Stochastic Training of Graph Convolutional
Networks with Variance Reduction:
Supplementary Material

A Derivation of the variance

The following proposition is widely used in this section.

Proposition A. Let X1,..., Xy are random variables, then
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We begin with the proof for the three propositions in the main text.

Proposition If ﬁ(l)(u) contains DU samples from n(u) without replace-
n(u (l)
ment, then Va‘rﬁ(l)(u) [% Zveﬁ(l)(u) LL’U} = 2D(’) Zvlen(u) ngEn(u) (‘T’Ul -

v,)?, where CY) =1 — (DO —1)/(n(u) — 1).

Proof. We denote the D) samples in the set as vy, . .., vpa) .Let T = ﬁ > ven(u) Tos



then

Varﬁm(u) 7D(l) Z Ty
ven® (u)
( )D(l)
n(u
:Varvh...,vD(l) m Z Ty,
=1
n(u) 2 DW pW
) EE e
i=1 j=1
) [ &
N niu 2
a (U)> Z;V&r”i [xm] + ;COVU“UJ' [xvi,xvj]
1= 1]
2 1) Op® —
n(u)> DS 5, DU(D 1) _ _ 9
(MNP e, DOPO D) (2i )~ 1)~ Y (a;—17)
~ n(u) DV —1 2 9
~ DO <1 T n(w) —1 Ugn:(q )x” —nlw)e
1 DY —1
~2D0) <1 B n(u)—1> 2n(u) } w— Y 2w
ven(u) v1,v2€N(u)
oy
:m (@0, _m'02)2~
v1,v2€n(u)
O

Proposition [2l If ¥ () contains DO samples from the set n(u) without re-
placement, x1,. .., xy are random variables, Vv, E [z,] = 0 and Vv1 # va, Cov [Ty, , Tq,] =

0, then Vary a0y [% > ven® (u) xv} = % > ven(w) Var o).
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Proposition 8| X and Y are two random variables, and f(X,Y) and g(Y) are
two functions. If Ex f(X,Y) =0, then Varxy [f(X,Y) +g(Y)] = Varx y f(X,Y)+
Varyg(Y).

Proof.
Varyy [f(X,Y) +g(Y)] = Varx y f(X,Y) + Varyg(Y) + 2Covx v [f(X,Y), g(Y)],
where

Covxy[f(X,Y),g(Y)] = EyEx [(f(X,Y) - Ex,y f(X.Y))(9(Y) — Eyg(Y))]
=Ey [(Exf(X,Y) —0)(g(Y) — Eyg(Y))]
=Ey [0(g(Y) — Eyg(Y))] = 0.

O
Then, we derive the variance of the estimators with dropout is present.
A.1 Variance of the exact estimator
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A.2 Variance of the NS estimator
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where the last equality is by Proposition [3} By Proposition [2] VD is
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A.4 Variance of the CV estimator
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where Ai},(f) = hg,l) — S,l) — BSP (l) , and the last equality is by Proposmon
1
The VNS term is the same with CVD’S \QNS term. )
To analyze the VD, we further assume hq(f) and hg) are i.i.d., so IEMAh,(JZ) =
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B Proof of Theorem 1

Theorem For a constant sequence of W; =W and any i > LI (i.e., after L
epochs), the activations computed by CV are exact, i.e., Z(l) =2zW0 for each

l€[L] and Hg%,z = HW for each | € [L —1].

Proof. We prove by induction. After the first epoch the activation hgov) is at
least computed once for each node v. So ﬂg)‘)/l = Hg)‘),,i = HO = X for all

i > I. Assume that we have Hg%m = Hg%,z = HW for all i > (I + 1)I. Then for
alli > (1+1)I

289 = (PO HS, ~ AL + PAS) WO = PAS, WO = PHOW® = 7040,
(1)
HI = (285 = 1O

After one more epoch, all the activations h(cl‘tll)v are computed at least once for

each v, so Hgé}t) Hg‘tl) = HUFY for all i > (I + 2)I. By induction, we know
that after LI steps, we have HéLV - HéLV 11) = H(=D By Eq. we also have

28), - 2.
O



C Proof of Theorem 2
We proof Theorem [2|in 3 steps:

1. Lemma |1} For a sequence of weights W) ... W) which are close to
each other, CV’s approximate activations are close to the exact activations.

2. Lemma [2} For a sequence of weights W ... . W®) which are close to
each other, CV’s gradients are close to be unbiased.

3. Theorem [2} An SGD algorithm generates the weights that changes slow
enough for the gradient bias goes to zero, so the algorithm converges.

The following proposition is needed in our proof
Proposition B. Let ||Al| = max;; |A;;|, then
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We define C' := max{col(P), col(H®), ... col(H"™))} to be the maximum
number of columns we can possibly encounter in the proof.

C.1 Single layer GCN

The following proposition states that if the inputs and the weights of an one-layer
GCN with CV estimator does not change too much, then its output does not
change too much, and is close to the output of an exact one-layer GCN.

Proposition C. If the activation o(-) is p-Lipschitz, for any series of T' inputs,
weights, and stochastic propagation matrices (X;, Xcv,i, Wi, B)L,, s.t.,
1. all the matrices are bound by B, i.e., |Xcvill, < B, || Xill, < B,
IWilo < B and |2 <5,

oo




2. the differences are bound by e, i.e., || Xov,: — Xov,ll, <€ [ Xeovi — Xill o
€ and ||[Ws — Wyl <,

let P =EP,. If at time i we feed (Xcv, W,-,P,-) to an one-layer GCN with CV
estimator to evaluate the prediction for nodes in the minibatch V;, E|

Zcovy; = (pi(XCV,i - Xovi) + PXCV,i) Wi, Hev,i =0(Zcv,).

where XCV,i is the maintained history at time i, and (X;, W;, P) to an one-layer
GCN with exact estimator

Zi = PXZ'WZ‘, Hz = 0'(Zi)7

then there exists K that depends on C, B and p, s.t. for all I <i,5 <T, where
I is the number of iterations per epoch:

1. The outputs does not change too fast: || Zov,:— Zeov,ll,, < Ke and
|Hev,i — Hevjll,, < Ke,

‘ o0

2. The outputs are close to the exact output: ||Zcv,: — Zi||,, < Ke and
HHCV,i — Hl”oo < Ke.

Proof. Because for all ¢ > I (i.e., after one epoch), the elements of XCV,i are all

taken from previous iterations, i.e., Xcv,1,..., Xcv,i—1, we know that
[Kevi = Xevill, < max|Xev, = Xevill, < (vi>D). (2)

By triangular inequality, we also know

||XCV,i_XCV,j||OO <3¢ (Vi,j>1I). (3)
| Xovi — Xil| <2 (Vi>1I). (4)
Since || Xcvally, ,---» [[Xcvirl ., are bounded by B, HXCWHOO is also bounded

LConceptually we feed the data for all the nodes in V, but since we only require the
predictions for the nodes in V;, the algorithm will only fetch the input of a subset of nodes
C V, and update history for those nodes.

<



by B for ¢ > I. Then,

I (oo}
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1Zcvi — Zeov,;
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< 3CB%
= KQE,

e+ 2] Pl o) Wil

where Ky = 3CB2. By Lipschitz continuity

[Hev,i — Hov,jllo < pKie,
oo
|Heov,i — Hi”oo < pKse.

We just let K = max{pKi, pKs, K1, K>}. O

C.2 Lemma (1} Activation of Multi-layer GCN

The following lemma bounds the approximation error of activations in a multi-
layer GCN with CV. Intuitively, there is a sequence of slow-changing model
parameters (W;), where W; is the model at the i-th iteration. At each iteration i
we use GCN with CV and GCN with Exact estimator to compute the activations
for the minibatch V;, and update the corresponding history. Then after L epochs,
the error of the predictions by the CV estimator is bounded by the rate of change
of (W;), regardless of the stochastic propagation matrix P,



Lemma 1. Assume all the activations are p-Lipschitz, given a fized dataset
X and a sequence of T model weights and stochastic propagation matrices
(Wi, BT, s.t.,

1wl <

P <B,

2. Wi = Wil <eVi,j,

let P =EP,. If at time i we feed (X, Wi,ﬁi) to a GCN with CV estimator to
evaluate the prediction for nodes in the minibatch V;,

K2

+1 l l l (1 l +1 +1
2 = (PO~ AR+ P, WO, Y = o(Z8)

where Hg%/; is the maintained history at time i, and (X, W;, P) to a GCN with
exact estimator

200 — prOw O gD g0+
then there exists K that depends on C, B and p s.t.,

L L
H )

5T

<KeNi>LIl=1,...,L -1,

7L _ L)

b i CV,i
oo

<KeVi>LIl=1,...,L.

Proof. By Proposition |C.1, we know there exists K1) s.t., i(l) — Hg‘),l

KWeand |HY), - B[ < KWe vi> 1.

Repeat this for L—1 times, we know there exist KW, ..., K(E) st., HHi(L) — HéLV <

7" - 26y,

(L) (K)
cvi HCV,jH < Ke,

Vi > LI, where K =[], K.

< Ke and HZCVz - Z(Cl‘(,)jH < Ke,
O

C.3 Lemma [2; Gradient of Multi-layer GCN

We reiterate some notations defined in Sec. ] of the main text. V; is the minibatch

of nodes at iteration ¢ that we would like to evaluate the predictions and gradients
(L)

on. govu(Wi) :== V£ (y, 20V, ,) is the stochastic gradient propagated through
the node v by the CV estimator, and gcv,;(W;) = “} i D ey, Vf(yv,z(CL&l )
is the minibatch gradient by CV. g,(W;) := V f(yu, 20 (& )) is stochastic gradi-
ent propagated through the node v by the Exact estimator, and g;(W;) :=
ﬁ Zvevi V (Yo, zf,L)) is the minibatch gradient by the Exact estimator. Fi-
nally, VL(W;) = IV | D ey, Vf(yv, Zia ) is the exact full-batch gradient.

The following lemma bounds the bias of the gradients by the CV estimator.
Intuitively, there is a sequence of slow-changing model parameters (W;), where

10



W, is the model at the i-th iteration. At each iteration i we use GCN with CV
and GCN with Exact estimator to compute the activations for the minibatch V;,
and update the corresponding history. After L epochs, we compute the gradient
by backpropagating through CV’s predictions on the minibatch of nodes V;.
The gradient gov,;(W;) is a random variable of both the stochastic propagation
matrix P; and the minibatch V;. But the expectation of the gradient w.r.t. b,
and Vi, Ep ) gov,i(W;), is close to the full-batch gradient by the Exact estimator
VL(W;), i.e., the gradient is close to be unbiased.

To study the gradient, we need the backpropagation rules of the networks. Let
fo = f(yw, zf,L)) and fov,i, = f(yz,z(CL&i’v), we first derive the backpropagation
rule for the exact algorithm. Differentiating both sides of Eq. , we have:

Vo fo =PV yasn fuWOT I=1,...,L—1
VZ(L)fU:U/(Z(l))OVH(Z)fU l=1,...,L—-1
Vo fo=PHDTV 040 fo 1=0,...,L—1. (5)

Similarly, differentiating both sides of Eq. , we have

Vo fove = P<l>vzg$1> fov,wOT I=1,...,L—1
VZgz/fCV’v :U/(Zg%/)ongszCV’v l=1,...,L—1
Vo fove = (PU)Hg)V)Tngw fove 1=0,...,L—1. (6

Lemma 2. Assume o(-) and V. f(y,z) are p-Lipschitz, |[V.f(y,2)|. < B.
Given a fized dataset X and a sequence of T' weights and stochastic propagation
matrices (W;, P)E ., s.t.,

1. |Will < B, ||P;

< B, and ||o"(Zcv,)l o < B,
2. [[Wi = Wil <eVi,j,

let P = EPZ If at time i we feed (X, Wi,ﬁi) to a GCN with CV estimator to
evaluate the prediction for nodes in the minibatch V;,

ZgJ\;lz) = (pi(l)(Hg%/,i - H(c”vz) + PHS%M) Wi(l)’ ngtlz) = U(ngt,li))-
where Hg%/z is the maintained history at time i, and (X, W;, P) to a GCN with
ezact estimator

200 — prOw O g0 (704D
then there exists K that depends on C, B and p s.t.,

< Ke, Vi > LI

oo

|Bp (W) = VL)

11



Proof. By Lipschitz continuity of V, f(y, z) and Lemma |1} there exists K, for
all P, = (P, ... Py

%

Hvzm fevw = V. w fo
CV,v v

o0

<p =, ==
<pKe,
|o'(Z8) = o'(2D)||_ <pke (7)
o0

We prove by induction that there exists K, s.t., VI € [L],,

HEp(Zl) vz(cl*%/vfoV,v - VZT(;l)fv

< Kie, VPO .. pU=D, (8)

where P20 :_(P(l), .. ,P(L*D). By Eq. the statement holds for [ = L,
where K = pK. If the statement holds for [ + 1, i.e.,

“EP(21+1)VZg‘t7l1;)fCV,U - VZ£Z+1)fv“ S Kle, Vp(o), ey P(l),
(oo}
then by Eq. @,

Epe Vz(clv%/,vfcv,u — vz fy Hoo

= Ep(z,)a’(Zg%,) o p(l)vzgy)fcv,u - U/(Z(l)) 0o PV un fo

o

—[Bpcn { [/ (28) 0 POV yasn fova] = 0'(20) 0 PTV san g}
e [ o10) P gt )

+Epw ’Ep(zm) [UI(Z(”) o PV (Vzgy)fcv,y - Vzumfuﬂ HOO
e {2 (20~ 7))

<Epen H o' (Z8) — U/(Z(l))HOO

HOO

P(Z)VZ(HI) fevw }
cVvV oo

‘P(I)H Epien ’vZ(Hl)fCV,v — Vza fo
o cv

+Ep0m

U/(Z(l))H Eﬁ(zz+1>

o0

+0
§pK6B2C2 + B202Kl+1e
:KZE,

where K; = B2C?(pK + K;,1). By induction, Eq. holds. Similarly, we can
show that there exists K, s.t.,

|EsViwo fove — Vv fo| . < Ke, Vi€ [L—1].

12



Therefore,

H]Evi,PiQCV,i(Wz‘) — VL(W;)
= ‘ ]Evev,ﬁigCV,v(Wi) — Evevgo(Wi) .
<Ev, | Epgcve(Wi) =g (Wi)|

<Ey, max |IEsViva fove — VWU)vaOO

<Ke.

oo

C.4 Proof of Theorem [2

Theorem [2} Assume that (1) the activation o(-) is p-Lipschitz, (2) the gradient
of the cost function V. f(y,z) is p-Lipschitz and bounded, (3) ||gov,y(W)| .,
lg(W)| o, and |[VLW)| ., are all bounded by G > 0 for all PV and W. (4)
The loss L(W) is p-smooth, i.e., |L(Wa) — L(W1) — (VL(W;), Wy — W7)| <
£|Wy — W1||§;VW1, Wo, where (A, B) = tr(A" B) is the inner product of matriz
A and matriz B. (5) The loss L(IW) > L. is bounded below. Then, there exists
K >0, s.t., YN > LI, if we run SGD for R < N iterations, where R is chosen
uniformly from [N];, we have

LOVY) = L. + K + pK
VN ’

for the updates Wiy1 = W; — vgov,«(W;) and the step size vy = min{%7 \/%}

Er |VL(WR)|% <2

Proof. This proof is a modification of [2], but using biased stochastic gradients
instead. We assume the algorithm is already warmed-up for LI steps with
the initial weights Wy, so that Lemma [2] holds for step ¢ > 0. Denote d; =
gov,i(W;) — VL(W;). By smoothness we have

L(Win) < LOW) + (VLIW), Wiss = Wi) + 59 geva (W)
= L(W;) = v(VLW:), gev,i(Wi)) + gVQ lgev.i (W15
= LW) = (VLW ) =y [VEWDI + 5o [I6:]1° + IV LW + 285, VL) |

2
= LOW:) = (v = py)NVLIW:), 85) = (v = B) IVLOV) [ + 527 13-
©)

13



For each i, consider the sequence of LI + 1 weights W;_rr,..., W;.
i—1
max W, —W, < W. —W;
Lmax Wy = Wil 3D = Wil
j=i—LI
i—1 i—1

= Z Y llgev (W)l < Z ~vG = LIGY.

j=i—LI j=i—LI
By Lemma there exists K > 0, s.t.
HEP VBQCV( ) V‘C( ) -

Assume that W is D-dimensional,

< KLIG~, Vi>O0.

H]EI:’,VB ‘ [e%e)

Epy, (VLW:), 6) < DIVEW:) g [Ep

_< KLIDG?y < K~,
Epy, 16:1% < Dllgev.i(Wi)ll + D HVﬁ( i)l <2DG? <K,

where K = max{KLIDG? 2DG?}. Taking Ep y,, to both sides of Eq. |§|We
have

L(Wit1) < LWi) + (v = pr) Ky — (v—f IVLW)I[5 + pEA? /2.

Summing up the above inequalities and re-arranging the terms, we obtain,

’Y—* Z”Vﬁ ||F

K
<LW1) = Lo+ KN(y = py*)y + %N’Y2-

Dividing both sides by N (v — ) and take v = min{ 1N}

Eppy [[VL(WR)|[ 5
_LW) — Lo+ KN(y = p7*)y + 25N
B Nv(2 = pv)
L(W1) = Lo + KN(y — py?)y + 25N>
N~y

L(W) — L.,
LJrKv(l—vapKv
* + Ky + pK/VN
LOWY) — Lo+ K + pK

< Nici .

Particularly, when N — oo, we have Egr.p, ||V£(WR)||% = 0, which implies
that the gradient is asymptotically unbiased.

O
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C.5 Generalizing to Graph Attention Networks

Our Theorem [2| can generalize to graph attention networks (GAT) [6]. GAT
updates can be written as

Z(l+1) _ P(H(l), W(l))H(l)W(l), H(l+1) _ U(Zl+1),

the difference between GAT and GCN (Eq. [1]) is that the propagation matrix P
is now a function of activations and network weights instead of a constant. We
define the variance reduced stochastic update as

Z0+1) _ (p(o(g(u, wOYHD -~ O + P(HO, W(z))gu)) w®,

where we approximate H") with H®) when computing the propagation ma-
trix. We can still bound the gradient by extending Lemma |2 and prove the
convergence.

For GraphSAGE-pool and GraphSAGE-LSTM, our algorithm does not di-
rectly apply. Take GraphSAGE-pool as an example, it defines

zfjjl) = max (hE,”WfQ),

ven(u)

whose gradient is

8275[;1) _ wfll,)d if v maximizes hq(]l)l/[/:(yld)7
5'h1(,2, 0 otherwise.

It is unclear how to obtain an unbiased stochastic approximation of this gradient.
We leave this as an open problem to study.

D Pseudocode

As mentioned in Sec. an iteration of our algorithm consists the following
operations:

1. Randomly select a minibatch Vg € V[, of nodes;

2. Build a computation graph that only contains the activations hg,l) and Bq()l)
needed for the current minibatch;

3. Get the predictions by forward propagation as Eq. @ in the main text;

4. Get the gradients by backward propagation, and update the parameters
by SGD;

5. Update the historical activations.
For step 2, we construct the receptive fields r¥) and stochastic propagation

matrices P as Alg.

15



Algorithm 1 Constructing the receptive fields and random propagation matrices.

rh) Vg
for layer [ <~ L —1 to 0 do
rl) — @
PO 0
for each node u € r*1 do
r® — rO U {u}
B « P + Pyyn(u)/ DO
for D — 1 random neighbors v € n(u) do
r® — rOy{v}
B{) « PY) + Puyn(u)/DV
end for
end for
end for

D.1 Training with the CV estimator

Alg. [2] depicts the training algorithm using the CV estimator. We perform
forward propagation according to Eq. @, compute the stochastic gradient,
and then update the historical activations H®) for all the nodes in r®). Let
W= WO . .. WD) be all the trainable parameters, the gradient Vi £ is
computed automatically by frameworks such as TensorFlow.

D.2 Training with the CVD estimator

Training with the CVD estimator is similar with the CV estimator, except it
runs two versions of the network, with and without dropout, to compute the
samples H and their mean p of the activation. The matrix RSZU) = PSU) /v/n(v)
where n(v) is the degree of node v.

E Experiment setup

In this sections we describe the details of our model architectures. We use the
Adam optimizer [4] with learning rate 0.01.

o Citeseer, Cora, PubMed and NELL: We use the same architecture as [5]:
two graph convolution layers with one linear layer per graph convolution
layer. We use 32 hidden units, 50% dropout rate and 5 x 104 L2 weight
decay for Citeseer, Cora and PubMed and 64 hidden units, 10% dropout
rate and 107° L2 weight decay for NELL.

e PPI and Reddit: We use the mean pooling architecture GraphSAGE-
mean proposed by [3]. We use two linear layers per graph convolution
layer. We set weight decay as zero, dropout rate as 20%, and adopt layer
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Algorithm 2 Training with the CV algorithm

for each minibatch Vg C V do

Compute the receptive fields r®) and stochastic propagation matrices PO
as Alg.

(Forward propgation)

for each layer [ <~ 0 to L —1do

Z0+1) (p(z)(mw — g0 4 pga)) wo

H(+1) « U(Z(H-l))
end for
Compute the loss £ = ﬁ > vevy f (Yos z5H)
(Backward propagation)
W« W — %VWE
(Update historical activations)
for each layer [ <~ 0 to L —1do
for each node v € r¥ do
hP — nd
end for
end for
end for

normalization [I] after each linear layer. We use 512 hidden units for PPI
and 128 hidden units for Reddit. We find that our architecture can reach
97.8% testing micro-F1 on the PPI dataset, which is significantly higher
than 59.8% reported by [3]. We find the improvement is from wider hidden
layer, dropout and layer normalization.

F Experiment for 3-layer GCNs

We test 3-layer GCNs on the Reddit dataset. The settings are the same with
2-layer GCNs in Sec. To ensure M1+4+PP can run in a reasonable amount of
time, we subsample the graph so that the maximum degree is 10. The convergence
result is shown as Fig. I, where the conclusion is similar with the two-layer
models: CVD+PP is the best-performing approximate algorithm, followed by
CV+PP, and then NS+PP and NS. The time consumption to reach 0.94 testing
accuracy is shown in Table

G Correlation between node activations

In our analysis of the variance for the CVD estimator in Sec. we assume that
the activations for different nodes are uncorrelated, i.e., Covys [hg), hg,l)] =0,

for all u # v, where M is the dropout mask. We show the rationale behind
this assumption in this section. For 2-layer GCNs, the activations are indeed
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Algorithm 3 Training with the CVD algorithm

for each minibatch Vg C V do
Compute the receptive fields r®) and stochastic propagation matrices PO
as Alg.
(Forward propgation)
for each layer [ <~ 0 to L—1do
U« (pm(Hm —u @) 4 PO O — g0y pgm)
H+Y « o(Dropout, (U)W ")
pth) — o(UW W)
end for
Compute the loss £ = ﬁ > vevy f W Hf,L))
(Backward propagation)
W—W-— %-VW,C
(Update historical activations)
for each layer [ +~ 0 to L —1do
for each node v € rY) do
A B
end for
end for
end for

Table 1: Time to reach 0.95 testing accuracy.

Valid. Time  Sparse Dense
Ale. ace. PO GELOP  TFLOP
Exact 0.940 3.0 199 306 11.7
NS 0.940 24.0 148 33.6 9.79
NS+PP 0.940 12.0 68 2.53 4.89
CV+PP | 0.940 5.0 32 8.06 2.04
CVD+PP | 0.940 5.0 36 16.1 4.08

independent, and the correlation is still weak for deeper GCNs due to the sparsity
of our sampled graph.

G.1 Results for 2-layer GCNs

For a 2-layer GCN with the first layer pre-processed, the activations of nodes
are independent. Suppose we want to compute the prediction for a node on
the second layer. Without loss of generality, assume that we want to com-
pute z§2), and the neighbors of node 1 are 1,...,D. The activation A —

v

o ((Mv o u,(,o))W(O))7 where ul”) = (PH®), is a random variable with respect

to M,, M, ~ Bernoulli(p) is the dropout mask. We show that hg,l) and hS) are
independent, for v # v by the following lemma.
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Figure 1: Comparison of validation accuracy with respect to number of epochs
for 3-layer GCNs.
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Figure 2: Average feature and neighbor correlations in a 10-layer GCN.

Lemma 3. If a and b are independent random variables, then their transforma-
tions fi(a) and fo(b) are independent.

Because for any event A and B, P(fi(a) € fi(A), fo
A,b € B) = P(a € A)P(b € B) = P(fi(a) € f1(A))P(
fi(A) ={fi(a)la € A} and fo(B) = {f2(b)|b € B}.

Let b)) = f1(M,) := o ((MU o ugo))w@) and 'Y = f,(M,) =0 ((MU/ o uﬁff))W(O)),

(b) € f2(B)) = P(a €
2(B)

)
B) € f3(B)), where

because M, and M, are independent Bernoulli random variables, hS}) and hS)
are independent.

The result can be further generalized to deeper models. If the receptive fields
of two nodes does not overlap, they should be independent.
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G.2 Empirical results for deeper GCNs

Because we only sample two neighbors per node, the sampled subgraph is very
close to a graph with all its nodes isolated, which reduces to the MLP case
that [7] discuss.

We empirically study the correlation between feature dimensions and neigh-
bors. The definition of the correlation between feature dimensions is the same
with [7]. For each node v on layer I, we compute the correlation between each

feature dimension of hy )

Covit™ .= cr!), )]
ij

v )

Cov(l v)
Corr(l v

' \/COV \/Cov(l o)

where i and j are the indices for different hidden dimensions, and C[X,Y] =
E[(X —EX)(Y —EY)] is the covariance between two random variables X and

Y. We approximate Cov(j’v) with 1,000 samples of the activations hi and A"

Vi
by running the forward propagation 1,000 times with different dropout maskjs
We define the average feature correlation on layer [ to be COVE;-’U)
the nodes v and dimension pairs i # j.

To compute the correlation between neighbors, we treat each feature dimen-

sion separately. For each layer [ + 1, node v, and dimension d, we compute the

averaged by

correlation matrix of all the activations {h( li € n)(v)} that are needed by

hfjl; Y where n® (v) = {2| i ;é 0} is the set of subsampled neighbors for node
v:
Lv,d DIRC
Covgj’ )= (C[hid), h;d)]

lv,d
(Lwv,d) . Cov (1 )

v \/ (l'ud\/C (v.d)

where the indices 4,5 € n(")(v). Then, we compute the average correlation of all
pairs of neighbors i # j.

Corr;

AvgCorr(hv-d) ::| T |i(l CIE ZCorr(l”d),
#J

(Lvd) averaged

and define the average neighbor correlation on layer | as AvgCorr
over all the nodes v and dimensions d.

We report the average feature correlation and the average neighbor correlation
per layer, on the Citeseer, Cora, PubMed and PPI datasets. These quantities
are too expensive to compute for NELL and Reddit. On each dataset, we train a
GCN with 10 graph convoluation layers until early stopping criteria is met, and

compute the average feature correlation and the average neighbor correlation for
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Dataset Citeseer Cora PubMed NELL Reddit PPI

w.o. dropout | 70.2+.6 783+.4 TT7+£.2 645+£.7 956%£.07 90.6 £ .6
w. dropout 699+.6 787+.3 783+.8 650+.1 96.5+.05 97.3+.03

Table 2: Validating accuracy / micro-F1 for models with or without dropout.

layer 1 to 9. We are not interested in the correlation on layer 10 because there
are no more graph convolutional layers after it. The result is shown as Fig.
As analyzed in Sec. the average neighbor correlation is close to zero on the
first layer, but it is not exactly zero due to the finite sample size for computing
the empirical covariance. There is no strong tendency of increased correlation
as the number of layers increases, after the third layer. The average neighbor
correlation and the average feature correlation remain on the same order of
magnitude, so bringing correlated neighbors does not make the activations much
more correlated than the MLP case [7]. Finally, both correlations are much
smaller than one.

H Effect of Dropout

We compare the models with or without dropout as Table
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