Dissipativity Theory for Accelerating Stochastic Variance Reduction

Supplementary Material

The underlying probability space for the sampling index iy, is denoted by (€2, 7,P). We denote by Fy, the o-algebra
generated by (ig,i1,...,4). Clearly, ij is Fi-adapted and we obtain a filtered probability space (2, F, {Fx},P) on
which the stochastic optimization method is defined.

A. Proof of Lemma 4

The proof is straightforward and included here only for completeness. Note that x; does not depend on iy, so we have
E [(zx — 2.) "V fi, (2k)| Fre1] = (z1 — 2.)TVg(ak). If g is o-strongly convex, we directly have
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Next, if f; is convex and L-smooth, the co-coercivity property implies
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Taking the expectation of the above inequality leads to the desired conclusion.
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Therefore, we have

B. Proof of Lemma 5 and Lemma 8

We summarize some existing function inequalities that can be used to directly show Lemma 5 and Lemma 8.
Lemma S1 Assume Vg(x,) = 0. Suppose iy, is uniformly sampled from {1,...,n} in an i.id. manner. Let {x}, :

k = 0,1,...} be an F,- predictable process whose sample path satisfies x, € RP almost surely. In addition, v, =
Vi (@r) — Vi (xe) and ug, = V f;, () — V fi,. (&) + Vg(Z), where & is Fo-measurable.

1. The following always holds due to the uniform sampling strategy:

E [(zx — )" (V fir (2) = V fi, (&) + Vg(2))] = 0. (SD)
2. If fi is L-smooth, then

E|Vfi, (24) = Vfi, (&) + Vg(@)II* < L*E||Z — .. (S2)
3. If f; is convex and L-smooth, then

E|V fi.(2x) = V fi, (2)|I* < 2L(Eg(zx) — g(a)), (S3)
E||V fi(2.) = Vi (&) + Vg()|* < 2L(Eg(Z) — g(a4)). (S4)
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4. The following inequality holds
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where M is computed according to the assumption on f; as follows

20L —(c+ L) .,.,.
(0 + L) 9 ] if fiis L-smooth and o-strongly convex,
[0 —L o
M = I 9 if fiis L-smooth and convex, (S6)
r 672
%L (2)} if fi is L-smooth.

5. If g is o-strongly convex, we have
T 2" (20 1 T T
k — Lx - k — Lx
<
[ N R | R <S7>

E [(wr — 24) "(V fir. (xk) = V fir (2) + Vg(2))] = Eg(a) — g(x.). (S8)

6. If g is convex, then

7. If g is o-strongly convex, then
- 2 -
E[Z - z.]* < ~ (Bg(¥) — g(=.)) (89

Proof. The proof is standard and based on the fact that 7, and x, are independent. For example, we have

E [(wr — 20)(V fir (22) = Vi, (2) + Vg(2))| Fimr] = (21, — 2.) V() = 0,
which directly leads to Statement 1. Note that E [V f;, (x,) — V fi,.(Z)] = —EVg¢(Z). Hence, we have

E|Vfi,(2:) = Vi (2) + Vg(@)|* S E|V i, (x.) = Vi, (D) < LE|@ — .|,
which proves Statement 2. The other statements follow from taking expectations of well known function inequalities. m

The proofs of Lemma 5 and Lemma 8 directly follow from the lemma above.

C. Further Discussion on SVRG

One can automate the convergence analysis for SVRG under various assumptions on f;. For example, consider the analysis
of SVRG with Option L. If f; is assumed only to be L-smooth, we can modify X3 in Lemma 5 as

. —2L% 0 0
Xs=| 0 20
0 0 0

We still assume that g is L-smooth and o-strongly convex, so we choose X1, X, and X, as in Lemma 5. For these choices,
it is still true that ES; < LQIEH:% —z,]|2, ESy < 0,ES; < 0, and ES; = 0. The usual analysis route leads to the following
bound:

L2
Bl = .l < (1= 2+ 20707 + 1Y By —

This example demonstrates that one can modify the supply rate functions to reflect various assumptions on the cost func-
tions. For SVRG with Option II, one can perform similar LMI analysis when the assumptions on f; are changed.
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D. Proof of Lemma 11
We first set
2k
= 1-m—7 7 || (S10)
T

From the definition of Katyusha, we have Evi, = EV f(qy). Since f is L-smooth and convex, it is straightforward to verify
the following:

Ef(qr) —Ef(ye) <EVF(qr) (o — y) = E[E[of (g — yi) | Fir )] = Bvf (ar — wk), (S11)
Ef(qr) — Ef(z.) <EVf(qr) (ar — .) = Eof (g — 2.), (S12)
Ef(yr+1) —Ef(qr) <E {Vf(Qk)T(ka —qx) + g”ykJrl - Qk|2}
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L 1
< n(Ef(Z) — Ef(qr) — Bvg (2 — ) + 3 (1 + ﬁ) Ellyk1 — all® + Bvg (yks1 — ax),
(S13)

where the second-last inequality follows from the identity a”b < ilal|* + 1(|b||?, and the final step follows from the
so-called variance upper bound in the literature (Lemma 3.4 of (Allen-Zhu, 2016)).

To prove Lemma 11, we need to show that
(EF(yrt1) — F(2,) = (1 =11 = 72)(BF (y) — F24)) — 2(BF(Z) — F(,)) < —ES1 (&, wp). (S14)
For brevity, define 7 := 1 — 71 — 79. The left side of (S14) can be rewritten as
(EF(yrt1) — F(z.) = (1 =71 = 72)(EF (y) — F(24)) — 72(EF(Z) — F(z,))

=Ef(yr+1) + BV (yer1) — TEf(yr) — TEY(yx) — 7f (22) — T(24) — REf(Z) — 72Eep(%)
= (Ef(yrs1) — TES (yx) — 7S (20) = 2Ef(Z)) + (Ep(yrs1) — TEY(yr) — 11t (20) — 2B (). (S15)

We have decoupled the left side of (S14) into the sum of two terms, the first involving only f, and the second involving
only 1. We will use the properties of f and v to provide upper bounds in the quadratic forms for the first and second terms,
respectively.

Bounding the first term in (S15), we obtain

Ef(yr+1) — TEf(yx) — 11 f(24) — REf(2)
=E[f(yr+1) — flar) + 72(f(a) — £(@)) + 1 (f(ar) — f(2s) + 7(f () — f(yx))]

L 1 . N
<3 (1 + T2> Ellyrs1 — qell* + Evf (k1 — q) + B0} (g — &) + 1Ev) (gx — 24) + 7B (g1 — yr),  (S16)

where the last step follows from the three bounds (S11), (S12), and (S13). Next, strong convexity of ) leads to an upper
bound for the second term in (S15):

EY(yx+1) — TEY(yr) — mtp(z4) — 2EY(Z)
=E [T (k1) — Y(Wk)) + 11 (D (Yr41) — Y(zr41)) + 71 (D (2k41) — ¥(24)) + 72(V(Yr+1) — ¥(2))]

g ~
S E[Fhy (Yks1 — yk) + 71 by (Yrs1 — 2ke1) + 71 (911(Zk+1 — o) = Sllake - 117*||2) + 72 b (yr1 — T)]. (S17)
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Combining (S16)—(S17), we see that the left side of (S14) is bounded above by the expected value of the following sum:

L

1 . -
5 (1 + T) lyrs1 — arll® + of (Yrsr — qr) + T2 0f (g — &) + 1103 (g — 22) + 7ol (g — yx)
2

N o ~
+ Fhy (Yrs1 — Yk) + 71 AL (Y1 — Zkg1) + 71 (9;(21@“ — ) — §||2k+1 — x*llz) + 7o hf (Yrs1 — ). (S18)

All terms in (S18) are actually quadratic forms, due to the state-space model:

Zht1 — T 1 0 0 2k — Ty —a —a 0 Vi
Yl —Zo | = |71 T To| | —Tu| +|=C 0 —C| |9&],
T — Ty 0 0 1 T — Ty 0 0 0 hy
2k — Ty
qkfz*:[Tl T 7-2] Y — Tk |
T — T,

where we recall the definition 7 := 1 — 7 — 75. For example, the term vg(yk+1 — g ) is equivalent to the quadratic form:

2k — Ty 000 0 0 0 2k — Ty

Yk — Ty 0 0 O 0 0 0 Yk — Tx
A 000 0 0 0f ||&-a
- 000 — 0 =$|®"|| w
9 000 0 0 0 9
b, 000 -5 0 0 hi

Summing all the these quadratic forms directly yields the desired supply rate.

E. Guidelines for Constructing and Choosing Supply Rates

In most cases, supply rates may be constructed by manipulating well-known quadratic inequalities. One can see this in the
proof of Lemma 5 and Lemma 8. For momentum methods, the supply rate construction is more involved. One typically
needs to regroup terms carefully after adding and subtracting f(gx ), where gy is the input to the stochastic gradient. See
(S16) for such an example. We note that it is possible for different supply rate functions to yield the same iteration
complexity bound. It is also possible to construct other supply rate functions that yield a constant-factor improvement for
the convergence guarantees of Katyusha. In the present work, we only provide one supply rate for the analysis of Katyusha.

The selections of supply rate functions for a particular algorithm can be guided by the numerical solutions of the proposed
LMIs. For example, one could include several candidate supply rates with associated multipliers A; in the LMI to identify
which supply rate functions are needed to obtain the desired rate bound.

F. Telescoping Trick and Further Discussion on Katyusha

The telescoping trick in Allen-Zhu (2016, Section 3.2) provides a routine for converting the one-iteration analysis result

into a complexity bound. We first fix ( = 5-. Given 1 < 7 < 1, we choose 71 = min {, / %, 1-— 7'2} and

57’271

o = 97111 L°

Then the telescoping argument in (Allen-Zhu, 2016, Section 3.2) leads to the following discussion of the
resultant iteration complexity O (( % + n) log(%))

— 2 .
Case 1. Suppose 2 < 972(1-72)"  We have a = /95;;;; ,and 7, = moa < 1 — 7. Hence ac < =72, This
2

519—1 m
guarantees the following inequality,
1

(1+0a)™ ' <14 —(m—1)ao.
T2
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Then the argument in Case 1 of (Allen-Zhu, 2016, Section 3.2) can be modified to show

(572 — 1)o

BIP@) = Flr)l <O\ {1+ =57,

(F(20) = F(2)) -

979 (1—75)2

21— Tailoring the argument in Case 2 of

Case 2. Suppose “* > 51 - Wehaverp =1 —myanda = 9(15;72)7

(Allen-Zhu, 2016, Section 3.2), we can easily show

E[F(2°) — F(z,)] < O (min{1/72,2 — 72} %) (F(z0) — F(2.)) = O (2 — 72) %) (F(0) — F(z.)).
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