S Bk) '

P, (y # sign(u - 7)) <
by the fact that P(A|B) < % for any two events A, B. We now consider the cases of £ = 0 and
k > 1 respectively.

Case 1: £ = 0. In this case, B, = R%, hence Pp(z € By) = 1. It suffices to set p; < é—z
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Case 2: k > 1. Inthis case, Pp(z € By) > min(C3/9, C3b;) > min(C3/9, C3c2C1e/2), where
the first inequality is from Lemma 18; the second inequality is from the definition of by, and k£ < ky.

Therefore, for sufficiently small 11, if Pp(y # sign(u - x)) < pre, then Pp, (y # sign(u - x)) <

243 < A2
min(2Cg/9,C3.C162) = Cs* . . .
Combining the above two cases, we can pick a sufficiently small p; such that the requirements

on w1 in both cases are satisfied. This completes the proof. |

Lemma 22 For any A > 0 and ca,c3 > 0, there exists a constant 5 > 0 such that the following
holds. Suppose D satisfies the t-sparse po-bounded noise condition. For every k € {0,... ko},
and w in Wy,

‘EDkng (wv (.1‘, y)) - EDkKTk (w7 (I’, Z/))| <A

Proof By Lemma 20, it suffices to let ug be such that for all k € {0,1,...,ko}, Pp, (y # sign(u -
x)) < é—i for the U5 defined therein. This can indeed be satisfied by setting po = é—i, which

immediately implies that Pp, (y # sign(u - x)) < pa < é—i [ |
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