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Supplementary material

Appendix notations. We denote by E; the conditional expectation at iteration ¢, conditioned on all the past and by E a full
expectation. We denote by a tilde the values that come from the deterministic analysis of FW. Denote by r, = —V f(x;).
For k € N*, denote by [k] all integer between 1 and k.

Appendix A. Proof of sub-linear convergence for Randomized Frank-Wolfe

In this section we provide a convergence proof for Algorithm 1. The proof is loosely inspired by that of (Locatello et al.,
2017, Appendix B.1), with the obvious difference that the result of the LMO is a random variable in our case.

Theorem 2.1'. Let f be a function with bounded curvature constant C'y, Algorithm 1 for n € (0, 1], (with step-size chosen
by either variants) converges towards a solution of (OPT), satisfying

2Cy + f(@o) ~ f&)

E — < 9
(far) - fa") < ZLTE20 ©
Proof. By definition of the curvature constant, at iteration ¢ we have
A2
[+ (st — @) < fl@me) + 7 (Vf(@20), 80 — ) + ?Cf : (10)
By minimizing with respect to v on [0, 1] we obtain
Ve = clipy 11 (=V f(@¢), 8t — @) /Cy (11)

which is the definition of ~; in the algorithm with Variant 2. Hence, we have

2
fleepr) < flxe) + 71611[('1)1711] {’Y<Vf($t), 8t — ) + écf} ;

an inequality which is also valid for Variant 1 since by the line search procedure the objective function at x, is always
equal or smaller than that of Variant 1. Denote by h; = f(x:) — f(x*),

2
. v
hiry < hy + v , St — + —=Cy ;.
t+1 S Wlen[glll {7< f(®e), 80 — ) 9 f}

We write s; the FW atom if we had started the FW algorithm at x;, and E; the expectation conditionned on all the past
until x;, we have

2
Eihiy1 < hy + E; min {7<Vf(3'5t)73t —xy) + ,ch} (12)
vel0,1] 2
A2
< =3 i S — -
< hy + P(s St)’ylen[g,l] {7<Vf(a:t),8t i) + 5 Cf} (13)
2
. g
< — _
_ht—"_nﬂ/gl[(l)r,ll]{ vh(x:) + 5 Cf} (14)
2
< hy 4+ n( —vh(xe) + %C’f) (for any 7 € [0, 1], by definition of min) , (15)

where the second inequality follows from the definition of expectation and the fact that minimum is non-positive since it
is zero for v = 0. The last inequality is a consequence of uniform sampling as well as it uses that the FW gap is an upper
bound on the dual gap, e.g. (—=V f(x,), s, —xi) > h(xy).
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Induction. From (15) the following is true for any vy € [0, 1]

2
Bi(he41) < he(1=17) + 5nCy - (16)

Taking unconditional expectation and writing H; = E(h;), we get for any ~y € [0, 1]

2

Hypr < Hy(1—my) + 7577630- 17
With v, = 75 € [0, 1], we get by induction
Cf + €o
H, <2 = (C 18
tS2 Y(Cy + €o), (18)

where g = f(xo) — f(«*). Initialization follows the fact that the curvature constant is positive. For ¢ > 0, from (17) and
the induction hypothesis

2

H < (Cr+eo)(L=my) + £nCy
"
< %(Cp+eo)(L—ny) + ?W(Of + €0)
< (Cr+eo)(L—nv+ %n)
< (Cr+e)1 - G
< (Cy+ €0)Vit1-
The last inequality comes from the fact that (1 — %1)y; < 7¢41. Indeed, with v, = #, it is equivalent to
n 2 2
(1 )—

Copt+ 2 mt+ 2 = n(t+1)+2
(nt+2)—n < nt 4+ 2
nt + 2 —ont+1)+2
S mt+2-nht+1)+2) < (nt+2)?
et +dnt+4-n* < PP +dnt+4.

The last being true, it concludes the proof. m
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Appendix B. Proof of linear convergence for RAFW

Away curvature and geometric strong convexity. The away curvature constant is a modification of the curvature con-
stant described in the previous subsection, in which the FW direction s — « is replaced with an arbitrary direction s — v:

def 2

P sup = (f(y) — [(@) — (VS (@)5—v)) .
z,s,0eEM Y
v€[0,1]
y=z+(s—v)

The geometric strong convexity constant u y depends on both the function and the domain (in contrast to the standard strong
convexity definition) and is defined as (see “An Affine Invariant Notion of Strong Convexity” in (Lacoste-Julien & Jaggi,

2015) for more details)
2

A . . *
= inf f ——B
Hi = aem z*ué*/vt A (x, ) s(@,2)
(Vf(z),z*—x)<0
where Bf(x, z*) = f(z*) — f(z) — (Vf(x),z* — x) and v (z, *) the positive step-size quantity:
(=Vf(z),z" — =)
(=Vf(@), ss(x) —vs(x))

In particular sy(x) is the Frank Wolfe atom starting from x. wvy(x) is the away atom when considering

(2" =

all possible expansions of x as a convex combinations of atoms in A. Denote by S, = {§ | § C
A such that x is a proper convex combination of all elements in S} and by vs(z) = argmax,s(Vf(x),v). vs(x) is
finally defined by
def .
vy(x) = argmin (Vf(z),v).

{v=vs5|S€S:}

Following (Lacoste-Julien & Jaggi, 2015, Lemma 9 in Appendix F), the geometric fi-generally-strongly-convex constant

is defined as )
1455 :wléljf/[ mlrelg( W(f(m ) = flx) = 2(Vf(z),z" - w)) )
(Vf(z),xz"—x)<0

where x* represents the solution set of (OPT).

Notations. In the context of RAFW, A denotes the finite set of extremes atoms such that M = Conv(.A). At iteration
t, A; is a random subset of element of A \ S; where S, is the current support of the iterate. The Randomized LMO is

def
performed over V; = S; U A so that for Algorithm 2, s; € arg max, ¢y, (—V f(x¢), v) is the FW atom at iteration ¢ for
RAFW.

Note that when |4 \ S;| < p, Algorithm 2 does exactly the same as AFW. For the sake of simplicity we will consider that
this is not the case. Indeed we would otherwise fall back into the deterministic setting and the proof would just be that of
(Lacoste-Julien & Jaggi, 2015).

- def
We use tilde notation for quantities that are specific to the deterministic FW setting. For instance, s; €

arg max,c 4(—V f(x¢), v) is the FW atom for AFW starting at x;.

def

Similarly the Away atom is such that v, € argmin, g, (—V f(x¢),v) and it does not depend on the sub-sampling at
iteration t. Here we do not use any tilde because it is a quantity that appears both in AFW and its Randomized counter-
part.

In AFW, g; &f (=Vf(xt),8: — vy) = maxgea(—Vf(x),s — vy) is an upper-bound of the dual gap, named

the pair-wise dual gap (Lacoste-Julien & Jaggi, 2015). We consider the corresponding partial pair-wise dual gap

G ¥ (=Vf(xt),s: —vy) = max (=Vf(xt),s — vy). It is partial is the sense that the maximum is computed on a
s€Vy

subset V; of A which results in the fact that it is not guaranteed anymore to be an upper-bound on the dual-gap.
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Structure of the proof. The proof is structured around a main part that uses Lemmas 1 and 3. Lemma 2 is only used to
prove Lemma 3.

The main proof follows the scheme of the deterministic one of AFW in (Lacoste-Julien & Jaggi, 2015, Theorem 8). It is

divided in three parts. The first part consists in upper bounding h; & f(xy) — f(x*) with g;. It does not depend on the
specific construction of the iterates x; and thus remains the same as that in (Lacoste-Julien & Jaggi, 2015). The second
part provides a lower bound on the progress on the algorithm, namely

2
hevt < (L= pr (2 (19)
t
A
with py = 4%’},, when it is not doing a bad drop step (defined above). As a proxy for this event, we use the binary variable

z that equals O for bad drop steps and 1 otherwise.

The difficulty lies in that we guarantee a geometrical decrease only when g; = g; and z; = 1. Because of the sub-sampling
and unlike in the deterministic setting, z; is a random variable. Lemma 3 provides a lower bound on the probability of
interest, P(g: = g+ | 2+ = 1), for the last part of the main proof.

Finally, the last part of the proof constructs a bound on the number of times we can expect both z; = 1 and g; = g: subject
to the constraint that at least half of the iterates satisfy z; = 1. It is done by recurrence.
Appendix B.1. Lemmas

This lemma ensures the chosen direction d; in RAFW is a good descent direction, and links it with g; which may be equal
to Et'
Lemma 1. Let sy, v, and d; be as defined in Algorithm 2. Then for g, = (=V f(x), 8¢ — v¢), we have
1
(=Vf(ze),di) > 59t >0. (20)

Proof. The first inequality appeared already in the convergence proof of Lacoste-Julien & Jaggi (2015, Eq. (6)), which we
repeat here for completeness. By the definition of d; we have:

2=V f(®e),di) > (—V f(xs), di) + (—V f(zs), d} )
(=Vf(x),s: —vi) = g 21

We only need to prove that g; is non-negative. In line 3 of algorithm 2, s, is the output of LMO performs of the set of

atoms S; U A, & Vi,

sy = argmax(—V f(x), s) ,
sEV,:

so that we have (—V f(x;), s;) > (—=V f(x;),v:). By definition of g, it implies g; > 0. W

Lemma 2 is just a simple combinatorial result needed in Lemma 3. Consider a sequence of m numbers, we lower bound
the probability for the maximum of a subset of size greater than p to be equal to the maximum of the sequence.

Lemma 2. Consider any sequence (r;);cz imnRwithZ = {1,--- ,m}, and a subset T, C T of size p. We have

P(maxr; = maxr;) > P . (22)
€1, s m

Proof. Consider M = {i € Z | r; = max r;}. We have max r; = max r; if and only if at least one element of Z,, belongs
Jje i€, i€
to M:

R ) — > )
P(I}é% r; = max ri) =P(Z,NM|>1) (23)
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By definition M has at least one element . Since {iy € Z,} C {|Z, " M| > 1}

P(Z, n M| = 1) = P({io € Ip}) - (24)
All subsets are taken uniformly at random, we just have to count the number of subset Z,, of 7 of size p with ig € Z,,
. (7;11711) p
PHiceLp}) = —mn— = — (25)
) m
P(max r; = max r;) > P (26)
€T, i€z m

In the second part of the main proof we ensure a geometric decrease when both g; = ¢, and z; = 1, i.e. outside of bad
drop steps. The following lemma helps quantifying the probability of g = g holding when z; = 1.

Lemma 3. Consider g; (defined in Lemma 1) to be the partial pair-wise (PW) dual gap of RAFW at iteration t with

sub-sampling parameter p on the constrained polytope M = conv(A), where A is a finite set of extremes points of M.

Jt & max (—=V f(xt), s—vy) is the pairwise dual gap of AFW starting at x; on this same polytope. Denote by z; the binary
s€A

random variable that equals 0 when the t'"* iteration of RAFW makes an away step that is a drop step with ez < 1 (a
bad drop step), and 1 otherwise. Then we have the following bound

2
Plge =G | e, 20 = 1) > (\AI> (PROB)

Proof. Recall that g{* &ef (re,di). By definition {2 = 0} = {g: < ¢/Ymax < L% = 7mm}, Where

o & arg min, o, £ (@t + vdi). Tts complementary {z, = 1} can thus be expressed as the partition A, U Ay U A3
where the A; are defined by

Ay = {g: > gf‘} (performs a FW step) 27
Ay = {g <gi, (t)/ (1 aﬁft)) > 1}  (performs away step with Ymax > 1) (28)
Ay = g <gi, af)/(1=al)) <1, 97 <al)/(1-al)}. (29)

First note that in the case of Az and Az, Vinax = Qa, ) /(1 — oz(t)) Though the right hand side formulation highlights that it
is entirely determined by x, recalling that aS,,? is the mass along the atom v, in the decomposition of x; in §3.

From a higher level perspective, these cases are those for which we can guarantee a geometrical decrease of hy = f(x;) —
f(x*) (see second part of main proof). By definition, the A; are disjoints. A; represents a choice of a FW step in RAFW
contrary to A, and As which stands for an away step choice in RAFW. A is an away step for which there is enough
potential mass (ynax > 1) to move along the away direction and to ensure sufficient objective decreasing. A3 encompasses
the situations where there is not a lot of mass along the away direction (ymax < 1) but which is not a drop step, e.g. the
amount of mass is not a limit to the descent.

Our goal is to lower bound P = P(g; = g; | ¢, 2 = 1). The following probabilities will be with respect to the ¢

sub-sampling only. Notice that g{*, §; and «,,, are known given {x;, z; = 1}. Using Bayes’ rule, and because the A; are
disjoints, we have

P = P9t =gt | T, {2 = 1})
_ Z?:l P(g: = g¢ | xy, A))P(A; \ xy)
= 3 . 30)
> iz P(Ai | 24)

By definition of g; and g, g; < gi, so that measuring the probability of an event like {g; = g;} conditionally on {g; < g}
will naturally depend on whether or not, the deterministic condition §; > g¢;' is satisfied. Hence the following case
distinction.
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Recall Vt = St U At.

Case §; < g/

S Pl =3¢ | e, Aiy G < g8P(Ai | 4,50 < 97Y)
S P(Ai | 20, G: < g

Recall that A; = {g; > ¢{'}. Since by definition g; < §;, conditionally on {g; < g{'}, the probability of A; is zero.
Consequently the above reduces to

P =

€Y

Z?:z Plge = Ge | e, Ai, G < 98 )P(Ai | 2, g < gi*)
S P(Ai | 20,50 < gi)

ﬁZf’:gP(Ai | 26,9 < 9i) _ A

A, P(A; |2 ge <gft) AL

P =

(32)

Where the last inequality is because for i = 2,3 we have P(g; = g; | ¢, Ai, Gr < g*) > A Indeed for A3 (case As is
similar) denote

P o= Plge=0¢| 2, A3, 5 < g7) (33)
= P(?eaxi (re,s) = max (re, s) | @¢, max (r,s) < CO’Ing\ (ri,8) < Co,al) /(1 —al)) < 1,77 <all) /(1 —al))).

with Cy & gt + (ry,v;) and 7, = —V f(z;) not depending on the #*" sub-sampling. Also the event {maf}( (re, 8y < Cp}
scVe

is a consequence of {maict (r¢, 8y < Cp} so that Py simplifies to
sc

P, = P(max (ry, s) = max (r, s) | ;, max (ry,s) < Co,agft)/(l - aﬁf}) <L,y < asff)/(l - agff))) . (34
sEV: seA seA ‘ : :
By definition
vf e argmin  f(z, +~di), (35)
NO)
Ve[07ﬁ]

so that 7 does not depend on the ¢! sub-sampling. Finally all the conditioning in the probability of (34) do not depend on
this #*" sub-sampling. Hence we are in the position of using Lemma 2 for the sequence ({r¢, 8))sc.4. Also by definition of
Vi = 8¢ U Ay, we have |V;| > p so that we finally get

~ ~ p
Pge = gi | 2, Az, g¢ < 924) > W . (36)
This was what was needed to conclude (32).
Case g; > gf‘. In such a case, P from (30) rewrites as
3 ~ ~ ~
p_ S Plge =G | @, Aiy G > 91 )P(Ai | 2, G0 > gi) . 37)

3 —
>im1 P(Ai | 24,6 = i)

Here P(g; = G; | x¢, Ai, G > g) = 0 for i = 2,3 because A; implies g; < gi. So that when g; > g¢{ it is then

impossible for g; to equal g;.

Plge = ge | 2, A1, ge > 97 )P(A1 | 24, 3¢ > g7)

P =
Z?=1 P(A; | ze,Ge > g)

Here also we use, and prove later on (see §below the conclusion of the proof of the Lemma), the lower bound

Plge = Ge |z, A1, Ge > g{) > (38)

P
Al
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that implies

p> P P(Ar| e ge > gi')
~ | A Z?:l P(A; | 2, Gt > g)

Because the A; are disjoint, Z?:1 P(A; | 74,G¢ > gi*) <1 we have

P> LAy |25 > gd) .

~ A
Using a similar lower bound as (38), namely
~ p
P(Ar | 24,0 > ') > == (39)
Al
we finally get
P2
P> (L) (40)
| A]
Since it is hard to precisely count the occurrences of {g; > g{'} and {g; < g{'}, we use a conservative bound in (40)
~ P \2
Ploe =Gl @z =1) 2 (%) (41)
| A]
This will of course make our bound on the rate of convergence very conservative.
Justification for (38) and (39).
Lets denote the left hand side of(38) by P,. By definition of ¢; and g;, with r, = —V f(x), we have:
Py = P(max (i, = v) = max (ry, s —v;) | @, max (ri,s = vy) 2 g max (ri, s —vi) > gi') (42)
= = > >
P(rspea]i (ry, s) max (rs, s) | wt,rspea‘i (ry,8) > CO’TS; (re, 8) > Cp) (43)

where C &f gi* + (r,v;) and r; does not depend on the random sampling at iteration ¢. Bayes formula leads to

P({r;leaé (re, s) = max (re, s)} N {Igleaé (re,8) = Co} | &, max (re, 5) > Co)

P, = . 44
: Plma 70,9 = Co | 0, max (r1,9) = o) @

Conditionally on {max (r;, s) > Cy}, the event {max (r;, s) = max (rs, s)} implies{max (r:, s) > Cp} which leads to
seA sEV, seA SEV:

P(I;leaé (re,s) = max (ry,s) | @, max (re, s) > Co)

P =

P(max (rs, s) > Co | &, max (ry, s) > Cp)
sEV: s€A

> P(max (rs, s) = max (re,s) | ¢, Max (re,8) > Co) > =

sEV, |A|
where the last inequality is a consequence of applying Lemma 2 on the sequence ({r, 8))sc4

Similarly let’s denote the left hand side of (39) by Ps. The first inequality is justified because conditionally on {g; > gtA},
{g: = ¢} C {g+ > g} and the last by applying, similarly as for (38), Lemma 2 on the sequence ((r¢, 8))sc -

Py Plge > 97 | @0, 0 > g7')

> Plge =G | xe, 90 > 924)7
> P(max (ry,s) = max (ry, s) | ©;,max (r;, s) > C
= (sevt<t ) seA<t )| tseA<t ) 2 Co)
> b

| Al
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Appendix B.2. Main proof

Theorem 3.1'. Consider the set M = conv(A), with A a finite set of extreme atoms, after T iterations of Algorithm 2
(RAFW) we have the following linear convergence rate

E[h(zri1)] < (1—n2pp) " OT=20 ) | (45)

A
with py = 4%?’ n = ﬁ and s = |Sp|.

Proof. The classical curvature constant used in proofs related to non-Away Frank-Wolfe is

2
Cy = sup 7(f(y) — fle) = (Vf(z),y —=)). (46)
z,sEM,’yG[O,l]’y
y=x+vy(s—v)

It is tailored for algorithms in which the update is of the form x;11 = (1 — 7)x: + Yv;, but this is not the shape of all
updates in away versions of FW. In (Lacoste-Julien & Jaggi, 2015) they introduced a modification of the above curvature
constant that we also use to analyze RAFW. It is defined in (Lacoste-Julien & Jaggi, 2015, equation (26)) as

2

Cl= sw S (fy) - f@) A (VI@).s—v)). (47)
,8,0EM,7€[0,1]7
y=z+y(s—v)

It differs from C'y (46) because it allows to move outside of the domain M. We thus require L-lipschitz continuous function
on any compact set for that quantity to be upper-bounded. We refer to §curvature constants on (Lacoste-Julien & Jaggi,
2015, Appendix D) for thorough details. The first part of the proof reuses the scheme of (Lacoste-Julien & Jaggi, 2015,
Theorem 8).

First part. Upper bounding h;: Considering an iterate x; that is not optimal (e.g. x; # x*), from (Lacoste-Julien & Jaggi,
2015, Eq. (28)), we have

gt

flxe) = f(@") = hs < 2t

(48)

where ¢; is the pair-wise dual gap defined by g; = (s; — vy, —V f(x¢)). S; and v, are respectively the FW atom and the
away atom in the classical Away step algorithm (conditionally on x;, the away atom of the randomized variant coincides
with the away atom of the non-randomized variant). The result is still valid here as it only uses the definition of the
affine invariant version of the strong convexity parameter and does not depend on the way x; are constructed (see upper
bounding h; in (Lacoste-Julien & Jaggi, 2015, Proof for AFW in Theorem 8)).

Note that this implicitly assumes the away atom to be defined, e.g. the support of the iterate x; never to be zero. This is
ensured by the algorithm simply because it always does convex updates.

Second part. Lower bounding progress hy — hy1. Consider x; a non-optimal iterate. At step ¢, the update in Algorithm
2 writes ®;11(y) = @ + yd;. ~y is optimized by line-search in the segment [0, ymax]. Because in either cases d; is a
difference between two elements of M, from the definition of C;ﬁ‘ and because of the exact line search, we have

2
flaen) < amin (f@0) +5{V (@), di) + 5CF)
so that for any v € [0; Yinax]
2
J(@eia) = fl@) < ¥ (V@) di) + 5 CF

or again

9 A
75 50 < fl@) — f@en), @
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where the last inequality is a consequence of Lemma 1. We write v/ &t Qgt —+ > 0, the minimizer of the left hand side of
7
(49).

Case Ymax > 1 and 7% < ymax. (49) evaluated on v = 7 gives

9 9
_ < _
107 T 8CA < f(@e) — f(zi41)
o)
gi\2 9t
(gt) 80}4 > It t+1 ( )
Indeed, x; is assumed not to be optimal, so that g; # 0. Combining (50) with (48) gives
~
gt\2 G
hiy1 < hg — (= 51
t+1 > It (gt) 80}4 ( )
ge\2 Hf
<h— (2 h 52
<t =(G) aoah (52)
2
= (1= ps(£)")he. (53)
gt
Case Ypax > 1 and 'th > Ymax- %B = 22’; — implies g; > 26’}4. (49) transforms into
¥
2
gt Y
5(7 - ?) < f(®e) — f(®i11)
~ 2
gt gt Y
E;(V - ?) < (@) — f(@e41) -
Using g; > h; and evaluating at v = 1, leaves us with
1gs
hip1 < (1 — ==)hy. 54
t+1 = ( 4§t> t (54)
A
Because u;‘ < CJ‘?‘ (Lacoste-Julien & Jaggi, 2015, Remark 7.) and py = L—fm the two previous cases resolve in the
f

following inequality

het < (1= 05 () e (55)

Case Ymax < 1 and 7y} < ~ymax. By definition

v = argmin f(z +dy) = F(v) . (56)
’Ye[oaf}’max]

f is convex and its minimum on [0; Ymax| s not reached at ypmax. It is then also a minimum on the interval [0; +00], and in
particular we have

v, = argmin f(x; +ydy) = F(7) . (57)
~€[0,1]

(49) can then be written with v € [0, 1] which leads to the previous case result (55).

Case Ymax < 1 and vy} = ~Ymax. This corresponds to a particular drop step for which we only guarantee h;;1 < h; (exact
line-search). We call this case a bad drop step (indeed Ymax > 1 and 7} = ~ymax also corresponds to a drop step, but for

which we can prove a bound of the form hy1 < hy(1 — ps (%)2)).

We use the binary indicator z; to distinguish between the step where (55) is guaranteed or not. Denote by z; = 0 when
doing a bad drop step and z; = 1 otherwise. The second part can be summed-up in

her < hi(1 —w(%)z)“. (58)
t
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Last part. Consider starting RAFW (Algorithm 2) for T iterations at xy € conv()), with s = |Sp| > 0. We will now
prove there are at most L%J drop steps. Let Dp be the number of drop steps after iteration 7" and F’r the number of
FW step adding a new atom until iteration 7'. By definition, a FW step is not a drop step so that Dy + Fr < T'. Also
|ST| = 1So| + |Fr| — | Drl, hence |Sr| < |So| — 2|Dr|+ T so that | Dy| < H%IST' Finally because | S| > 0, we have
|Dr| < [552].

From the first two parts of the main proof, we have that

T-1
he < ho [T (1 - or(2)%)*, (59)
=0 gt

where (¢, 2t)ie[o:7—1) are defined along RAFW starting at . For 7 < j, we write [E;.; the expectation with respect to all
sub-sampling between the ‘" iteration and the j*” iteration included. When taking expectation only over sub-sampling i,
we write it |E;.

We will now prove by recurrence on 7' € N* that

T-1

Eor— (] (1~ pf(zz) )Y < (1= ppP)m>OT=L5 Y — F(T)5) Vs €N Vay € R with [So| =5,  (60)
t=0

where o = ZUGAaS,O)v and Sy = {v € As.t. ol > 0}.

The rate quantity max{0,7 — [T;SJ} represents the number of steps (between iteration 0 and 7" — 1) in which z; = 1,
e.g. the steps in which there is a possibility of having geometrical decrease. Note that the geometrical decrease happens

only when ¢g; = ¢;.

The key insight in the global bound is to recall (from section 3) that if the support is a singleton, i.e. |S;| = 1, RAFW does
a FW step hence z; = 1. We consequently distinguish whether or not the first iterate has an initial support of size 1. We
then use the recurrence property starting the algorithm at 1 and running 7" — 1 iterations.

Initialization. We will now prove the recurrence property (60) for T = 1. If s > 2, max{0,T — L%J } = 0 and (60) is

true because (1 — p; (%)2) < 1. If s = 1, this implies that the first step needs to be a Frank-Wolfe step. We necessarily
have z5 = 1 and so

Eo((1-ps(2)")*) = Eo((1-ps(2)%) | 20=1) (61)
9o go

< 1-pfP(go=9o | 20=1) (62)

< 1—pm? <1<F(1,1), (63)

withn = ﬁ where F' is defined in (60) and where the last inequality follows from (PROB) in Lemma 3.

Recurrence. Consider the property (60) when running 7" — 1 iteration. By the tower property of conditional expectations

T-1 T-1
EO:T—I(H (1_Pf(gt) ) = EO:T—l[(l—pf(gO “Err-1 H 1—Pf )Zt)]- (64)
=0 gt go =1

We can apply the recurrence property with 7' — 1 iterations and starting point 2, on Ey.r—1 ([T, (1 — ps (Z) 2)zt) S0
that

Eor ﬁ (1-pr(2))") < Eal(1-pr(2))"F(T - LISH)] . (©5)

where |S; |, the support of 1, depends on zy. Indeed zy = 0 implies a drop step and as such it decreases the support of the
iterate. Thus we have to distinguish the case according to the size of the support of x.
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Case |Sp| = 1. With &y = 0, RAFW starts with a FW step and as such zop = 1 as well as 2 > |S;| > 1 so that

Eo:Tl(l:[(l—Pf(gt)) o= Eo[(l—f"f(%f)|20=1]F(T—1a|51|) (66)

by applying (PROB) in Lemma 3. The last equality concludes the heredity in that case.

Case |Sp| > 2. Here it is possible for zg to equal 0 or 1. If zp = 1, then |S1| < |So| + 1, while if zo = 0, it implies a drop

step, we have |S1| = |Sp| — 1. If we decompose the expectation according to the value of zy we obtain
T—1
Eor (T (1=0r(5)9)™) < Plao=DEo[(1-p(5)") |20 = 1] F(T - 1,181]) (68)
=0
+P(z0 =0)F(T —1,|So| — 1) (69)
< Pleo=1) (1= pm?)F(T — 1,|So| + 1) + P20 = 0)F(T — 1,|So| — 1) (70)
< Plo=1)(1—pm*)F(T—1,s+1)+P(2o=0F(T—1,s-1). (71

We used the fact that F'(T, |S1]) < F(T — 1,|So| + 1). Since we do not have access to the values of P(zp = 0) and
P(zp = 1), we bound it in the following manner

Eo.7_1 H 1fpf )Zt) < max((lfpfnz)F(Tf1,3+1),F(T71,571)) < F(T,s), (72)

where the last inequality is just about writing the definition of F'. It concludes the heredity result.
Conclusion: Starting RAFW at x, after T iterations, we have

T—1 p

he < ho [T (1 pr(2)*)™ . (73)

t=0 gt

Applying (60) we get
EO:T—l(hT) < ho(]. o pf772)max{0,T7L¥J}

ho(1 — ppn2)max(0:[ =]} (74)

IN

Generalized strongly convex.

Theorem 3.2'. Suppose [ has bounded smoothness constant C’f‘ and is [i-generally-strongly convex. Consider the set
M = conv(A), with A a finite set of extreme atoms. Then after T iterations of Algorithm 2, with s = |Sp| and a p
parameter of sub-sampling, we have

E[h(zr1)] < (1—n2pp) " Dhay) (75)

with py = & andn = ﬁ.

Proof. The conclusion of proof of (Lacoste-Julien & Jaggi, 2015, Th. 11) is that we have similarly as equation (48) by:

2

fl@e) — f(z") =he < if (76)

where jiy > 0 is a similar measure of the affine invariant strong convexity constant but for generalized strongly convex
function.
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We can thus write the twin of equation (58)

hesa < (1= 71 (2)°)7 (77)

with py = 4@—%. The rest of the proof follows is the same as that of Theorem 3.1. m
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Appendix C. Technical issues of previous work

In this section we highlight some technical issues present in previous work.

Appendix C.1. Randomized Frank-Wolfe in Frandi et al. (2016)

Frandi et al. (2016) present a Randomized FW algorithm for the case of the ¢; ball in R%. Denote by A = {+e; Vi € [d]},
where e; is the canonical basis (i.e., the vector that is zero everywhere except on the i-th coordinate, where it equals
one) the extremes atoms of the ¢; ball. Up to the iterative explicit implementation of the residuals, (Frandi et al., 2016,
Algorithm 2) with the sampling size p € [n] and our RFW (Algorithm 1) are equivalent for the following choice of A; in
RFW

Ay ={+e; Vi€ I,}, whereZ,israndom subset of [d] of size p. (78)

Convergence result. In this case, (Frandi et al., 2016, Proposition 2) gives the following convergence bound in expecta-
tion after ¢ iterations:

E(f(a:) - fla) < 2L

Tt+27 (79)

First, it is rather surprising that, unlike in our Theorem 2.1, the sub-sampling size p does not appear in the convergence
bound. A closer inspection at their Lemma 2 reveals some errors in their proof. For the remainder of this section we will
use the notation in (Frandi et al., 2016).

The point of interest. The proof of their Proposition 2 starts with the following inequality derived from the curvature
constant: T
F@F) < f(@®) + A(u® — o™ T F(a®)) + X204 . (80)

Then it is claimed that the following equation, Eq. (24) in their paper, is a direct consequence “after some algebraic
manipulations”

Es(k) [f(ag\kﬂ))] S f(Oé(k)) + )\Es(k) [(u(k) — Oé(k))Tﬁs(k)f(Oé(k))] + )\2Cf . (81)

which is not clear unless u(*) is independent of the sampling set, something that is not verified given that it is chosen
precisely from the sampling set.

Technical details. ) being positive, for Eq. (81) to be true, we should necessarily have the following
Esw [(U(k) - a(k))TVf(a(k))} < Egsw [(u(k) - Oé(k))Tﬁswf(Oé(k))} . (82)
a®) as well as V f (a(k)) are deterministic with respect to the S(*) sampling set so the previous equation is equivalent to
Esw [(u(k))TVf(Oé(k))] - (Oé(k))TVf(a(k)) < Esw [(u(k))T§5<k>f(a(k))] - (Oé(k))TES(k) W‘gw)f(a(k))} (83)

Since the sub-sampling of S(®) is uniform and by definition of v s f (oa(k)) in (Frandi et al., 2016, equation (14)) we have
Esm [VS(k)f(O[(k))] = Vf(a®). Then (82) is equivalent to

Es) [(u(k))TVf(a(k))] < Esw [(u(k))Teamf(a(k))] : (84)

Also by definition in (Frandi et al., 2016, equation (22)), u®) the FW atom has its support on & (k) as well as from (Frandi
et al., 2016, equation (6)) we have that (u(k))TVf(a(k)) < 0. So that (u(k))TVf(a(k)) = (u(k))TVSw)f(a(k)) and
finally (82) is equivalent to

Sk) T . WT = .
| |]Es<k>[(u(k))Tvsw)f(Oé(k)ﬂ < Esm[(u(k))Tsz)f(Oé(k)ﬂ> (85)

this last inequality being false in general because @ < 1 and Egx) [(U(k‘))Tes(k) f(a(k))] <0.



