Supplementary File for
Fair and Diverse DPP-Based Data Summarization

A. Figures

Figure 1 provides example sets of images displaying trade-
offs between fairness and geometric diversity and highlights
our goal to produce a subset of images that is visually dis-
tinct and demographically varied, as depicted in the bottom
TOW.

Figure 2 demonstrates how volume represents diversity. The
vectors represent features of elements in the ground set, and
the diversity can be seen to be captured by the volume of
the parallelepiped formed by the vectors.

Figure 3 represents an iteration of the Algorithm 1. The
algorithm selects a partition and samples the vector from
that partition. The figure shows the effect of removing the
projection of the sampled vector from other vectors.

Figure 4 gives an example to motivate the S-balanced con-
dition. Suppose matrix V' has vectors vy, vg, U3, U4 as rOWS,
and partitions Vy, contains v, ve and Vy, contains vs, vs.
Negative Example (A) : For v; = (2,0),v2 = (2,¢),
vz = (0,2),v4 = (g,2), as € goes to zero, both non-zero
singular values of V approach 2v/2. However for both Vy,
and Vx,, the smallest singular value approaches 0 as ¢ de-
creases.

Positive Example (B) : For v; = (2,0),v2 = (2,3),
vz = (0,2),v4 = (3,2), the singular values of V" are 5.38
and 2.23. The singular values of both Vx, and Vx, are
3.81 and 1.57, which is more than half of the corresponding
singular values of V. Therefore X7, X5 is 3-balanced for

B =2.
B. Appendix
B.1. Proof of Lemma 1

Proof. We need to show that ¢*, as defined below, is the
optimal (closest to ¢ in K L-distance) distribution over C

q*(s>:{a-q(5) for S € C

0 otherwise

where v = 1/ ¢ 4(S). Note first that Dz, (¢*||G) =
log av. Consider any distribution g over C, it remains to show

Figure 1. . The top row of images is diverse in the geometric sense
but not fair with respect to gender of race. The second row of
images seems fair with respect to these sensitive features but is not
diverse in the feature space. The bottom row is visually distinct
and demographically varied.

that D1 (q||G) > log . We have

~ qs
Dir(qlld) = gslog =
sec s

= qulogq—f + log o
sec qs

= Drr(qllq") + log o

> log a,

since D1, (q||g*) > 0. Therefore, the minimum possible
value of D 1.(q||q) is log o, which is achieved for ¢ = ¢*.

B.2. Low rank approximation

We use the following low rank approximation lemma in the
proof of Theorem 1.

Lemma 1 (Low Rank Approximation, see e.g. (Golub &
Van Loan, 2012)). For a matrix A € R™*"™ withm > n,
let A= Z;’;l Ujujij be its singular value decomposition.
Then A’ = 2?21 oju; ij is the best rank k approximation

of A ie, min ||A-— BH% is achieved for B = A’

B: rank(B)=k
. n 2
and attains the value » ., ., 07.
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Figure 2. (A) depicts how diversity relates to the volume of the parallelepiped formed by the feature vectors: more the volume, more the
diversity. All the vectors in (B) are pairwise orthogonal and their collection has a large determinant and, hence, the parallelepiped has a
large volume. The parallelepiped in (C), has a low volume which tends to zero as the angle between u1, u2 decreases or between uz, u3
increases. For a matrix with these vectors as rows, the determinant will be small, since the orthogonal projection of w1 on us is very small,
and similarly for uo, us. If they become parallel, the determinant becomes zero since one row is then linearly dependent on another.

A) (B)

w3

Figure 3. This figure represents an iteration of the Algorithm 1 for
input X = {1,2,3}, Vx, = {w:1} (red) and Vx, = {wz, w3}
(blue). If the algorithm selects the partition X and samples the
vector w1, it removes the projection of w; from w2 and ws to
obtain IT,, (w2) and I, (ws).

B.3. Proof of Lemma 2

Proof. We will prove this lemma by induction. For the base

case where there is just one row in W, det(W W T) is equal
2 L 2

to ||wy ||” which is equal to ||TLg, wq||”.

Let W’ be the matrix with {wy,...,wg_1} as rows. As-
sume that the statement is true for kK — 1 rows, i.e.,

k—1
det(W'W'T) = T Mg, wi|*.
=1
Then for W we have,

2 T
T Wi |wk W/ Wi
Ww' = |:W/:| [w; W/T} = |:1|U];|'V|‘|// WIW/T:| .

y (A y B) v

Vg V4
] V3

V2

U1 V1

Figure 4. This figure gives a negative (A) and a positive example
(B) of S-balanced condition, as described above. The colors rep-
resent the partitions. For the positive example, the partitions are
[-balanced with 8 = 2.

The first row of this matrix is

[w,;rwk wy We—1 w,jwl] .

Note that elementary row product or addition transforma-
tions do not change the determinant. We will apply these
transformation to make the entries of first row and first
column go to zero.

Let (4) denote the i-th row of the above matrix and WWJJ.)
denote the (4, j) entry. Then the transformation

(1) - (o)

R
Wi Wk—1

will make the WWJ 5) entry go to zero. For the rest of the
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elements,

T
Wy Wg—1 T
S Wj_ Wk—i+1

T _,.T
WW(I,Z') = Wy Wig—i4+1 —
Wy Wk—1

= wl—{)rfiJrlekfl (wk)

In particular,

T T
WW(],].) = Wy, W —
T
= wy oy, _, (wg).
We continue this way and next apply the transformation

wl;erHwka (wk)

(1) - S )

This will make the I/VI/V(T1 3) entry go to zero and
by the similar analysis as above we get WWJJ.) =
wy_; g (wi), where HJ is the subspace spanned by

the vectors {wg_1, ..., wk—;}. After applying k — 1 row
transformations of the form

. wl;r—]‘-HHHJ/;l (wk)

(J)

(1)

T )
Wy j 1 Wk—j+1

we get that the entries WW(I o= 0, for i # 1 and

2
WW( 1) = w T (wy) = HHH; (wk)H .

Note that H;, = H, defined in the statement of the lemma.

We can apply similar column operations to make all the en-
tries of the first column, except WW(I 1)> £0 to zero. Since
these elementary operations do not affect the determinant,

we get

Therefore
2
w W' T wy,
det(WW ) = det u}ﬁ'L, WW'Tk]
Oy, (wp)|? 0
:®%|Hﬁkn LVWﬁ}

Using the induction hypothesis we get,

det(WW ) = |, (wy)|” - det(W'W'T)

k

2

= [T I, (wi) -
i=1

B.4. Proof of Lemma 3

Proof. Consider two forms of the characteristic polynomial
of the matrix —VV T € R™*™ je.,

m

det(zI +VVT) = H(m +02),

i=1

where 01, ..., 0, are the singular values of V.

: m—k m 2y :
The coefficient of x in [[,Z,(z + of) is equal to
Zl§i1<i2<.,.<ik§m 05104y oo e " O

Let W, be the set of all principal k-minors of V'V T. Tt is
a well known fact in linear algebra that the coefficient of
z™ % indet(xl + VVT) is equal to

> det(W) = Y det(VsVd).

WeWw, S:|S|=k

Therefore,

E 2 2
Uilo'i2 °

11 <to<---<ik

o=y det(VsVy).
S:|S|=k

B.5. Proof of Lemma 4

Proof. We first show that for every part ¢, the corresponding
matrix Vy, has rank at least k. For this, first note that V'
has at least k£ non-zero singular values, i.e., o > 0. This
follows from the fact that the number of non-zero singular
values determines the rank of V. The rank of V is certainly
at least k, since otherwise the diversity of every subset of
size k would be zero.

From the (-balance condition it follows that the number of
non-zero singular values of V, is the same as for V, and
hence also the rank of VY, is at least &, as claimed.

Note now that the set of vectors output by the algorithm has
determinant zero if and only if for an iteration j there exists
a partition X; such that |S N X;| < k; and ||w, || = 0 for all
r € X;, where S = {.’El, Ce 7.’1?j,1}.

This is equivalent to saying that all vectors in Vx, belong
to the subspace spanned by the vectors in .S. Since the size
of §is j — 1, the dimension of the subspace spanned by
the vectors in Vg is at most 5 — 1. Since, by assumption
for every x € X; the projection of v, onto the subspace
span{v, : y € S} is 0, it implies that the dimension of
subspace spanned by vectors in Vi, is less than j < k. This
would contradict the claim proved at the very beginning —
that this dimension is at least k, hence the lemma follows.
|
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B.6. Proof of Theorem 2

To prove Theorem 2 we will use the following matrix con-
centration inequality.

Theorem 1 (Matrix Chernoff bound, see e.g. (Tropp,
2012)). Given independent, random, Hermitian matrices
My, ..., My, that satisfy

M; > 0 and Mpax(M;) < R foralli

it holds

m

PLAmin (Y M;) < (1= 6)jtamin] < - =0 simin/ 20

i=1

where 0 < § < 1, piin = Amin(2£1 E[M;)).

Proof of Theorem 2. To use the Matrix Chernoff bound, we
design our random experiment in the following way. We are
given vectors vy, ..., v, € R™ which are rows of matrix
V € R™*™, Note that the singular values oy > --- > o,
are the eigenvalues of M := VIV = 37" v;v]. We
will form partitions by putting each vector in X; with 1/p
probability.

Consider the formation of one such partition X;. Let Y;
be the random variable taking value v; va with probability
1/p and O with probability (1 — 1/p). X; will be all those
elements for which we do not sample 0. Then for this
instance we have that

M; :=Vy Vx, = Zm:Yj.

=1
Let u; == (pVTV) %v;, Z; = uyu] and M; =
>j=1 Z;. Then it can be seen that

E|M] =1I.

Let € = §/2. Note that
(1—g) - I=M; < (1—¢)- M = pM,.

We know thatif A < B, thenforall j, A\;(A) < A;(B) —see
e.g. (Bhatia, 2013). Therefore if we show that (1 —¢) - I <
M;, then forall j € {1,...,n},

1—¢

AjUWU > »

X (M).

This implies that Vx, will satisfy the S-balanced condition

for g = \/g

To show that Z\Z = (1—¢)-I holds (with decent probability),
it is enough to show that Ap,in (M;) > (1 — €).

We will show it using Matrix concentration inequalities. But
first we need to bound Apax(Z;).
1 £?

Am'}x Z < ; 2 == T T - j < D Tmer(mm)
wclZg) < llgll” = poy (VIV) "Ry < 5o s

Using Theorem 1, we get
P [)\min (M) <(1- 5)} <n.e /2R

s _ L
p

From the above two inequalities, we have that
PV = (1—¢) 1] > 1= P [Ain (M) < (1-2)]

1
>1—--.
p

Hence the probability that all the partitions satisfy this 8-

balanced condition, for 8 = , /%, is atleast

(1) -
1——) =-.
P e

Since e = §/2 and 0 < § < 1, it can be seen that

1
—— <142e=1+6.
1—¢

Therefore the partition is S-balanced, for 8 = /(1 + d)p,
with probability > 1/e. ]

B.7. Proof of Theorem 3
Recall that
B:={SCX:|SNX,|=k;forallj=1,2,...,p},

and let

C:={SCX:|S| =k}
We will use the following lemma in the proof.
Lemma 2. Foreverye € (0,1), if

D det(VeVg ) <& det(VsVy)
SeC\B secC

then
1

-2

Proof. From the assumption it follows

(1—2) ) det(VsVy) < > det(VsVy ).
sec seB

Dkr(q*[lg) < log
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Hence, forall S € C,

det(VSVST)
(1-¢)> gec det(VsVST)

which translates to

det(VSVJ)

Finally, we obtain

*(S 1
Dir(a*llg) = Y 4 (5)log ))<1og(1_5).

SeB

Proof of Theorem 3. We start by decomposing the terms in
>sec\s det(Vs V4 ) and analyzing each term individually
using Lemma 2.

Givenaset S C X,letS; := SN X;. Then S =J}_, S
Using this, the family C \ B can be decomposed as

C\B={SCX|3j [SNX;|#k;}

p
:{USZ-Wj S; C X; and 3j Sj|¢kj}.

i=1

Let S(j,.....j,) denote the following family of subsets

S ={SC X [[SNX;| =i}

jl)“’7jp)

and, for brevity, let 7 denote the following set integer tuples
(all but (k?1, koy.o.o, ]{ip))

j = NZO \ {(]fl, kz, ey kp)}

Given this notation, we can write the following sum as

> det(VsVy ) = > >

SEC\B (jlw'“ajp)e‘j Ses(jl ----- Jip)

det(VsVy ).

We analyze each term of the above summation individually.

We start by noting that
P
det(VsVy ) < [ ] det(Vs, Vi),
i=1

where for all ¢, S; = S N X, this is a simple consequence
of the fact that VV T is positive semidefinite. Therefore,

> det(VsVy) ﬁ >

CXi,[Si|=7:

det(Vs, Vg ).

Tl ip)

Whenever a set S of cardinality £ does not belong to
B, for at least one 4, we have that |S;| = |[S N X;| >
k;. Let us now analyze how does a sum of the form
> rcx, ri=; det(VrVy') behave depending on whether
j<kjorj>k;

Casel.j <k;:

> det(Vevi) = > ]t

TCX,,|T|=j 1<l <
J

s 13
Since § < N

> det(VsVy ) < 42k
TCX,,|T|=j

Case2.j > k; :

> det(VeV )= Y

TCX,,|T|=j 1<l <---<l;<n j'=1
k.
< g 21 i 2(5-1)
<> (M) ("))
1=0
Mk (n—k
_ 2 i = R cai-1)
(1) ()
1=0
— 2 i <k;)(n_ RERULEED
1=0
Since § < nN ,
€ \j—k ki k 1
T J—Ki 24 7
Z _det(VTVT)S (ﬁo) 7jz<l>nj1'
TCX;,|T|=j 1=0
Since j > k;,
1 1 < 1
njfl kzjfl ~k ki—l kq,
and
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Therefore,

T e\’ " 2; E 95
Z det(VrVyp ) < oA v < —,
TCX,|T|=j 0

Using the above inequalities, we obtain that for every
(J1s---2Jp) €T

3 det(VsVy) < k2,
No
10eerip)

Note that the size of the set of tuples J is bounded from
above by | 7| < (k;f;l) = No.

Therefore,
> odet(VsVy) = > > det(VsVy)
SeC\B (J1,-53p) €T SES Gy, ip)

<N - Nio,yszk — ey 2kok,

It remains to find a lower bound for Y ¢ . det(VsVy ).

Using Lemma 3, we obtain
k n
T 2 2k
Sawved)= Y [z (k> o2k,
SecC 1<ip < <ip<n j=1

n*

By using the inequality (}) > % we finally arrive at

k
det(VsVa ) > (Zo2).
S; §vs (k )

Therefore,
k
Y_sec\B det(VsVy) - gy2kok <. V2k~?
Ygecdet(VsVy) — (%U%)k - no2 '

Using the assumption that n > +/2Fk - (%)2 we obtain

D det(VsVy ) <e ) det(VsVy)

SeC\B Sec
and an application of Lemma 2 finishes the proof. [ ]
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