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In this supplementary material, we present overviews of the manifolds of interest, a complete proof of the conver-
gence analysis, and details of additional numerical experiments. Hereafter, we use E[| to indicate the expectation
with respect to the joint distribution of all random variables. For example, w; is determined by the realizations of
the independent random variables {i1, 2, ...,4:—1}, and the total expectation of f(w;) for any ¢ € N can be taken as
E[f(w)] = EiyEiy ... Eq,_, [f (wy)]. We also use E[-|F;] to denote an expected value taken with respect to the distribution
of the random variable ;.

A SPD manifold and Grassmann manifold

A.1 SPD manifold S¢,

We designate the space of d x d SPD matrices as the SPD manifold, Sjlr 4. If we endow Si . with the affine-invariant
Riemannian metric (AIRM) (Pennec et al., 2006) defined by (¢x, 7x)x = trace(fXXflnfol) for&x, nx € TXSfﬁ catX e
Si -+ the SPD manifold Si . forms a Riemannian manifold. An efficient retraction is proposed as follows (Jeuris et al.,
2012): Rx(&x) =X+ & + %gXX’lfx. This maps &x onto SLF for all {x € TXSiJr. Previously, Huang et al. proposed
an efficient isometric vector transport (Huang et al., 2015b; Yuan et al., 2016) defined as TSn & = ByB;fx, where Y =
Rx(éx) and a’ denotes the flat of a € TwM;ie., a’ TyM — R : v {a,v),. Bx and By are the orthonormal bases
of TXS_Cf_ L and Ty S j‘f_ ., respectively, where the basis is calculated based on the Cholesky decomposition.

A.2 Grassmann manifold Gr(r, d)

A point on the Grassmann manifold is an equivalence class represented by a d x r orthogonal matrix U with orthonormal
columns: UTU = I. Two orthogonal matrices represent the same element on the Grassmann manifold if they can be
transformed into each other by right multiplication of an r X r orthogonal matrix O € O(r). We state that these two
matrices are equivalent. In other words, an element of Gr(r, d) is identified with a set of equivalent d x r orthogonal
matrices [U] := {UO : O € O(r)}. Thatis, Gr(r,d) := St(r,d)/O(r), where St(r, d) is the Stiefel manifold, which is
the set of matrices of size d x r with orthonormal columns. The Grassmann manifold has the structure of a Riemannian
quotient manifold (Absil et al., 2008). The retraction Ryo)(£) = qf (U(0) + t£)(=: U(t)), which extracts the orthonormal
factor based on QR decomposition, is widely used. Further, a commonly used vector transport employs an orthogonal
projection of ££ to the horizontal space at U(t), i.e., (I — U(t)U()T)t¢ (Absil et al., 2008).
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B Proofs

B.1 Essential lemmas

B.1.1 Proof of Lemmas 3.5 and 3.6

Taylor’s theorem is generalized to Riemannian manifolds (Absil et al., 2008) and addresses the exponential mapping in-
stead of the retraction. Lemma 3.2 in (Huang et al., 2015b) applies Taylor’s theorem on the retraction by newly introducing
a function along a curve on the manifold.

Proof. For self-completeness, we show a proof similar to that of Lemma 3.2 in (Huang et al., 2015b). We define ¢ = an
with n = £/|¢]|w, i-€., @ = ||€]| . From Taylor’s theorem, we have

f(z) = flw) = f(Rulan)) — f(Rw(0))
= L pRatrn)| ok s B o
- dr AR M R wTl r=p “
(grad f(w), amu + 2o f(Ru(rn))| -
= T. _—— .
gradf(w), anjw + 5 75 f(Bu(mn)| _ -
1
< (gradf(w), &) + 5 LIEI,
where 0 < p < a. This completes the proof of Lemma 3.5. Lemma 3.6 can be proved in a similar manner. [
B.1.2 Proof of Lemma 3.8
Proof. From Lemma 8 in (Huang et al., 2015a), we have
1
|Pe)zradf )~ madtw) - [ PG e OPOIE | < il
0 w

where by is identical to C},6 by applying Assumption (1.4) and Lemma 3.7 for Lemma 8 in (Huang et al., 2015a). Hence,
from the triangle inequality, we have

|P() grad f(2) — grad f(w)] < H / ) Hess £ (4(0) P()1Onde]| + Cublnl?
< /nP(w):’(t)Hessf(w(t» (V2O nllwdt + Crblnl12,
0
< Cu(1+Cy) ]l
As L; := Cy(1 4 C,,0), this completes the proof. O

Note that C,, is uniformly determined in each algorithm. As for Algorithm 1, the constant L; is derived as L; = C(1 +
30C,) for any t > 1, because the triangle inequality yields the following, from (2):

lvellw, = llgradfi, (we) — Tt gradfi, (we—1) + Tt Ve—1|lw,
< Oyt Gyt Cy = 3C,.

That is, C;, can be chosen as 3C,. Here, we used the property that 7 is an isometry in Assumption 1.

B.1.3 Lemma B.1

Lemma B.1. Suppose that Assumption 1 holds and f is upper-Hessian bounded. Let w* be an optimal solution to problem
(1). Consider Algorithm I with a constant step size o.. Then, we have

S Ellgradf ) l2,] < SElf(wo) — fw)] + 3 Elllerad ) — wl,] - (1~ La) Y EJuclZ,) A1)
t=0 t=0 t=0
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Proof. This proof is the straightforward extension to the Riemannian setting from that of Lemma 1 in (Nguyen et al.,
2017a). From Lemma 3.5, we have

Elf(wien)] < Elf(w0)] ~ El(gmadf (), avehu,| + 5La’ElJu]3,
— E{f(w)]) - TE [laradf(w)l3, + o2, — laradf(wn) —vl,] + S La?E[Ju|?,
— Blf(un)] - SEllsradf (w2, + §Ellarads(w) ~ wl3,] - (§ - 520°) Bllel]

Let w,, 41 be a point obtained by performing Steps 8—10 in Algorithm 1 for ¢ = m. Summing over ¢t = 0, 1, ..., m yields
a m
Blf(uns)) < Elfw)] = 5 3 Ellamad )l

« U m
+3 ;E lgradf(we) — vel|2,] — ( - fLa ) ;E e ]|2,]-

Then, we obtain

IN

> Ellgradf(w)|?,] %E[f(wo) — f(wms)] + D Elllgrad f(we) = vell3,] = (1= La) Y Elfjoe3,]
t=0 t=0 t=0

< 2E[f(wo) — fw)] + ) Elllgradf(w,) — vell3,] = (1= La) > Ef|lvel3,],
t=0

t=0

where the last inequality holds because w* is a solution of f. This completes the proof. O

B.14 Lemma B.2
Lemma B.2. Suppose that Assumption 1 holds. Consider v; in Algorithm 1. Then, for any t > 1,

t t
Elllgradf(we) —vels,) = D Elllvy = T vjm1lli, ] = Y Elllradf(w)) — Too, grad f (w17, ]
j=1 j=1

Proof. This proof is the straightforward extension to the Riemannian setting from that of Lemma 2 in (Nguyen et al.,
2017a). First, we obtain the expectation of v; — ’7:}5{ L Uj—1 as

Blo; = Ty? vj-1lF;] = Elgradf;, (w;) — Ty gradfi; (wj-1)|F;]
= gradf(w;) — 7,7  gradf(w;—1). (A.2)
Then, we have
Elllgradf(w;) —v;|I5,[F;] = E[I[T57  gradf(wj—1) = Ty vj-1] + grad f(w;) — To grad f(w;-1)

—[v; = T v a]l%, | F]

= |ITo7 eradf(wj—1) = Ty wj-alls, + lleradf(w;) — Ty erad f(wj—1)|%,
+E[||v; = Tas vj a2, | F]
+2(T,7 grad f(w;—1) — Ty?  vj—1,gradf(w;) — Ty?  gradf(wj—1))w,
—2(Ty7 gradf(wj—1) — Ty vj—1,Elo; = Ty v 1|f Dw,
—2(grad f(w;) — Tp,7  grad f(w;j-1),E[v; — mzlvgfl\ﬂ]m

(A.2)

=" | Ta eradf(wj1) = Tos vy, — leradf(w;) — Ty gradf(w; )|,
+E[|v; = Tas v, [ F5]-
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Taking the total expectation for the above, we obtain
Elllgradf(w;) = v;ll2,] = E[lTg7 eradf(w;—1) = Tos v l%,] = Elllgrad f(w;) — 7o grad f(w;-1)|l%,]
+E[llv; — Toy? vj-1l,]-

As |lgrad f(wo) — vo||fv = 0and || Tw  gradf(wj_1) — Tw’ ,vj—1|lw, = llgradf(w;j_1) — vj_1l|w,, summing over
7 =1,2,... tyields

t t
Elllgradf(we) —vels] = D Ellly; — T vjmalli,] = Y Elllgradf(wy) — To7 gradf(w;-1)3,]. (A3)

j=1 j=1
This completes the proof. O

B.2 Proofs of retraction-convex functions

B.2.1 Assumptions B.3 and B.4 and Lemma B.5

In this subsubsection, we first state an assumption.
Assumption B.3. Forall w,z € U, we have

|| Pigradfi(w) — gradfi(2)|? < (Pgradfi(w) — gradfi(z), Exp; '(w))., i=1,2,....n, (Ad4)

where L is in Definition 3.1 and PZ(-) is a parallel translation operator along the retraction curve from w to z.

Note that (A.4) is equivalent to the condition that f is L-smooth and convex in the Euclidean setting. Note also that if the
two L in the above equation and in Lemma 3.5 are different, we can newly define the maximum of the two values as L.

Assumption B.4. There exists a constant a; > 0 such that, for any w,z € U C M, € = R;;*(2), n = Exp,,'(2), it holds
I1P(vr)wx — P(yg)uxllz < arlléllwlixllw, x € TwM,

where Ygr(t) := Ry (t€) and v4(t) := Exp,,(tn). Furthermore, this a; is sufficiently small.

Lemma B.5. Let R be a retraction on M. Suppose that f is lower-Hessian bounded and that Assumptions 1 and B.4 hold.
Then, there exists a constant ag > 0 such that, for all w, z € U, we have

(aop — a1Cy) [RG' (2)llw < llgradf(w) — P gradf(2)]w, (A.5)

where i is in Definition 3.2 and P¥ () is a parallel translation operator along the curve defined by R from z to w.

Proof. Considering the exponential mapping case in Lemma 3.6, we obtain the two inequalities as
[() = fw)+ (gradf(w), Bxp,! ()0 + 5 [Expy ()11,
Jw) 2 J(=)+ (gradf(), Bxps (w)). + & [Exps (w)]2
Hence, adding and rearranging the two inequalities yields

plExpy' ()7 < —(gradf(w), Expy' (2))w — (gradf(2), Exp; ' (w)).
= —(gradf(w), Expy' (2))w — (P(7)Ygradf (), P(7)YExp; " (w))w
—(gradf(w), Expy,' (2))w — (P(7)Y'gradf(2), —Expy,' (2))w
= —(gradf(w) — P(7)Ygradf(2), Expy' (2))w
< lgradf(w) — P(v)Ygradf(2)]|w|[Expg" (2) ]l
where P() is the parallel translation along the geodesic v and P(v)“Exp; ' (w) = —Exp,,* (%) is incorporated in the sec-

ond equality. The last inequality incorporates the Cauchy-Schwarz inequality. Here, according to Lemma 3 in (Huang et al.,
2015a) for a constant ag > 0, we have

aol| Ry (llw < [ Expy, ' (2) -
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Furthermore, we can evaluate ||grad f (w) — P(y)Ygrad f(z)||., by using Assumption B.4 as

[grad f(w) — P(v) gradf(z)||w |grad f(w) — Pgradf(z) + P"grad f(z) — P(v); grad f(2)l|w

< llgradf(w) — Pgradf(z)]lw + (P — P(7)7)gradf(z) | w
< lgradf(w) — Pgrad f(2)llw + a1Cy [ Ry (2) |-
Considering these three inequalities, we obtain the desired result. This completes the proof. O

B.2.2 Proof of Lemma 3.9

This subsection provides the proof of Lemma 3.9.

Proof. We have

(Exp,'(2),8)w — (R (2), 8w = (Expy'(2) — Ryt (2), &)
< Expy'(2) = Ryt (2)lwlléllw
< 2erCy||R, (2)]2, (A.6)

where the last inequality incorporates Assumption (1.6). Defining 2crC); as v gives the desired result. This ends the proof.
O

Note that, when the retraction is close to the exponential mapping Exp,, (z), v becomes close to zero.

B.2.3 Lemma B.6

Lemma B.6. Suppose that Assumptions 1 and B.3 hold and f is upper-Hessian bounded. Consider vy in Algorithm 1 with
a constant step size o > 0. Then, for anyt > 1,

m m t

mal
ZE |gradf wt Ut”?w] < [”vOHwO +1/1 ZZ]E |Uj—1||12uj_1}7
t=0

2 —al
t=0 j=1

2(2L; + 290 + L)0C,a?

where (o) = —7

Proof. The expectation of the bound of the norm of v, is first derived.

E(llve]l2, | 7] E[|| 7o ve—y — (T2 grad fi, (wi—1) — gradfi, (wy))||%, |F]
= |7 veallh, + E[|| T gradfi, (wi—1) — gradf;, (wy))||%, | F]

—2E[(Tt gradf;, (wi—1) — grad fi, (we), Tot  Vi—1)w, | Ft)- (A7)
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The third term in (A.7) is evaluated as

—2E[(Tt  gradfi, (we—1) — grad fi, (we), T Ve—1)w, | Ft]

(
—2E[(gradf;, (we—1) — (Tt )" gradf;, (we), vi—1)w,_, | F¢]
—2E[(gradf;, (we_1) — P gradf;, (w) + P2 gradf;, (we) — (Tt )" 'gradfi, (we), ve—1)w,_, | F¢]

2
—aEKgradfz’t (wi—1) — Pyt~ tgradfi, (wi), ave—1)w, | Ft]

—2E[(Pyt—tgradf;, (wy) — (oot )" grad fi, (we), ve—1)w, | Fi]

2
— = El(—gradfi, (wi-1) + Py~ grad fi, (we), —ave—1)uw, ., [F7]

—2E[(Py—tgradf;, (wy) — (Toot )" 'grad fi, (we), ve—1)w,_, | Fi]

(A.4)

2 _[1 y
< —~F|Zlleradfi, (wir) — Py eradfi (w5, — viievea g, 17

—2E[(Pw—gradf;, (we) — (T2 )" gradf;, (we), ve—1)w,_, | ]

2
=~ Ellgradfi, (w 1) — P gradfi, (w) |2, 1) + 2l 2

We—1 We—1

—2E[(Pyt—tgradf;, (wy) — (Toot )" gradfi, (we), ve—1)w,_, | Fi, (A.8)

We—1

where the inequality incorporates Lemma 3.9. We now proceed to evaluate the first and third terms in (A.8) separately.
The first term in (A.8) is further calculated as

2
—E]E[ngadfu (wi—1) — Pe—rgradfi, (we) |2, | ]

2
= —E]E[Hgfadfn (wi—1) — T gradfi, (wy) — Pot—"gradf;, (wy) + T2 grad f;, (we) ||, |F]

2
= —E]E[ngadfit (wi—1) — Tt gradfi, (we)||%, | F¢]

2
— B P grad f, (w) — T grad fi (w) [, 1)

4
+—E[(grad fi, (wi—1) — T~ *gradfi, (we), Py~ grad fi, (wi) — T~ grad fi, (we) )w, _ |Fi]

al

IA

LA
al

R
ol
E[l|grad fi, (wi—1) — Tyt~ grad fi, (wi) lw,_, - || Pa, " grad fi, (wi) — Tt~ grad fi, (0w, _, | Ft]-

[lgradfi, (we—1) — Tyt grad fi, (we)||%, | F]

(A.9)

Here, we note that

IN A CIA

lgrad fi, (wi—1) — T~ grad fi, (we)w,

Jrad f (1) — Pt~ grad f, () + Pt~ grad f, () — Tyt gradf (1) .,
lrad i, (wi1) — P~ grad o (w0, + |[Pgrad i (uwr) — T2~ grad o, (w0) .
L; ||R;1171 (’LUt) ||wf,,1 + eaH’Ut—l Hwt,—l ngadfit (’LUt) ”wt

(Ll + ecg)O‘H'Ut—IHUIFN

where the first inequality incorporates the triangle inequality and the second inequality incorporates Lemmas 3.7 and 3.8.
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Substituting this result into (A.9) yields the first term in (A.8) as

2
———Elllgradfi, (we1) = Py~ grad fi, (w)|;

[

| Ft]

IN

2 4
— = Elllgradfi, (we) = Ty grad fi, (w5, _ | Fi] + — (Lo + 0C)alvea |,y - 0Cqalv .

(Ll +0C,)0C, 0
L

2
= _EE[”gra‘dfit(wt—l)_mt 1gra‘dflt(wt)||wt 1|‘Ft] || Vi— 1||wt e (AIO)

On the other hand, the third term in (A.8) is calculated as

—2E[(Py~gradf;, (wy) — (T )~ grad fi, (we), vi—1)w,_, | F]
2E[|| Pyt grad fi, (we) — (Toot )" grad fi, (we) lw,— [ Fe] - 1ve—1lw, .
20C,allvi1]%, .- (A.11)

ARVAN

Substituting (A.10) and (A.11) into (A.7) yields

Elllvell2, | F] = lvalla,_, +EIITS  gradfi, (wi—1) — gradfi, (we) |12,

—2(Tr gradf;, (we—1) — grad fi, (we), Tyt Ve—1)w,|Fi]

lve—1llZ, | +E[| T gradfi, (we—1) — gradf;, (wy)]|%, | F]
fE[ngadfit(wt—l) — Tor=rgrad f;, (we)|[5,_, | 7]

. ((2Ll 1200, + L)8C, + vL)a

IN

L || t 1||wt 1
2
= ol + (1= 2 ) BITE o (w0 - grad (w17
2((2L; +20C, + L)6C, + vL
+ (( l gL ) g ) || vy 1||w, ) (AIZ)

©) 2 w
D furcal,, o+ (1 2 ) Bllo = T a2, 17

2((2L; + 20C, + L)6C, + vL)a )
+ L ||’Ut*1||wt,1'

After taking the expectation, the equations are rearranged to yield

Efllos = Tar  ve-1l13,]
ol

< 2((2L; +26C, + L)6Cy + vL)a
- 2—al

[ lve-1llt,_,] = Elloels,] + 7 Ef|lve-1l3, ]

Consider the above inequality in which ¢ is replaced with j € {1,2,...,¢t}. Summing this inequality over j =
1,2,...,t(t > 1) yields

t
ZE[||Uj_TwJ 1 YVji— 1||wj}
j=1

t
alL 2((2L; +20C, + L)0C, + vL)a?
El|jvollz,] — Ellvels )+ S oz, )

< Bl -

j=1
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2((2L; +20C, + L)0C, + vL)a?

Defining (o) = 9 ol

, we obtain the following from Lemma B.2:

t
E[lgradf(we) — vell2,] < D Eflo; — T vj4ll3,]
j=1

al !

< o [Elllvoll%) = Ellvel3, 1]+ Y v(@)Elllv; 13,
j=1
Finally, summing over ¢t = 1,2, ..., m yields
m ol m m t
S Ellgradf(we) — wll3,) < 5o ST Elol2) + ) 30 Elllog-all3, )
t=1 t=1 t=1 j=1
mal m G
= B leol2, ]+ (@) D ST Bl )
t=1 j=1
This completes the proof. O

B.2.4 Proof of Theorem 4.1

2((2L; + 20C,, + L)8 L)a?
Proof. Let us define ¢(a) = (2L +26C, + L)0Cy +vL)a

as in the previous proof. From Lemmas B.1 and B.6, we

2 —al
have
> Elllgradf (w)]3,]
t=0
< %Emwo)—f(w*>]+ZEH|gradf<wt>—vtn (1 La) S Ellull,
t=0 t=0
L m t m
< ZElf(wo) — fw)] + 5Bz, + () 3 S Ellle ] - (- La) S Ellull,
t=1 j=1 t=0
2 L
< ZElf(wo) = f@")] + 5 ZEfleol?]
+(a) [mEluol, + (m = DEllor|2, + -+ + Ellom-1]l3, | = (1 = La) > Ellju|2,]
t=0
< 2E[fwo) - F@)] + L Bugll2, ] + me(a) - (1 - La) iﬂz [lvel12, -
e 0 2 —al 0llwo — k

From the assumption, i.e., (2((2L; + 20C, + L)0C, + vL)m — L?)a? + 3La — 2 < 0, the third term is not greater than
zero. Consequently, we obtain

S Ellgradfw)lZ,] < 2ELf(wo) — )] + 5 Elluol ]

t=0

The discussion above is for a single outer iteration. Then, for s > 1, we have vy = grad f(wg) = gradf(w*~1), because

wo = w* 1. We set w® = w; where t is randomly selected from {0, 1, ..., m}. Consequently, we obtain
. 1
Elleradf(@)3] < ooy D Bllered ol
2 al,
7E ~s—1y * E d ~s—1 2~57 .
T T ES ) = )] 5 Elerad () ]

This completes the proof. O
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B.2.5 Proof of Theorem 4.2

Proof. As the proof of Theorem 4.2 is similar to that for Theorem 3 of (Nguyen et al., 2017a), it is omitted. O
23L —+/L?+8p
Suppose that we select the step size as constant o« = a* := 3 217 = ;; . Then, ¢ in Theorem 4.2 is obtained as
'L (3L — \/L?+8B)L < (3L —VL?)L B 212

7T -4l T 6P —B)-(3L— P 8HIL 07— B) 32+ ViVi+85 (LB

L2
which requires (0 <) 8 < KR to satisfy ¢ < 1.

B.2.6 Proof of Theorem 4.3

Proof. The proof of Theorem 4.3 is similar to that for Theorem 4 of (Nguyen et al., 2017a), as

2 L
Elllgad ((0")[3] < o S B — S + 57 Bllarad o))
1 al
E[||lgrad f(w*~1)||%.-
(s + e ) Ellerad (@),
where the last inequality incorporates the relation of retraction p-strongly convex function. O
L? 1 13L— +/L?

To obtain the total complexity, we suppose that 5 < 5 and select « = a* := ial =3 3 217 — ;; 86 and m = 6.5k.
Then, o, is obtained as

_ 1 n a*L

om = par(m+1)  2—a*L
_ 4(L% - B) n (3L —+/L?+88)L
w(BL —/L?+88)(m+1) 8(L?—-p8)— (BL—+/L?>+88)L

< 4Lk(1 — B/L?) n (3L —VIL2)L

T (BL—L2+8B)(m+1) 8(L*—pB)—-3L2+/BVB+8B

< (175/L2) 2L2 < L?(1— B/L?)( 34—\/14-8,6/L2 212

= VP ish) = 13(L% — §) TSI —p)

< 3—1-\/1—1—8ﬁ/L2 n 2L2 < L3(3+4+/13/5) n 212

- 13(L* = B) 5(L2=p) = 13(L*-p) 5(L* - B)

212 212 412

5(L2=p) 5(L*=p)  5(L*—-p) ~

B.2.7 Proof of Proposition 4.4

Proof. The norm of the difference between the two gradients of the successive iterates is bounded as

1 n
- Z gradfi(ws) — Tt grad fi(we—1)]

=1

lgrad f(w) — T2t gradf(wi—1)|%, =

we

S

2

Z ngadfl wy) — mf_lgradfi(wt_l)‘

1
n wt

= [Ilgradfit(wt) Tont grad fi, (we-1)ll5, | 7).
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2
Hence, noting that 1 — 7 < 0, we obtain the following from (A.12):
«

Ellloell2, 1) < lve-all,_, + (1 - ) E[[|Tat  gradf;, (wi—1) — grad fi, (we)|[, | F¢]

2((2L; + 20C, + L)eog +vL)a
+ . ol

2
< Jual?,  + (1—) leradf(wr) — T _gradf(w_1)|2,

9((2Ly +20C, + L)IC, + vL)a
+ L ||vt_1||wt—1'

Noting that the coefficient of the second term is not greater than zero, the term is bounded as

—lgrad f (w;) — Tt grad f(we—1) |2,

—llgradf(w:) — Pyr gradf(w;—1) + Pyt gradf(w; 1) — Tyt gradf(wi—1)|[3,
—llgradf(w;) — Pyr gradf(w, 1), — | Pat  gradf(wi—1) — Taet grad f(we1)|3,
—2(grad f(wy) — Py gradf(wi—1), Py’ gradf(wi—1) — Ty grad f(wi—1))w,

(A.5)
< —(aop — ar1Cy)? IR, (w2, |

+2[|grad f(w:) — Py gradf(wi—1)lw, - [|1Py; gradf(wi—1) = T3 grad f(wi—1)]lw,
< —(aop — arCo)*a?|lvii s, , + 2LillRy, (W), - 0C,allve—ilu,—,
= —((aop — a1Cy)* = 2Li0C, ) ||vr I3,

where the first inequality incorporates the Cauchy-Schwarz inequality, and Lemma B.5. The second and third inequalities
employ Lemmas 3.7 and 3.8. Consequently, we obtain

Eflur]2, 1 7]
172 e, + (1 - ) E[I T2 gradfy, (wi—1) — grad fi, (wo)|3, 1
2((2Ly + 200, + L)ocg vl
i " loeal,
2
< ol + (1 2 ) o= @02 - 2200 0% o 2,
2((2L; + 20C, + L)0C, + vL)a ,
s " ol
2((2L 20C L)0C L
< <1+< )((a()ﬂ alcg)2 _2Llecg)a2_’_ (( 1+ Q—I’: ) g+V )Oé) ||’Ut 1||?Ut 1
2(2L 260 L — (alL —2)L;)0 2vL
_ (1 (1> (aoufalcg)Qaer( (2L; + 200, + (z )L1)0C, + 2v )a) ool .
2((4L; +20C, + L — oL1;)0C, +vL
_ (1 ( >(aou—a10) n (4L, 4 Loz 1)0C, +v )a) o2, .
Defining () — 2 4Ll+2909+L£aLLl)GCg+VL)a’We tin

2
Blll? 7] < (1= (5~ 1) (o - aCyPa? + o)) o,

Finally, denoting the coefficient of ||v;—1||2, | as A, recursive calculation while taking the total expectation yields

Eflvels,) < AB[lve-all, ] < MElllvoll3,] = AElllgradf (wo)ll3,,]

When 6 and v are close to zero, ¢(a) becomes closely zero. Then, we obtain A < 1. This completes the proof. O
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B.3 Proofs of non-convex functions

This subsection presents the convergence analysis for non-convex functions. The proof strategy follows and extends that
of Theorem 4.1 and (Nguyen et al., 2017b).

B.3.1 Lemma B.7

Lemma B.7. Suppose that the conditions of Lemma 3.8 hold. Consider vy in Algorithm I with a constant step size .
Then, for anyt > 1,

loj = Tai v, < 2(LF +6°Co)a®vj-alls, -

Wj—1 —_
Proof. We have
lvj = T viall2,

lgrad fi, (w;) — Tt grad fi, (w;1)[[%,
ngadfij (wj) P’l’lj); 1gradfij (wjfl) + Pvﬁ?_lgradfij (wjfl) 7:})? 1gradfij (wjfl)Hi)j

< 2llgradfi; (w;) — Pyi gradfi (w15, + 2||Pyi gradfi, (wj 1) = Ty eradf; (wj1)|%,
< 2L|R,; (w3, +20°|lgrad i, (w;— )3, llev; a2,
= 2L} +0°CY)a’|lvjalla, (A.13)

where the first inequality incorporates |la + b||? < 2|la||* + 2||b||? for any vectors a and b in a norm space. The second
inequality employs Lemmas 3.7 and 3.8. This completes the proof. O

B.3.2 Proof of Theorem 4.5

Proof. From Lemmas B.2 and B.7, we obtain

Efllgradf(we) — vell3,] Z]E lvy = Ta? vi-1ll,]
(A. 13)
22 (L + 6°C)a”El|[v;-1l7,_,)-
j=1
Because ||grad f(wp) — UOH?UJ, = 0, summing over t = 1,2, ..., m yields
m 1 m
> Elllo — grad f(wi)lf3,] < Z 2(L} + 0°C)Elvj-1llh,_ ]+ + D 2L +6°CHAE[|lv;-1l3, ]
t=0 j=1 j=1
= 2(L} +62CH)a’[mE[[[vol%,] + (m = DE[odll, ] + - + Elllvm-ll3,,, _,]]-
Hence, it follows that
m m
D Elllo — gradf(we)l,] — (1= La) Y Ell|vill3,]
t=0 t=0
< 2(Lf +6°C)a? [mE||vo13,) + (m = DE[o1 |3, ]+ - + Elllvm-1l,, ] = (1 = La) D ElJuell3,]
=0
< 2(LF +6°Co)a*[mEl||voI5,,] + mE[l|oll5,] + - - + mE[Jvm-ll},, ] = (1= La) Y E[[lve]l3,]
t=0
< [2(L7 + 92C§)a2m (1-La)] Z]E ve-1ll2,_,]
t=1
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1
where the last inequality holds due to a < I which clearly holds according to the condition of « in the statement.

Addressing the first terms inside the square brackets, the following « is a larger root of 2(L} +6*C%)a*m — (1— La) = 0,
ie.,

2
L+ \/L2 +8m(L2 + C262)

and the smaller root is less than zero. Therefore, from the assumption, the right-hand side of the equation above is not
greater than zero. Consequently, we obtain

> Elllor — gradf(we)l,] = (1= La) Y _Eflluil,] < 0.
t=0 t=0

Finally, according to Lemma B.1, we have

m 2 . m m
> E[llgradf(wy)ll2,] < SE[f(wo) — fw™)] + > E[llgradf(we) — vell3,] = (1= La) Y Effjoel2,]
t=0 t=0 t=0
2 *
< ZE[f(wo) - ("))
If we select w = wy, where ¢ is selected randomly from {0, 1,...,m}, we obtain
1 m 2
E[||grad f(@®)%:] = m E[llgradf(wt)llﬁ,t] < m[f(wo) — f(w™)]
This completes the proof. O
B.3.3 Proof of Theorem 4.6
Proof. As this proof is identical to that of Theorem 2 in (Nguyen et al., 2017b), it is omitted. O
2 1
When o« = , we obtain the value of M as
L+ \/L2 + 8m(L2 + C26?) 2
am+1) m+1 S m _ m
2 L1224 8m (LF +C20%)  2\/L2 +8m (L} + C26?) QL\/ +8m (4 + G2
m vm

> =

c202
2L\/16m (+%) LYo+

202
g
L2

> 72 = 6472 (L7 + C26%)

Therefore, we conclude that it is necessary to choose m such that m > 6412 <pl2 +

1
to satisfy % > T.
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C Additional evaluations

C.1 Riemannian centroid problem on SPD manifold

We present additional evaluation results for the Riemannian centroid problem on the SPD manifold. The sample size n
and dimension d are varied. Figures A.1 (a) and (b) show the results obtained for n = 5000 and d = 10, and n = 10000
and d = 10, respectively. The results indicate that the proposed R-SRG is competitive with R-SVRG, while R-SRG+
outperforms the others (especially when n and d are larger), in terms of the number of gradient evaluations and processing
time.

R-SD
—R-CG
£ £ —R-SGD
g 3 10° - —R-SVRG
E E S —R-SRG
s & K ----R-SRG+
8 8 g
o S 10° °
= =) E
£ £ [}
E
[ S !
10705
1
0 10 20 30 40 50 0 100 200 300 400 500 600 0 10 20 30 40 50
#grad/n Time [sec] #grad/n
(a-1) Optimality gap vs. # of gradient evaluations. (a-2) Optimality gap vs. processing time. (a-3) Norm of gradient vs. # of gradient evaluations.
(a) n = 5000, d = 10.
R‘»SD R-SD
— _Roa —R-CG
E E —R-SGD —R-SGD |
g g 10° —R-SVRG|{ = —R-SVRG
= = i —R-SRG s —R-SRG
2 2 ----R-SRG+|{ B -—R-SRG+
e -
@ P =)
38 8 10" e
g g 5
= £ z
o S
[ [
10710
0 10 20 30 40 50 0 100 200 300 400 500 600 0 10 20 30 40 50
#grad/n Time [sec] #grad/n
(b-1) Optimality gap vs. # of gradient evaluations. (b-2) Optimality gap vs. processing time. (b-3) Norm of gradient vs. # of gradient evaluations.

(b) » = 10000, d = 10.

Figure A.1. Riemannian centroid problem on SPD manifold.

C.2 PCA problem on Grassmann manifold

We present additional evaluation results for the PCA problem on the Grassmann manifold. Again, n and d are varied.
Figures A.2(a)—(c) show the optimality gap results of three trials, for (n,d,r) = (10000, 100, 10), (10000, 200, 10), and
(50000, 200, 10), respectively. Overall, the proposed R-SRG is competitive with R-SVRG, and R-SRG+ outperforms the
others, especially when n is larger.
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(c) n = 50000, d = 200, 7 = 10.

Figure A.2. PCA problem on Grassmann manifold.
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