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A. Derivations
A.1. Getting the ELBO in Equation (2)

To utilize the variational principle and get
the ELBO, we introduce another distribution
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There are two things to be noticed about this equation. First,
the expectations are under Q = qφ
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does not depend on it. Second, in our

generation model x is independent from s given z by its
design. Then we have
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We find that the tightness of this bound depends on how well
Q approximates the true posterior of latent variables given

*Equal contribution 1Department of Computer Science,
University of Southern California, Los Angeles, Califor-
nia, United States. Correspondence to: Zhengping Che,
Sanjay Purushotham, Guangyu Li, Bo Jiang, Yan Liu
<{zche,spurusho,guangyul,boj,yanliu.cs}@usc.edu>.

Proceedings of the 35 th International Conference on Machine
Learning, Stockholm, Sweden, PMLR 80, 2018. Copyright 2018
by the author(s).

the inputs and initial parameters P , because the equality
holds if and only if DKL

(
Q
∥∥∥P)

= 0. This requirement is
carefully taken into consideration in our inference model
design.

A.2. Factorizing the ELBO in Equation (5)

The first part of the F(θ, φ) can be factorized similarly as
Equation (1), as follows
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The second part of the F(θ, φ) can be factorized based on
the principle of minimum discrimination information (MDI).
First, we have
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where qφ is a shorthand for qφ
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Notice that qφs (.) and pθs (.) are the same and s is deter-
ministic given other variables and thus can be integrated out
(by using its value). Then, the first KL divergence term can
be further factorized as

DKL

(
qφ
(
z1:L
T , s2:L

T |x1:L
1:T ,z

1:L
T−1

)∥∥∥pθ (z1:L
T , s2:L

T |z1:L
T−1

))
=DKL

(
qφ
(
z1
T |x1

T ,z
1
T−1

)∥∥∥pθ (z1
T |z1

T−1

))
+

L∑
l=2

Eqφ DKL

(
qφ
(
zlT |x1:L

1:T ,z
1
T−1,z

l−1
T , slT

)∥∥∥pθ (z1
T |z1

T−1,z
l−1
T , slT

))
+

L∑
l=2

Eqφ DKL

(
qφ
(
slT |x1:L

1:T ,z
1
T−1,z

l−1
T

)∥∥∥pθ (slT |z1
T−1,z

l−1
T

))
=DKL

(
qφ
(
z1
T |x1:L

1:T ,z
1
T−1

)∥∥∥pθ (z1
T |z1

T−1

))
+

L∑
l=2

Eqφ DKL

(
qφ
(
zlT |x1:L

1:T ,z
1
T−1,z

l−1
T

)∥∥∥pθ (z1
T |z1

T−1,z
l−1
T

))
By recursively factorizing the last term of Equation (7), we
have
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where Q∗ is the marginalized distributions defined as previ-
ous. Finally, taking both Equation (6) and (8) leads to the
factorized ELBO in Equation (5).
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B. Baseline Descriptions
B.1. Simplified Models from MR-HDMM

To demonstrate the advantage of the learnable hierarchical
structure and the auxiliary connections, we compared two
simplified models derived from the proposed MR-HDMM.
The first baseline is named as Multi-Rate Deep Markov
Model (MR-DMM), which removes the hierarchical struc-
ture in the latent space from the model. The second base-
line, which is named as Hierarchical Deep Markov Model
(HDMM), removes the auxiliary connections between the
lower-rate time series and the higher level latent layers. The
other parts of the two models remains the same as MR-
HDMM. The generation models of MR-DMM and HDMM
are shown in Figure 4(a) and 4(b), respectively.
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x1
5

x2
5

x3
5x3

1

x2
1<latexit sha1_base64="G3m/UR1RUtAa1iIxEKqXv36PKjM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxlbaWDbbTbt0dxN2N2IJ+RVePKh49e9489+4bXPQ1gcDj/dmmJkXJpxp47rfztLyyuraemmjvLm1vbNb2du/03GqCPVJzGPVDrGmnEnqG2Y4bSeKYhFy2gpHVxO/9UiVZrG8NeOEBgIPJIsYwcZK90+9zMsfsnreq1TdmjsFWiReQapQoNmrfHX7MUkFlYZwrHXHcxMTZFgZRjjNy91U0wSTER7QjqUSC6qDbHpwjo6t0kdRrGxJg6bq74kMC63HIrSdApuhnvcm4n9eJzXReZAxmaSGSjJbFKUcmRhNvkd9pigxfGwJJorZWxEZYoWJsRmVbQje/MuLxK/XLmruzWm1cVmkUYJDOIIT8OAMGnANTfCBgIBneIU3RzkvzrvzMWtdcoqZA/gD5/MHK42QLw==</latexit><latexit sha1_base64="G3m/UR1RUtAa1iIxEKqXv36PKjM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxlbaWDbbTbt0dxN2N2IJ+RVePKh49e9489+4bXPQ1gcDj/dmmJkXJpxp47rfztLyyuraemmjvLm1vbNb2du/03GqCPVJzGPVDrGmnEnqG2Y4bSeKYhFy2gpHVxO/9UiVZrG8NeOEBgIPJIsYwcZK90+9zMsfsnreq1TdmjsFWiReQapQoNmrfHX7MUkFlYZwrHXHcxMTZFgZRjjNy91U0wSTER7QjqUSC6qDbHpwjo6t0kdRrGxJg6bq74kMC63HIrSdApuhnvcm4n9eJzXReZAxmaSGSjJbFKUcmRhNvkd9pigxfGwJJorZWxEZYoWJsRmVbQje/MuLxK/XLmruzWm1cVmkUYJDOIIT8OAMGnANTfCBgIBneIU3RzkvzrvzMWtdcoqZA/gD5/MHK42QLw==</latexit><latexit sha1_base64="G3m/UR1RUtAa1iIxEKqXv36PKjM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8cKxlbaWDbbTbt0dxN2N2IJ+RVePKh49e9489+4bXPQ1gcDj/dmmJkXJpxp47rfztLyyuraemmjvLm1vbNb2du/03GqCPVJzGPVDrGmnEnqG2Y4bSeKYhFy2gpHVxO/9UiVZrG8NeOEBgIPJIsYwcZK90+9zMsfsnreq1TdmjsFWiReQapQoNmrfHX7MUkFlYZwrHXHcxMTZFgZRjjNy91U0wSTER7QjqUSC6qDbHpwjo6t0kdRrGxJg6bq74kMC63HIrSdApuhnvcm4n9eJzXReZAxmaSGSjJbFKUcmRhNvkd9pigxfGwJJorZWxEZYoWJsRmVbQje/MuLxK/XLmruzWm1cVmkUYJDOIIT8OAMGnANTfCBgIBneIU3RzkvzrvzMWtdcoqZA/gD5/MHK42QLw==</latexit>

x2
3

(a) Generation model of MR-DMM.

z35
<latexit sha1_base64="xo/E3ptk+QaeVilWfelxQwJBNeI=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSx+RL0RvXjExBUMrKRbutDQdjdt1wQ3+yu8eFDj1b/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dgoLi0vLK8XV0tr6xuZWeXvnTkeJItQjEY9UK8CaciapZ5jhtBUrikXAaTMYXo395iNVmkXy1oxi6gvclyxkBBsr3T9109PsIT3OuuWKW3UnQPOklpMK5Gh0y1+dXkQSQaUhHGvdrrmx8VOsDCOcZqVOommMyRD3adtSiQXVfjo5OEMHVumhMFK2pEET9fdEioXWIxHYToHNQM96Y/E/r52Y8NxPmYwTQyWZLgoTjkyExt+jHlOUGD6yBBPF7K2IDLDCxNiMSjaE2uzL88Q7ql5U3ZuTSv0yT6MIe7APh1CDM6jDNTTAAwICnuEV3hzlvDjvzse0teDkM7vwB87nDzZHkDY=</latexit><latexit sha1_base64="xo/E3ptk+QaeVilWfelxQwJBNeI=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSx+RL0RvXjExBUMrKRbutDQdjdt1wQ3+yu8eFDj1b/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dgoLi0vLK8XV0tr6xuZWeXvnTkeJItQjEY9UK8CaciapZ5jhtBUrikXAaTMYXo395iNVmkXy1oxi6gvclyxkBBsr3T9109PsIT3OuuWKW3UnQPOklpMK5Gh0y1+dXkQSQaUhHGvdrrmx8VOsDCOcZqVOommMyRD3adtSiQXVfjo5OEMHVumhMFK2pEET9fdEioXWIxHYToHNQM96Y/E/r52Y8NxPmYwTQyWZLgoTjkyExt+jHlOUGD6yBBPF7K2IDLDCxNiMSjaE2uzL88Q7ql5U3ZuTSv0yT6MIe7APh1CDM6jDNTTAAwICnuEV3hzlvDjvzse0teDkM7vwB87nDzZHkDY=</latexit><latexit sha1_base64="xo/E3ptk+QaeVilWfelxQwJBNeI=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSx+RL0RvXjExBUMrKRbutDQdjdt1wQ3+yu8eFDj1b/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dgoLi0vLK8XV0tr6xuZWeXvnTkeJItQjEY9UK8CaciapZ5jhtBUrikXAaTMYXo395iNVmkXy1oxi6gvclyxkBBsr3T9109PsIT3OuuWKW3UnQPOklpMK5Gh0y1+dXkQSQaUhHGvdrrmx8VOsDCOcZqVOommMyRD3adtSiQXVfjo5OEMHVumhMFK2pEET9fdEioXWIxHYToHNQM96Y/E/r52Y8NxPmYwTQyWZLgoTjkyExt+jHlOUGD6yBBPF7K2IDLDCxNiMSjaE2uzL88Q7ql5U3ZuTSv0yT6MIe7APh1CDM6jDNTTAAwICnuEV3hzlvDjvzse0teDkM7vwB87nDzZHkDY=</latexit>

z34<latexit sha1_base64="Ddk1wsUUpdGdorNP0fQBk4UuLfw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVgnorevFYwbWVdi3ZNNuGJtklyQp12V/hxYOKV/+ON/+N6cdBWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOr8Z+85EqzWJ5a0YJDQTuSxYxgo2V7p+6WS1/yE7zbrniVt0J0CLxZqQCMzS65a9OLyapoNIQjrVue25iggwrwwineamTappgMsR92rZUYkF1kE0OztGRVXooipUtadBE/T2RYaH1SIS2U2Az0PPeWPzPa6cmOg8yJpPUUEmmi6KUIxOj8feoxxQlho8swUQxeysiA6wwMTajkg3Bm395kfgn1Yuqe1Or1C9naRThAA7hGDw4gzpcQwN8ICDgGV7hzVHOi/PufExbC85sZh/+wPn8ATS/kDU=</latexit><latexit sha1_base64="Ddk1wsUUpdGdorNP0fQBk4UuLfw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVgnorevFYwbWVdi3ZNNuGJtklyQp12V/hxYOKV/+ON/+N6cdBWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOr8Z+85EqzWJ5a0YJDQTuSxYxgo2V7p+6WS1/yE7zbrniVt0J0CLxZqQCMzS65a9OLyapoNIQjrVue25iggwrwwineamTappgMsR92rZUYkF1kE0OztGRVXooipUtadBE/T2RYaH1SIS2U2Az0PPeWPzPa6cmOg8yJpPUUEmmi6KUIxOj8feoxxQlho8swUQxeysiA6wwMTajkg3Bm395kfgn1Yuqe1Or1C9naRThAA7hGDw4gzpcQwN8ICDgGV7hzVHOi/PufExbC85sZh/+wPn8ATS/kDU=</latexit><latexit sha1_base64="Ddk1wsUUpdGdorNP0fQBk4UuLfw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVgnorevFYwbWVdi3ZNNuGJtklyQp12V/hxYOKV/+ON/+N6cdBWx8MPN6bYWZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOr8Z+85EqzWJ5a0YJDQTuSxYxgo2V7p+6WS1/yE7zbrniVt0J0CLxZqQCMzS65a9OLyapoNIQjrVue25iggwrwwineamTappgMsR92rZUYkF1kE0OztGRVXooipUtadBE/T2RYaH1SIS2U2Az0PPeWPzPa6cmOg8yJpPUUEmmi6KUIxOj8feoxxQlho8swUQxeysiA6wwMTajkg3Bm395kfgn1Yuqe1Or1C9naRThAA7hGDw4gzpcQwN8ICDgGV7hzVHOi/PufExbC85sZh/+wPn8ATS/kDU=</latexit>

z33
<latexit sha1_base64="i1uYpfDc4ed45wYwxlYYKFN7NCc=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiXojevGIiSsYWEm3dKGh7W7arglu+BVePKjx6t/x5r+xwB4UfMkkL+/NZGZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOryZ+85EqzWJ5a0YJDQTuSxYxgo2V7p+62en4wVa3XHGr7hRokXg5qUCORrf81enFJBVUGsKx1m3PTUyQYWUY4XRc6qSaJpgMcZ+2LZVYUB1k04PH6MgqPRTFypY0aKr+nsiw0HokQtspsBnoeW8i/ue1UxOdBxmTSWqoJLNFUcqRidHke9RjihLDR5Zgopi9FZEBVpgYm1HJhuDNv7xI/JPqRdW9qVXql3kaRTiAQzgGD86gDtfQAB8ICHiGV3hzlPPivDsfs9aCk8/swx84nz8zN5A0</latexit><latexit sha1_base64="i1uYpfDc4ed45wYwxlYYKFN7NCc=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiXojevGIiSsYWEm3dKGh7W7arglu+BVePKjx6t/x5r+xwB4UfMkkL+/NZGZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOryZ+85EqzWJ5a0YJDQTuSxYxgo2V7p+62en4wVa3XHGr7hRokXg5qUCORrf81enFJBVUGsKx1m3PTUyQYWUY4XRc6qSaJpgMcZ+2LZVYUB1k04PH6MgqPRTFypY0aKr+nsiw0HokQtspsBnoeW8i/ue1UxOdBxmTSWqoJLNFUcqRidHke9RjihLDR5Zgopi9FZEBVpgYm1HJhuDNv7xI/JPqRdW9qVXql3kaRTiAQzgGD86gDtfQAB8ICHiGV3hzlPPivDsfs9aCk8/swx84nz8zN5A0</latexit><latexit sha1_base64="i1uYpfDc4ed45wYwxlYYKFN7NCc=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqiXojevGIiSsYWEm3dKGh7W7arglu+BVePKjx6t/x5r+xwB4UfMkkL+/NZGZemHCmjet+O4Wl5ZXVteJ6aWNza3unvLt3p+NUEeqTmMeqFWJNOZPUN8xw2koUxSLktBkOryZ+85EqzWJ5a0YJDQTuSxYxgo2V7p+62en4wVa3XHGr7hRokXg5qUCORrf81enFJBVUGsKx1m3PTUyQYWUY4XRc6qSaJpgMcZ+2LZVYUB1k04PH6MgqPRTFypY0aKr+nsiw0HokQtspsBnoeW8i/ue1UxOdBxmTSWqoJLNFUcqRidHke9RjihLDR5Zgopi9FZEBVpgYm1HJhuDNv7xI/JPqRdW9qVXql3kaRTiAQzgGD86gDtfQAB8ICHiGV3hzlPPivDsfs9aCk8/swx84nz8zN5A0</latexit>

z32<latexit sha1_base64="m3Jvsvgon0SW2+ZapQttsZmXaeE=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p96aT17SE+yXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGvkDM=</latexit><latexit sha1_base64="m3Jvsvgon0SW2+ZapQttsZmXaeE=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p96aT17SE+yXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGvkDM=</latexit><latexit sha1_base64="m3Jvsvgon0SW2+ZapQttsZmXaeE=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p96aT17SE+yXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGvkDM=</latexit>

z31

z21 z22 z23
<latexit sha1_base64="9XdrESdfp8cYMi1TvEaWZTfR8F0=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p966Un2kNazXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGzkDM=</latexit><latexit sha1_base64="9XdrESdfp8cYMi1TvEaWZTfR8F0=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p966Un2kNazXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGzkDM=</latexit><latexit sha1_base64="9XdrESdfp8cYMi1TvEaWZTfR8F0=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiSxoot6IXjxi4goGVtItXWhou5u2a4Kb/RVePKjx6t/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O4Wl5ZXVteJ6aWNza3unvLt3p6NEEeqRiEeqHWBNOZPUM8xw2o4VxSLgtBWMriZ+65EqzSJ5a8Yx9QUeSBYygo2V7p966Un2kNazXrniVt0p0CKp5aQCOZq98le3H5FEUGkIx1p3am5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmPPdTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg2hNv/yIvHq1Yuqe3NaaVzmaRThAA7hGGpwBg24hiZ4QEDAM7zCm6OcF+fd+Zi1Fpx8Zh/+wPn8ATGzkDM=</latexit>

z24 z25

z15z14<latexit sha1_base64="VlqRj/VmgQsEenEgUFbg5hw/LEw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtpY9lsN+3S3U3Y3Qg15Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+65EqzWJ5a8YJDQQeSBYxgo2V7p962Wn+kHl5r1pz6+4UaJF4BalBgWav+tXtxyQVVBrCsdYdz01MkGFlGOE0r3RTTRNMRnhAO5ZKLKgOsunBOTqySh9FsbIlDZqqvycyLLQei9B2CmyGet6biP95ndRE50HGZJIaKslsUZRyZGI0+R71maLE8LElmChmb0VkiBUmxmZUsSF48y8vEv+kflF3b05rjcsijTIcwCEcgwdn0IBraIIPBAQ8wyu8Ocp5cd6dj1lrySlm9uEPnM8fMbeQMw==</latexit><latexit sha1_base64="VlqRj/VmgQsEenEgUFbg5hw/LEw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtpY9lsN+3S3U3Y3Qg15Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+65EqzWJ5a8YJDQQeSBYxgo2V7p962Wn+kHl5r1pz6+4UaJF4BalBgWav+tXtxyQVVBrCsdYdz01MkGFlGOE0r3RTTRNMRnhAO5ZKLKgOsunBOTqySh9FsbIlDZqqvycyLLQei9B2CmyGet6biP95ndRE50HGZJIaKslsUZRyZGI0+R71maLE8LElmChmb0VkiBUmxmZUsSF48y8vEv+kflF3b05rjcsijTIcwCEcgwdn0IBraIIPBAQ8wyu8Ocp5cd6dj1lrySlm9uEPnM8fMbeQMw==</latexit><latexit sha1_base64="VlqRj/VmgQsEenEgUFbg5hw/LEw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtpY9lsN+3S3U3Y3Qg15Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O6Wl5ZXVtfJ6ZWNza3unurt3p+NUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOriZ+65EqzWJ5a8YJDQQeSBYxgo2V7p962Wn+kHl5r1pz6+4UaJF4BalBgWav+tXtxyQVVBrCsdYdz01MkGFlGOE0r3RTTRNMRnhAO5ZKLKgOsunBOTqySh9FsbIlDZqqvycyLLQei9B2CmyGet6biP95ndRE50HGZJIaKslsUZRyZGI0+R71maLE8LElmChmb0VkiBUmxmZUsSF48y8vEv+kflF3b05rjcsijTIcwCEcgwdn0IBraIIPBAQ8wyu8Ocp5cd6dj1lrySlm9uEPnM8fMbeQMw==</latexit>
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(b) Generation model of HDMM.

Latent variable z
<latexit sha1_base64="WIlbTbBFLLcqOvt81zBc03GagJU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9XU4zR</latexit><latexit sha1_base64="WIlbTbBFLLcqOvt81zBc03GagJU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9XU4zR</latexit><latexit sha1_base64="WIlbTbBFLLcqOvt81zBc03GagJU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9XU4zR</latexit> Observation x Switches s

Figure 4. Generation models of two baseline models derived from
the proposed MR-HDMM.

B.2. Implementation Details of KF-based Models

Kalman Filters (KF) We first up-sample all the MSR
and LSR features to make their sampling rate the same as
the HSR features. We then get single-rate multivariate time
series (SR-MTS) for both MIMIC-III dataset and USHCN
climate dataset. Then we train KF on the SR-MTS data

using EM algorithm to get the forecasting results.

Multiple Kalman Filters (MKF) We train three different
KF models on the HSR/MSR/LSR time series separately,
and then we concatenate the outputs (eg. forecasting results)
of these three KF models to obtain the final results.

Multi-rate Kalman Filters (MR-KF) Three different
KF models are trained on the HSR/MSR/LSR time series
separately to get their state estimations. Then a neural net-
work (multi-layer perceptron(MLP)) is employed to fuse
the estimated state vectors from each Kalman filter to ob-
tain the final prediction results. Similar to the other deep
learning methods, MR-KF is trained on the training set, the
best weights are chosen based on the performance on the
validation set, and the results are reported on the held-out
test set.


