Appendix: Lipschitz Continuity in Model-based Reinforcement Learning
We first restate the core lemmas, theorems, and claims presented in our paper below:

Lemma 1. A generalized transition function Tg induced by a Lipschitz model class F is Lipschitz with a constant:

= W (Tg(-|p1,a), Tg(:|u2, a))
K7 o (Tg) := sup su <K
W,W( Q) ath/Ii)z W(.Ula IuQ) =0

Lemma 2. (Composition Lemma) Define three metric spaces (M1, dy), (Ma, ds), and (M3, d3). Define Lipschitz functions
f My~ Msand g : My — Ms with constants K, 4,(f) and Kq, 4,(g). Then, h : f o g : My — M3 is Lipschitz with
constant Kq, a,(h) < K, ,a, () Ka, a,(9)-

Theorem 1. Define a A-accurate fg with the Lipschitz constant Kr and an MDP with a Lipschitz transition function Tg
with constant Kr. Let K = min{Kg, K1}. ThenVn > 1:

6(n) = W(TE( | ), TG (| w) < A (R

Theorem 2. Assume a Lipschitz model class Fg with a A-accurate T with K = min{Kp, Kr}. Further, assume a
Lipschitz reward function with constant K = Kqg r(R). Then Vs € S and K € [0, %)

")/KRA
|VT(5) - VT(S)’ < m .

Lemma 3. Given a Lipschitz function f : S — R with constant K 44 4, (f):
Kt ae ( / T(s')s,0)f(s)ds") < Kag.aw (K7 (T)
Lemma 4. The following operators (Asadi & Littman, 2017) are Lipschitz with constants:

1. KHHWdR(max(x)) = K| _.dx (mean(a:)) = KHHOO)dR(e-greedy(a:)) =1

>, Bz
log = —\ _
2. K\Hlm,da(mmﬁ(x) = #) -1

n o xePTi
3. Ky an (boltzp(w) = 2oy < JTA] + Vil ]

Theorem 3. For any non-expansion backup operator f outlined in Lemma 4, GVI computes a value function with a Lipschitz

A
constant bounded by lf(ds’dR(R) if’ij}S7W(T) <1

vKag,w(T)

We now provide proofs of various results mentioned in the paper:

Claim 1. In a finite MDP, transition probabilities can be expressed using a finite set of deterministic functions and a
distribution over the functions.

Proof. Let Pr(s,a,s’) denote the probability of a transiton from s to s’ when executing the action a. Define an ordering
over states si, ..., S, with an additional unreachable state sy. Now define the cumulative probability distribution:

C(s,a,s;) = ZPT(s,a,sj) .
3=0

Further define L as the set of distinct entries in C":

L= {C(s,a,si)| s€S,i€ [O,n]} i



Note that, since the MDP is assumed to be finite, then || is finite. We sort the values of L and denote, by ¢;, ith smallest
value of the set. Note that cp = 0 and ¢;,; = 1. We now build determinstic set of functions f1,..., fiz| as follows:
Vi =1to|L| and Vj = 1 to n, define f;(s) = s; if and only if:

C(s,a,85-1) <¢; <C(s,a,s;) .
We also define the probability distribution g over f as follows:
g(fila) ==ci—ci—1 .

Given the functions f1, ..., f|| and the distribution g, we can now compute the probability of a transition to s; from s after
executing action a:

> 1(fils) = s5) g(fila)

= Z]I(C(s,a,sj_l) < ¢ <C(s,a,s5)) (¢; — ¢i—1)
=C(s,a,s;) —C(s,a,sj_1)
= Pr(s,a,s;) ,

where 1 is a binary function that outputs one if and only if its condition holds. We reconstructed the transition probabilities
using distribution g and deterministic functions f1, ..., |- O

Claim 2. Given a deterministic and linear transition model, and a linear reward signal, the bounds provided in Theorems 1
and 2 are both tight.

Assume a linear transition function 7" defined as:

T(s)=Ks
Assume our learned transition function 7°: R
T(s):=Ks+ A
Note that: A
max IT(s) —T(s)| =A
and that:

min{Kp, Kz} = K

First observe that the bound in Theorem 2 is tight for n = 2:
1
Vs ‘T(T(s)) - T(T(s))‘ - ]K% — K2+ A1+ K)‘ ~AY K
i=0

and more generally and after n compositions of the models, denoted by 7™ and 7™, the following equality holds:

n—1

Vs ‘T"(s) - T"(s)‘ —AY K
i=0

Lets further assume that the reward is linear:
R(s) = Kgs

Consider the state s = 0. Note that clearly v(0) = 0. We now compute the value predicted using 7', denoted by #(0):

0 1 2
R(0) + RO+ AY K')+ 7RO+ A> K')+7°RO+AY K')+...
=0 =0 =0
0 ) 1 ) 2 )
0+vKrAY K'+7*KrAY K')+7°KrpAd K'+ ..
=0 =0 1=0

(0)



n—1 ’YKRA

=AY S = e

and so: KA
_ 50 = TBRrRe
MO =P OI= T a —E)

Note that this exactly matches the bound derived in our Theorem 2.

Lemma 1. A generalized transition function fg induced by a Lipschitz model class F is Lipschitz with a constant:

W(fg('|/11, a), Tg (- o, a))

K o (Tg) := sup sup <Kp
W}W( ) a pi,p2 W (1, p2)

Proof.

WO ) TC L) = i [ 5064006t astas

= inf f(s1) = 51 A f(s2) = s5)j(s1, s2, f)d(s}, s5)ds)dsydsydsy
////52 : 1 2 1, 82)0814Sy
— mf/ > i(s1,82, £A(f(s1), f(s2))ds1dss
S2 f

KFHJlf/ / Zg f| 81,52) (51,82)d81d$2

S1 S2

= szg(‘ﬂa)lrjlf/ / j(Sl,Sg)d(Sl,SQ)dsldSQ
f S1 S2

= KrY_ g(fla)W(u, p2) = KpW (1, o)

IN

Dividing by W (41, p2) and taking sup over a, 1, and o, we conclude:

T W j—\‘ C| M1, @ aj—\‘ C| M2, 0
K{,?,W(T) = sup sup (7 |W(Mz Mz() | ) < Kp
a e )

We can also prove this using the Kantarovich-Rubinstein duality theorem:

For every pi1, p2, and a € A we have:

W(Tg(- | m,a), Tg(- | pa,a)) = sup /(fg(S\m,a) — Tg(slpa, ) f(s)ds

FiRag r(f)<1
= . Kdilipf)ﬂ/s/s(] (sls0,a)p1(s0) — (5|507G)M2(50))f(5)d5d50
- s / / (s150.a) (11 (s0) — pa(s0) ) (s)ddso

FiKag r(f)<1

= . deipf)ﬂ/s/s g(t | a)1(t(so) = s) <M1(So) — pg(s()))f(s)dsdso

= sup Zg (t]a / /1(t(so) = s) (,ul(so) — ug(so))f(s)dsdso

fiKag r(FISL T

= s Y gtla) / (2 (50) — 12(50)) £ (£(50)) s

fiKag r(F)S17Y



IN

Sgltla)  sup / (112 (s0) — pa(50)) £ (£(s0))dso

fiKag r(f)<1
composition of f, ¢ is Lipschitz with constant upper bounded by K.

= Kr Zg(t | a) sup / (k1(s0) — /l2(30))f(;((7?))dso

fKag r(f)<1

< KeXgltla) s | (o)~ paso)) hlso)dso

h:deyR(h)Sl

= KpY g(t|a)W(u,u2) = KpW (a1, pa)

Again we conclude by dividing by W (1, u12) and taking sup over a, i, and ps. O

Lemma 2. (Composition Lemma) Define three metric spaces (M1, dy), (Ma, ds), and (M3, d3). Define Lipschitz functions
f My~ Msand g : My — M with constants K, 4,(f) and Kq, 4,(g). Then, h : f o g : My — Mj is Lipschitz with
constant K, 4, (h) < Kay,a,(f)Ka, 4, (9)-

Proof.

d 51)), S92
Koty = sup 20 S(062)

sl,s2 d1(81’82)

L d(gleng(s) B(F(960) £ (0(52))
Sn T Al d(gle).9(s2)

d2(g(s1),9(s2)) d3(f(s1), f(s2))
= ssluspé di(s1,52) ssluspz da(s1, 82)
= Kdl,dz(g)Kdz,da(f)'

O
Lemma 3. Given a Lipschitz function f : S — R with constant K¢ ar (f):
Kibao ([T 15.0f ()05 ) < Ko D (7).
Proof.
~ | [ (T(s'|s1,0) = T(s'[s2,a)) f(s')ds'|
K7 (/Ts’s,a s'ds') = supsup =%
ds,dr y ( | )f( ) aPShg d(51,82)
[y (T(ls1,@) = T(s'|s2,)) f() 22 d|
= Sup su
apsl,g d(s1,s2)
p | [y (T(/1s1,0) = T(s' 5, 0)) gzl '

= Kis.a(f) sup sup A(s1.59)
| SUPg: kg e (<1 Jur (T L1, 0) = T(5'|52,@)) g(s')ds|

< K sup su dsdp TRt s

< Kagar(f) 1p 8172 (51, 59)
SWPg. ey u ()<t Sy (T(8']s1,0) = T('|s2,a))g(s")ds'

— K S IR

ds,dr (f) sup sup (51 52)

W (T(|s1,a), T(:]s2, )

= K

ds,dr (f) sup sup A(51.59)

= KdS;dR(f)K(;}g,W(j:’) :



Lemma 4. The following operators (Asadi & Littman, 2017) are Lipschitz with constants:

1. K\I\Im»dn(max(x)) = K| _.dr (mean(:v)) = KHHm,dR(e—greedy(aﬁ)) =1

log >, P
2' KHHoo,dR(mmﬁ(l‘) = %) — 1

nogePTi

3. Ky (boltzg(z) 1= R0y < (/AT + BVias] A]
Proof. 1 was proven by Littman & Szepesvari (1996), and 2 is proven several times (Fox et al., 2016; Asadi & Littman,
2017; Nachum et al., 2017; Neu et al., 2017). We focus on proving 3. Define

Bz
e
p(z); = 7 3z
Diey P

and observe that boltzs(x) = x ' p(z). Gao & Pavel (2017) showed that p is Lipschitz:

lo(x1) = p(x2)lly < B llzs — 22l (1)

Using their result, we can further show:

p(x1) "1 — p(xa) T sl

< |p(w1) w1 — pl(wr) @l + [p(an
< lp(@)ll; loy = 22ll,

+ [lz2lly [[o(z1) = p(z2)ll,  (Cauchy-Shwartz)
< llp(z)lly llzy — @2l

+ l[z2lly B2y — @2, ( from Eqn 1)
<(1+ BVmaX\/W) |21 — 22,

< (V1A + BVamaxlAl) 21 — 22,

dividing both sides by ||z1 — x2]| ,, leads to 3. O

)@y — p(w2) "o

Below, we derive the Lipschitz constant for various functions.
ReLu non-linearity We show that ReLu : R™ — R” has Lipschitz constant 1 for p.

|ReLu(z1) — ReLu(z2)]|,

Ky . (ReLu) = sup
Il 1 (RELW) - = sup Tor = 2al,
1
_ sup (Zz |RCLU($1)¢ — RCLu(wg)ilp)P
T1,T2 ||x1 - 332”17

(We can show that [ReLu(z1); — ReLu(z2);| < |1, — 22| and so) :

(X, w1 — x2,P)7

< sup
T1,T2 H-Tl - 332”11
— s 21— z2|lp

w1, |21 — x2||p B

Matrix multiplication Let W € R™*". We derive the Lipschitz continuity for the function x W (x) = W.
For p = co we have:

Ky, (x W(zn))



IXW () = xW ()l (War—Waallyy _ [[W(zs — 22)

[

= sup
©1,m0 21 — 22l o erzs 171 — T2l eras |1 — 22|
B sup; [Wj(z1 — z2)|
srae 171 — 22l
sup; [|[Ws| ||lz1 — =
< p; [1W5ll Il 2l (Holder’s inequality)
@1, 21 — 22
= sup [|[Wyl]; .
j
where W; refers to jth row of the weight matrix W. Similarly, for p = 1 we have:
Ky, (< W ()
_ qup XW{z1) = xWiza)lly _ Wy — Waall, W (1 — 22)lly
@1 |z1 — 22|, erae |1 — 22l eras |1 — 22|y
Zj |Wj($1 — )|
= sup
1,22 |1 — x2||1
225 Wil Nl — 2l
< sup = = = |w;
- ||.’171 _szl ;H J”oo )
and finally for p = 2:
Ky, (% W(z1))
xW — xW Wxy — W w —
— swp [ X W (1) (z2)lly _ sup Wy — Waal, sup W (21— 22)l,
1,22 Hxl - x2||2 T1,T2 ||$1 - 1‘2”2 T1,T2 ”371 - 1‘2||2
Vs Wi — a2)?
= sup
T1,T2 ||1‘1 - 1‘2”2

2 2
VIS W3 e — 23 ;
< sup = Z ||Wj||2
T1,T2 ”xl —;E2||2 J

Vector addition We show that +b : R” — R™ has Lipschitz constant 1 for p = 0,1, co for all b € R™.

[ +6(x1) = +b(z2)llp

Ky . (ReLu) = sup
e A P 8
_ (@1 +0) = (22 +O)llp _ [lo1 —22llp _ 4
@1, 21 — 22|l [z1 — 22|l

Supervised-learning domain We used the following 5 functions to generate the dataset:

fo(z) = tanh(x)+3
file) = z=xzx

fo(x) = sin(z) =5
fa(x) = sin(z)—3
fa(z) = sin(x) * sin(x)

We sampled each function 30 times, where the input was chosen uniformly randomly from [—2, 2] each time.
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