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Abstract

We provide convergence guarantees in Wasser-
stein distance for a variety of variance-reduction
methods: SAGA Langevin diffusion, SVRG
Langevin diffusion and control-variate under-
damped Langevin diffusion. We analyze these
methods under a uniform set of assumptions on
the log-posterior distribution, assuming it to be
smooth, strongly convex and Hessian Lipschitz.
This is achieved by a new proof technique com-
bining ideas from finite-sum optimization and the
analysis of sampling methods. Our sharp theoreti-
cal bounds allow us to identify regimes of interest
where each method performs better than the oth-
ers. Our theory is verified with experiments on
real-world and synthetic datasets.

1. Introduction

One of the major themes in machine learning is the use of
stochasticity to obtain procedures that are computational-
ly efficient and statistically calibrated. There are two very
different ways in which this theme has played out—one fre-
quentist and one Bayesian. On the frequentist side, gradient-
based optimization procedures are widely used to obtain
point estimates and point predictions, and stochasticity is
used to bring down the computational cost by replacing ex-
pensive full-gradient computations with unbiased stochastic-
gradient computations. On the Bayesian side, posterior
distributions provide information about uncertainty in esti-
mates and predictions, and stochasticity is used to represent
those distributions in the form of Monte Carlo (MC) sam-
ples. Despite the different conceptual frameworks, there
are overlapping methodological issues. In particular, Monte
Carlo sampling must move from an out-of-equilibrium con-
figuration towards the posterior distribution and must do
so quickly, and thus optimization ideas are relevant. Fre-
quentist inference often involves sampling and resampling,
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so that efficient approaches to Monte Carlo sampling are
relevant.

Variance control has been a particularly interesting point of
contact between the two frameworks. In particular, there
is a subtlety in the use of stochastic gradients for optimiza-
tion: Although the per-iteration cost is significantly lower
by using stochastic gradients; extra variance is introduced
into the sampling procedure at every step so that the to-
tal number of iterations is required to be larger. A natural
question is whether there is a theoretically-sound way to
manage this tradeoff. This question has been answered affir-
matively in a seminal line of research (Schmidt et al., 2017;
Shalev-Shwartz & Zhang, 2013; Johnson & Zhang, 2013) on
variance-controlled stochastic optimization. Theoretically
these methods enjoy the best of the gradient and stochas-
tic gradient worlds—they converge at the fast rate of full
gradient methods while making use of cheaply-computed
stochastic gradients.

A parallel line of research has ensued on the Bayesian
side in a Monte Carlo sampling framework. In particu-
lar, stochastic-gradient Markov chain Monte Carlo (SG-
MCMC) algorithms have been proposed in which approxi-
mations to Langevin diffusions make use of stochastic gradi-
ents instead of full gradients (Welling & Teh, 2011). There
have been a number of theoretical results that establish mix-
ing time bounds for such Langevin-based sampling methods
when the posterior distribution is well behaved (Dalalyan,
2017a; Durmus & Moulines, 2017; Cheng & Bartlett, 2017;
Dalalyan & Karagulyan, 2017). Such results have set the
stage for the investigation of variance control within the SG-
MCMC framework (Dubey et al., 2016; Durmus et al., 2016;
Bierkens et al., 2016; Baker et al., 2017; Nagapetyan et al.,
2017; Chen et al., 2017). Currently, however, the results of
these investigations are inconclusive. (Dubey et al., 2016)
obtain mixing time guarantees for SAGA Langevin diffu-
sion and SVRG Langevin diffusion (two particular variance-
reduced sampling methods) under the strong assumption
that the log-posterior has the norm of its gradients uniform-
ly bounded by a constant. Another approach that has been
explored involves calculating the mode of the log posterior
to construct a control variate for the gradient estimate (Bak-
er et al., 2017; Nagapetyan et al., 2017), an approach that
makes rather different assumptions. Indeed, the experimen-
tal results from these two lines of work are contradictory,
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reflecting the differences in assumptions.

In this work we aim to provide a unified perspective on
variance control for SG-MCMC. Critically, we identify two
regimes: we show that when the target accuracy is smal-
1, variance-reduction methods are effective, but when the
target accuracy is not small (a low-fidelity estimate of the
posterior suffices), stochastic gradient Langevin diffusion
(SGLD) performs better. These results are obtained via new
theoretical techniques for studying stochastic gradient MC
algorithms with variance reduction. We improve upon the
techniques used to analyze Langevin Diffusion (LD) and
SGLD (Dalalyan, 2017a; Dalalyan & Karagulyan, 2017;
Durmus & Moulines, 2017) to establish non-asymptotic
rates of convergence (in Wasserstein distance) for variance-
reduced methods. We also apply control-variate techniques
to underdamped Langevin MCMC (Cheng et al., 2017),
a second-order diffusion process (CV-ULD). Inspired by
proof techniques for variance-reduction methods for stochas-
tic optimization, we design a Lyapunov function to track
the progress of convergence and we thereby obtain better
bounds on the convergence rate. We make the relative-
ly weak assumption that the log posteriors are Lipschitz
smooth, strongly convex and Hessian Lipschitz—a relax-
ation of the strong assumption that the gradient of the log
posteriors are globally bounded.

As an example of our results, we are able to show that when
using a variance-reduction method O(N + /d/e) steps are
required to obtain an accuracy of €, versus the O(d/e?)
iterations required for SGLD, where d is the dimension of
the data and N is the total number of samples. As we will
argue, results of this kind support our convention that when
the target accuracy e is small, variance-reduction methods
outperform SGLD.

Main Contributions. We provide sharp convergence
guarantees for a variety of variance-reduction methods—
SAGA-LD, SVRG-LD, and CV-ULD under the same set
of realistic assumptions (see Sec. 4). This is achieved by
a new proof technique that yields bounds on Wasserstein
distance. Our bounds allow us to identify windows of in-
terest where each method performs better than the others
(see Fig. 1). The theory is verified with experiments on
real-world datasets. We also test the effects of breaking the
central limit theorem using synthetic data, and find that in
this regime variance-reduced methods fare far better than
SGLD (see Sec. 5).

2. Preliminaries

Throughout the paper we aim to make inference on a vector
of parameters § € R?. The resulting posterior density is
p(0]z) < p(6) Hfil p(2;]0). For brevity we write f;(0) =
—log(p(z:19)). for i € {L,..., N}, folx) = —log(p(0))
and f(0) = —log(p(6]z)). Moving forward we state all

results in terms of general sum-decomposable functions f
(see Assumption (Al)), however it is useful to keep the
above example in mind as the main motivating example. We
let ||v||2 denote the Euclidean norm, for a vector v € RY,
For a matrix A we let || A|| denote its spectral norm and let
||A|| F denote its Frobenius norm.

Assumptions on f: We make the following assumptions
about the potential function f : R? — R.

(A1) Sum-decorjl\}posable: The function f is decomposable,
flx) =220 fi).

(A2) Smoothness: The functions f; are twice continuously-
differentiable on R? and have Lipschitz-continuous
gradients; that is, there exist positive constants M >0
such that for all z, 3y € R? and for alli e {1,...,N}
we have, |V fi(x) — Vi(y)lo < Mz — y|lo. We
accordingly characterize the smoothness of f with the
parameter M := N M.

(A3) Strong Convexity: f is m-strongly convex; that is,
there exists a constant m > 0 such that for all z,y €
RY f(y) > f(z)+ (V(2),y—a)+ 2lle —yl3. We
also define the condition number  := M /m.

(A4) Hessian Lipschitz: The function f is Hessian Lips-
chitz, i.e., there exists a constant L > 0 such that,
[V2f (x) = V2 (y)|| < Ll|lz—y|2 forevery z,y € R

It is worth noting that M, m and L can all scale with N.
Wasserstein Distance: We define the Wasserstein distance
between a pair of probability measures (u, v) as follows:
Ws(p,v):= inf / T — d¢(z
3 (pv et yll3d¢(z,y),
where I'(u, ) denotes the set of joint distributions such that

the first set of coordinates has marginal ; and the second
set has marginal v. (See Appendix A for more details).

Langevin Diffusion: The classical overdamped Langevin
diffusion is based on the following It6 Stochastic Differen-
tial Equation (SDE):

dx; = =V f(xy)dt + V/2dBy, (1)

where z; € R% and B, represents standard Brownian motion
(see, e.g., Morters & Peres, 2010). It can be shown that
under mild conditions like exp(—f(z)) € L' (absolutely
integrable) the invariant distribution of Eq. (1) is given by
p*(x) o exp(—f(z)). This fact motivates the Langevin
MCMC algorithm where given access to full gradients it is
possible to efficiently simulate the discretization,

dz, = —V f(x)dt + V2dB;, )

where the gradient is evaluated at a fixed point x (the
previous iterate in the chain) and the SDE (2) is integrated
up to time J (the step size) to obtain

Tkl = Tk — 5Vf($l?k) + \/%fk,
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with £ ~ N(0, I4xq). (Welling & Teh, 2011) proposed
an alternative algorithm—Stochastic Gradient Langevin D-
iffusion (SGLD)—for sampling from sum-decomposable
functions where the chain is updated by integrating the SDE:

di, = —grdt + V2dB,, 3)

and where g, = & 3. o V() is an unbiased estimate
of the gradient at xj,. The attractive property of this algo-
rithm is that it is computationally tractable for large datasets
(when N is large). At a high level the variance reduction
schemes studied in this paper replace the simple gradient es-
timate in Eq. (3) (and other variants of Langevin MC) with
more sophisticated unbiased estimates with lower variance.

3. Variance Reduction Techniques

In the seminal work of (Schmidt et al., 2017) and (John-
son & Zhang, 2013), it was observed that the variance of
the unbiased estimate of the gradient used in Stochastic
Gradient Descent (SGD) when applied to optimizing sum-
decomposable strongly convex functions decreases to zero
only if the step-size also decays at a suitable rate. This
prevents the algorithm from converging at a linear rate, as
opposed to methods like batch gradient descent that use the
entire gradient at each step. They introduced and analyzed
different gradient estimates with lower variance. Subse-
quently these methods were also adapted to Monte Carlo
sampling by (Dubey et al., 2016; Nagapetyan et al., 2017;
Baker et al., 2017). These methods use information from
previous iterates and are no longer Markovian. In this sec-
tion we describe several variants of these methods.

3.1. SAGA Langevin MC

We present a sampling algorithm based on SAGA of (De-
fazio et al., 2014) which was developed as a modification of
SAG by (Schmidt et al., 2017). In SAGA, presented as Al-
gorithm 1, an approximation of the gradient of each function
fi is stored as {gi } | and is iteratively updated in order
to build an estimate with reduced variance. At each step of
the algorithm, if the function f; is selected in the mini-batch
S, then the value of the gradient approximation is updated
by setting g, +1 = Vfi(x). Otherwise the gradient of f; is
approximated by the previous value g;,. Overall we obtain
the following unbiased estimate of the gradient:

ge= Y0kt (V) ) @
i=1 i€s

In Algorithm 1 we form this gradient estimate and plug

it into the classic Langevin MCMC method driven by the

SDE (3). Computationally this algorithm is efficient; es-

sentially it enjoys the oracle query complexity (number of

calls to the gradient oracle per iteration) of methods like

Algorithm 1 SAGA Langevin MCMC

Input: Gradient oracles {V f;(-)}}V,, step size J, batch
size m, initial point o € R%.
Initialize {gj = V fi(x0)}Y,.
fork=1,...,Tdo
Draw S C {0,...,N} : |S| = n uniformly with
replacement
Sample £ ~ N (0, Iixaq)
Update g using (4)
Update z41 < xr — 0gx + \/ﬁfk.
Update {gj}/*,: fori € Sset gi ., = Vf;(xx), for
i€ S setg) =g
end for
Output: Iterates {x)}7_;.

SGLD but due to the reduced variance of the gradient esti-
mator it converges almost as quickly (in terms of number
of iterations) to the posterior distribution as methods such
as Langevin MCMC that use the complete gradient at every
step. We prove a novel non-asymptotic convergence result
in Wasserstein distance for Algorithm 1 in the next section
that formalizes this intuition.

The principal downside of this method is its memory re-
quirement. It is necessary to store the gradient estimator for
each individual f;, which essentially means that in the worst
case the memory complexity scales as O(Nd). However
in many interesting applications, including some of those
considered in the experiments in Sec. 5, the memory costs
scale only as O(N) since each function f; depends on a
linear function in x and therefore the gradient V f; is just a
re-weighting of the single data point z;.

3.2. SVRG Langevin MC

Next we explore an algorithm based on the SVRG method
of Johnson & Zhang (2013) which takes its roots in work
of Greensmith et al. (2004). The main idea behind SVRG
is to build an auxiliary sequence = where the full gradient
is calculated and used as a reference in building a gradient
estimate: Vf;(z) — Vfi(Z) + Vf(Z). This estimate is
unbiased under the uniform choice of 7. While using this
gradient estimate to optimize sum-decomposable functions,
the variance is small when x and Z are close to the optimum
as Vf(Z) is small and ||V f;(z) — V f;(Z)|| is of the order
|z — &||]2. We expect a similar behavior in the case of
Monte Carlo sampling and we thus use this gradient estimate
in Algorithm 2. Observe that crucially—unlike SAGA-
based algorithms—this method does not require a gradient
estimate of all of the individual f;, so its memory cost scales
as O(d). Algorithm 2 uses the unbiased gradient estimate

ge=i+ 2 S Vh) - VE@]L O

i€S
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Algorithm 2 SVRG Langevin MCMC

Algorithm 3 CV Underdamped Langevin MCMC

Input: Gradient oracles {V f;(-)}}V,, step size &, epoch
length 7, batch size n, initial point zy € R4,
Initialize & < w0, § < Y, Vfi(zo)
fork=1,...,Tdo
if £ mod 7 = 0O then
Option I: Sample ¢ ~ unif(0,1,..
Update T < ¢
Update zj, < &
Option II: Update & <+ i,
g 2, Vilay)
end if
Draw S C {0,...,N} : |S| = n uniformly with
replacement
Sample £ ~ N (0, Iixaq)
Update g using (5)
Update 1 < x — 0g + V/20&;.
end for
Output: Iterates {x)}7_;.

.,7— 1) and

which uses a mini-batch of size n. The downside of this
algorithm compared to SAGA however is that every few
steps (an epoch) the full gradient, V f(Z), needs to be cal-
culated at z. This results in the query complexity of each
epoch being O(N). Also SVRG has an extra parameter that
needs to be set—its hyperparameters are the epoch length
(1), the step size () and the batch size (n), as opposed
to just the step size and batch size for Algorithm 1 which
makes it harder to tune. It also turns out that in practice,
SVRG seems to be consistently outperformed by SAGA and
control-variate techniques for sampling which is observed
both in previous work and in our experiments.

3.3. Control Variates with Underdamped Langevin MC

Another approach is to use control variates (Ripley, 2009) to
reduce the variance of stochastic gradients. This technique
has also been previously explored both theoretically and
experimentally by (Baker et al., 2017) and (Nagapetyan
et al., 2017). Similar to SAGA and SVRG the idea is to
build an unbiased estimate of the gradient g(x) at a point x:

g9(z) = V(@) + > [Vfi(z) = VIi(#)],

€S

where the set S is the mini-batch and Z is a fixed point
that is called the centering value. Observe that taking an
expectation over the choice of the set S yields V f(z). A
good centering value £ would ensure that this estimate also
has low variance; a natural choice in this regard is the global
minima of f, x*. A motivating example is the case of a
Gaussian random variable where the mean of the distribution
and z* coincide.

A conclusion of previous work that applies control variate

Input: Gradient oracles {Vf;(-)},, step size 9, s-
moothness M, batch size n.
Set z* € argmin, cpa f(2).
Set (x0,v9) < (x*,0)
fork=1,...,Tdo
Draw aset S C {0,... N} of size n v.ar.
Update V f(z},) using (8)
Sample (241, V611) ~ Z¥T1 (2, vy ) defined in (41)
end for
Output: Iterates {z)}7_,.

techniques to stochastic gradient Langevin MCMC is the
following—the variance of the gradient estimates can be
lowered to be of the order of the discretization error. Mo-
tivated by this, we apply these techniques to underdamped
Langevin MCMC where the underlying continuous time dif-
fusion process is given by the following second-order SDE:

dvy = —yvedt — uV f(xy)dt + V2dB;, (6)
dl‘t = Utdt,

where (z¢,v;) € RY, B, represents the standard Browni-
an motion and v and u are constants. At a high level the
advantage of using a second-order MCMC method like un-
derdamped Langevin MCMC (Chen et al., 2014), or related
methods like Hamiltonian Monte Carlo (see, e.g, Neal
et al., 2011; Girolami & Calderhead, 2011), is that the dis-
cretization error is lower compared to overdamped Langevin
MCMC. However when stochastic gradients are used (see
(Chen et al., 2014; Ma et al., 2015) for implementation),
this advantage can be lost as the variance of the gradient
estimates dominates the total error. We thus apply control
variate techniques to this second-order method. This re-
duces the variance of the gradient estimates to be of the
order of the discretization error and enables us to recover
faster rates of convergence. The discretization of SDE (6)
(which we can simulate efficiently) is

dv, = —yydt — uV f () dt + V2d By, 7)
i, = Tydt,

with initial conditions xy, vy (the previous iterate of the
Markov Chain) and V f(zy) is the estimate of the gradi-
ent at zy, defined in (8). We integrate (7) for time ¢ (the
step size) to get our next iterate of the chain—xy 41, Vi+1
for some k € {1,...,T}. This MCMC procedure was in-
troduced and analyzed by (Cheng et al., 2017) where they
obtain that given access to full gradient oracles the chain
converges in T = O(v/d/e) steps (without Assumption
(A4)) as opposed to standard Langevin diffusion which takes
T = @(d/ €) steps (with Assumption (A4)). With noisy
gradients (variance o2d), however, the mixing time of un-
derdamped Langevin MCMC again degrades to O(c2d/e?).
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In Algorithm 3 we use control variates to reduce variance
and are able to provably recover the fast mixing time guaran-
tee (T’ = O(v/d/e)) in Theorem 4.3. Algorithm 3 requires
a pre-processing step of calculating the (approximate) min-
imum of f as opposed to Algorithm 1,2; however since
f is strongly convex this pre-processing cost (using say
SAGA for optimizing f with stochastic gradients) is small
compared to the computational cost of the other steps.

In Algorithm 3 the updates of the gradients are dictated by,

Vi) = Vi) + 3 V) - VG ®)

i€S

The random vector that we draw, Z* (zg,v) € R24 con-
ditioned on xj, vg, is a Gaussian vector with conditional
mean and variance that can be explicitly calculated in closed
form expression in terms of the algorithm parameters § and
M. Tts expression is presented in Appendix C. Note that Z*
is a Gaussian vector and can be sampled in O(d) time.

4. Convergence results

In this section we provide convergence results of the al-
gorithms presented above, which improve upon the con-
vergence guarantees for SGLD. (Dalalyan & Karagulyan,
2017) show that for SGLD run for 7" iterations:

Wa(p'™), p*) < exp (—6mT) Wa(p', p*)

OLd | 116M3/2V/d N oV/od ©
2m 5m 2y/m’

under assumptions (A2)-(A4) with access to stochastic gra-
dients with bounded variance — o2d. The term involving
the variance — ov/dd/2,/m dominates the others in many
interesting regimes. For sum-decomposable functions that
we are studying in this paper this is also the case as the vari-
ance of the gradient estimate usually scales linearly with N2,
Therefore the performance of SGLD sees a deterioration
when compared to the convergence guarantees of Langevin
Diffusion where o = 0. To prove our convergence results
we follow the general framework established by (Dalalyan
& Karagulyan, 2017), with the noteworthy difference of
working with more sophisticated Lyapunov functions (for
Theorems 4.1 and 4.2) inspired by proof techniques in op-
timization theory. This contributes to strengthening the
connection between optimization and sampling methods
raised in previous work and may potentially be applied to
other sampling algorithms (we elaborate on these connec-
tions in more detail in Appendix B). This comprehensive
proof technique also allows us to sharpen the convergence
guarantees obtained by (Dubey et al., 2016) on variance
reduction methods like SAGA and SVRG by allowing us
to present bounds in W5 and to drop the assumption on
requiring uniformly bounded gradients. In the theoretical

analysis that follows we assume that the algorithms use a
fixed step-size to simplify the statement of our results; simi-
lar results hold when we use a shrinking step-size. We now
present convergence guarantees for Algorithm 1.

Theorem 4.1. Let assumptions (Al)-(A4) hold. Let p(T) be
the distribution of the iterate of Algorithm 1 after " steps.
If we set the step size to be 6 < gy and the batch size
n > 9 then we have the guarantee:

mé

Wa(p™,p*) < 5exp (—4T> Wa(p?, p*)

26M3/2\/d  245M+/dN
+ + .
m vmn

For the sake of clarity, only results for small step-size § are
presented however, it is worth noting that convergence guar-
antees hold for any § < ﬁ (see details in Appendix B.2).
If we consider the regime where o, M, L and m all scale
linearly with the number of samples N, then for SGLD the
dominating term is O(o/dd/m). If the target accuracy is
¢, SGLD would require the step size to scale as O(e?/d)
while for SAGA a step size of 6 = O(e/d) is sufficient. The
mixing time 7" for both methods is roughly proportional
to the inverse step-size; thus SAGA provably takes few-
er iterations while having almost the same computational
complexity per step as SGLD. Similar to the optimization
setting, theoretically SAGA Langevin diffusion recovers the
fast rate of Langevin diffusion while just using cheap gradi-
ent updates. Next we present our guarantees for Algorithm
2.

Theorem 4.2. Let assumptions (Al)-(A4) hold. Let p'™) be
the distribution of the iterate of Algorithm 2 after T steps.

26 Ld
_|_ [ER—

(10)

Ifweset5<ﬁ,n22,7'2%

forall T mod T = 0 we have

and run Option | then

D7)+ ——
m

20M3/2\/d  64M3/2\/5d
+ + .
m my/n

If we set § < % and run Option Il for T iterations then,

(1)

. smT . V20Ld
Wa(p',p*) < eXp<—4) Wa(p ), p*) +
56M3/2\/d  96MTvd
+ ‘[+ Vd (12)
m v/mn

For Option I, if we study the same regime as before where
M,m and L are scaling linearly with N we find that the
discretization error is dominated by the term which is of
order O(1/0Nd/n). To achieve target accuracy of ¢ we
would need § = O(e*n/Nd). This is less impressive than
the guarantees of SAGA and essentially we only gain a

20Ld
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constant factor as compared to the guarantees for SGLD.
This behavior may be explained as follows: at each epoch, a
constant decrease of the objective is needed in the classical
proof of SVRG when applied to optimization. When the
step-size is small, the epoch length is required to be large
that washes away the advantages of variance reduction.

For Option II, similar convergence guarantees as SAGA are
obtained, but worse by a factor of y/n. In contrast to SAGA,
this result holds only for small step-size, with the constants
in Eq. (12) blowing up exponentially quickly for larger step
sizes (for more details see proof in Appendix B.1). We
also find that experimentally SAGA routinely outperforms
SVRG both in terms of run-time and iteration complexity to
achieve a desired target accuracy. However, it is not clear
whether it is an artifact of our proof techniques that we could
not recover matching bounds as SAGA or if SVRG is less
suited to work with sampling methods. We now state our
results for the convergence guarantees of Algorithm 3.

Theorem 4.3. Let assumptions (Al)-(A3) hold. Let p'™) be
the distribution of the iterate of Algorithm 3 after T steps s-
tarting with the initial distribution p(®) (z,v) = 1,z -1,—0.
If we set the step size to be 6 < 1/M and run Algorithm 3
then we have the guarantee that

* m *
Wa(p™),p*) < dexp (—2) W (pl®, p)

83M+/d

+ m32\/n’
We initialize the chain in Algorithm 3 with z*, the global
minimizer of f as we already need to calculate it to build
the gradient estimate. Observe that Theorem 4.3 does not
guarantee the error drops to 0 when § — 0 but is proportion-
al to the standard deviation of our gradient estimate. This
is in contrast to SAGA and SVRG based algorithms where
a more involved gradient estimate is used. The advantage
however of using this second order method is that we get to
a desired error level € at a faster rate as the step size can be
chosen proportional to €/ \/d, which is v/d better than the
corresponding results of Theorem 4.1 and 4.2 and without
Assumption (A4) (Hessian Lipschitzness).

1646 M2/d
m3/2

13)

Note that by Lemma C.7 we have the guarantee that
Wy (p®, p*) < 2d/m; this motivates the choice of § =

%) and, n = O (Ld) with T = O (1/(md))).
It is easy to check that under this choice of 6, n and T', The-
orem 4.3 guarantees that Wy (p(™), p*) < e. We note that
no attempt has been made to optimize the constants. To
interpret these results more carefully let us think of the case
when M, m both scale linearly with the number of samples
N. Here the number of steps 7' = O(1/d/(¢2N)) and the
batch size is n = O(d/(Ne?)). If we compare it to previ-
ous results on control variate variance reduction techniques
applied to overdamped Langevin MCMC by (Baker et al.,

Table 1. Mixing time and (total) computational complexity com-
parison of Langevin sampling algorithms. All the entries are in
Big-O notation which hides constants and poly-logarithmic factors.
Note that the guarantees presented for ULD, SGULD, CV-LD and
CV-ULD are without the Hessian Lipschitz assumption, (A4).

ALGORITHM MIXING TIME COMPUTATION
LD k2vVd/(v/Ne) K2VdN /e
ULD k2+/d/(v/Ne) k2VdN Je
SGLD k2d/(ne®) K2d/ €
SGULD k2d/(ne®) K2d/e
SAGA-LD K3 Vd/(ne) N—Hc%\/&/e
SVRG-LD (I) k3d/(ne®) N+rk3d/e?
SVRG-LD (I) k% Vd/(N3e) N+r3iNo/d/e
CV-LD k3d/(Ne?) N+r°d*/(N?€')
CV-ULD k2vVd/(VNe) N+r2ds2/(N2é)

2017), the corresponding rates are T = O(d/(e2N)) and
n = O(d/(Ne?)), essentially it is possible to get a quadrat-
ic improvement by using a second order method even in
the presence of noisy gradients. Note however that these
methods are not viable when the target accuracy e is small
as the batch size n needs to grow as O(1/€?).

Comparison of Methods. Here we compare the theoreti-
cal guarantees of Langevin MC (LD, Durmus & Moulines,
2016), Underdamped Langevin MC (ULD, Cheng et al.,
2017), SGLD (Dalalyan & Karagulyan, 2017), stochastic
gradient underdamped Langevin diffusion (SGULD, Cheng
etal., 2017), SAGA-LD (Algorithm 1), SVRG-LD (Algo-
rithm 2 with Option I and II), Control Variate Langevin
diffusion (CV-LD, Baker et al., 2017) and Control Variate
underdamped Langevin diffusion (CV-ULD, Algorithm 3).
We always consider the scenario where M, m and L are s-
caling linearly with N and where N > d (tall-data regime).
We note that the memory cost of all these algorithms except
SAGA-LD is O(nd); for SAGA-LD the worst-case memory
cost scales as O(Nd). Next we compare the mixing time
(T), i.e., the number of steps needed to provably have error
less than e measured in W5 and the computational complex-
ity, which is the mixing time 7" times the query complexity
per iteration. In the comparison below we focus on the de-
pendence of the mixing time and computational complexity
on the dimension d, number of samples /V, condition num-
ber x, and the target accuracy €. The mini-batch size has no
effect on the computational complexity of SGLD, SGULD
and SAGA-LD; while for SVRG-LD, CV-LD and CV-ULD
the mini-batch size is chosen to optimize the upper bound.

As illustrated in Fig. 1 we see qualitative differences in
behaviors of variance reduced algorithms compared to S-
GLD. To calculate higher order statistics or computing
confidence intervals for uncertainty quantification, it is im-
perative to calculate the posterior with high accuracy. In
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SAGA-LD CvV-LD LD

SGLD

Runtime

an)

Figure 1. Different Regimes: The z-axis represents the target accu-
racy € and the y-axis represents the predicted run-time 7" (number
of queries to the gradient oracle) of different algorithms.

the regime where the desired accuracy ¢ < O(4/d/N),
total computation cost (runtime) of SGLD starts to grow
larger than O(N) at rate O(v/d/e?) whereas runtime of
variance reduced methods is lower. For SAGA-LD run-
time is O(N) up until when ¢ = O(v/d/N) after which
it grows at a rate O(v/d/e). CV-ULD also has runtime
of O(N) up until the point where ¢ = O(v/d/N>/%) af-
ter which it starts to grow as O(d*/2/(N3/2¢%)). When
O(Vd/N®/6) < e < O(v/d/V/N) our bounds predict both
SAGA-LD and CV-ULD to have comparative performance
(O(N)) and in some scenarios one might outperform the
other. For higher accuracy our results predict SAGA-LD
performs better than CV-ULD. Note that Option II of SVRG
performs also well in this regime of small € but not as well
as SAGA-LD or CV-ULD.

At the other end of the spectrum for most classical statistical
problems accuracy of ¢ = O(y/d/N) is sufficient and less
than a single pass over the data is enough. In this regime
when € > O(y/d/N) and we are looking to find a crude
solution quickly, our bounds predict that SGLD is the fastest
method. Other variance reduction methods need at least a
single pass over the data to initialize.

Our sharp theoretical bounds allow us to classify and ac-
curately identify regimes where the different variance re-
duction algorithms are efficient; bridging the gap between
experimentally observed phenomenon and theoretical guar-
antees of previous works. Also noteworthy is that here we
compare the algorithms only in the tall-data regime which
grossly simplifies our results in Sec. 4, many other interest-
ing regimes could be considered, for example the fat-data
regime where d ~ NN, but we omit this discussion here.

5. Experiments

In this section we explore the performance of SG-MCMC
with variance reduction through experiments. As with most
inference tasks on large datasets, we aim to infer model
parameters for prediction. For this reason, the focus is in
our experiements is the reduction of bias in our predictions
through variance reduction algorithms. This is quantified by
the log probability of the held-out dataset under the trained
model. It is worth noting that this metric only reflects perfor-
mance of the mean estimate and does not fully characterize

the convergence of the distributions as our theoretical results
do. We compare SAGA-LD, SVRG-LD (with Option II),
CV-LD, CV-ULD with SGLD as the baseline method.

5.1. Bayesian Logistic Regression

We demonstrate results from sampling a Bayesian logistic
regression model. We consider an N x d design matrix
X comprised of N samples each with d covariates and
a binary response variable y € {0,1}" (Gelman et al.,
2004). If we denote the logistic link function by s(-), a
Bayesian logistic regression model of the binary response
with likelihood P(y; = 1) = s(37X;) is obtained by
introducing regression coefficients 5 € R? with a Gaussian
prior 3 ~ N(0, al), where o = 1 in the experiments. We
make use of three datasets available at the UCI machine
learning repository describing various connections between
real valued attributes and categorical dependent variables.
We use part of the datasets to obtain a mean estimate of
the parameters and hold out the rest to test their likelihood
under the estimated models. Sizes of the datasets being used
in Bayesian estimation are 100, 600, and 1e5, respectively.

Performance is measured by the log probability of the held-
out dataset under the trained model. We first find the optimal
log held-out probability attainable by all the currently meth-
ods being tested. We then try to obtain levels of log held-out
probability increasingly closer to the optimal one with the
other methods. We record number of passes through data
that are required for each method to achieve the desired log
held-out probability (averaged over 30 trials) for compar-
ison in Fig. 2. The batch size is always n = 10, this is
to explore whether the overall computational cost for SG-
MCMC methods can grow sub-linearly with the overall size
of the dataset N. A grid search is performed for the optimal
hyperparameters in each algorithm, including an optimal
scheduling plan of decreasing stepsizes. For CV-LD, we
first use a stochastic gradient descent with SAGA variance
reduction method to find the approximate mode x*; we then
calculate the full data gradient at z* and initialize here.

From the experiments, we recover the three regimes dis-
played in Fig. 1 with different data size N and accuracy
level with error e. When N is large, SGLD performs best
for big € (c.f. left of PIMA and SUSY). When N is small,
CV-LD/ULD is the fastest for relatively big € (c.f. left of
Heart). When N and e are both small so that many passes
through data are required, SAGA-LD is the most efficien-
t method (c.f. right of Heart and PIMA). It is also clear
from Fig. 2 that although CV-LD/ULD methods initially
converges fast, there is a non-decreasing error (with the
constant mini-batch size) even after the algorithm converges
(corresponding to the last term in Eq. (13)). Because CV-LD
and CV-ULD both converge fast and have the same non-
decreasing error, their performance curves overlap. Con-
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Figure 2. Number of passes through the datasets versus log held-out probability on test datasets.

vergence of SVRG-LD is slower than SAGA-LD, because
the control variable for the stochastic gradient is only updat-
ed every epoch. This attribute combined with the need to
compute the full gradient periodically makes it less efficient
and costlier than SAGA-LD. We also see that number of
passes through the dataset required for SG-MCMC methods
(with and without variance reduction) is decreasing with the
dataset size IN. Close observation shows that although the
overall computational cost is not constant with growing NV,
it is sublinear.

5.2. Breaking CLT: Synthetic Log Normal Data

Many works using SG-MCMC assume that the data in the
mini-batches follow the central limit theorem (CLT) such
that the stochastic gradient noise is Gaussian. But as ex-
plained by (Bardenet et al., 2017), if the dataset follows a
long-tailed distribution, size of the mini-batch needed for
CLT to take effect may exceed that of the entire dataset. We
study the effects of breaking this CLT assumption on the
behavior of SGLD and its variance reduction variants.

We use synthetic data generated from a log normal distribu-
tion: fx(z) = 1/(zov27)-exp(—(Inz —p)?/(20?)) and
sample the parameters 1 and o according to the likelihood
p(x|u,0) = Hf\il fx (x;). Itis worth noting that this target
distribution not only breaks the CLT for a wide range of
mini-batch sizes, but also violates assumptions (A2)-(A4).

To see whether each method can perform well when the
CLT assumption is violated, we still let mini-batch size to
be 10 and grid search for the optimal hyperparameters for
each method. We use mean squared error (MSE) as the
convergence criteria and take LD as the baseline method.

From the experimental results, we see that SGLD does not
converge to the target distribution. This is because most
of the mini-batches only contain data close to the mode
of the log normal distribution. Information about the tail
is hard to capture with stochastic gradient. It can be seen
that SAGA-LD and SVRG-LD are performing well because
history information is recorded in the gradient so that data in
the tail distribution is accounted for. Similar to the previous
experiments, CV-LD converges fastest at first, but retains

Log Normal (N=1000, d=2)

5,
—SAGA-LD
" SVRG-LD
wop —CV-LD/ULD
= —SGLD
(@]
S 5 LD
\
_10 — L L F— i
0 500 1000 1500 2000

Number of pass through data

Figure 3. Number of passes through the datasets versus log mean
square error (MSE).

a finite error. For LD, it converges to the same accuracy
as SAGA-LD and SVRG-LD after 10* number of passes
through data. The variance reduction methods which uses
long term memory may be especially suited to this scenario,
where data in the mini-batches violates the CLT assumption.
It is also worth noting that the computation complexity
for this problem is higher than our previous experiments.
Number of passes through the entire dataset is on the order
of 102 ~ 10® to reach convergence even for SAGA-LD
and SVRG-LD. It would be interesting to see whether non-
uniform subsampling of the dataset (Schmidt et al., 2015)
can accelerate the convergence of SG-MCMC even more.

6. Conclusions

In this paper, we derived new theoretical results for variance-
reduced stochastic gradient MC. Our theory allows us to ac-
curately classify two major regimes. When a low-accuracy
solution is desired and less than one pass on the data is suf-
ficient, SGLD should be preferred. When high accuracy is
needed, variance-reduced methods are much more powerful.
There are a number of further directions worth pursuing.
It would be of interest to connect sampling with advances
in finite-sum optimization, specifically advances in accel-
erated gradient descent (Lin et al., 2015) or single-pass
methods (Lei & Jordan, 2017). Finally the development of a
theory of lower bounds for sampling would be an essential
counterpart to this work.
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Appendix

ORGANIZATION OF THE APPENDIX

In Appendix A we formally define the Wasserstein distance. In Appendix B we introduce the notations required to prove
Theorems 4.1 and 4.2. In Appendix B.1 we prove Theorem 4.2 and then in Appendix B.2 we prove Theorem 4.1. Finally in
Appendix C we prove Theorem 4.3.

A. Wasserstein Distance

We formally define the Wasserstein distance in this section. Denote by B(R?) the Borel o-field of R%. Given probability
measures £ and v on (R?, B(R?)), we define a transference plan ¢ between p and v as a probability measure on (RY x
R? B(R? x R?)) such that for all sets A € R?, ((A x R?) = j(A) and ((R? x A) = v(A). We denote T'(u, v/) as the set
of all transference plans. A pair of random variables (X,Y") is called a coupling if there exists a { € I'(u, /) such that
(X,Y) are distributed according to (. With some abuse of notation, we will also refer to ¢ as the coupling.

We define the Wasserstein distance of order two between a pair of probability measures as follows:

1/2
Wat) = int | [lle = slBdcten)

Cer(p,

Finally we denote by Ty, (11, ) the set of transference plans that achieve the infimum in the definition of the Wasserstein
distance between p and v (see, e.g., Villani, 2008, for more properties of Wa(+, -)).

B. SVRG and SAGA: Proofs and Discussion

In this section we will prove Theorem 4.1 and Theorem 4.2 and include details about Algorithms 1 and 2 that were omitted
in our discussion in the main paper. Throughout this section we assume that assumptions (A1)-(A4) holds. First we define
the continuous time (overdamped) Langevin diffusion process defined by the Itd SDE:

dxy = =V f(x)dt + V2dB;, (14)

here z; € R4, B, is a standard Brownian motion process and f(-) is a drift added to the process, with the initial condition
that xo ~ po. Under fairly mild assumptions, for example if exp(—f(x)) € L (absolutely integrable), then the unique
invariant distribution of the process (14) is p*(x) o exp(—f(z)). The Euler-Mayurama discretization of this process can be
denoted by the Itd SDE:

dz, = =V f(&o)dt + V2dBy. (15)

Note that in contrast to the process (14), the process (15) is driven by the drift evaluated at a fixed initial point Z¢. In our
case we don’t have access to the gradient of function f(+), but only to an unbiased estimate of the function, gy, (as defined in
Eq. (4) and Eq. (5) for k € {1,...,T}). This gives rise to an Itd SDE:

diy = —gpdt + V2dB;. (16)

Throughout this section we will denote by {xk}{:l the iterates of Algorithm 1 or Algorithm 2. Also we will define the
distribution of the k" iterate of Algorithm 1 or Algorithm 2 by p(*). With this notation in place we are now ready to present
the proofs of Theorem 4.2 and Theorem 4.1.

PROOF OVERVIEW AND TECHNIQUES

In both the proof of Theorem 4.1 and Theorem 4.2 we draw from and sharpen techniques established in the literature of
analyzing Langevin MCMC methods and variance reduction techniques in optimization. In both the proofs we use Lyapunov
functions that are standard in the optimization literature for analyzing these methods; we use them to define Wasserstein
distances and adapt methods from analysis of sampling algorithms to proceed.
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B.1. Stochastic Variance Reduced Gradient Langevin MCMC

In the proof of SVRG for Langevin diffusion, it is common to consider the Lyapunov function to the standard 2-norm. We
define a Wasserstein distance with respect to distance — ||z — yx||3.

Proof of Theorem 4.2. For any k € {ur,...,(u+ 1)7} for some integer u € {0, ..., |[T/7|}, let y;, be a random vector
drawn from p* such that it is optimally coupled to zy, that is, W3 (p®), p*) = E [||yx, — x1||3]. We also define #* and §*
(corresponding to the u'" instance of 7 being updated) analogously, such that §j* ~ p* and Z* and j* are optimally coupled.
We drop the u in superscript in the proof to simplify notation. We also assume that the random selection of the set of indices
to be updated S (S depends on the iteration k, but we drop this dependence in the proof to simplify notation) in Algorithm 2
is independent of y;. We evolve the random variable y; under the continuous process described by (14),

dy, = =V f(y,)dt + V/2dBy,

where the Brownian motion is independent of (x, y, S). Thus integrating the above SDE we get upto time ¢ (the step-size),

5
Yk+1 = Yk —/ Vf(ys)ds + V26, Vv > 0, (17
0

where £ ~ N (0, I;xq). Note that since yi ~ p*, we have that yi1 ~ p*. Similarly we also have that the next iterate x4 1
is given by

Tpi1 = ), — Ogk + V20€, (18)

where £, is the same normally distributed random variable as in (17). Let us define Ay := yp—a and Ag1 := Yptr1—Thy1-
Also define

(k+1)8 s
Vi [ (970 - V1) - V2 [ p(n)as, ) as.
k& )
Now that we have the notation setup, we will prove the first part of this Theorem. We procede in 5 steps. In Step 1 we will
express ||Agy1]|3 in terms of ||Agy1 + V|3 and ||V}||3, in Step 2 we will control the expected value of ||V ||3. In Step 3
we will express A1 in terms of Ay and other terms, while in Step 4 we will use the characterization of Ay, 1 in terms of
Ay, combined with the techniques established by (Dubey et al., 2016) to bound the expected value of || Ag1 + Vi ||3. Finally
in Step 5 we will put this all together and establish our result. First we prove the result for Algorithm 2 run with Option L.

Step 1: By Young’s inequality we have that Va > 0,
1
808 = Duss + Vi = VelR < (1-+.0) [ Ak + VeI + (141 ) Vil (19)

We will choose a at a later stage in the proof to minimize the bound on the right hand side.

Step 2: By Lemma 6 of (Dalalyan & Karagulyan, 2017) we have the bound,

2
2 273/2 4
E [|[Vill3] < <5 2Ld + 0 5 ﬁ) < % (L2d? + M3d) . (20)
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Step 3: Next we will bound the other term in (19), ||Ag41 + Vi||3. First we express A1 in terms of Ay,

Apr1 = A+ (Yrt1 — Yk) — (Tpt1 — Tx)

(k+1)6 (k+1)6
= A+ (—/k V[ (ys)ds + \/%gk> - (—/k geds + @@)

4 4

(k+1)8
A / (VF(ye) — gi) ds

(k4+1)6
— A - /k (V) = V) + V) = VS () + T ) - g0) ds

(k+1)5

= A — SOV F () — V() - / (VF(ys) — V£ () ds + 6 (—Vf (zx) + )
=:Uy o =k

(k+1)6

= Ay — U, + 6 — Vi — \6/ / V2f(y,)dByds = A — Vi, — §(Up + ¥ + Ci)- 1)
k ké

5

=:0Uy,
Step 4: Using the above characterization of Ay in terms of Ay established above, we get

[Aks1 + Vill3 = 1Ak = 0(Ur + ¥s + )3
= |Ak]13 = 20(A, U, + ¥, + G) + 6| Un + Ui + Cill3-

Now we take expectation with respect to all sources of randomness (Brownian motion and the randomness in the choice of
S) conditioned on xy, Y, & and § (thus Ay is fixed). Recall that conditioned on Ay, Z and g, ¥, and (; are zero mean, thus
we get

Ei [|Art1 + Vil3] = |1 AklI5 = 20 (V f(yr) — Vf (@r), g — xx) +6° By [[|Ux + Wi + Cill3],

=:0 =:Q

where Ey, [-] denotes conditioning on xj, and yj. First we bound 2

Qs =By, [|Ux + Vs + Gll3]
=Ei [IIVS(yr) — g + V|3

= B 95 () — VIGE) ~ 3 [Vila) — V()] + Wl
1€S
= B IV () — V() + V) — VIG) — o SOV filew) — Vi)
€S
FVHG) - V@) - ST VAE) - VA@] e,
€S

where in the second equality we used the definition of U}, and ¢, while in the third equality we used the definition of g;. By
Young’s inequality we now have,

Qp < 4B [V f(yx) — Vf (2i)[13] +4Ey

=W

IV F(ex) = VI @)~ 3 Vi) - Vf,-,@ﬂn%]

i€S

=lw2

B, [[V4@) - V@) - S IVAG) - VA@IR| B g e
i€S —a

=lw3
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Now we bound each of the 4 terms. First for w; by M-smoothness of f (see, e.g., Nesterov, 2013, p.57, Eq. 2.1.8) we get,
wi = 4By, [[IVf(yr) = Vf(@r)ll3] < 4MQ.

Next we upper bound wy,

8 J 8 [°
wy = 4By, [| V]3] = 5 /0 (6 =)V f(y,)dB,| = 67/0 (6 —r)’E[|IV?f(y.)|IF] dr
2
2
- 81\43 5d. 23

Next we will control ws. Let us define the random variable 3 := n(V () — Vf(£))/N — V fi(&) + V fi(§). Observe
that (3 is zero mean (taking expectation over choice of 7). Thus we have,

ws = 4B, | IV 1)~ VI@) ~ > 37 (V@) ~ V@] = 4B 173 8913
€S i=1
) AN2 & . N i) 4N [&
2 S e 1] = e 1) € 2 [5m s - s
i=1 i=1
<My ), 24)

where (i) follows as 3() are zero-mean and independent random variables, (ii) follows by the fact that for any random
variable R, E [|R — ER||3] < E [||R||3] and by the fact that E [V f;() — V fi(Z)] = Zf\il Vfi(§g—Vfi(Z))/N. Finally
(#ii) follows by using the M (M /N) smoothness of each f;. Finally we bound w-

wr = 4By |V (2x) = VI @)~ S [Vfilen) - Vfl-@)m%}
i€S
(@) N 2
< 8By |V ) = V(i) = — D [Vilww) = VSilwlll3
i€sS
488 (VS () = VI @) — — S [V filw) = V() ]
i€S
<My, 5N ZEk IV£.(5 Vfi(ywH%} , 25)

where (i) follows by Young’s inequality and (i7) is by the same techniques used to control w3 applied to the two terms. We
will now control & ; using a techniques introduced by (Dubey et al., 2016),

. o7 (0 M? . 9
@i =By [V fi(g) = Vilun) 3] < w2 Bt (117 = ywll3]

(”) M ké ké
[w— Vit + v [
(’LZZ) 2M2 kS ) 4M2 ké )
< SE | Veasi| + Sz (1 ang
(@) 2M2(k —u)§ [*° AM25d(k — u)
S T [ By 19700 8] s+ =

@) 2M3(k — u)26%d  4M25d(k —u) () 2M3726%d  AM?6dr
< + < +
N2 N2 N2 N2
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where (i) follows by M /N-smoothness of f;, (ii) follows as § = ys, (it7) follows by Young’s inequality, (iv) follows by
Jensen’s inequality, (v) follows by Lemma 3 in (Dalalyan, 2017b) to bound E,,,,« [V f(y)||3] < Md and finally (vi) is
by the upper bound k£ — u < 7 (the epoch length). Plugging this bound into (25) we get

SM 1662M3dr?  32d5M>r
(55) < 791 + .

n
By the bounds we have established on wy, w2, w3 and wy we get that €25 is upper bounded by,
8M?25d  166°M3dr?  32doM>r
+ + .
3 n n

M
Qg<4M<1 >91+8Df( 7)+
Next we control {2, by using the convexity of f,
m
D = (V(ye) = V@) ye = o) = Dy(wn, ye) + 5 183, (26)

where Dy(a,b) := f(a) — f(b) — (Vf(b),a — b) for any a,b € R?, is the Bregman divergence of f. Coupled with the
bound on 2> we now get that,

E; [”Ak-i-l + Vk”%] < <1 —om (1 —20M (1 + i))) HAng — 26 (1 —20M (1 + TZL>> Df(a;k,yk) 27

8M 8M26d  166°M3dr®  32d5M?
+52(Df( P+ T+ T). (28)

n n

Step 5: Substituting the bound on Ej, [||Ax41 + Vi||3] and E [||Vx||3] into (19) we get

Er, [|Ak+1ll3] < (14 a)( (1 —om (1 —20M (1 + i))) |AgllZ — 20 <1 —20M (1 + 721>) Dy (z, yr)

o (8M _ - 8M?3d  166>M3dr?  32dSM>r
+4 —Df( 9) + 7 T +

n n

+ 1+l f(L2d2+M3d)
a) 2

=(1+a) (1 —om (1 —26M (1 + 2))) | Axll3
o1 +a)s (1_25M< ))pf@

8M2 32dM2 n 8M3d726>
n

M§?
+8(1+a) " Ds(%,9) + (1 + a)s®

+ o 141 (L?d* + M?d)
2 a %/_/

Define the contraction rate to be o := dm (1 —20M (1 + %)) then we have

2a(l+a) Mé?

By [I1Ak+1]13] <1+ a)(1 — o) Axll3 - Dy(r; yx) + 8(1 + a)——Dy(Z,9)
. 54 1
1 So+—(14+=)O
+(1+a)d o+ ( +a> ;
and with @ = /(1 — «) then we have
2a 8M 652 5o 50

2] P oMo 2° 2=
o 1Ak 13] < NANIE = o s Pr i) + oDy (3.0) + 1= + T
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We now sum this inequality from k = u7 to (u + 1)7 — 1 we get,

8M(52 oo Bro 40
E [ Awsn)rl3] < [Aurll3 - pr T k) + a>an(9c,y) ot (29)

Using the strong convexity and smoothness of f we have,

m M
e =yl3 <Dyz,y) < —llw—wll3, Yo,y €RY
Using this in (29) and rearranging terms we get,
(u+1)7—1 9 3 4
1 l—a 4mM$é 0°mo (1 —a)mdé*O
— D < Ds(z,y
T kZu:T (o 1) < < ar T ) 7@ 9)+ 20 402 ’

where we used the fact that z,s = % and y,5s = 7. Now the #%*! and §“*! are chosen uniformly at random from
Lurs - L(ut1)T—1 and Yury -5 Y(ut1)r—1-

1—a 4mMé?
_|_
ot an

Bmo (1 —a)mdiO
+

E[Df( u+1 y1t+1)] S ( e 4@2 ,

) E[D; (3", §")] +

forany u € {0,...,|T/7]}. Unrolling the equation above for |T'/7 | steps we get,

§3mo N (1 —a)mé*0
20p 4a2p

)

E Dy (@777 g7/ < (1= p)IE [Py, 5] +

l—a _ 4mMé>
an

where we denote by p =1 — —

. Finally we use again the strong convexity and smoothness of f to obtain

§o  (1- a)6*0

A T|T T M x
E (A3 < (1= T/ —=E[|A%3] + 5
m 2a4p

Using the fact that * (2) and g (y) are optimally coupled by taking expectations we get that,

M 5o (1 —a)é*O
2 LT/TJT * < 1 _ LT/TJ I 2 ( _ A A — 30
WQ(p 7p)_( p) mWQ(p )+ap+ 2a2p ( )
Now for n > 2, and § < g7 we have a > dm/2, and 4mM5 < 8M5 < 1/n < 1/4. Then consider 7 = 4/a, in order to
have p = 1/2.
530 1 4 M2 1 2 4M 5d]\43
00 _gpgaprg (L AT L MTON Cgosepzg (L 32 BAM 4096
ap 3 n n 3 ndm ' om2n 2n
and
60 45
L?d* + M?d
2a2p - m2 ( + )
Therefore 7]
19/ M ddM?3  48%L2d?  46°M3d
Wil py <= T w2 (e, P*) 40965 + + .
2 m 2n m2 m2
L

Finally our choice of n > 2, and 0 < g57 and 7 = 4/« ensures that

omt

5dM3 46°L2d* 462 M>Pd
5% + +

m2 m2

9

w3 (p", p*) Sexp( ) —w2(p, P*) +4096—

for all T' > 0 such that 7" mod 7 = 0, which completes the proof of part 1.
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Proof for Option 2: To prove part 2 of the theorem Steps 1-3 are same as above. The technique to control 25 is going to
differ which leads to a different bound.

Step 4: As before we have

1Ak+1 + Vill3 = [|Ak = 6(Ux + i + G5
= [|Akl5 = 26(Ak, Uy, + W + G) + 62Uy, + W + Gill3-
Now we take expectation with respect to all sources of randomness (Brownian motion and the randomness in the choice of
S) conditioned on z, yx, T and g (thus Ay is fixed). Recall that conditioned on Ay, Z and ¢, ¥}, and (, are zero mean, thus
we get
Ei [[18k41 4+ Val3] = 18k3 — 26 (V£ (yr) — Vf(zr), yr — x1) 467 B [|Uk + Pk + Ge13],

=: =

where Ey, [-] denotes conditioning on x, and y. First we bound Qs

Qo = Ey [||Uk + ¥y, + Gl|3]
= Ey [va(yk) — gk + ‘I’ng]

= B IV () ~ V() — 3 (Vilar) — VA@)] + U3
€S
=Ex |IVF(yr) — V(i) + V(ar) — V() - % D [Vfilar) = V@) + Ukll3
€S
< 3By, [[IVf(y) = VF(2r) 3] +3Ex |[IVf(zx) = Vf(Z) — % > Vi) - Vfi(a*:)m%]
- i€S

+ 3B [[[2l3],
—_——

=:w3
where the last step is by Young’s inequality. First we claim a bound on w3,
ws = 3Ex [[[ W3] < 20254,
by the same argument as used in (23). Next we control wy by
wr = 3Eg [va(yk) - Vf(ffk)”g} < 3M1y,
by the M -smoothness of f. Finally we control wo,
i = 3, | [V (0) = V(@) — X S [Vhon) = VAGNB| < 228 [Jar - 215).
ics
where the last inequality follows by arguments similar to (24). By the definition of T we get
k—1 k—1
E[llax — 23] <E || Z (@41 —a;)|3| < (k—sT)E Z 2541 — ;13
j=Ts j=s

k-1

<7 Y B[z —a503)

Jj=Ts
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where the first inequality follows by Jensen’s inequality. Further we have,
E [loj41 - 2;]1%] = E [69; — v23¢ 3]

=E

[V20¢; + 6 <Vf(f) - Vi) - m(@}) ||%]

ies
(4)
< 80d +40%E [[|V f(y)l13] +40°E [V f (yk) — V f (1) 3]

+ 46°E

| = V() + V(@) - %Z [V filw) = V()] ||2]
. €S

(i)
< 86d + AMS%d + 462 My + 4

E [llz; — 2[%],

where (i) follows by Young’s inequality and (i) follows by the bound of E [||V f(yx)||3] < Md, the M-smoothness of f.
Let us define # := 72(80d + 4M§%d + 45 M)y ) and p := 47 M?§2 /n. Coupled with the bound above we get that,

k—1
Elze —Z13] < d+p Y Elllzjn — 53],

J=Ts
by using discrete Gronwall lemma (see, e.g., Clark, 1987) we get,
E [|lx — #]3] < dexp(rp).

Combined with the bound on w; and wj this yields a bound on €25 which is

T2 M?

Oy < 3MQ; + 2M36d +

4 2M2 2
(86d + AMS2d + 462 My ) exp (T‘S)

n
42M22 42M22 2d 2M2 42M22
< 3MQ |1+ Tsn 0 exp< T - 0 )%25 {M2d+ TT(2+M5)eXp (Tn‘sﬂ

=:0 =A

As before, using strong convexity of f, we get that {2, is bounded by

O = (V) = V(@r)yr — z) = ml|Aglf3.
Having established these bounds on €2; and 2, we get,

3M06
Er. [[|Ak+1 + Vill3] < [|Ak[l3 — 2910 <1 — 2) +25°A

< <1 —26m <1 — 3M2D5>> | A3 +25°A.

Step 5: Substituting the bound on E, [||Ap4+1 + Vi||2] and E [||V%]|2] into (31) we get for o := L2d? + M3d
P g + 2 2 g

3M6 1\ 64
e [lualf] < 1+ ) ((1-26m (1- 2520 a2 ) + (14 1) 22

2 2

3M0Oo 1\ &4
<(1+a) (1—25m (1— )) 123 +2(1+ a)dA + <1+> 70
a
Define the contraction rate o := dm (1 — %). Further we choose a = «/(1 — 2a), then we get,

1—a)53A n (1- a)54o.

2
Ep. [[|Akr1]13] < (1 —a) [|Ak]3 + ( 1-2a 2a
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Taking the global expectation, we obtain by a direct expansion:

2(1—a)i*A (1 —a)do
(1-2a)a 202

E[|Akl3] < 1 - ) E|Aol3] +

Let us use the fact that 7 < \/n/(27 M) then we have exp(472M?2§%/n) < 3,0 < 4/3 and @ > dm(1 — 2M ). We
assume also that § < 1/(4M) then o > dm/2 and

802N  262%0

sm\*
Eflaug] < (1- %) BlIal] + 22+ 22,

Using that A < M?2d (1 + %) and o < L2d? + M3d we finally obtain

1+ 5

om\" 852 Md M 972\ | 282L%d?
E [[lA]I3] < (1 - 2) E [[|80]I3] + ——— ( + ) + ==

4m n m

The result follows. O

B.2. SAGA Proof

The proof of SAGA for Langevin diffusion largely mirrors the proof of Theorem 4.2 with two key differences. One is we
use a different Lyapunov function, specifically we use the Lyapunov function well studied in the optimization literature to
analyze SAGA for variance reduction in optimization introduced by (Hofmann et al., 2015) and subsequently simplified by
(Defazio, 2016). Secondly, we in Algorithm 1 we do not have access to the full gradient at every step, this makes it difficult
to analyze some terms in the proof (specifically the term analogous to ws ; in the proof of Theorem 4.2); we handle this
difficultly by borrowing a neat trick developed by (Dubey et al., 2016). Another way to control this term that leads to a
much simpler proof is the method developed above in the second part (Step 4) of the proof of Theorem 4.2. However the
constants obtained by using the simpler techniques are much worse.

Proof of Theorem 4.1. We will proceed as in the proof of Theorem 4.2 and borrow notation established in the proof of
Theorem 4.2. For k € {1,...,T}, we denote by {h% } ., analogously to {g } ¥, (updated at the same point in the sequence

{yr}). We consider the Lyapunov function Ty, = ¢ Y~ ||gi — hi[|3 + || — yx||3 for some constant ¢ > 0 to that will be
chosen later. The first 4 steps of the proof are exactly the same as the proof above, in Step 5 we shall control the norm of the
other part of the Lyapunov function involving g} and h%. In the rest of the steps we gather these bounds on the different
parts of the Lyapunov function and establish convergence.

Step 1: By Young’s inequality we have that Va > 0,
1
I8kl = 18k + Ve = el < (1+0) Ak + Vil + (145 ) 113 a1

We will choose a at a later stage in the proof to minimize the bound on the right hand side.

Step 2: By Lemma 6 in (Dalalyan & Karagulyan, 2017) we have the bound,

2
2 273/2 4
E [|[Vill3] < <5 2Ld + 0 5 ﬁ) < % (L2d? + M3d) . (32)
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Step 3: Next we will bound the other term in (31). First we express A1 in terms of Ay,

Apr1 = Ak + (Ykt1 — Yk) + (Trg1 — Tr)
5(k+1) §(k+1)
= A+ </ V[ (ys)ds + x/%fk> + </ g(zr)ds + J%gk)
Sk 5

k

§(k+1)
N / (V£(ys) — g(ax)) ds
Sk

5(k+1)
— A /5 (VF(5s) = Vi) + Vi) — V() + Vfan) — glan)) ds

* §(k+1)
= Ap — 8(V ) — Vf(aw)) - /5 (V) = V) ds 6 (<Y fa) + al)
=:Up =:(k
(k+1)6
= Ap — 0UL + 0C, — Vi — V2 V2 f(y,)dByds = Ay, — Vi, — §(Up + U + ).
ko ko

:5‘11k
Step 4: Using the above characterization of Ay in terms of Ay, we now get

[Aks1 + Vill3 = 1Ak = 0(Ur + ¥s + )3
= || A3 — 20(Ak, U + Uy + ) + 02| Us + ¥, + Cill3

Now we take expectation with respect to all sources of randomness conditioned (Brownian motion and the randomness in
the choice of .S) on x and yq (thus Ay is fixed). Recall that conditioned on Ay, ¥y and (j are zero mean, thus we get

k [1Ak1 + Vell3] = 1Akl = 26 (V£ (o) = Vf (@), Yo — zi) +6° Bk [|Uk + Vs + Gll3],

=0 =:Q9

where Ej, [-] denotes conditioning on xj, and yo. First we control 25

Qo = Ey, [| Uk + U + Gill3)
=Ex [|IVfyr) — g(ax) + Gll3]

=K [|VSf(yr) — %Z(Vfl (1) Zgw@klb
L i€S
=B (IS () — V(o) - %Z(foxk) o) + Vi ) ng A
L i€S
[ N N
=B |l > (Vfilyo) = Vfilx)) — o > (Vfilyo) = gk) + V£ (o) ng +Wil3]
L i€S €S

where in the second equality we used the definition of Uy, and ¢}, while in the third equality we used the definition of g(x).
By Young’s inequality we now have,

0 < 3 V() ~ VIR + 38 |17 S (Vi) — o) — V) + 3 ok 3

i€S i=1

R[] 6

Let us define the random variable 39 = V f; (1) — g — % (Vf(zx) + 21—, g5, ). Observing that {3} are zero mean
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(taking expectation over ) and independent, we have

Ey m S (Vfilaw) = g3) = V() + Zg:;n%]

€S

] 2 o]

€S i€S

(44%) N2 2
< Bl Vi) —gil3=— ZHsz (zk) — gk ll2;

where (7) follows as 3() are zero-mean and independent random variables, (i7) follows by the fact that 3() are identically
distributed, (iii) follows by the fact that for any random variable R, E [|R — ER||3] < E [|R|3].

Using the following decomposition ||V f;(x) — gi.13 < 3|V fi(wr) — Vfi(y)ll3 + 31V filyr) — hill3 + 3[Rk, — g lI3.
we have shown (2, may be bounded as follow

N
2, <3 V() ~ VI + 95 IV i) ~ Vil
i=1

N & . NS o,
+9— Y IV ilur) = hill3 + 9 > _lIk — gill3 + 3E [ k]3] . (34

=1

Step 5: We will now bound the different term in Equation 34. First, using a similar technique as (Dubey et al., 2016), we
bound the term ||h% — V f;(yx)||3. Let p = 1 — (1 — 1/N)™ be the probability to chose an index, then

k—1
E|hf — V fi(ye)|3 = Z]E[Hh?c — Vilye) 31t = V fi(y;)] - Py, = V fi(y;)]
j=0
k—1 .
= > E[IVfily;) = VFilu)l3] - Plhy, = V fi(y))]
=0
J~ k—1 )
< M? ) Ellly; — ykll3) - Plh, = V fily;)]
=0
<N YR VI s)ds = VEEs — &) B0 - )
)
-
< M? [26%E[|V f(y)||* + 46d(k — )] (1 —p)* 7 'p
7=0

< 2pM25*E||V f(y)|? Z] 1—p)i~ 1+4de25Zj (1—p

262 4dSM?
o MPE|V £ )+

IN

n

8dSM2N [6NM }
< +1],
n

where we have use lemma and the bound on p > 5% from Eq. (19) of (Dubey et al., 2016). Therefore

N

N dSNM? [SMN

9— > IIVFilun) = hipll3 < 72— [+1]
i=1
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Using the M-smoothness of each f;, we have ||V f;(z1.) — V fi(y)|I3 < M(V fi(z1) — V fi(yx), 2 — ys) and therefore
using also the M -smoothness of f

N
31 1) = V)l + 95 I A - Vil <3 (142 ) o

i=1

In addition, as shown in (23) that

2M?%6d
E[|Ts3] < -

Therefore we have proved that

2

n

N
3 N i i

72d5N M? {5MN }
+1].
i=1

Step 6: We can combine now the previous bound to first obtain

2 2 3 952N ad 7 712
B [ Ans1 + VB < kI3 —26 (1-3 (142 ) 631 ) @0 + 2= 37V} - ni3

=1

+2M?63d +

72463 N3 {6MN ]
2 +1 ’
n

and for any a > 0

2
= hill2

3
K [1Ak]3] <1+ a) ||Ak||§—2(1+a)5(1—3<1+n) 5M) O +(1+a
3 LY (4
+(1+a)80+ (142 ) 5%
where we have denoted by [ = 2M2d + 72(171#12 [SMN 4 1] and A =

(L2d? + M?d).

1
2

Step 7: We expand now the first part of 7}, We directly obtain:

N
Eg lz 91 — h2+1|‘§
i

N
—E, [Z g = Bl + 37 (lgr — B3~ llgi — RilI3)
% €S
N

N N
i i n n i i
= llgi — hill3 + i > IVilzk) = Vi)l — N > lllgi — hill3
i i=1

=1

e i Q2 nMV v
_N)Xi:”gk_ k||2+ﬁ< f(xr) =V F(yr), Te — y)-

Step 8: We are now able to upper-bound 7}:

N

n a)6’N i
B Tena] < 1=y + N € ok~ I + ()

cnM

—2(1+a)5<1—3(1+2)5M—2(1+W

>Q1+(1+a)53D+ <1+1>54A.
a

With the strong-convexity of f we obtain
Q1 > ml|Ag]l3.



On the Theory of Variance Reduction for SG-MC

Then
n 9(1+a)2N] & .
E [Th41] < [1N+ i } Z” k3
3 cnM 9

+(1+a)53D+<1+1) SN
a

Step 9: We will now fix the different values of ¢ and a in order to obtain the final recursive bound on T}. With ¢ =
12(1+a)6%N?

3 we obtain

By [T < [1 - ] e Z ok~ il + (1 o) (1 - 2ma (1= 30+ Dyanr) ) el
+(1+a)80+ (1 - a> SN

Assume now that ¢ = oy Where o = 2mé (1-3(1+ 2)6M)

2(

B [Tin] < [1 - o] e ank g+ (1-ma (130 Dyanr) ) jaulg

(1—m5(1—3(1+ NM)) 5 (1—mé(1—3(1+2)0M)) ,
(L—2ms (=301 Do) 0w —sat Dea) 0L

Let us assume that n > 9 and § < 1/12M, then

By (D] < |1 - 357 @ ank LB+ (1= ma/2)) | A3

1—md/2

1-mi/2 2—mo
1—md

530+ S3A.

Therefore with further simplification

63A

B [Thy1] < (1 — p) Ty + 260 +

where we denote by p = min{ 3%, md/2}.
Step 10: We are able now to solve this recursion to obtain an upper bound on 7}. We obtain a recursive argument,

[T < (1— B + 250+ 22050 - < (1= el + a0 + 202 L)
=0

and

N

cM? 2462 N M?

Ty =3 IV Ae) ~ V(o)1 + oo — soll < | “ +1) oo — ol < | 22220 41 o — ol
=0

Therefore using that E [||z, — yx||3] < E [T}], we obtain

2462 N M?
E [lzx — yxll3] < (1= p)* |:n2 + 1} E [llzo — woll3] + {

2630 25%}
+ ‘
mp
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We have that % =max{3¥ 21 <3N 4 2.

noméd = Tn mé*
9 o [2462N M2 9
E [[lzx —yll3] < (1 —p) 4ﬁp‘*+1H”Wb—mM}
663N 452 dNM? [6MN 603N 442
+{ +} <L2d+72 5 {—HD +[ +2] (L2d® + M?d) .
n m n nm m
Using the fact that zj, and y;, are optimally coupled, the results follows. O

C. Control Variates with Underdamped Langevin MCMC

In this section we will prove Theorem 4.3 and also include details regarding Algorithm 3 that was omitted in Section 3.3.
Throughout this section we will assume that assumptions (A1)-(A3) holds. Crucially in this section we will not assume the
Hessian of f to be Lipschitz ((A4)).

Underdamped Langevin Markov Chain Monte Carlo (see, e.g., Cheng et al., 2017) is a sampling algorithm which can be
viewed as discretized dynamics of the following Itd stochastic differential equation (SDE):

dvy = —yvedt — uV f (x4)dt + (\/2yu)d By (35)
dift = ’Utdt,

where (74, v¢) € R%4, f is a twice continuously differential function and B; represents standard Brownian motion in R¢. In
the discussion that follows we will always set

1
=9 d, = —. 36
v =2, an u= 7 (36)

We denote by p* the unique distribution which satisfies p*(z, v) oc exp —(f(z) + & ||v||3). It can be shown that p* is the
unique invariant distribution of (35) (see, e.g., Pavliotis, 2016, Proposition 6.1). We will choose our intial distribution to
always be a Dirac delta distribution py centered at (zo,v9) € R?. Also recall that we set g = z* = argmin, cga f(a),
and vg = 0. We denote by p; the distribution of (z;, v;) driven by the continuous time process (35) with initial conditions

(xOv ,UO)'
With these definitions and notation in place we can first show that p; contracts exponentially quickly to p* measured in Ws.

Corollary C.1 ( (Cheng et al., 2017), Corollary 7 ). Let po be a distribution with (xo,vg) ~ po. Let qo and q; be the
distributions of (xo, xo+vo) and (x4, T +vy), respectively (i.e., the images of po and p; under the map g(z,v) = (z, x+v)).
Then

Wa(ge, q%) < e /*"Wa(qo, q*).

The next lemma establishes a relation between the Wasserstein distance between ¢ to ¢* and between p to p*.

Lemma C.2 (Sandwich Inequality, (Cheng et al., 2017), Lemma 8). The triangle inequality for the Euclidean norm implies
that

1 * * *
§W2(Pt7]) ) < Walqr, q) < 2Wa(pe, p*). (37)
Thus we also get convergence of p; to p*:

Wa(ps, p*) < 4™V Wy (po, p*).

Discretization of the Dynamics

We will now present a discretization of the dynamics in 35. A natural discretization to consider is defined by the SDE,
dvy = —ydt — uV f(Zo)dt 4 (v/2yu)dB; (38)
di‘t = ﬁsdt,

with an initial condition (Z, U9) ~ po. The discrete update differs from (35) by using % instead of Z; ip the drift of v,.
Another difference is that in the drift of (38) we use an unbiased estimator of the gradient at Zy given by V f (%) (defined in
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(8)). We will only be analyzing the solutions to (38) for small ¢. Think of an integral solution of (38) as a single step of the
discrete chain.

Recall that we denote the distribution of (z, v;) driven by the continuous time process (35) by p;; analogously let the
distribution of (Z;, ;) driven by the discrete time process (38) be denoted by p;. Finally we denote by ®; the operator that
maps from pg to p;:

D;po = py. (39)
Analogously we denote by P, the operator that maps from pg to p;:
Pepo = pr. (40)

By integrating (38) up to time M (we rescale by M such that results are comparable between the three algorithms) we can
derive the distribution of the normal random variables used in Algorithm 3. Borrowing notation from Section 3.3, recall
that our iterates in Algorithm 3 are (z,v;)%_,. The random vector Z**1(zy,v;) € RY, conditioned on (7, vx) has a
Gaussian distribution with conditional mean and covariance obtained from the following computations:

E [vg41] = vpe M — m(l — e BMYY f(x) (41)
1 1 1 , ~
E[2g41] = ap + 5(1 — e My — oYY <6M ~3 (1- 6_25M)> Vf(zk)

1 1 3
E [(fﬂkﬂ —E[zg41]) (zp41 — E [$k+1DT} = iV [5M - 16745]\4 1 + 625M] “Igxa

E [(Ukﬂ — E[vrt1]) (vk11 — E [Uk+1])T] . (1—e M) Iyuq

1
E [(xkﬂ —E[zk11]) (0k41 — E [Uk+1])T:| = — [1+e M —2e7M] . 4.

[\

A reference to the above calculation is Lemma 11 of (Cheng et al., 2017). Given this choice of discretization we can bound
the discretization error between the solutions to (35) and (38) for small time d M (step-size — ¢). Note that if we start from
an initial distribution pyg, then taking ¢ step of the discrete chain with step size ¢ maps us to the distribution,

(@6)2130 =: p(z) te{l,...,T}. 42)

Corollary C.1 (contraction of the continuous time-process) coupled with the result presented as Theorem C.4 (discretization
error bound; stated and proved in Appendix C.1) will now help us prove Theorem 4.3.

Proof of Theorem 4.3. For any random variable (x,v) with distribution p, let ¢ denote the distribution of the random
variables (x, x 4+ v). From Corollary C.1, we have that for any i € {1,...,T}

Wa(®5¢"9, ¢*) < e ™2 Wo(¢"9, ¢*).

By the discretization error bound in Theorem C.4 and Lemma C.2, we get

1) M 7 i) F i 16€ 32]EJLN (i)
Wa(@5q™, @5q'Y) < 2Wo(Rsp!™), &5p?) < M262\/75K +M5\/ =

By the triangle inequality for W5,

r — z*|3
- :

W2 (g, %) = Wa(Psq', q%) < Wa(®@s5q™, @5¢™) + Wa(P5¢", ¢*) (43)

[16€ 32E |l — 2|2 _
< M?§? 5K+M6\/ z p(;n ”2+e*m5/2W2(q(”,q*). (44)
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Let us define 7 = e~"%/2, Then by applying (44) T times we have:

16& 32E. .
Wa(¢™,q") <" Wa(d®,q") + (L+n+...+0" ") [ M?6% TK - Mé\/

1 16€ 39E, 2 |
< 2" Wa(p'”, p*) + <1—77> M252\/?+M5\/ ” I3 :

where the second step follows by summing the geometric series and by applying the upper bound Lemma C.2. By another
application of 37 we get:

/645 128E

_Fl

x—x*uz

=T,
Observe that

1—7):1—67"15/2 > @
4
This inequality follows as md < 1. Note that by Lemma C.5 we have £ < 26d/m and by Lemma C.6 we have
E, *||3 < 10d/m. Using these bounds we get,

5T 4M?5 [1664d 4M [1280d
Wa(p™,p*) < dexp | —om | Wa(p@,p*) + =1 0t 4 = . (45)
2 m 5m m 3mn

In Lemma C.7 we establish a bound on W3 (p®), p*) < 2d/m. This motivates our choice of 7' > n}L log (12d) 0=
352 /bm? /(425984 - d) and n = (249M)d/(m3€®) which establishes our claim. O

C.1. Discretization Error Analysis

In this section we study the solutions of the discrete process (38) up to t = 6 M for some small §. Here, d represents a single
step of the Langevin MCMC algorithm. In Theorem C.4 we bound the discretization error between the continuous-time
process (35) and the discrete process (38) starting from the same initial distribution. In particular, we bound Ws(®;py, (i)gpo).
Recall the definition of ®; and ®, from (39) and (40). In this section we will assume for now that the kinetic energy (second
moment of velocity) is bounded for the continuous-time process,

vt € [0,6M] Ky, [||v]3] < k. (46)

We derive an explicit bound on £k (in terms of problem parameters d, M, m etc.) in Lemma C.5 in Appendix C.2. We first
state a result from (Baker et al., 2017) that controls the error between V f(x)) and V f (zy,).

Lemma C.3 ((Baker et al., 2017), Lemma 1). Let (z,vx) be the ki iterate of Algorithm 3 with step size 6. Define
& = Vf(x) — Vf(x), so that &, measures the noise in the gradient estimate ¥ f (z) and has mean 0. Then for all x;, € R?
andforallk =1,...,T we have

2 M2 2
Eynpo [[I€6]15] < o Eaypo (s —2*13] - (47)

In this section, we will repeatedly use the following inequality:
2

t 1/t 2 t
‘/ veds =H/ t-vsds St/ [[os|3ds,
0 2 tJo 2 0

which follows from Jensen’s inequality using the convexity of || - ||3.
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Theorem C.4. Let ®, and ®, be as defined in (39) corresponding to the continuous-time and discrete-time processes
respectively. Let py be any initial distribution and assume that the step size 6 < 1/M. Then the distance between the
continuous-time process and the discrete-time process is upper bounded by

Wa(®spo, Pspo) < M252\/E+ M(;\/S]EINPO [l — I3 ]

Proof of Theorem C.4. We will once again use a standard synchronous coupling argument, in which ®;5pg and Pspo are
coupled through the same initial distribution py and common Brownian motion B;.

First, we bound the error in velocity. By using the expression for v; and v; from Lemma C.8, we have

E [lo, - 5l13] 2B

u/os e2(s=m) (Vf(zr) — Vf(a:o)) dr

(? su? /S E [HeQ(ST) (Vf(xr) — Vf(xo)) dr

= u’E

/ 20 (V) - Vi mo)dr)

0 2

2 su/ M( ~ Y f(z0) + V(o) — fxo)H]dr

(S) 25u2/0 E{H(Vf(mr)—Vf(wo))H dr+2su [H Vf(zo) — Vf(xo )H ]

(v) s 282u2M2 y
< 2su2M2/0 E {Hmr — :v0||§} dr + TEIUNPO [||:E0 —z ||§]
) s r 2 2,27 72
v 2 M
(vi) 25u2M2/0 E U /0 vpdw|| | dr+ SUTEIONPU [llzo — z*(|3]
2

(vid) s T 252u?M? .
< 25u2M2/0 r (/0 E [||vw 3] dw) dr + TEwowvo [llzo — z*(I3]

(vidd) s T 2 2 2M2
< 23u2M25K/ r (/ dw) dr + LEI(,N;;O [||$0 - w*ll%]
0 0 n

25t M?Ex  252u?M?
= +
3
where (%) follows from the Lemma C.8 and vy = 7y, (i) follows from application of Jensen’s inequality, (iii) follows
as |e~4(5=7)| < 1, (iv) follows by Young’s inequality, (v) is by application of the M -smoothness property of f(x) and
by invoking Lemma C.3 to bounds the second term, (vi) follows from the definition of .., (vii) follows from Jensen’s
inequality and (viiz) follows by the uniform upper bound on the kinetic energy assumed in (46), and proven in Lemma C.5.

EIL’ONPO [HLU() - LL'*H%} ’

This completes the bound for the velocity variable. Next we bound the discretization error in the position variable:

s 2
’/ (vy — Oy )dr
0 2
< s/ E [||vr - 1~)T||§] dr
0

E [Jos - 73] =E

S22t M2Ey  252ul M2 .
< s/ ( 3 + Ezqmpo [||a:0 —x ||§]> dr
0 n
256u2M2E  25*u?M? .
= + ]EJCONPO [on -z ||§] ;

15 3n

where the first line is by coupling through the initial distribution pg, the second line is by Jensen’s inequality and the third
inequality uses the preceding bound. Setting s = M6 and by our choice of u = 1/M we have that the squared Wasserstein
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distance is bounded as

M§54 Mff) + 2B ~po [[l70 — 23] <M252 + M;64> )

W2(®spo, Bpo) < 265 ( + -

Given our assumption that § is chosen to be smaller than 1/M, this gives the upper bound:

Ak MG | BMP6*Euyp [0 — 23]
5 3n '

W5 (®5p0, Ppo) <
Taking square roots establishes the desired result. O

C.2. Auxiliary Results

In this section, first we establish an explicit bound on the kinetic energy £x in (46) which is used to control the discretization
error at each step.

Lemma C.5 (Kinetic Energy Bound). Let p{% (z,v) = 1,—,- - 1,—o— the Dirac delta distribution at (z*,0). Further let
@) be defined as in (42) fori = 1,...T, with step size 6 and number of iterations T as specified in Theorem 4.3. Then for
alli=1,...T and for all t € [0, 6], we have the bound

E(Lv)mbtp“) [”UHQ <&k,
Proof. We first establish an inequality that provides an upper bound on the kinetic energy for any distribution p. Step 1:

Let p be any distribution over (x, v), and let ¢ be the corresponding distribution over (z,x + v). Let (2’,v") be random
variables with distribution p*. Further let ¢ € I'o¢(p, p*) such that,

E¢ [z —2'll3 + [I(z = 2) + (v = 0')I3] = W3(q,q7).-
Then we have,
Ey [lvl3] = B¢ [llv —v"+'|[3]
< 2By [Ilvll3] + 2Ec [llv — o'lI3 ]
< 2By [[[vl3] + 4B [lz + v — (& + )5 + ]z — 27[13]
= 2B, [[[03] + 4W5 (g, ¢%), 48)
where for the second and the third inequality we have used Young’s inequality, while the final line follows by optimality of (.
Step 2: We know that p* oc exp(—(f(z) + & ||v||3)), so we have E,- [||[v|3] = d/M.
Step 3: For our initial distribution py(gp) we have the bound
W@, q%) < 2B [[[0]13] + 2Bgrep armpe [llz = 2'[13]
2d N
=M + 2Egnp- [Hm -7 ||%] )
2d 2d _ 4d
<24 27
“ M m T m
Putting all this together along with (48) we have

2d  24d d
2
Eyo [[lvle] < 37 +—— < 26—.

Step 4: By Corollary C.1, we know that V¢ > 0,

W3 (@', q%) < W3 (g, q%).
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This proves the theorem statement for ¢ = 0. We will now prove it for 7 > 0 via induction. We have proved it for the base
case ¢ = 0, let us assume that the result holds for some ¢ € {1, ..., T}. Then by equation Theorem 4.3 applied upto ¢ steps,
we know that
W3 (g™, q) = W5 (259", q%) < W5 (¢, ).
Thus by (48) we have,
Eqg,po [[I0]I3] < €x,
forallt > 0andi € {0,1,...,T}. O

Now we provide an upper bound on E,,_,i) [||x —z* ||§] that will again be useful in controlling the discretization error.

Lemma C.6 (Variance Bound). Let p©)(2,v) = 1,—y~ - 1,—o— the Dirac delta distribution at (z*,0). Further let p*) be
defined as in (42) for i = 1,...T, with step size § and number of iterations T as specified in Theorem 4.3. Then for all
i=1,...T and for all t € |0, 8], we have the bound

10d
Ez~<1>tp(i) “|$ - x*Hg] < —.

Proof. We first establish an inequality that provides an upper bound on the kinetic energy for any distribution p. Step 1:
Let p be any distribution over (z, v), and let ¢ be the corresponding distribution over (z,z + v). Let (z’,v’) be random
variables with distribution p*. Further let ¢ € T, (p, p*) such that,

E¢ [lo = 2|13 + ll(z = 2) + (v = )3] = Wi(a.4").
Then we have,
Eonp (o — 2" 3] = E¢ [llz — 2’ + 2" — 2*||3]

< 2Bornpe [[l2" — 27(13] + 2E¢ [[lo — 2|[3]

= 2Bprp- ([l — 27(I3] +2W5 (g, 4"), (49)
where for the second and the third inequality we have used Young’s inequality, while the final line follows by optimality of .
Step 2: We know by Theorem D.1 that B+ [[|lz — 2*[]3] < d/m.
Step 3: For our initial distribution py(gp) we have the bound

WQZ(qovq*) < 2EP* [”UH%} + 2Em~p(0),z’~p* [HI - .I‘/”g]
2d

= i + 2E;p [H$ - x*H%} )

2d 2d _ 4d
<=L 27
“M m T m
where the first inequality is an application of Young’s inequality, the equality in the second line follows as p*(v)
exp(—M ||v||%/2) and the second inequality follows by again applying the bound from Theorem D.1. Combining these we
have the bound, Putting all this together along with (49) we have

. 2d  8d d
Eonpo [l2 — 2%]3] < —+ < 105.

Step 4: By Corollary C.1, we know that V¢ > 0,
W3 (@4, q%) < W5 (d7, q").

This proves the theorem statement for ¢+ = 0. We will now prove it for ¢ > 0 via induction. We have proved it for the base
case i = 0, let us assume that the result holds for some ¢ € {1,...,T}. Then by equation Theorem 4.3 applied upto ¢ steps,
we know that ~

W3 (q“tY,q") = W5 (256", ¢") < W5 (¢, ¢").
Thus by (49) we have,

10d
Eg,p0 [[[0]13] < el

forallt >0and ¢ € {0,1,...,T}. O



On the Theory of Variance Reduction for SG-MC

Next we prove that the distance of the initial distribution p(©) to the optimum distribution p* is bounded.

Lemma C.7. Let p'°) (z,v) = 1,—y+ - 1,—o— the Dirac delta distribution at (x*,0). Then

X d

Proof. As p® (z,v) is a delta distribution, there is only one valid coupling between p(© and p*. Thus we have
W3 (0, p*) = By [lz = 2[5 + [[0]13]
< ]EINP*(r) [”x - CL‘*H%] + Ivap*(v) [H'UH%] .

Note that p*(v) o< exp(—M|[v||3/2), therefore Eqp(v) [|v]|3] = d/M. By invoking Theorem D.1 the first term
Eymp(2) [[l# — *||3] is bounded by d/m. Putting this together we have,

o d d __d
W22(P(O)ap)§ EJFM §2E'

O

Next we calculate integral representations of the solutions to the continuous-time process (35) and the discrete-time process
(38).

Lemma C.8. The solution (x,v;) to the underdamped Langevin diffusion (35) is

vt:voe_'yt—u</ (= SVf Zs)d )—I—\/nyu/ e =8B, (50)
0

t
Ty = Tg +/ vsds.
0

The solution (Z4,0;) of the discrete underdamped Langevin diffusion (38) is

ﬁt:ﬁoe”t—u</ et S)Vf (Zo)d >+\/2’yu/ e 1t=9)qB, (51)

0
t
Ty = o +/ Vgds.
0

Proof. Tt can be easily verified that the above expressions have the correct initial values (z, vo) and (Z¢, ¥p). By taking
derivatives, one also verifies that they satisfy the differential equations in (35) and (38). [

D. Technical Results

We state this Theorem from (Durmus & Moulines, 2016) used in the proof of Lemma C.5.
Theorem D.1 ((Durmus & Moulines, 2016), Theorem 1). For all t > 0 and = € R,

. d
Bonye [llo = 73] < =



