Online Learning with Abstention

Figure 6: Simple example of the benefits of learning with abstention (Cortes et al., 2016a).

A. Further Related Work

Learning with abstention is a useful paradigm in applications where the cost of misclassifying a point is high. More
concretely, suppose the cost of abstention c is less than 1/2 and consider the set of points along the real line illustrated in
Figure 6 where + and — indicate their labels. The best threshold classifier is the hypothesis given by threshold 0, since it
correctly classifies points to the right of 1, with an expected loss of (1/2) P[z < n]. On the other hand, the best abstention
pair (h,r) would abstain on the region left of 77 and correctly classify the rest, with an expected loss of ¢P(x < 7). Since
¢ < 1/2, the abstention pair always admits a better loss then the best threshold classifier.

Within the online learning literature, work related to our scenario includes the KWIK (knows what it knows) framework
of Li et al. (2008) in which the learning algorithm is required to make only correct predictions but admits the option of
abstaining from making a prediction. The objective is then to learn a concept exactly with the fewest number of abstentions.
If in our framework we received the label at every round, KWIK could be seen as a special case of our framework for online
learning with abstention with an infinite misclassification cost and some finite abstention cost. A relaxed version of the
KWIK framework was introduced and analyzed by Sayedi et al. (2010) where a fixed number & of incorrect predictions
are allowed with a learning algorithm related to the solution of the *'mega-egg game puzzle’. A theoretical analysis of
learning in this framework was also recently given by Zhang & Chaudhuri (2016). Our framework does not strictly cover
this relaxed framework. However, for some choices of the misclassification cost depending on the horizon, the framework is
very close to ours. The analysis in these frameworks was given in terms of mistake bounds since the problem is assumed to
be realizable. We will not restrict ourselves to realizable problems and, instead, will provide regret guarantees.

B. Additional material for the adversarial setting

We first present the pseudocode and proofs for the finite arm setting and next analyze the infinite arm setting.

B.1. Finite arm setting

Algorithm 3 contains the pseudocode for EXP3-ABS, an algorithm for online learning with abstention under an adversarial
data model that guarantees small regret. The algorithm itself is a simple adaptation of the ideas in (Alon et al., 2014;
2015), where we incorporate the side information that the loss of an abstaining arm is always observed, while the loss of a
predicting arm is observed only if the algorithm actually plays a predicting arm. In the pseudocode and in the proof that
follows, L;(&;) is a shorthand for L(¢;, (x, yt))-

Proof of Theorem 1.
Proof. By applying the standard regret bound of Hedge (e.g., (Bubeck & Cesa-Bianchi, 2012)) to distributions ¢1, . .., g
generated by EXP3-ABS and to the non-negative loss estimates L;(&; ), the following holds:
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For each ¢, we can split the nodes V' of G®3 into the two subsets Vs ¢ and V.. where if a node ¢; is abstaining at time ¢
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ALGORITHM 3: EXP3-ABS
input Set of experts € = {&;,...,&k}; learning rate > 0 ;
Init: ¢; is the uniform distribution over € ;
fort+ 1,2,...do
RECEIVE(x;);
&1, < SAMPLE(qy);
if 77, (z¢) > 0 then
RECEIVE(y,);
end if
For all {; = (hj,r;), set:

1 if rj(z¢) <0

Dotiee ri(zy>09t(&) ifri(x) >0,

~ L. (&

L&) < PZEZ? (1rrt<mt><01m(m><o + 1mt<zt>>0) :
a(&) exp(-nli(§))

>oeee @(&i) exp(—nLe(&))

Pt(ﬁj)%{

qe1(&5)

end for

ALGORITHM 4: CONTEXP3-ABS.
input Ball radius € > 0, e-covering Y. of Y such that [Y.| < Cye~2;
fort=1,2,... do
RECEIVE(x;);
If x; does not belong to any existing ball, create new ball of radius ¢ centered on x;, and allocate fresh instance of
EXP3-ABS;
Let “Active EXP3-ABS” be the instance allocated to the existing ball whose center x, is closest to x;
Draw action £;, € Y. using Active EXP3-ABS;
Get loss feedback associated with &;, and use it to update state of “Active EXP3-ABS”.
end for

then &; € Vips,t, and otherwise £; € Vet Thus, for any round ¢, we can write

©(&) 1 e = ) e > HeLL

hr=r’ Pi(&5) = Pi(&5) = Pi(&5)
9t (&
< Y w@)d+ D A7)
oV , Pi(&5)
€ Vabs,t £j€Vace,t
<A+,

The first inequality holds since if £; is an abstaining expert at time ¢, we know that L;(£;) = c and P,(;) = 1, while for the
accepting experts we know that L;(¢;) < 1 anyway. The second inequality holds because if {; is an accepting expert, we
have P,(¢;) = ij ev,.., 3(&;). Combining this inequality with (2) concludes the proof. [

B.2. Infinite arm setting

Here, the input space X is assumed to be totally bounded, so that there exists a constant C'yy > 0 such that, forall 0 < e < 1,
X can be covered with at most Cxe~< balls of radius ¢. Let Y be a shorthand for [—1, 1]2, the range space of the pairs (h, 7).
An e-covering Y. of Y with respect to the Euclidean distance on Y has size K. < Cy ¢~ 2 for some constant Cy.

The online learning scenario for the loss L under the abstention setting’s feedback graphs is as follows. Given an unknown
sequence 21, 22, . .. of pairs z; = (zt,y:) € X x {£1}, foreveryroundt =1,2,...:
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1. The environment reveals input z; € X;

2. The learner selects an action &;, € Y and incurs loss E(g 1,5 2t);

3. The learner obtains feedback from the environment.
Our algorithm is described as Algorithm 4. The algorithm essentially works as follows. At each round ¢, if a new incoming
input z; € X is not contained in any existing ball generated so far, then a new ball centered at z; is created, and a new

instance of EXP3-ABS is allocated to handle x;. Otherwise, the EXP3-ABS instance associated with the closest input so far is
used. Each allocated EXP3-ABS instance operates on the discretized action space Y..

Consider the function

c ifr < —vy
~ 14 (i=¢)r ifr € (—v,0
L(a,r) = 17])() (=7,0)
1 Aggggii) roifre[0,7)
f’y(ia) 1f7'>’77

where f, is the Lipschitz variant of the 0/1-loss mentioned in Section 3 of the main text (Figure 2 (a)). For any fixed a, the

function L(a, r) is 1/-Lipschitz when viewed as a function of 7, and is 1/(2+)-Lipschitz for any fixed 7 when viewed as a
function of a. Hence

|L(a,r) — L(a',r")] < |E(a,r) — La, )| + [ L(a,r') - L(d',7")|
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so that L is f—LlpSChltZ w.r.t. the Euclidean distance on Y. Furthermore, a quick comparison to the abstention loss

L(a,r) = fy(a)lys0 + cly<o

reveals that (recall Figure 2 (b) in the main text) :

e Lisan upper bound on L, i.e.,

L(a,r) > L(a,r), VY (a,r)€Y;

e L approximates L in that

L(a,r) = L(a,r), Y(a,r)€Y :|r|=~. (3)

With the above properties of L at hand, we are ready to prove Theorem 2.

Proof of Theorem 2.
Proof. On each ball B C X that CONTEXP3-ABS allocates during its online execution, Theorem 1 supplies the following
regret guarantee for the associated instance of EXP3-ABS:

logK. n 9
=T 1
o + 9 B(c + ),

where T’z is the number of points z; falling into ball B. Now, taking into account that Lis 2—Lipschitz, and that the
functions h and r are assumed to be L¢-Lipschitz on X, a direct adaptation of the proof of Theorem 1 in (Cesa-Bianchi
et al., 2017) gives the bound

4 d Nrlog K, 2
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being Ny < Cxe~¢ the maximum number of balls created by CONTEXP3-ABS. Using ¢ < 1 and setting ) = 4/ %
yields

T
~ 2
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Next, optimizing for € by setting € ~ T 7t ( ) (and disregarding L¢ and log factors) gives

gee =1 Y
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t=1
Finally, we are left with connecting the above bound on the regret with a bound on the regret for L. Now, observe that
T T
> L) Z &“ztl : ®)
t=1

=1
since L(¢, z;) is an upper bound on L(&, z;) for any £ and 2. Moreover, if we assume for the sake of brevity that the minima
are reached (the general case is straightforward to handle in a similar way), we can define
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We denote by M7.(vy) the number of z; such that |r*(z;)| < 7. Then, we can write
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(since L < 1)
T
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(using (3))

< D L, z) + Mi(y) -

N

Combining with (4) and (5) gives the following regret bound

T a+z
SupE Z glmzt ZL f,Zt ] X < % <1) > +‘]\4"1*"(f}/) )
t=1

gee

thereby concluding the proof. [J

Remark 1 The reader should observe that, since the algorithm is competing against an uncountably infinite set of experts,
the standard regret guarantee of \/T that one can achieve in the finite case cannot be obtained in general (see, e.g., the
lower bound on regret of T'*=Y/ by (Hazan & Megiddo, 2007), which holds in the easier full information setting). Notice
that, while our algorithm CONTEXP3-ABS admits a slightly worse bound of the form T 4+1/(4+2) it has the advantage of
being computationally feasible. In particular, the covering of the input space X can be done adaptively, as the points x;
are observed. In doing so, the number of -balls allocated can never exceed the total number of rounds T'. Given a new
x4, the algorithm has to decide if a new ball needs to be created or an old ball can be used. Known data-structures exist
to efficiently implement this decision (e.g., (Clarkson, 2006)). The extra additive term M3.(vy) in Theorem 2 is due to the
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fact that the loss function L therein is not Lipschitz. In fact, one can further improve the term TEE 10 TTH by adopting a
hierarchical covering technique of the function space &, each layer of the hierarchy being a pool of experts for the layer
above it, see, e.g., (Cesa-Bianchi et al., 2017). However, the resulting algorithm would be of theoretical interest only, since
it would be computationally very costly.

C. Additional material for the stochastic setting

In this section, we present the proofs of the theoretical guarantees for UCB-NT and UCB-GT, as well as the proof of
Proposition 1. The following theorems hold more generally with S;; = 4/ 2’6 log ! for 3 > 2, which implies shghtly better

constants in the regret bound. However, for the sake of the simplicity of the presentatlon, below we set 5 = 5. Moreover,
we prove Theorem 3 for the abstention loss L, but it holds for any general loss function.

C.1. Regret of UCB-NT

We now prove the theorem for UCB-NT based on the admissible p-partitioning of the time-varying feedback graphs.

Proof of Theorem 3.
Proof. Consider a sequence of graph realizations Gy, . . . , G; denoted by G;. By conditioning on this quantity, the regret
can be decomposed according to each arm i:
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where, in the last step, we used the fact that L(-, z¢)s are independent of G; since, by assumption, G; only depends on
information up ¢ — 1. Next, we focus on bounding ZtT:I E[17,-:|G¢] for each arm .

We split the expectation according to the events Q; ;—1 > s; and ; ;—1 < s;, where s; is a quantity determined later:

ZElIt 1|G ZElIt 1(1ta 1<si T Qi 1>51,)|Gt]
t=1
T

< s+ ZE[llt:ilQi.t71>si
t=1

Gil.

We wish to choose s; sufficiently large so that the second term is bounded but so that it admits a mild dependence on 7T'.
Now, whenever I; = ¢, by the design of the algorithm, it must be the case that the upper confidence bound of ¢ is smaller
than that of any other expert. Thus,

G| =Pl =4,Qit—1 > 8i|Git] < Pllip—1 — Sit—1 < Pat—1 — Sep—1, Qit—1 > 5i|Gyl,

where * denotes the best-in-class expert. We now use the terms /i, j; and S; ;1 to reorder the first event in the probability
on the right-hand side of the last expression as follows:

E[]-It:ilQi,f,—1>Si

0 < fhyp—1 — Sip—1 — Hijt—1 + Sip—1
S0 < (Tayt—1 — Seyp—1 — pos) + (i — Hig—1 + Sijp—1 — 28i0—1) + (ps — pi +285,0-1) -

If we can show that the third term is negative, then the first and second term must be positive. Moreover, we will further
show that the first and second terms can only be positive with an extremely low probability that is bounded by a constant
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independent of 7T'. Furthermore, the third term will be negative whenever the slack term in the upper confidence bound is

small enough, which amounts to choosing s; large enough
In particular, by setting s; = %g() we ensure that the event (); ;1 > s; implies that
20log(t
Qit—1 > Tg() Sy — i + 285421 <0.
i

As explained above, it then follows that

Sit—1,Qir—1 > 8i|Gy]
25;1-1 = 0|Gy).

Pl -1 — Siji—1 < Hayi—1 —
Pit—1+ Sig—1 —

S Plisi—1 — S -1 — px = 0|Ge] + Pl —
We can bound these last probabilities using the union bound and a concentration inequality such as Hoeffding’s Inequality

Hit—1 + Sit—1 —25;1-1 = 0|Gy]
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Now, the estimate fi; ;,—; is an average of i.i.d. realizations of the random variable L(&;, z), with z ~ D, since the

out-neighborhood of the chosen expert only depends on previous observations. That is

E[ oy L& z)liew, ()] _ BIZ) EIL(E 20 Lien, 1)l € Na(L)]
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Hence, 1i; .1 can be turned into an empirical estimate of y; using the union bound as follows
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(&, zs). By the same reasoning, we can also bound the probability of the best arm
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By assumption, for each C; j, Vi, j € Cy j, it is the case that ¢ € N¢(j). Moreover, for any ¢ € [K], it must be the case that

forevery s € [t], i € Cy fé)r some k € [p]. With these clusters C; j, we can write

t t

@t—XﬁwNu>—§:Zﬁmth—ﬂ S Lemplim =Y 2 i
s=1j€C; s=1j€C;

s=1 j=1



Online Learning with Abstention

which implies that
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Combining the above calculations, applying our definition for s;, and using the fact that the above analysis holds for any
such partition shows that

E +5K|.

min Z[maxA][maxW

2
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which implies the bound of the theorem. [

C.2. Regret of UCB-GT

Next, we prove the regret bound for UCB-GT, which demonstrates how one can exploit the bias and feedback structure in the
problem.

Proof of Theorem 4.
Proof. As in the previous proof, we focus on bounding ZtT:1 E[1;,=;|G] for each arm i. We again split the expectation
according to the events based on @); ;1 as follows:

T
Y Elln=ilg., <s

t=1

Gt}v

Gt] =+ E[]‘It:i]‘Qi,t—1>51

where s; is to be determined later. We then bound the second term using the algorithm’s choice of arm, I;:

Elr,=ilQ,, 1> |Ge] = Pl = i, Qi1 > 85| Ge] <Pje—1— Sie—1 < fayt—1 — Sue—1, Qi1 > 54| Gy

i t—1 is a biased estimate of ;. This is because whenever x4 falls in the region {x: 7;(z) > 0 A ry (x) < 0} and the
condition ]/ffll < 74,s—1 holds, the label y is not accessible. In this case, the UCB-GT algorithm updates the average loss of
expert ¢ optimistically, as if the expert were correct at that time step.

We can decompose this biased estimate [i; ;1 into two terms: fi;,—1 = [;¢—1 — €i¢—1. The first term, fi; 1, is an
unbiased estimate of arm ¢ and similar to the estimates in Theorem 3. The second term is the misclassification rate
gie—1 over {s € [t — 1]: mi(xs) > 0N 7 (zs) < 0} whenever the condition p; Pr.i 1< 7~i,s—1 holds, that is, €, ;1 =

1 t—1
Qi1 Zs:l 1yshi(ws)<01m(zs)>0m15 (:175)<01;,’;“I 1<’y7 1"

Now, by the design of the UCB-GT, if arm i is chosen at time ¢, it must be the case that fi; ;—1 — S; 1—1 < [lat—1 — Sk t—1-
We can expand and rewrite this expression as follows:

M1+ € p—1 — €= p—1 — Supm1 — Hijt—1 — €ip—1 + Eit—1 + Sit—1

)

0<
S0 < (Jwyp—1 — Sup—1 — o) + (i — Fijp—1 + Sip—1 — 255 1-1) + (e — i + 24+ C)Sit—1),
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where we used the fact that —e;+ ;1 < 0, and where we bounded ¢; ;1 as follows:

-1
1

Eit—1 = Oy E Lyhi@)<olri@)>0.rr, (z)<olps-1ey, )
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1
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The condition ﬁ;;l < 7i,s—1 18 equivalent to Zz;ll Ly (20)>0,r; (2)<0 < (8 — 1)7i,s—1. Since the sum above is non-zero
only when this condition holds, there exists s; € [1,¢—1] such that Zi;ll Ly () >0,r; (2) <0155 <vine < (85— 1)7%is;-1+ 1

3,173

Moreover, using the fact that (s; — 1)7yi,s,—1 = 1/5Qi,s,—110g(s;)/(K — 1) < /5Qi—1log(t —1)/(K — 1), we can

conclude that

t—1
1 K —1|+/5Q;—1log(t — 1) 5log(t — 1)
€it—1 K E E 1 (x - los—1o, < : +1| <Cy|———=
=1 Qit—1 Pt i(25)>0,m; () <O 58 T i s 1 Qi1 K —1 Qi1
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for some constant C' > 0. The rest of the proof now follows by similar arguments as in the proof of Theorem 3. Specifically,
we can choose s; such that the term .. — p; + (2 + C)S; ¢—1 is negative, and since now i, ;—1 and fi; ,—1 are unbiased
estimates, we can bound the probabilities Pl ;—1 — Sk -1 — px > 0|Gy] and Plp; — 1,41 — Sit—1 = 0|Gy] using
standard concentration inequalities. [

C.3. Linear regret without the subset property

In this section, we prove Proposition 1, which shows that when the subset property does not hold for a feedback graph, then
it is possible to incur linear regret.

Proof of Proposition 1.
Proof. Let p* € (0,1). We design a setting in which with probability at least p*, the UCB-NT algorithm incurs linear regret.

Since the family of abstention functions induces a feedback graph that violates the subset property, there exist pairs (h;, ;)
and (h;, ;) and points z*, Z for which 2* € A; \ A;, T € A; N A;, where A; and A; are the acceptance regions associated
with r; and r;, respectively, and the feedback graph is designed such that the algorithm updates the pair (h;, ;) when the
pair (h;, ;) is selected.

Now, for some p € (0, 1) to be determined later, consider a distribution with probability p on (Z, %) and (1 — p) on (z*, y*).
We choose the set of hypothesis functions H = {h;, h;}, the loss function ¢ in (1), and the labels y* and ¥ in such a way
that £(y, hi(Z)) = ¢ — 5, £(y, h;(Z)) = ¢ — o, and £(y*, h;(z*)) = 0, where «, 3 are values that will be later specified. For
instance, we can consider the hinge loss ¢(y, 7) = (1 — y¥)+, and h;, h; such that h;(T) = %, hj(@) = H%, and
hi(z*) = yi Note that, since 7;(xz*) < 0, £(y*, h,;(x*)) may admit any value.

Now, by construction, u; = (¢ — f)p and p; = (¢ — a)p + ¢(1 — p) = ¢ — ap. We claim that we can choose «, 3 and p
such that (1) o > 35 (2) i < pj5 3) pj < (Y, hi(Z)).

The first condition is immediate. The second condition is equivalent to ¢cp — Bp < ¢ — ap, which is itself equivalent to
c

a—p< %. By continuity, we can choose « and S close enough such that this is true for any p € (0,1). The third
condition is equivalent to ¢ — ap < ¢ — 3, which is itself equivalent to 5 < ap. This is true for p close enough to 1.

Now let n € N be large enough such that p; < £(y, hi(Z)) — 1/ 51%5(”). By continuity, we can choose p large enough such
that p > (p*)l/”, and for this choice of p, we can choose « and 3 suchthat > 5, a, S < c,a — 3 < @, and 5 < ap.

For instance, if we, without loss of generality, assume that p > %, then we can choose, o = 6(127;”) and 8 = @.

Then, with probability p™ > p*, the point Z will be sampled n times at the start of the game, such that the pair (%, ;) will
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Dataset Number of features
covtype 54
ijenn 22
skin 3
HIGGS 28
guide 4
phishing 68
cod 8
eye 14
CIFAR 25

Table 1: Table shows the number of features of each dataset.

have a lower confidence bound than the pair (h;, ;) at all time steps. Thus, UCB-NT will choose the pair (%, ;) throughout
the entire game, even though y1; < ;. Consequently, the regret of the algorithm will be at least T'(p; — p;). O

D. Additional experimental results

In this section, we present several figures showing our experimental results. Figure 7 and Figure 8 show the regret for
different abstention costs ¢ € {0.1,0.2,0.3} for all our datasets. We observe that, in general, UCB-GT outperforms UCB-NT
and UCB for all datasets and is even within the standard deviation of the FS’s regret for some of datasets. The figures also
indicate that the regret of UCB decreases slowly. This is expected, since there are 2,100 experts, 10,000 time steps, and the
algorithm only updates a single expert per time step.

Figure 9 and Figure 10 show the fraction of abstained points for all the datasets. Figure 11 also shows how the fraction of
abstained points varies with abstention cost for two extreme values ¢ € {0.001,0.9}. Again UCB-GT admits a lower regret
than UCB-NT and UCB and, as expected, the fraction of points decreases as the cost of abstention increases. Figure 12 shows
the effect of using confidence-based experts and suggests that the choice of experts does not affect the relative performance
of the algorithms. We also tested the effect of varying the number of experts: Figure 13 shows the regret of three datasets
when the number of experts is K = 500 and 7" = 5,000. For this set of experts, we find a similar pattern of performance as
above.

Next, we describe in more detail the datasets and how they were processed. In Table 1, we show the number of features for
each dataset. For all datasets, we normalized the features to be in the interval [—1, 1]. Note that the reason for choosing
abstention functions with radius range (0, v/d) is to cover the entire hypercube [—1, 1]¢ with our concentric annuli. For
the CIFAR dataset, we extracted the first twenty-five principal components of the horse and boat images, projected the
images on these components, and normalized the range of the projections to [—1, 1]. The features of the synthetic dataset
are drawn from the uniform distribution over [—1, 1] and the label is determined by the sign of the projection of a point
onto the normal of the diagonal hyperplane y = —z.

The confidence-based abstention function has the form r(z) = |h(z)| — 6. In our experiments (Figure 12), we generated
twenty abstention functions with thresholds 6 € (0,...,0.25), which are paired with each predictor. The predictors are
axis-aligned planes along each feature of the dataset. For each dataset, the number of predictors is | 100/d| where d is the
dimension of the dataset. We chose twenty abstention functions and about 100 prediction functions in order to match the
experimental setup of the randomly drawn experts. The total number of experts is then |100/d] - 20 - d. Note that we only
tested some of our datasets since for larger dimensions d, the number of experts per feature was too small.



Online Learning with Abstention

D.1. Average regret for different abstention costs and datasets

Regret forc = 0.1

Regret for c = 0.2

Regret for c = 0.3

0.40 0.35 0.30
0.35 —
e 0-30
0.30 0.25
0.25
k] © 0.20
;.;o‘zo GE;
0.15
015 «
0.10 0.10
0.05 0.05
0-002 10 10 0% 10 10t %02 10 10*
Rounds Rounds Rounds
Regret forc = 0.1 Regret for c = 0.2 Regret for c = 0.3
0.40 0.35 0.40
0.35 IR 0.30
0.30 0.25
0.25
‘é’, ‘g 0.20
8020 >
0.15
%015 «
0.10 0.10
0.05 0.05
0-0052 10 10¢ 2% 10 10¢ %07 10 10*
Rounds Rounds Rounds
Regret forc = 0.1 Regret for c = 0.2 Regret for c = 0.3
0.30 0.25 0.16
0.25
0.20
@ 2
©0.15 o
[} Q
o o
0.10
0.05
0-0057 10° 10°
Rounds Rounds Rounds
Regret forc = 0.1 Regret for c = 0.2 Regret for c = 0.3
0.45 0.35 0.30
0.40 A
il
0.30
®0.25
g
20.20
0.15
0.10
0.05 -
0-005z 10° 104 0002
Rounds Rounds Rounds
Regret forc = 0.1 Regret for c = 0.2 Regret for c = 0.3
0.40 0.35 0.25
0.35 P 0.30
0.30 0.25
0.25
k9] © 0.20
";.;o.zo ‘g\
0.15
%015 «
0.10 0.10
0.05 : s ) 0.05
0-005= 10° 04 000 10° T (1 10° 104
Rounds Rounds Rounds

Figure 7: A graph of the averaged regret R, (-)/t with standard deviations as a function of ¢ (log scale) for UCB-GT, UCB-NT,
UCB, and FS for different values of abstention costs. Each row is a dataset, starting from the top row we have: CIFAR,
ijecnn, HIGGS, phishing, and covtype.
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Figure 8: A graph of the averaged regret R;(-)/t with standard deviations as a function of ¢ (log scale) for UCB-GT, UCB-NT,
UCB, and Fs for different values of abstention costs. Each row is a dataset, starting from the top row we have: eye,
cod-ran, synthetic, skin, and guide.
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D.2. Average fraction of abstention points for different abstention costs and datasets
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Figure 9: A graph of the averaged fraction of abstained points with standard deviations as a function of ¢ (log scale) for
UCB-GT, UCB-NT, UCB, and Fs for different values of abstention costs. Each row is a dataset, starting from the top row we

have: CIFAR, 1 jcnn, HIGGS, phishing, and covtype.



Onlin

e Learning with Abstention

Fraction Abstained for c = 0.1

Fraction Abstained for c = 0.2

Fraction Abstained for c = 0.3

0.9 0.9 0.9
0.8 —— 0.8 0.8
o W o I/PA—«—«:':IH’_M o
o T : B L P S 0.
< < 1 <
g 0.6 5 0.6 I 5 0.6
§ 0.5 § 0.5 § 0.5
0.4 £ 0.4 c 0.4
0.3 503 03
©
0.2 w 0.2 w 0.2
0.1 0.1 0.1
0. - 0. 0.
0 10 10* 0 10° 10* 0 10° 10*
Rounds Rounds Rounds
0.5 Fraction Abstained for c = 0.1 0.6 Fraction Abstained for ¢ = 0.2 0.5 Fraction Abstained for c = 0.3
1
5 0.4 - 5 0.4 WWHHHH |
g 1 g l
= = 4 —_ Il I
Zo3 g go3 "”“““Li
Q Qo Qo
< 203 < H“H H
502 S 502 ’
3 £0.2 5 H“H “
o o o
. w w
0.1 01 0.1
= . L
0952 10 10* 0957 10° 0¢ %o 10° 10*
Rounds Rounds Rounds
Fraction Abstained for ¢ = 0.1 0.055_Fraction Abstained for ¢ = 0.2 0.050Fraction Abstained for ¢ = 0.3
0.045
- 5 0.050 - 0.045
[ [ [
< £ £
© © ©
% 0.040 g 0.045 g 0.040
< < <
5 §0.040 T\ §0.035
k9] s} N s}
© 0.035 ® H @
w “0.035 “0.030
0.03 0.03 0.02
%o 04 o7 10° 10 207 10° 10*
Rounds Rounds Rounds
0.070,_Fraction Abstained for ¢ = 0.1 0.065,__Fraction Abstained for ¢ = 0.2 0.07,_Fraction Abstained for c = 0.3
0.065 0.060
el el
() ()
£ 0.060 £0.055
el 8
8 8
< 0.055 < 0.050
s s
% 0.050 £ 0.045
© o
w ('
0.045 0.040
0.0495 10° 10t %937 10° 10*
Rounds Rounds Rounds
0.10._Fraction Abstained for c = 0.1 0.10._Fraction Abstained for c = 0.2 Fraction Abstained for c = 0.3
0.09
k3 ki
c£0.08 <
© ©
g 0.07 g
5 0.06 5
1= t}'
@ 0.05 ]
I I
0.04
. .04
0-0852 10° 0 %2
Rounds

Figure 10: A graph of the averaged fraction of abstained points with standard deviations as a function of ¢ (log scale) for
UCB-GT, UCB-NT, UCB, and Fs for different values of abstention costs. Each row is a dataset, starting from the top row we
have: eye, cod-ran, synthetic, skin, and guide.
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D.3. Average regret and fraction of abstention points for extreme abstention costs
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Figure 11: A graph of the averaged regret R;(-)/t and fraction of points rejected with standard deviations as a function of ¢
(log scale) for UCB-GT, UCB-NT, UCB, and FS for different values of abstention costs. The fraction of points decreases as
the cost of abstention increases. The UCB-GT outperforms UCB-NT and UCB while approaching the performance of FS even
at these extreme values of c. Each row is a dataset, starting from the top row we have: CIFAR, i jcnn, phishing, and
covtype.
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D.4. Average regret for confidence-based experts
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Figure 12: A graph of the averaged regret R;(-)/t with standard deviations as a function of ¢ (log scale) when using the
confidence based experts for UCB-GT, UCB-NT, UCB, and FS. Each row is a dataset, starting from the top row we have:
synthetic, skin, guide, i jcnn and CIFAR.
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D.5. Average regret for a smaller set of experts
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Figure 13: A graph of the averaged regret R;(-)/t of abstained points with standard deviations as a function of ¢ (log scale)
for UCB-GT, UCB-NT, UCB, and FS for different values of abstention costs. Each row is a dataset, starting from the top row
we have: guide, synthetic, and skin. We used K = 500 experts and 7" = 5,000 rounds in order to see the effect
when changing the number of experts used.



